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Abstract 
This paper first uses the Banach fixed point theorem and operator semigroup 
theory to prove the existence and uniqueness of mild solutions for non-classi-
cal reaction diffusion equations with state delays and their continuous de-
pendence on the initial values. Secondly, by combining quasi-stability, the as-
ymptotic smoothness of the relevant semigroup is obtained. Finally, the exist-
ence of a global attractor with a finite fractal dimension is obtained. 
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1. Introduction 

This paper studies the existence of a global attractor for the nonclassical reaction-
diffusion equation with state-dependent delay 
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 (1.1) 

where ( )3n nΩ⊂ ≥  is a bounded domain with smooth boundary, 0µ > , 
0h >  denotes the maximum delay time, ( )tu u t θ= +  for [ ],0hθ ∈ − , and the 

external force term ( )2Lσ ∈ Ω . We assume the following conditions hold: 
(H1) The nonlinear term ( )2 ,f C∈    satisfies the following conditions 
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( ) ( )0

02lim inf 0, 0, ;
s

sf s C F s
C s

s→∞

−
≥ > ∀ ∈  (1.3) 

 ( ) ( )1 , 0 2, .pf s C s p s′ ≤ + ∀ < ≤ ∀ ∈  (1.4) 

(H2) For any 0> , exists 0C > , such that 

 ( ) ( )
21

2 12
0d , .u A u F u x C u H

Ω

 
 ≤ + + ∀ ∈ Ω
 
 

∫   (1.5) 

(H3) Let the mapping [ ]: 0, hη →  is locally Lipschitz that for any 0R > , 

there 0RL > , for any 1 2,ϕ ϕ ∈ , i Rϕ ≤
 , 1,2i = , to set up 

 ( ) ( )1 2 1 2 .RLη ϕ η ϕ ϕ ϕ− ≤ −


 (1.6) 

To obtain the compactness of the semigroup, we further assume that there ex-
ists 0>  such that the delay term satisfies the subcritical local Lipschitz condi-
tion. Specifically, for any 0ρ > , there exists 0Lρ > , such that for all , 1,2i iϕ =  
with iϕ ρ≤

 , the following holds 

 ( ) ( )
[ ]

( ) ( )( )
1
2

1 2 1 2,0
max .

h
L Aρ θ

η ϕ η ϕ ϕ θ ϕ θ
−

∈ −
− ≤ −


 (1.7) 

where 10
2

< ≤ . (In the subsequent energy estimation,   needs to be 

sufficiently small to control the perturbations caused by high-order terms (such 
as nonlinear terms and time-delay terms), thereby ensuring that the energy decay 
term dominates.) 

According to assumption (H1) and Poincaré’s inequalities, there exist constants 

1 2, 0K K >  such that 

 ( ) ( )2 1
1 0

1d , ,
8

F u x u K u H
Ω

+ ∇ ≥ − ∀ ∈ Ω∫  (1.8) 

 ( )( ) ( ) ( )2 1
0 2 0

1, d , .
8

f u u C F u x u K u H
Ω

− + ∇ ≥ − ∀ ∈ Ω∫  (1.9) 

In recent years, the long-time behavior of solutions to non-classical diffusion 
equations without delay has been extensively studied. For instance, in [1], the au-
thors proved the existence of global attractors in ( )1

0H Ω  under the condition that 
the nonlinear term satisfies subcritical growth. In [2], the compactness of the semi-
group ( )S t  in ( )1

0H Ω  is obtained via the method of asymptotic a priori esti-
mates, thereby proving the existence of a global attractor for a class of nonclassical 
diffusion equations. In [3], the authors employed a novel asymptotic contraction 
semigroup method to prove the existence of a global attractor in ( )1 nH   for the 
nonclassical diffusion equation, where the nonlinear term satisfies a polynomial 
growth condition of arbitrary order and the external force term g  only belongs to 

( )1 nH −  . For research on attractors with delays, please refer to [4]-[9] and other 
related works. Among them, [4] investigates the existence of a pullback attractor for 
the delayed nonclassical diffusion equation, where the nonlinear term exhibits both 
critical growth and arbitrary-order growth. In Reference [9], the authors prove the 
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existence and uniqueness of strong solutions, as well as the existence of a pullback 
attractor, for the classical reaction-diffusion equation with state-dependent delays 
by using the standard Fadeo-Galerkin approximation method. 

In this paper, we focus on the existence of global attractors for autonomous 
non-classical diffusion with state-dependent delays. Compared with constant de-
lays or time-dependent delays, state-dependent delays bring new difficulties in 
analysis, including adaptability and corresponding prior estimates. Therefore, the 
results for systems with state-dependent delays are not as rich as those for other 
types of delay differential equations. For problem (1.1), due to the existence of 
state time delay, we need to select an appropriate phase space. Moreover, when 
proving the prior estimation, an additional term is required in the energy func-
tional as compensation for the time delay term. Finally, the existence of the global 
attractor of the system is proved by using the quasi-stable method. 

The structure of this article is as follows. In Section 2, we define some abstract 
results regarding the global attractor. In Section 3, we conduct a prior estimation 
and establish the conformity of the problem (1.1). In Section 4, we prove the ex-
istence of the global attractor of (1.1). 

2. Preliminary Knowledge 

Let ( )2H L= Ω , where its norm and inner product are denoted by ⋅  and ( ),⋅ ⋅ . 
Let ΔA = − , then A  is positive definite operator with a discrete spectrum 

on H . For any α ∈ , define the space 2H D A
α

α  
=   

 
, whose inner product 

and norm are given by 

( ) 2 2 2, , ; .u v A u A v u A u
α α α

α α

 
= = 
 

 

In particular, we denote ( )0 2H H L= = Ω , ( )
1

1 12
0H D A H

 
= = Ω 

 
, and 

( ) ( ) ( )2 2 1
0ΩH D A H H= = ∩ Ω . Additionally, ⋅  denotes the absolute value. Let 

[ ]( ),0 ;C h Hα
α = − , and define the following norm 

[ ]
( ) 0

,0
sup , , ;

hθ
ϕ ϕ θ ϕ

∈ −
= ∀ ∈ =


    

[ ]
( ) ( )

[ ]
( )

1

1 1
2 2

1
,0 ,0

sup ~ sup , .
h h

A A
θ θ

ϕ ϕ θ ϕ θ ϕ θ ϕ
∈ − ∈ −

 
= + ∀ ∈  

 


  

Theorem 2.1. [10] If the dynamical system ( )( ),S t   is quasi-stable on every 
bounded positively invariant set B ⊆ , then ( )( ),S t   is asymptotically 
smooth. 

Theorem 2.2. [10] A dissipative dynamical system ( )( )1,S t   possesses a 
compact global attractor if and only if it is asymptotically smooth.  

3. Well-Posedness of Solutions 
3.1. Prior Estimation 

To establish the well-posedness of solutions to Problem (1.1), we first make the 
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following a priori estimates. 
Lemma 3.1. Suppose that conditions (H1)-(H3) hold and ( )2Lσ ∈ Ω . Then 

the solution to Problem (1.1) satisfies the following estimate 

 ( )( )
1

2 2 2 44e 0 ,t Cu u E hγ α ϕ
γ

−∇ + ≤ + +


 (3.1) 

where 2
1 2

2 42 2C K K Cσ γ ε
µ µ

= + + +  . 

Proof. For any 0ε∀ > , take the inner product of ( ) ( ) ( )tz t u t u tε= ∂ +  with 
Equation (1.1) in ( )2L Ω , we then have 

 
( ) ( )

( )( ) [ ]( )( ) ( )

2 2 2 2 2 21 d 1
2 d

, , , .

t tu u u u u u
t

f u z u t u z z

ε µ ε ε µε

η σ

 + ∇ + + + ∇ + + ∂ + ∇∂ 

= − − − +
 (3.2) 

From (1.8) and (1.9), we have 

 ( )( ) ( ) ( ) 2
0 2

d, d d .
d 8

f u z F u x C F u x u K
t

εε ε
Ω Ω

− ≤ − − + ∇ +∫ ∫  (3.3) 

Furthermore, using the inequality Hölder’ and Young’s inequality, we obtain 

 
[ ]( )( ) ( )

[ ]( ) 2 2 2 2

, ,

1 1 .
2 2t

u t u z z

u t u u u

η σ

µ µεη σ
µ µ

− +

≤ − + + ∂ +
 (3.4) 

Substitute (3.3) and (3.4) into (3.2), apply condition (1.5), and set 
8
εµ

= , we 

then have 

 

( ) ( ) ( )

( )

( )

2 2 2

2 22
0

2 2
20

1 d 51 2 d
2 d 8

11
2 2 4

2 1 2d .

t t

h
t

u u F u x u
t

u u u C F u dx

h u t K C

εε µ ε

µε µ ε

ξ ξ σ ε
µ µ µ

Ω

Ω

 + ∇ + + + + ∇ 

   + + − ∂ + ∇∂ + −   
   

≤ ∂ − + + +

∫

∫

∫



 (3.5) 

Let 

( ) ( ) ( ) ( )2 2
11 2 d 2 0,E t u u F u x Kε µ ε

Ω
= + ∇ + + + + ≥∫  

Define 

( ) ( ) ( ) 2

0
d d ,

h

t

t
ts

V t E t u s
h
α ξ ξ

−
= + ∂∫ ∫  

It is obvious that 

 ( ) ( ) ( ) ( ) 2

0
d ,t

h
E t V t E t u tα ξ ξ≤ ≤ + ∂ −∫  (3.6) 

where 0α > , and the term ( ) 2

0
d dtt s

h t
u s

h
α ξ ξ

−
∂∫ ∫  serves as a compensation 

term for the time-delay term in the equation. Specifically, a longer delay time 
tends to make the system more unstable, while increasing the coefficient of the 
damping term can balance this instability. Therefore, in the process of proof, the 
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delay time is restricted by the damping coefficient µ . 
Differentiating ( )V t  from t , we obtain 

 ( ) ( ) ( ) ( )2 2

0

d d d .
d d t t

h
V t E t u t u t s s

t t h
αα= + ∂ − ∂ −∫  (3.7) 

Combining (3.6) and (3.7), we obtain 

( ) ( )

( )

2 2 2
0

2 2
20

d 5 12 1 2 d
d 4 2 4

4 2 4d 2 .

t

h
t

V t u u u C F u x
t

h u t K C
h

ε µµε α ε

α ξ ξ σ ε
µ µ µ

Ω

    + ∇ + + − − ∂ + −        
 

≤ − ∂ − + + + 
 

∫
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choose 0ε >  sufficiently small such that 1 3
2 2

µ< < , and set 
8
µα = , and 

0
1
4

C > , which ensures 0µε > , 2 1 0
2
µ α − − > 

 
, and 0

1 0
4

C − > . Let  

0
5 1min , ,2 1 ,2
4 2 4

Cε µγ µε α ε    = − − −    
    

. Therefore 

( ) ( )d .
d

V t V t C
t

γ+ ≤  

Applying Gronwall’s lemma, we have  

 ( ) ( ) ( )0 e 1 e .t tCV t V γ γ

γ
− −≤ + −  (3.8) 

According to the definition of ( )E t  as well as (3.7) and (3.8), we obtain 

( )( )
1

2 2 2 44e 0 ,t Cu u E hγ α ϕ
γ

−∇ + ≤ + +


 

where 2
1 2

2 42 2C K K Cσ γ ε
µ µ

= + + +  . 

3.2. Existence and Uniqueness 

Multiply both sides of Equation (1.1) by ( ) 1ΔI −− , we then obtain 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )1 1Δ Δ Δ .t
tu t I u t I f u t u t u xµ η σ− −  ∂ + − − = − − − − +   

Let ΔA = − , ( ) ( ) 1Δ ΔIµ −= − − . Next, we present the corresponding esti-
mates. 

Lemma 3.2. 

( ) [ ]( ), 0, , ; .u u u C h T H≥ ∀ ∈ −  

Proof. Since H  is a separable Hilbert space and ΔA = −  is a positive definite 
operator with discrete spectrum on H , there exists a sequence of orthogonal ba-
ses { } 1k ke H∞

=
⊂  such that 

1 2, 0 , lim ,k k k kk
Ae eλ λ λ λ

→∞
= < ≤ ≤ = ∞  

By spectral theory, we have 

( ) ( ) ( ) ( )1 1

0
1 , inf 1 0.k k k ke e

λ
µ λ λ µ λ λ− −

>
= + + + + =  
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Thus  

( ) [ ]( ), 0, , ; .u u u C h T H≥ ∀ ∈ −  

In particular, it follows from [11] that { } 0
e t

t
−

≥

  is a 0C -semigroup generated 

by the operator   in the space H . 
Lemma 3.3. There exists a positive constant c  such that 
(1) ( )e , 0tA I ct tα− −− ≤ ∀ ≥ ; 

(2) ( ) 1
1 11e e , 0ttA c tλ λα −− +− − ≤ ∀ ≥ , where 1λ  is the first eigenvalue of Δ− . 

Proof. (1) Since A α−  is compact on ( )2L Ω , there exists a constant 0c >  
such that 

e , 0.tI ct t−− ≤ ∀ ≥  

The assertion that e t−  is bounded for 1t ≥  holds true; 
for [ ]0,1t∈ , the spectrum of e tI −−   is ( ) 111 e tλ λ −− +− , and  

( ) ( )
1

1 1 11
1 1e 1 e 1 .c ttI c t ctλ λ λ λ

− −− +−− ≤ − ≤ + ≤  

(2) Similar to the proof of (1), we only need to prove that  

( ) 1
1 11e e , 0.tt c tλ λ −− +− ≤ ∀ ≥  

In fact, by spectral theory and the property that ( ) ( )1, ,u u u uλ≥ , for all 
( )2u L∈ Ω , it is easy to see that   is bounded for 0t ≥ . 

The following is a mild solution to (1.1). 
Definition 3.4. A mild solution to Equation (1.1) is a function  

[ ]( ), ;u C h T H∈ − , defined in the interval [ ],h T−  such that ( ) ( )u θ ϕ θ= , 
[ ],0hθ ∈ −  and satisfies  

( ) ( ) ( ) ( ) [ ]
0

e e d , , ,
T t st su t F u s t h Tϕ θ − −−= + ∈ −∫   

where ( ) ( ) ( ) ( ) ( )( )1Δs tF u I f u u t u xη σ−  = − − − − +  , and   is the infinites-

imal generator of the 0C -semigroup { } 0
e t

t
−

≥

  in H . 

Theorem 3.5. Suppose that conditions (H1)-(H3) hold. Then, for any initial 
values (H1)-(H3), there exists 0Tϕ >  such that Equation (1.1) has a unique mild 
solution ( )u t  on the interval ,h Tϕ −  . 

Proof. For a fixed 0ω > , define the ball:  

[ ]( ) [ ]( ){ }, ;, ; : C h T HB u C h T H uω ω
−

= ∈ − ≤ , 

where ( )e 0tv ϕ−=  . 
Define the mapping [ ]( ) [ ]( ): , ; , ;K C h T H C h T H− → −  as follows 

[ ]( )
( ) [ ]
( ) ( ) ( ) [ ]

0

, ,0 ,

e d , 0, .
t t s s

t t h
Ku t

v t F u s t T

ϕ
− −

∈ −= 
+ ∈ ∫ 

 

If u  is a fixed point of the mapping K , then u  is a mild solution to Equa-
tion (1.1) in [ ]0,T . Now we prove that K  is a contraction mapping. 
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(I) For any [ ]0,t T∈  and 1 2,u u Bω∈ , we have  

 

[ ]( ) [ ]( ) [ ]( )

( ) ( ) ( )( ) ( )( )( )
[ ]( )

( ) ( ) ( ) ( )( )
[ ]( )

( )( ) ( )( ) [ ]( )

( ) ( )
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1
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1
2 2 1 10 0, ;
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e Δ d
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d

d .

t

C T H

t s

C T H

t s s s

C T H

C T H

s s

C T H

t

t

t

Ku t Ku t

I f u s f u s s

I u s u u s u s

f u s f u s s

u s u u s u s

η η

η η

−− −

−− −

−

≤ − −

   + − − − −   

≤ −

   + − − −   

∫

∫

∫

∫



  (3.9) 

By condition (1.4), we have 

 

( ) ( ) ( )( ) ( )

( )
( )4 4

2 1 1 2 1 2 1

2 2
1 2 2 1

2 2
1 2 2 1

2 1

d d

1 d

1

,
L L

f u f u x f u u u u u x

C u u u u x

C u u u u

C u u

θ
Ω Ω

Ω

′− = + − −

≤ + + −

≤ + + −

≤ −

∫ ∫
∫  (3.10) 

Thus 

 ( ) ( ) [ ]( ) [ ] [ ]( )2 1 2 1 2 1 0, ;0, ; 0,
max .R C T HC T H t T

f u f u C u u M u u
∈

− ≤ − ≤ −


 (3.11) 

Since ( ) ( ) ( )dt

tt
tt u

u t u u t u s s
η

η
 −  

 − = − ∂  ∫ , by using condition (1.6) and the 

above inequality 

 

( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

[ ]
( ) ( )

( )

2 1

2

1

2 2 1 1

2 2 2 1 2 1 1 1

2 2 2 2

2 1,0

2 2 1

1 2
ˆ

d d

max

d

s s

s

s

s s

s s s s

s s
t ts u s u

h

s u s s
ts u

s s

u s u u s u

u s u u s u u s u u s u

u s u r r u s u r r

u s u s

u r r u u

R u u

η η

θ

η

η

η η

η η η η

θ θ

η η

   − −   

∈ −

 −  
 −  

   − − −   

       ≤ − − − + − − −       

= − ∂ − + ∂

+ + − +

≤ ∂ + −

 ≤ − 

∫ ∫

∫ 

( )
2 1

2 1
ˆ 1 ,

s s

s s
R

u u

R L u u

  + − 

≤ ⋅ + −





 (3.12) 

However 

[ ]
( ) ( )

[ ]
( ) ( )

[ ]( )

2 1 2 1 2 1,0 0,

2 1 0, ;

max max

,

s s

r s h r s

C T H

u u u r u r u r u r

u u
∈ − ∈

− ≤ − + −

≤ −

  

Thus, we have 

 
( ) ( )

[ ]( )

( ) [ ]( )

2 2 1 1
0, ;

2 1 0, ;1 .ˆ

s s

C T H

R C T H

u s u u s u

R L u u

η η   − − −   

≤ ⋅ + −
 (3.13) 
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Substituting (3.11) and (3.13) into (3.9), we obtain 

[ ]( ) [ ]( ) [ ]( )

( )( ) [ ]( )

( )( ) [ ]( )

1 2 0, ;

2 1 0, ;0

2 1 0, ;

1

1ˆ ,

ˆ d

C T H
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t

RR C T H

Ku t Ku t

M R L u u s

T M R L u u

−

≤ + ⋅ + −

≤ ⋅ + ⋅ + −

∫ 



 

choose a sufficiently small T  such that ( )( )1 1ˆ
RRT M R L⋅ + ⋅ + <



. 

(II) For any [ ]0,t T∈  and z Bω∈ , combining (3.10)-(3.13), we obtain 
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0 0, ; 0, ;

0, ;0
ˆ

ˆ

e Δ d

d

1 d

1 ,

C T H

t s s

C T H

t

t

t

s

C T H C T H

RR C T H

RR

Ku t u t

I f u s u s u s

f u s u s u s

M R L u s

T M R L R

η

η

−− −

−

 ≤ − − − −  

  ≤ + −   

≤ + ⋅ +

≤ ⋅ + ⋅ + ⋅

∫

∫

∫ 







 (3.14) 

choose 
( ) ( )( )

1min ,
1ˆ ˆ ˆ 1R RR R

T
M R L R M R L

ω 
 <  

+ ⋅ + ⋅ + ⋅ +  



, such that  

( )( )ˆ 1RRT M R L R ω⋅ + ⋅ + ⋅ <


 . Therefore, from (I) (II), we conclude that 

:K B Bω ω→  

is a contraction mapping, and thus there exists a unique fixed point  

[ ]( ), ;u C h T H∈ − . 

Let 

( ) [ ]
( ) [ ]

, 0, ,
, ,0 ,

u t t T
u

t t hϕ
 ∈=  ∈ −

 

and suppose ( ]( ), ;u C h T H∈ − , then u  is a mild solution to Equation (1.1) on 
the interval [ ],h T− . 

Theorem 3.6. Suppose that conditions (H1)-(H3) hold. Then, for any initial 
values iϕ ∈  with iϕ ϖ≤

 , 1,2i = , there exists a unique global solution 

( )u t  to Equation (1.1) on the interval [ ),h− +∞ . Moreover, for any 0ϖ >  and 
0T > , there exists a positive constant ,TCϖ  such that 

 ( ) ( )( ) ( ) ( ) [ ]
21

2 22
1 2 1 2 , 1 2 , 0, .T cA u t u t u t u t C t Tϖ ϕ ϕ− + − ≤ − ∈  

Proof. Multiply u  by (1.1) and do the inner product in H , we have  

 

( )( ) ( )( ) ( )

1 1
2 22 22 21 d

2 d

, , , .t

A u u A u u
t

f u u u t u u u

µ

η σ

 
+ + + 

 

 = − − − + 

 (3.15) 
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using (1.9), Hölder’s and Young’s inequality, we obtain 

 
( )

( )

1 1
2 22 22 2

0

2 2
2

1 d 7 d
2 d 8 2

1 1 .t

A u u A u u C F u x
t

u t u K

µ

η σ
µ µ

Ω

 
+ + + + 

 

 ≤ − + + 

∫
 (3.16) 

Let 

( )
21

2 2
1 0,E t u A u= + ≥  

Integrating (3.16) over the interval [ ]0, t , we obtain 

 
( ) ( )

( )

21
2

0 0

0

2
1 0

2 2
1

7 d 2 d
4

2 20 d ,

t t

t

E t u A u s C F u x

E u s

µ

σ
µ µ

Ω

 
 + + +
 
 

≤ + +

∫ ∫ ∫

∫

 (3.17) 

Moreover, since for any )0,s Tϕ∈  , 

 

[ ]
( )

[ ]
( )

[ ]
( )

[ ]
( )

[ ]
( )

[ ]
( )

[ ]
( )

[ ]
( )

[ ]
( ) ( )

1

1

1
2

,0 ,0

1 1
2 2

,0 0, ,0 0,

21
22

0, 0,

21
22

0,

max max

max max max max

2 max max

2 max .

s s s

h h

r s h r s r s h r s

r s r s

r s

u A u u

A u r A u r u r u r

A u r u r

A u r u r

θ θ
θ θ

ϕ

ϕ

∈ − ∈ −

∈ − ∈ ∈ − ∈

∈ ∈

∈

= +

≤ + + +

≤ + +

 
 ≤ + +
 
 







 (3.18) 

Substituting (3.18) into (3.17), we obtain 

[ ]
( ) ( )

( )
[ ]

( ) ( )
1

21
22

0,

21
22 2 2

1 0 0,

max

20 max d ,

r t

t

r s

A u r u r

tC E t A u r u r sϕ σ
µ

∈

∈

 
 +
 
 
  
  ≤ + + + +

    
∫

 

where 0C > . Applying the integral form of Gronwall’s lemma to the above ine-
quality, for t Tϕ< , we have 

[ ]
( ) ( ) ( )( ) 1

1

21
2 22

10,
max 1 0 e ,t

r t
A u r u r C E αϕ

∈

 
 + ≤ + +
 
 


 

where 1 0α > . For any 0T > , since the above inequality holds on  

) [ ]0, 0,T Tϕ ⊂ , the solution to Equation (1.1) can be extended to the interval 
[ )0,+∞ . Consequently, we obtain the continuous dependence on initial values 
and the uniqueness of the solution. 

https://doi.org/10.4236/jamp.2025.1311206


N. Ma, Q. Z. Ma 
 

 

DOI: 10.4236/jamp.2025.1311206 3704 Journal of Applied Mathematics and Physics 
 

4. Global Attractor 

According to Theorem 3.6, we define the following semigroup: ( ) 1 1:S t →  , 
where for any 0t ≥ , ( ) tS t uϕ = . Here, ( )u t  is the mild solution to Equation 
(1.1) satisfying 0u ϕ= . We denote ( )( )1,S t   as the dynamical system gener-
ated by the solution semigroup corresponding to Equation (1.1). 

First, we prove that the dynamical system ( )( )1,S t   is dissipative. 
Lemma 4.1 (Dissipativity). Suppose that conditions (H1)-(H3) hold and 

( )2Lσ ∈ Ω . Then, for any 0µ , there exists ( )0 0h h µ=  such that for every 
( ) [ ) ( ]0 0, , 0,h hµ µ∈ +∞ × , the system ( )( )1,S t   is dissipative. That is, there ex-
ists 0R > , such that for any 0ρ > ,  

( )
11

1, , , ,S t R t tρϕ ϕ ϕ ρ≤ ∀ ∈ ≤ ≥


  

where 0tρ >  depends on ρ , and for any fixed 0 0µ > , the dissipative radius 
R  is independent of both the damping coefficient 0µ µ≥  and the time delay 

( ]00,h h∈ . 
Proof. Similar to the a priori estimates in Section 3.1, we have  

 ( )( )
1

2 2 2 44e 0 .t Cu u E hγ α ϕ
γ

−∇ + ≤ + +


 (4.1) 

Replacing t  with t θ+  in the above inequality (where [ ],0hθ ∈ − ), the fol-
lowing holds  

 
( ) ( ) ( ) ( )( )

( ) ( )( )
1

1

2 2 2

2

4e 0

44e 0 .

t

t h

u t u t E h C

CE h

γ θ

γ

θ θ α ϕ

α ϕ
γ

− +

− −

∇ + + + ≤ + +

≤ + +





 (4.2) 

Therefore, from (4.2), we obtain  

 

[ ]
( )

[ ]
( )

[ ]
( ) ( )( )

( ) ( )( )

1

1

2 2 2

,0 ,0

2 2

,0

2

max max

2 max

88e 0 ,

t

h h

h

t h

u u t u t

u t u t

CE h

θ θ

θ

γ

θ θ

θ θ

α ϕ
γ

∈ − ∈ −

∈ −

− −

= ∇ + + +

≤ ∇ + + +

≤ + +





 (4.3) 

The above inequality implies that there exists t tρ≥  such that the ball  

( )0 0,B B R=  is a bounded absorbing set for the dynamical system ( )( )1,S t  , 

where 
2 2CR
γ

> .  

Lemma 4.2 (Quasi-Stability). Suppose that conditions (H1)-(H3) hold and 
( )2Lσ ∈ Ω . Then, there exist constants ( )1C R , ( )2 0C R >  and λ  such that 

for any two solutions 1 2,u u  to Equation (1.1) with initial values 1 2 1,ϕ ϕ ∈ , the 
following properties hold  

 ( ) ( )2 2 2 , , 1,2i iu t u t R t h i+ ∇ ≤ ≥ − =  (4.4) 

and the quasi-stability estimate 
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( ) ( ) ( ) ( )

( ) ( )
[ ]

( ) ( )( )
1

2 2
1 2 1 2

21
2 2

1 1 2 2 1 20,
e max ,t

r t

u t u t u t u t

C R C R A u r u rλ ϕ ϕ
−−

∈

− + ∇ −∇

≤ − + −




 (4.5) 

where 0>  is a small positive constant. 
Proof. Let 1u  and 2u  be two solutions to Equation (1.1). Then  

( ) ( )1 2w u t u t= −  is a solution to the following equation  

 ( ) ( )( ) ( ) ( )( )1 1 2 2 1 2

Δ Δ

.
t t

t t

w w w w

u t u u t u f u f u

µ

η η

∂ − ∂ − +

   = − − − − − −   
 (4.6) 

According to Lemma 4.1, the system is dissipative, so it is obvious that (4.4) 
holds. 

Define the energy functional as 

 ( ) ( )2 21 .
2wE t w w= ∇ +  (4.7) 

By multiplying ( )w t  by (4.6) and integrating over the interval [ ],t T , we have 

 

( ) ( ) ( ) ( )

( )( ) ( )( ) ( )( )
( ) ( ) ( )( )

2 2

2 1

2 2 1 1

d d

, d

, d .

T T
w w t t

t

s s

T

T

t

E T E t w s s w s s

f u s f u s w s s

u s u u s u w s s

µ

η η

− + ∇ +

≤ −

   + − − −   

∫ ∫

∫

∫

 (4.8) 

By condition (1.4), we have  

 

( )( ) ( )( )( ) ( )

( )( ) ( ) ( ) ( )

( ) ( )( )

2 1

1 2 1 2 1

2 1

2 2

d

d

, 0,
2 2

R

f u t f u t w t x

f u u u u t u t w t x

C u t u t w

Cw w

ξ

ε ε
ε

Ω

Ω

−

′≤ + − −

≤ ∇ −

≤ ∇ + ∀ >

∫
∫

 (4.9) 

where 0 1ξ< <  and 0ε > . Using assumption (1.7), we obtain 

 

( ) ( )( ) ( )

( ) ( ) ( )

[ ]
( ) ( )

2 2 1 1

2 2 1 1

1
222

,0

d

max .

t t

t t

Rh

u t u u t u w t x

u t u u t u w t

A w t C w t
θ

η η

η η

θ

Ω

−

∈ −

   − − −   

   ≤ − − −   

≤ + +

∫



 (4.10) 

Combining (4.9)-(4.10) with (4.8), we derive the following inequality  

 

( ) ( ) ( )

( )
[ ]

( )

( )

2

1
2 22

,0

2

d

d max d
2

11 d .
2

w w t

T

R
T

t

T T

t h

t

E T E t w s s

w s s A w t s

C w s s

θ

µ

ε θ

ε

−

∈ −

− +

≤ ∇ + +

 + + 
 

∫

∫ ∫

∫


 (4.11) 

For any 0ε > , choose a sufficiently large µ  such that the following inequality 
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holds  

 
11 , 1.

2 2 2RC µ ε
ε

 + < < 
 

 (4.12) 

Now, taking the inner product of Equation (4.6), with ( )w t  and integrating 
over the interval [ ]0,T , we obtain 

 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( )( )

[ ]
( ) ( )

2

0 0
1

222
0 0,0

, 0 , 0 , 0 , 0

d , d

max d d .R Rh

T T

T T

w T w T w w w T w T w w

w s s w s w s s

C A w t s C w s s
θ

µ

θ
−

∈ −

− + ∇ ∇ − ∇ ∇

+ ∇ +

≤ + +

∫ ∫

∫ ∫ 



 (4.13) 

Furthermore, by Hölder’s inequality and Young’s inequality, we have 

( ) ( )( ) ( ) ( )
2

2 2

0 0 0

1, d d d .
2 2

T T T
w s w s s w s s w s sµµ ≤ +∫ ∫ ∫  

According to the definition of the energy functional ( )wE t , we get 

( ) ( ) ( ) ( )( )

( )
[ ]

( )

2 2

0 0

1
22

0 ,0

1 3d d 0
2 2

max d .

w w
T T

T
R h

w s s w s s C E E T

C A w t s
θ

µ θ
−

∈ −

∇ ≤ + +

+ +

∫ ∫

∫


 

Setting 0t =  in (4.11) and combining it with (4.12), we obtain 

 
( ) ( ) ( ) ( ) ( )

[ ]
( )

2 2

0 0

1
22

0 ,0

30 2 d d
2

max d .

T T
w w w

h

T

E E T E T w s s w s s

A w t s
θ

µ ε

θ
−

∈ −

+ ≤ + + ∇

+ +

∫ ∫

∫


 (4.14) 

Integrating (4.11) over the interval [ ]0,T  and combining it with (4.12), we 
have  

 
( ) ( ) ( )

[ ]
( )

2

0 0
1

22
0 ,0

d d

max d .

w w

h

T T

T

TE T E s s T w s s

T A w t s
θ

ε

θ
−

∈ −

≤ + ∇

+ +

∫ ∫

∫


 (4.15) 

Setting 0t =  in (4.11) and combining with (4.12), we can obtain 

 ( ) ( ) ( )
[ ]

( )
1

2 2 22
0 0 0 ,0

d 0 d max d .
2

T T T
w h

w s s E w s s A w t s
θ

µ ε θ
−

∈ −
≤ + ∇ + +∫ ∫ ∫


 (4.16) 

Adding (4.15) and (4.16), assuming 8µ > , and substituting the result into 
(4.15), we get  

 

( ) ( ) ( )

( ) ( ) ( ) ( )( )

( )
[ ]

( )

2

0 0

2

0
1

22
0 ,0

1 12 d d
2 2 2

1 d 0

1 max d .
2

w w

w

T

T

T
R

T

w

h

w s s E s s TE T

T w s s C E E T

TC A w t s
θ

µ

ε

µ θ
−

∈ −

 − + + 
 

≤ + ∇ + +

 ′+ + + 
 

∫ ∫

∫

∫



 (4.17) 

Now, substituting the estimate of ( ) ( )0w wE E T+  from (4.14) into (4.17), we 
have 
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( ) ( )

( ) ( ) ( ) ( )

( )
[ ]

( )

0

2 2

0 0
1

22
0 ,0

1 1d 2
2 2

2 d 2 1 d

2 max d .
2

w w
T

T T

T
R h

E s s T C E T

w s s T w s s

TC A w t s
θ

µ ε

µ θ
−

∈ −

 + − 
 

≤ + + + ∇

 + + + 
 

∫

∫ ∫

∫



 (4.18) 

Similarly, setting 0t =  in (4.11) gives 

 
( ) ( ) ( ) ( )

[ ]
( )

2 2

0 0

1
22

0 ,0

d 0 d
2

max d .

T T
w w

h

T

w s s E E T w s s

A w t s
θ

µ ε

θ
−

∈ −

≤ − + ∇

+ +

∫ ∫

∫


 (4.19) 

Assume that  

1 2 1,
2

T C− >  

Substituting (4.19) into (4.18), we thus obtain  

( ) ( )

( ) ( )( ) ( ) ( )

( )
[ ]

( )

0

2

0
1

22
0 ,0

1 d
2

0 2 1 d

2 max d ,
2

w w

w w

R h

T

T

T

E T E s s

C E E T C T w s s

TC C A w t s

µ µ

µ θ

ε

µ θ
−

∈ −

+

≤ − + + ∇

 + + + 
 

∫

∫

∫



 

where 0Cµ >  denotes a constant depending on µ . 

According to the definition of ( )wE t , we have ( ) ( )2
2 ww s E s∇ ≤ . Choose 

0ε >  sufficiently small such that 

 ( ) 12 1 .
4

C Tµε + <  (4.20) 

Therefore, we derive 

( ) ( ) ( )
[ ]

( )
1

22
0 ,0

0 , max d .
1

T
w w R h

C
E T E C T A w t s

C
µ

θ
µ

µ θ
−

∈ −
′′≤ + +

+ ∫


 

Let 1
1

C
C
µ

µ

ω = <
+

, then there exists a constant 0β >  such that 

 ( ) ( ) ( )
[ ]

( )
1

22
0 ,0

e 0 , max d .
TT

w w R h
E T E C T A w t sβ

θ
µ θ

−−

∈ −
′′≤ + +∫


 (4.21) 

Finally, applying Remark 3.30 in Reference [10] and repeating the step 
( )1mT m T+ , we deduce the conclusion (4.4) from the relation (4.21). 

Remark 4.2.1 Taking the maximum of inequality (4.5) over the interval 
[ ],t h t− , we obtain  

( ) ( )

( ) ( )
[ ]

( )
1

11

1 2

1 1 2 1 1 20,
e e max , ,h t s s

s h

S t S t

C R h C R h u u t hλ λ

ϕ ϕ

ϕ ϕ µ−

∈

−

≤ − + − ≥





 

where 
1

µ  denotes a compact seminorm on 1 . Next, based on the dissipativity 
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of Lemma 4.1 and the quasi-stability of Lemma 4.2, we discuss the existence and 
properties of the global attractor. A complete orbit of the time-delay 

dynamical system ( )( )1,S t   can be described as a function 
1
2,u C R D A

  
∈       

 

satisfying ( ) s s tS t u u +=  for all s R∈  and 0t > . 

Remark 4.2.2 
1

µ  is a compact seminorm. This is because in the space 

[ ]( )1
1 ,0 ;h H= − , the seminorm induced by the operator 

1
2A

ε−
 is compact. This 

is due to the fact that ΔA = −  has a discrete spectrum, and its inverse is a com-
pact operator. Thus, A ε−  is a compact operator, which makes the norm induced 

by 
1
2A

ε−
 on 1H  compact with respect to the 1  norm. 

Theorem 4.3 (Global Attractor). Suppose that conditions (H1)-(H3) hold. 
Then the dynamical system ( )( )1,S t   generated by Problem (1.1) possesses a 
compact global attractor. 

Proof. From Lemma 4.1, we know that the system ( )( )1,S t   is dissipative. 
Thus, we only need to verify that ( )( )1,S t   is asymptotically smooth. By Lemma 
4.2, the dynamical system ( )( )1,S t   is quasi-stable on any positively invariant 
bounded set B . According to Theorem 2.1, the dynamical system ( )( )1,S t   is 
asymptotically smooth, and therefore the existence of a compact global attractor 
is established.  
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