4

X/
*

Scientific
Research
Publishing

()

<
X8

%

Journal of Applied Mathematics and Physics, 2025, 13(11), 3721-3738
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Existence of Exponential Attractors for
Suspension Bridge Equations with State Delay

Ruonan Wang®, Qiaozhen Ma*

College of Mathematics and Statistics, Northwest Normal University, Lanzhou, China

Email: #3035372636@qq.com

How to cite this paper: Wang, R.N. and Ma,
Q.Z. (2025) Existence of Exponential At-
tractors for Suspension Bridge Equations
with State Delay. Journal of Applied Mathe-
matics and Physics, 13, 3721-3738.
https://doi.org/10.4236/jamp.2025.1311208

Received: September 28, 2025
Accepted: November 2, 2025
Published: November 5, 2025

Copyright © 2025 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Abstract

This paper studies the nonlocal suspension bridge equation with state-de-
pendent delay in 2D space and the existence of attractors. First, by using Ba-
nach fixed point theorem and operator semigroup theory, the existence and
uniqueness of mild solutions and continuous dependence on initial values of
suspension bridge equations with state delay are proved. Then the bounded
dissipativity of the related semi-group and the quasi-stability of the system are
verified to obtain a global attractor with finite fractal dimension the existence
of the attractor in the generalized index.
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1. Introduction

In recent years, some physical problems in the model of suspension bridges have
been studied by many people, see [1]-[3]. Moreover, the suspension bridge equa-
tion with time delay has become a research hotspot, as the existence of time delay
can affect the existence and stability of attractors in the system. [4]-[8] have
investigated related issues. [5] introduced the existence of strong solutions and

strong global attractors for the coupled suspension bridge equations. [6] studied

, when the nonlinear

the case where the damping coefficient satisfies y, > %|}/2

and external force terms satisfy specific conditions, the equation possesses a
unique global solution. Furthermore, the existence of a uniform attractor has been
demonstrated. It is worth noting that, in order to describe the system process

more naturally, state-dependent models have been proposed and studied (see Ref-
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erences [9]-[11]). In Reference [9], to handle the delay term in the energy func-
tional, a compensation term for the delay term is introduced to obtain the uni-
formly bounded estimate of the solution. When addressing the uniqueness of the
solution, the solution space is restricted to Y = C([—h,O] ;Vz)ﬂcl ([—h,O];H),
and the treatment is carried out by combining the Lipschitz continuity of the delay
term. [11] investigates the dynamic behavior of equations governing suspension
bridges. By employing the principle of contraction mapping, it establishes the
well-posedness of these equations. Furthermore, utilizing quasi-stability methods,
it demonstrates the existence of global attractors and exponential attractors. Com-
pared with Reference [11], the boundary conditions in this paper have been mod-
ified to make the system more consistent with engineering practice. However, this
modification may undermine the original dissipativity and stability of the system,
necessitating a reanalysis of the existence and structure of the attractor. This also
implies that the definitions of the inner product and norm in the solution space
are more complex compared to those under hinged or fixed boundary conditions,
which renders the verification of compactness more challenging. Therefore, it is
both meaningful and intriguing to continue exploring such problems.

For the reasons mentioned above, this paper considers the following suspension

bridge equation with state time delay

U, +A%U— ¢(||Vu||2)Au +9(u)+3u, —5,Au,

+u(x,y,t—ﬁ[u‘])= f(xy), (xy)eQ,te[0,+), (1.1)
u(x,y,t)=e(xy,t), (x,y)eQte[-h,0],
u (X y.t) =g (x,y,t), (x,y)eQ,te[-h,0],

with the following boundary conditions imposed

u(0,y,t)=0,u(0,y,t)=0, (y,t) e[-1,1]x[0,+w0),
u(z,y,t)=0o,u(zy,t)=0, (y,t) e[-1,1]x[0,+0), 12)
A u(X£L1)+00,u(x,+L,t)=0, (x,t) e[0,n]x[0,+e0), '
DU (X, £0,1)+(2-0) 0, u(x,x0,t) =0, (xt)e[0,n]x[0,+wx),

where Q=[0,n]x[-I,I]. u=u(x,y,t) describes the deformation of the bridge
in the vertical plane; &,,6,>0; h>0 represents the maximum delay time,
U(t—ﬂ'liut:|) is the state delay term, ¢ 1is the initial value on the interval
[-h,0], 7 isa mapping with values in the interval [0,h]. Among them, g(u)
denotes the nonlinear term inside the bridge deck, while ¢(||Vu||2)Au , first pro-
posed by S. Woinwsky-Krieger [12] is used to describe the transverse deflection

of a stretchable beam.
1

Without loss of generality, let A=A? A? = —A, whose domain is
D(A) ={u eH'(Q):u(0,y,t)=u(z,y,t)=u, (0, y,t)=u, (7, y,t) =0},

In particular, let H =V, = L? (Q) , where its inner product and norm are de-

fined respectively as

(uv)y, =), ol ="
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Analogously to Reference [13], we introduce the following phase space:
HZ (Q)={weH?(Q):w(0,y)=w(z,y)=0,vye(-1I1)},

For the convenience of calculation, we set V, = H/ (), and their correspond-

ing inner products and norms are respectively defined as

(u,v)v2 :fQ[AuAv+(1—a)(2uxyvxy UV, — Uy, XX)]dxdy,
1

ol = e, <[ 1, (40" +2(1-0) (43, -, oy o

According to Lemma 4.1 in Reference [13], it follows that the norm ""Hz and
|-|- are equivalent. Furthermore, by Sobolevthe compact embedding theorem,

V, &V, . According to Poincaré the inequality, we have
Jull = A4 Julf vueV,  [ulfy, = 47 [ul.ueD(A)

Here A4 is A the first eigenvalue.
Define the phase space

Y =C([-h,0];V,)nC*([-h,0];H),
whose norm is given by

ol =1ele,, +lole, - M, = sup [v(@)]. vveCx.

Assume that the nonlinear term g e C? (R ]R) satisfies the conditions:

Ilmlnf G(s) >0, G(s _[g )dz, VseR, (1.3)
sg(s)-C,G(s
limint 98 =CC() o ¢ Lo wser, (1.4)
S|—0 S
Ilmsupg (|S) 0, Vp=0, VseR. (1.5)
[s|> S

Let the mapping 7:Y —[0,h] be locally Lipschitz, that is, for any N >0,
there exists Ly >0, Forany f,5,€Y, |5, <N, i=12, there holds

|ﬁ(ﬂ1)_”(ﬂ2 )| <Ly "ﬂl _ﬂz"Y . (1.6)

To obtain the compactness of the semigroup, we further assume that there ex-
ists €>0 such that the delay term satisfies the subcritical local Lipschitz condi-
tion, that is, forany p >0, there exists L > 0,suchthatforany f,i=12,with
|8]l, < p> there holds

iz ()7 (8,)<L, max (1.7)

0e[-h,0]

A (BB

Finally, according to conditions (1.3)-(1.4) and Poincaré inequality, there exist
constants K;,K, >0, such that

IG u)dx+= ||Au|| -K,, YueV, (1.8)
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(9(u),u)=Cof G(u)dx+= ||Au|| >-K,, YueV. (1.9)
Assume that the nonlinear function ¢(-)eC'(R) satisfies

#(s)=0, ¢(s s>—j ¢(z)dz+ ps?, (1.10)

where O<ﬂ<— #(0)=0

2. Well-Posedness

2.1. Priori Estimate

Theorem 2.1 Assume that conditions (1.3) and (1.4) hold, f eL? (Q) Then

the solution to Equation (1.1) satisfies the following estimate

uff — 4C
[2f +auff + [ p(e)ar|vuff <de (E )+ mnly, )+ == @)
where C= g"g"2 +7K, +2¢K,,
1

E t):||z||2+||Au||2+zjge(u)dx+(5zg+ Iovuz¢(r)dr)||Vu||2+2Kl.

Proof Taking the inner product of z=9,u+ecu(e>0) with (1.1) in H , we

obtain
[ +laulF )+ 2haulf + (5, -2) 20 -2 (5, -2)(w.2)
=(1:2)~(9(1).2) +(2:000.2) - (u(t- 2w ])2) oIVl awe2).

By applying Young inequality, Holder and Poincaré inequality, and choosing a
sufficiently small & >0, we have

(6,A0,,2) = =5, ||vUt||2_5zgli||vU||2. (2.3)

elaul +(6,-¢)|z t)|| —&(6,-¢)(u,2) ||z t)|| —||Au|| (2.4)
2pee Oy

(f,2)< 5 ]+ 5 Iz (2.5)

—(u(t—ﬁ[u‘]),z)s ‘u t—7z u‘ “||z||

<[u(t)- j au (s)ds||z|

< _||u(t ) _s)dsu]"zu

s2u(o) i >
<ol il

4 8 2
<l « e+ lew-o)f s+ Zal"
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From (1.8) and (1.9)

d
‘(9(“)'Z)S‘a.[9 (u)dx—C, [ G(u dx+—||Au|| +eK,, (2.7)
2 1d 2 2 2
(¢(Ivul )Au,z):[_m"w" — |y }¢(||w|| ) (2.8)

Substituting (2.3)-(2.8) into (2.2), we obtain

d 16 4
SEC j Ju (t=s)[ ds+§l||f||2 +2¢K,

4
_§||Au||2 _(51 _ZJ"ZHZ —~26Cy[ G (u)dx (2.9)
~26,[vuf - 26([ul] )& vul’.
Take

E(t) =2 +]auf +2], G (u)dx+ S, |vulf + jjv””z #(z)de|vuff +2K,,

define
VO=EQELT o (o) azes
Obviously
E(t)<V () <E(t)+uf Ju (t-&) ds, (2.10)
where 0< u< % , ﬁ_[oh J.:_s ||61u (& )"2 d&ds serves as the compensation term for

the delay term in the equation. Choosing a sufficiently large. Choosing a suffi-

4 2
ciently large &,, ensures that &, ——> o , That is, when 0, > 32 he system
el 2 &l

reaches equilibrium. This is because a longer delay time makes the system more
unstable, while increasing the damping coefficient can achieve balance. Taking
the derivative of V (t), we obtain

& 0= GEQ o (O =5 o) . @1y

Since
2
lu, ||2 =u, +&u— gu||2 <2|u, + gu||2 +2&° ||u||2 < 2||z||2 +2%||Au||2 ,
Substituting (2.9) into (2.12) and then using (1.10), we can obtain
& 2ue’ 2 4 2
A —-2u——
S 0+ 524 Jauf + 5,-2u-2-
+26C, ], 6 (u)ax+ [ g(2)de|Vulf + 268 ]l

16
_(E_ﬁﬁ o (-5 e 2k,
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Furthermore, by applying (2.10), where u< % , we choose a sufficiently small

e, such that £ 248" 0 Take y—min 5— A g, 2 2p1¢” 6Cy 6.2 »
eh 2 A
It follows that
gy (t)+pv (t)<C.
dt
Applying Gronwall lemma to the above equation, we have
V(t) <V (0)e™ +E(1—e"‘). (2.12)
v

According to (1.8), (2.10), Combining with (2.12), we have

u? » 4C
[ +auf + " g(e)de|vuff <E(t)< e (E(0)+ unlyf )+ ==,

where C = 5i|| f ||2 + 7K, +2¢K,.
1

2.2. Existence and Uniqueness

Let U= (U,V)T , then Equation (1.1) can be written in the following abstract form
in the space R=V,xH:
d

au(t)zLU(t)+N(U(t)), (X, y,t) e Qx[0,+wx),
U(x,y t)=(xyt), (x,y,t)eQx[-h,0],

where W =(w,y'),p €Y , the operator L isdefined as
u Vv
Ll = 5
v —AU—-6\V+,AV

D(L)={(uv)eR|ueH(Q),veH],

N(U) :(0;—g(u)—u(t—ﬂ[ut})+¢(||Vu||2>Au + f)T.

Definition 2.2 [11] A mild solution of Equation (1.1) refers to a function

whose domain is

1
u eC{[—h,T];D[AZDmcl([—h,T];H) defined on the interval [0,T], such

that u(0)=p(0), 6<[-h,0] and U (t)=(u(t);0u(t))
satisfies
U(t)=e U (0)+[ e 8(U(s))ds, te[o,T].
Lemma 2.3 L is the infinitesimal generator of the C,-semigroup e in

R.
Proof Since for U e D(A)

(LUU), == M -6, v <0,
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Thus, the operator L is dissipative. Note that
D(A)=HZxH.
Since
(HsnH?)x(HgnH?) = D(L) HZ xH
Thus, (HgWH?)x(HgH?) isdensein H2xH .

Next, L is maximal, that is, for any fixed « >0, it is necessary to prove that

al =L is surjective. To this end, given (k,I)e %R, we seek the following system

()

that is, we verify the following system of equations

au-v=Kk,
, (2.13)
av+A“u+oyv-35,Au=l.

of equations

.
admits a unique solution U =(u,v) €D ( L). From the first equation, we obtain

v =au—Kk, substituting it into the second equation, we have

U+ AU+ S,au—S,aAu = ak +1 + Sk. (2.14)
Then Problem (2.14) can be rephrased as
[ (a*u+A?u+s,au-s,a8u)adx = [ (ak+1+5k)adx, Voek(Q). (2.15)

Define the following bilinear operator and linear operator

B(u,0) = (a’u+A%u+5au-s,aAu)mdx, F(w)=] (ak+1+5k)adx

From the proof results of Theorem 2.1, it is evident that B is coercive and
bounded, and F is bounded. Thus, by the Lax- Milgram lemma, it can be guar-
anteed that there exists a unique solution U = (U,V)T € D( L) to (2.15). Accord-
ing to the Lumer- Phillips theorem in Reference [14], it follows that L is an in-
finitesimal generator in ‘R

Theorem 2.4 Suppose that Conditions (1.3)-(1.7) and (1.10) hold. Then, for
any initial values ¢, €Y,i=12, there exists 0< T(p < 0, such that Problem (1.1)

has a unique mild solution U (t)= (u (t);0,u (t)) on the interval [—h,T{J :
Proof Fix a constant ¢ >0, and define the ball

B, —{U eC([OT ‘R "U V" (o} < }, where \7:e’tL¢7(0). Define the

mapping M :C([O,T];ER)—)C([O,T];ER):
[MU]() =V (T)+ [ e "8 (U (s))ds, te[o,T].

If U isafixed point of the mapping M ,then U isa mild solution to equa-

tion (3.0.1) on [0,T]. Next, we prove that M is a contraction mapping.
1) Forany vte[0,T], U;,U, eB,, wehave
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||['VIU t)-[MU, ](t || OT]R

(0w ()-9 (w6,
+H tst(u(s . u] (s- ﬂ[ul])) ([o,T];H)ds
(e v W )Au) — (2.16)

ds

C([0.T]H)

Jau-
<I o (e, ) (4 (5Dl ¢
Jo(s-{u])-o(
o170 gVl v

According to Condition (1.4), combined with (2.1) and the Sobolev embedding

theorem, there exists a constant K, >0, such that

l9(u)

sﬁul)

ds,
C([0.T]H)

<Ky, |g'(u)

® . <Ky (2.17)

The following estimate applies the Mean Value Theorem for Differentiation,

first,

1

o0 (5)) -0 s (5)) o~ 52 42 ()

{150 )-o(Ivuf | =€ v, -l

2

From the previous estimates, it follows that ||Vun —Vu|| is bounded and
2

¢( |Vu|| is bounded, combining this with the above equation, we obtain that

¢ ||Vu|| is bounded. Next, there exist constants K,, K, and C,; such that

H¢(||Vul||2)Aul—¢(||Vu2||2)Au2
+lo(Ivul)-o(fu.f v,

s Vel - Ve Jau,
<K, |y, - Au2||+KC )([Vu, = Vu,|))

1

A (u, —u, ).

£H¢(||Vul||z)(Aul—Au2)

<K, [Au, -

<C,

Given that U; €B, and "U V” (o} Sa,we have

]

A2y, (t)+

t

"Ui ”C([O,T];‘R) - g[]t?z(]{

<o+ V]
c([o.T]:%)

(2.18)
SU+£?(?T>_<]( Azg “B(0 Bo( ||j
sw( A2B(0)[+]6.,8(0 ||JéN~
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1
so [A%u,(t)|<N,te[0,T],i=12. Thus
"g(u2 ) (ul(s))” c([0T]H)
K (2.19)
<7ftr]Azw2_W < ZalV2 =il
and
2 2
lo(Ivul)au - g(Ivuslf ) au, _—
1 (2.20)
SQEBﬁA%%—w)SZHMf{thWM
From (2.16), forany VO<S<T,
1
i = | () = g ot (o)
1
- [ te) g o o)
1
S;P.%?#] A%y, () Jr’c1£1[1_za>§]||atui (a)"
1 1
= max, A% (a) + max A2, (a) (2.21)

+ max ||6tui(a)||+ max ||atui (a)"

ae[-h,0]
<ol » 2 o af oo
<2”§0" +2"U C([=.TI%)

<2|g], +2N 2 N.

From u(t 7Z'|: ]) (t)- I 8u (s)ds , combined with Condition (1.6)

and Reference [9], we obtain

Uy (s=7[u3 ])-u(s-#[u5])
A (uy (2)-u, (2

‘s(N-LN+1) s

S S

)-ou,(a >||j
-ou,(a )||J

< max
Y ae[s-h,0]

A%(uz(a) u(a

+ max
ae[O,S][

s 2"U2 _Ul”c([r,T];iR) '

Through the above inequality, it holds that

UZ(S—H[Uz:')—Ul(S—ﬂ[Uf:D

. (2.22)

N- L +1)||U Ul” C([r.T]®)

c([z.T]n) 2(
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Substituting (2.19), (2.20) and (2.22) into (2.16), we obtain

MU, 1(0)~[MUL (O 1 < (225 +2( N Ly +1) U, ~U

<T(22+2(N Ly +1))Ju, u1|

r T] R
Choose T ulfficiently small, such that T ~(22N~ +(N -Lg +1)) <1.

(2) Forany vte[0,T] and zeB,, combined with (2.17)-(2.21) we have

[MUTO) =V Ol o1
< “f;e‘(t‘s)L (—g (u(s))—u(s—;r[uﬂ)) o ds+¢(||Vu||2)Au +f
3_[;(”9 " c(loT}H +H +¢ ||Vu|| )Au) ([o,T];H)+"f"0([o’T];HJdS

<j(2z +2(N-L, +1)||U||c orn 91 Flegorpon

(2z +2(N Ly +1))-N+]F (0 [

Choose an appropriate T ,suchthat T -(ZZN + Z(N Ly +1)) N <o . From (1)
and (2), it follows that M :B_, — B_ contraction mapping. According to the Ba-

nach Contraction Fixed Point Theorem, there exists a unique fixed point

UeC([0,T];R). Let

u

:{u(t), te[0,T],

(p(t), te[—h,O],
1
and UeC{[—h,T];D[AZDmC([—h,T];H),therefore, U isamild solution to

Equation (3.0.1) on the interval [-h,T].

Theorem 2.5 Suppose Conditions (1.3)-(1.7) and (1.10) hold. Then, for any in-
itial values ¢, €Y, ||, <@, 1=12, there exists 0<T, <co, such that Prob-
lem (1.1) has a unique global mild solution U (t)= (U (t) ;o (t)) . on the interval
[0,+). Furthermore, for any @ >0, T >0, there exists a positive constant C,

such that
max[
aE[O,t]

Proof Taking the inner product of u, with Equation (1.1)in H , we have

[vuf?
o sl [ g(r)ar ool +2f, 6wy |

2

AZ

)| +low )||2J <C(L+E(O)+oll 1)

(2.23)
+ 8 |uf + 6, [vu | =(f ,Ut)—(U(t—ﬂ'[Ul]),Ut).
Let
(O) =l +]auf + [ g(e)d-|vuff +2], G (u)dx=o.
Integrating Equation (2.23) over the interval [0,t], we obtain
DOI: 10.4236/jamp.2025.1311208 3730 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1311208

R. N. Wang, Q. Z. Ma

E,(t)+4, j; Ju,(s)[ ds +3, j; [vu, (s)[ ds

2.24
<E(0)+ 2+ 2] (229
5 5, %
Through Equation (2.21), for any VSe [O,T ) ,
+2 \/ max [ A2y +||a u( )||2J. (2.25)
Substituting (2.25) into (2.24), we obtain
E, (t)+ 51_[; u (s)||2 ds+6, j; [Vu, (s)||2 ds
t 2 , (2.26)
26 2o+ s | meu(a) +fou(af [t

From E, (t)=|u,|" +[au[’ +L‘JWHZ ¢(z)dz-|vul + 2_[9 H (u)dx , we have

o [t st <0

Substituting the above equation into (2.26), we obtain

2
o [ ewcor |
2
)| +[ewu( )||2]ds}

2 2 t
sc[a(o>+t||f|| tloff + m[][
where C>0. Applying the integral form of Gronwalls Lemma to the above

2

AZ

AZ

AZ

equation, for t<T,,

aE[O t](

where y,>0. VT 20, the above equation holds identically on [O,Tw) c [O,T) ,
therefore, the solution to Equation (1.1) can be extended to the interval [0, +oo).

2

AZ

)| +low )||2J <C(L+E(0)+ ol ]I e,

Thus, the continuous dependence of the solution on the initial value and the

uniqueness of the solution are proved.

3. Attractors for Suspension Bridge Equations with
State-Dependent Delays

3.1. Existence of Global Attractors

According to Theorem 2.5, define a semigroup {S,:Y —Y}, that is, for any
t>0, Sgp=u', where u(t) the mild solution to Equation (1.1) and satisfies
u® = . Denote {S..Y} asthe dynamical system generated by the solution semi-
group corresponding to Equation (1.1).

Lemma 3.1 (Dissipativity) Suppose Conditions (1.3)-(1.7) and (1.10) hold, and

DOI: 10.4236/jamp.2025.1311208

3731 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1311208

R.N. Wang, Q. Z. Ma

f e ’(Q). Then, for any a,, there exists h,=h(a,) such that for each
(a,h)e [a0,+oo)><(0, ho] , the dynamical system {St,Y} is dissipative. That is,
forany p >0, there exists R >0, such that

ISl <R YoeY, o, <p t=t,,

and for any g, >0, the dissipative radius R isindependent of the damping co-
efficient @ >q, and the delay time he(0,h,].

Proof Similar to the a priori estimates in Section 2.1, we have
u? 4C
Joff s+ [ p()ar|vuff <4e (€ O)atlel, ) +=5 G

Now, replacing t in the above equation with t+6 (where fe [—h, O] ), the

following equation holds

lz(t+0)[ +|au(t+o)[ + ﬂ““*‘””z #(c)dc|vu(t+0)f

<ae 7 E(0) )+ . e
Therefore, from (3.2), we obtain
o}, = ma et O)f + max [u i+ o)
< 26r€r[1§1?%](||z(t+6)||2 +[au (t+9)||2) (3.3)

sl 8C
<ge™l h)(E(O)+,uh||go||Y)+;.

Through the above equation, it can be concluded that there exists t>t,, such
that the ball B, =B(0,R) isa bounded absorbing set for the dynamical system

2y2C
5

{St,Y} , where R >

Lemma 3.2 (Quasi-stability) Suppose Conditions (1.3)-(1.7) and (1.10) hold,
f € L?(Q). Then there exist constants C,(R)>0, C,(R)>0 and 1>0,such
that the solutions ¢,,¢, to Problem (1.1) with initial values u,,u,, satisfy the
following property:

low, ()] +au () <R?, t=-h, i=12, (3.4)
and the quasi-stability estimate

o, (t) o, (1) +[[Au, () - Au, (1)
2 (3.5)

L,
<C,(R)e™ ||¢1—¢2||$+C2(R)max A2 (ul(r)—uz(r))

re[O‘t]

where 0<e<%.

Proof Let u, and u, be two solutions to Problem (1.1). Then

@=U,(t)—u,(t) isa solution to the following equation
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w, +No— ¢(||Va)||2 )Aa) +0,0,— 5,Aw,

=~(9(0)~9(u2)~(us (- )~y (-3 ).

According to Lemma 3.2, the dynamical system {S,,Y} is dissipative, and
thus it is obvious that (3.1) holds.

Define the energy functional

1
€, (6)=(Jaolf +fol + (7o o) 67

(3.6)

Taking the inner product of (3.6) with ¢, (t) in H and integrating over the

interval [t,T] we have

E,(T)-E,(t)+&] [a (s) ds+6, [ [V (s)[ ds

<[1(9(w(5)-0(u(s)). a4 (s))s (38)
+LT (u2 (S—E[U;])—Ul(S—E[UfJ),a}t (s))ds,

Using (2.17), we have

(8 (0 (1) -0 (s (1) e (1))
< J.Q|g/(“2 +&(u, _Ul))nul(t)_uz (t)”a’t (t)|dx
<Ky [ o (6) -t (0] (1)] e

C
<] + 2o

(3.9

where 0<¢&<1, £>0.Using (1.7), we have

_[Q(u2 (t—n[u;])—ul (t—;z[u{]),a;t (t))dx
0, (t=[ug )= u (t==[u; ] (V)] (3.10)

2

<

< max A%_ea;(t+t9) +Cq | ('[)"2

He[fh,o]

Substituting (3.9) and (3.10) into (3.8), we obtain

E,(T)=E, (t)+ & [o.(s) ds+5,[ [vVar (s)f ds‘
2
A%"w(t +0)

s%f”Aa)(s)"2 ds+ [ max ds (3.11)

t 66[—h,0]

1
+CR(“Z) [ o () s,

Forany &3>0, choose o sufficiently large such that it satisfies the following

relation

1 0,
C.l1l+— |<2. 3.12
R( 2gj 2 (3.12)

Taking the inner product of @(t) with (3.6) in H and integrating over the
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interval [0,T], we obtain
(20(T).o(T))-(2:@(0),@(0))- [ [oeo(s)| ds

+ ], [a0(s)f ds+af; (2.@(s),@(s))ds (3.13)

1. _
s%ﬁ”Aw(s)”Z ds+Cp |, Jmax, A? w(t+0) dS+CR.[OT||a)(S)||2 ds,

Furthermore, by the Holder and Young inequality, we have
T
5[ (80(s). o(s))ds <= j lo.o(s)[ ds+ o j lo(s)[ ds.
According to the definition of the energy functional E_(t), we have

~[1 oo as gg [[e.o(s)[ ds+C(E, (0)+E, (T))

1
+Co () [ max A2 o (t+0)

0 0e[-h,0]

ds.

Setting t=0 in (3.11) and combining it with (3.12), we obtain

E,(0)<E, (T)+ 22 [o.(s)f ds+2f] [ra(s)] ds
1 (3.14)
ax (A2 o(t+0)

0 9e[-h,0]

ds.

Integrating (3.11) over the interval [0,T] and combining it with (3.12) we ob-

tain

E s)ds+&T [ NINE ds+T Jmax, A%"wtw ds. (3.15)
(t+0)

Setting t=0 in (3.11) and combining it with (3.12), we can obtain

% o) ds< £, (0) T[] Jao(s) ds-+ [ max A o(t+0)|ds. (3.16)

0 0e[-h,0]

Adding (3.13) and (3.16), and setting ¢, >8,
0, T 2 T
(j—zj [ Jo(s) ds+ [ E, (s)ds

<ef; [ro(s)f* ds +C(E, (0)+ E(T)) +Ca () [} max,

(3.17)

1
A2 ‘o(t+6)|ds.

Adding %TEM (T) to both sides of (3.17) and substituting (3.15) into the re-

sult, we obtain

é‘1
(?_ jj oo (s)f* a5+ [T £, (5)s S TEw(T)
<e(T+1) jo |law(s)|" ds+C(E, (0)+Ea(T)) (3.18)

+CR(61)(1+TEJ max AE o(t+0)|ds.

0 9<[-h,0]
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Now, we estimate the value of E,(0)+E,(T).From (3.14), we have

E,(0)+E, (T)<2E, (T)+%f§ le.o(s)| ds
(3.19)

+£I0T||Aa)(s)||2 ds+ [ max A%_Ea)(t+0) ds.

0 0e[-h,0]

Substituting (3.19) into (3.18), one obtains
17 1
EIO E,(s)ds +(ET —20) E,(T)

<(8,+2)[; |owo(s)| ds+e[ [ac(s)| ds (3.20)

= T\ T
+C R(dl)(2+5j , ei?i?g] A2 o(t+6)|ds.

Assuming %T —2C >1, we then have
1.7
E, (T)+§j0 E,(s)ds

1
s@R(51)(2+TEj " max |A7 o (t+0)|ds (3.21)

0 OE[—h,O]

+(6,+2) [ o (s)[ ds+e(T+1) [} |aa(s)[ ds,
Similarly, setting t=0 in (3.11), we have

L o) ds<E, (0)-E, (T)+2]; [an(s)f ds
(3.22)

1
" max Ai_ea)(t+0) ds,

0 0e[-h,0]

Substituting the above expression into (3.21), we can obtain
1 et
E, (T)+§j0 E,(s)ds
<C, (E,(0)~E, (T))+2C,&(T +1),gj0T law(s)[ ds

1
A2 o(t+6)|ds,

= Ty
where C; >0 denotes a constant dependent on ;. According to the definition
of E,(t), we have "Aa)(s)”2 <2E,(s), Choosing &>0 sufficiently small,
such that

1
A? o (t+0)|ds,

E,(T)< G Ew(0)+€R(T,51)(2+TE) " max

1+Cy 0 ge[-h.0]

C,
Obviously, @=—2

<1, thus, there exists a constant 77 >0 such that
+C;
4

1
A? @(t+0)|ds. (3.23)

0 ae[—h,o]

E,(T)<e™E,(0)+C’y (T,51)[2+T5j " max
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By applying Reference ([14], Remark 3.30) and repeating the steps for the in-
terval (mT - (m +1)T) , we can derive from the relation (3.23) that the conclu-
sion (3.4) holds.

Theorem 3.3 (Global Attractor) Assume that conditions (1.3)-(1.7) and (1.10)
hold. Then the dynamical system {S,,Y} generated by Problem (1.1) possesses
a compact global attractor with finite fractal dimension.

Proof It follows from Lemma 3.1 that the dynamical system {S,,Y} is dissi-
pative, Furthermore, by Lemma 3.2, the dynamical system {S,,Y} is quasi-stable
on any positively invariant bounded set B . According to the proof of Theorem
13 in Reference [14], if the generated system {S,,Y} satisfies
peC ([—h,O];Vz)mCl([—h,O]; H ) ,and {S,Y} is quasi-stable on every posi-
tively invariant set B in Y, then {S,Y} is asymptotically smooth. Thus, we
obtain the existence of a compact global attractor.

3.2. Fractal Dimension of Global Attractors

This section considers the fractal dimension of the global attractor, and an auxil-

iary space is introduced.
Y(-h,T)=C([-h,T]:V,)nC([-h,T];H),T >0,

A norm is endowed on it

"(/)"Y -h,T) %X"A(p |+m ”a‘(p "

s€| hT]

Moreover, when T =0, it holds that Y (~h,T)=Y . Therefore, the space
Y (—h,T) isan extension of the space Y .

Let @ be a set in the phase space Y. Denote by @; the set of functions

ueY (—h,T ) , where U is a solution to Equation (1.1) corresponding to the ini-

tial value u‘| =@ € @ . Define the translation operator S; :®; Y (-h,T),

te[-h,0]
(S;u)(t)=u(T +t), te[-hT].

Lemma 3.4 Let ® be a forward-invariant set of the dynamical system {S,Y},
where for R>0, ®e {(p:”go”Y < R} . Suppose T >h, then @; is forward-in-
variant with respect to the translation operator, and for any ¢, @, € @, we have

"St(pl - St¢’2||v(_h:) <c(R) eig(Tih) ”9”1 _%”v “hT)

(3.24)
+Cz |:n ¢72 +n ERT¢1 RT(Pz)]

1
where n(@)=sup A57€¢(S) is a compact seminorm on the space Y (~h,T).

Se[O,T]

Choose an appropriate T >h, such that ¢; =Cl(R)efg(T7h) <1, and set
® = A, where A is the global attractor. It is obvious that the set A, is strictly
positively invariant. Thus, we can obtain that the set A; has finite dimension in
the space Y (—h,T). Consider the restriction mapping

nu(t),te[-hT]—u(t),te[-h0],

and it is obvious that r, is Lipschitz continuous from Y (-h,T) to Y. Since
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L A; =A andaLipschitz mapping cannot increase the fractal dimension of a set,

the following conclusion holds,
dim’ A <dim’" AL <o,

Thus, the fractal dimension of the global attractor is finite.

4. Conclusion and Suggestion

This paper considers the dynamic behavior of the suspension bridge equation with
state delays. Compared with constant delays or time-varying delays, the state delay
case exhibits higher complexity, which makes it rather challenging to verify the
existence and uniqueness of solutions. To address this issue, by selecting an ap-
propriate phase space, this paper employs the semigroup theory of operators and
the Banach fixed point theorem to prove the existence and uniqueness of local
solutions. Furthermore, the existence of the global attractor along with its fractal
dimension, as well as the existence of the generalized exponential attractor, is es-
tablished. Beyond the results presented in this work, there remain numerous in-
teresting open problems worthy of further investigation regarding the topic dis-
cussed herein: This paper only discusses the existence of the exponential attractor
for solutions to the single suspension bridge equation. Future research could fur-
ther investigate the dynamical behavior of coupled suspension bridge equations.
Additionally, it remains to be explored whether the boundary conditions of the
suspension bridge equation discussed in this paper can be replaced with other

mixed boundary conditions.
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