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Abstract

This paper first uses the Banach fixed point theorem and operator semigroup
theory to prove the existence and uniqueness of mild solutions for non-classi-
cal reaction diffusion equations with state delays and their continuous de-
pendence on the initial values. Secondly, by combining quasi-stability, the as-
ymptotic smoothness of the relevant semigroup is obtained. Finally, the exist-
ence of a global attractor with a finite fractal dimension is obtained.
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1. Introduction

This paper studies the existence of a global attractor for the nonclassical reaction-
diffusion equation with state-dependent delay
OUu—AdUu—Au+ pu+ f (u)+u(t—77[ut])=o-(x), xeQ,t>0,
u(x,t)=0, X €0Q,t>—h,
u(x,t)=p(xt), xeQ,te[-h,0],

(1.1)

where QcR"(n>3) is a bounded domain with smooth boundary, x>0,
h>0 denotes the maximum delay time, ut=u (t + 9) for O e [—h, 0] , and the
external force term o € L (Q). We assume the following conditions hold:

(H1) The nonlinear term f e C? (]R, R) satisfies the following conditions

F(s)

2

liminf (1.2)

oo s

>0, F(s)=] f(z)dz, ¥seR;
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Iiminfwzo, C,>0,VseR; (1.3)
|£/(s)|<C(1+]s]"), ¥O<p<2,¥seR (1.4)

(H2) For any ¢>0, exists C, >0, such that

Jul” < @{

(H3) Let the mapping 77:C —[0,h] is locally Lipschitz that for any R>0,

2

1
A?u

+.[QF(u)dx]+Cg, VueHg(Q). (1.5)

there L; >0, forany ¢,¢,<C,

(oi"CSR, i=12,tosetup

|77((/71)_77(¢2)|S Lg "(pl_(Dz"C- (1.6)

To obtain the compactness of the semigroup, we further assume that there ex-
ists €>0 such that the delay term satisfies the subcritical local Lipschitz condi-
tion. Specifically, for any p >0, there exists L, >0, such that forall ¢,,i=12
with ||(/)i || . < P, the following holds

1
A (2:(0)-:(0)

|77((p1)—77((p2)|£ L, max ) (1.7)

He[—h,O]

1
where O<e< 7" (In the subsequent energy estimation, e needs to be

sufficiently small to control the perturbations caused by high-order terms (such
as nonlinear terms and time-delay terms), thereby ensuring that the energy decay
term dominates.)

According to assumption (H1) and Poincaré’s inequalities, there exist constants
K, K, >0 such that

IQF(u)dx+%||Vu||2 >-K,, VueH;(Q), (1.8)

(f(u)u)-Cof F (u)dx+%||Vu||2 >-K,, YueH:(Q). (1.9)

In recent years, the long-time behavior of solutions to non-classical diffusion
equations without delay has been extensively studied. For instance, in [1], the au-
thors proved the existence of global attractorsin H, (Q) under the condition that
the nonlinear term satisfies subcritical growth. In [2], the compactness of the semi-
group S(t) in Hg(Q) is obtained via the method of asymptotic a priori esti-
mates, thereby proving the existence of a global attractor for a class of nonclassical
diffusion equations. In [3], the authors employed a novel asymptotic contraction
semigroup method to prove the existence of a global attractor in H* (R”) for the
nonclassical diffusion equation, where the nonlinear term satisfies a polynomial
growth condition of arbitrary order and the external force term { only belongs to
H™ (R”) . For research on attractors with delays, please refer to [4]-[9] and other
related works. Among them, [4] investigates the existence of a pullback attractor for
the delayed nonclassical diffusion equation, where the nonlinear term exhibits both
critical growth and arbitrary-order growth. In Reference [9], the authors prove the
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existence and uniqueness of strong solutions, as well as the existence of a pullback
attractor, for the classical reaction-diffusion equation with state-dependent delays
by using the standard Fadeo-Galerkin approximation method.

In this paper, we focus on the existence of global attractors for autonomous
non-classical diffusion with state-dependent delays. Compared with constant de-
lays or time-dependent delays, state-dependent delays bring new difficulties in
analysis, including adaptability and corresponding prior estimates. Therefore, the
results for systems with state-dependent delays are not as rich as those for other
types of delay differential equations. For problem (1.1), due to the existence of
state time delay, we need to select an appropriate phase space. Moreover, when
proving the prior estimation, an additional term is required in the energy func-
tional as compensation for the time delay term. Finally, the existence of the global
attractor of the system is proved by using the quasi-stable method.

The structure of this article is as follows. In Section 2, we define some abstract
results regarding the global attractor. In Section 3, we conduct a prior estimation
and establish the conformity of the problem (1.1). In Section 4, we prove the ex-

istence of the global attractor of (1.1).

2. Preliminary Knowledge

Let H=L (Q), where its norm and inner product are denoted by |||| and (--).

Let A=-A, then A is positive definite operator with a discrete spectrum
a
on H.For any a€R, define the space H” =D| A? |, whose inner product

and norm are given by

(uv), Z[AZU,AZV]; Jul, =[A2u].
1
In particular, we denote H=H =12 (Q) , H'= D[‘Azlz Hé(Q) , and

H?=D(A)=H?(Q)"H;(Q). Additionally, || denotes the absolute value. Let
C,= ([—h, 0];H “) , and define the following norm

ol = swp lo(0)]. voec.c=c;

A2p(0) A2p(0)|, Yo eC,.

J ~ sup
He[fh,O]

Theorem 2.1. [10] If the dynamical system (S (1), H) is quasi-stable on every

ol = gm0+

bounded positively invariant set B< M , then (S(t),H) is asymptotically
smooth.
Theorem 2.2. [10] A dissipative dynamical system (S(t),G) possesses a

compact global attractor if and only if it is asymptotically smooth.

3. Well-Posedness of Solutions

3.1. Prior Estimation

To establish the well-posedness of solutions to Problem (1.1), we first make the
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following a priori estimates.
Lemma 3.1. Suppose that conditions (H1)-(H3) hold and o€ L2 (Q) Then
the solution to Problem (1.1) satisfies the following estimate

vulf +|ulf < 4e 7 (E 0)+ah +£, (3.1)
[Vl + ] (E(0)+ah]ol;,) ;

where C =£||o-||2 +2yK, +2¢K, +ng.
H H

Proof. For any V& >0, take the inner product of z(t)=0u(t)+eu(t) with
Equation (1.1) in L2 (Q) , we then have

L[ olvult « v )l T ey + weluf: ol «voulf
=—(f(u),z)~(u(t-n[u]).2)+(o.2).
From (1.8) and (1.9), we have
- <-—j u)dx—eC, [ F dx+—||Vu|| +eK,. (3.3)

Furthermore, using the inequality Holder’ and Young’s inequality, we obtain

(u(t=n[u]),z)+(c.2)

1 2 1 (3.4)
S;||U(t—f7[U])|| +;IIUII2 +§||@UI|2 +%||U||2-

Substitute (3.3) and (3.4) into (3.2), apply condition (1.5), and set ¢ = %u , We
then have
1d 2
ool s ol 2], F (o) ool
+”78||u”2 +(1—§j||atu"2 +|voul’ + g(CO _Zj [ F(u)dx (3.5)
2h 1 2
<y hlosttgffase ol veic e,
Let
E(t)=(1+&)[Vul" +(u+&)|ul +2] F (u)dx+2K, >0,
Define

)=+ [ ], Jou()f dess,
It is obvious that

E(t)<V (1) <E(t)+af Jou(t-&)[ ds, (3.6)

where « >0, and the term %J.Oh ftt_s||8tu(§)||2 déds serves as a compensation

term for the time-delay term in the equation. Specifically, a longer delay time
tends to make the system more unstable, while increasing the coefficient of the

damping term can balance this instability. Therefore, in the process of proof, the
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delay time is restricted by the damping coefficient u.
Differentiating V (t) from t, we obtain
d d 2 h 2
Frd ()= o (t)+afou(t) - [ Jou(t-s) ds. (3.7)
Combining (3.6) and (3.7), we obtain
d 5¢ 7 1
Dy )+ 2 uf + el +[2(1—E)—a}||8tu||2 . 25(00 ‘Zj [ F(u)ax

h
< [%—%Jjohnatu(t—g)uz d§+%||0'||2 +2¢K, +%cg.

choose &>0 sufficiently small such that %<,u<g , and set a=§ , and

C0>%,whichensures e >0, 2(1—§j—0!>0,and Co_%>0'Let

y =min {%,ys,Z( —%] -a, ZE(CO —%j} Therefore

%v (t)+V (t)<C.

Applying Gronwall’s lemma, we have

V(1) <V (0)e” + S (1-e ). (3.8)
Y

According to the definition of E (t) as well as (3.7) and (3.8), we obtain
vulf +|ul’ < 4e 7 (E (0)+ah|p| +£,
[Vl +{lu] (E(0)+ahe; ) S

where C 23"0”2 +2yK, +2¢K, +iCQ.
H H

3.2. Existence and Uniqueness
Multiply both sides of Equation (1.1) by (1 —A)™, we then obtain
ou(t)+(u=2)(1-4)"u(t) = (1-4)7 (= (u(t)) ~u(t-n[u]) + o (x)).

Let A=-A, L=(u-A)(1- A)fl. Next, we present the corresponding esti-
mates.

Lemma 3.2.

(Lu,u)=0, VueC([-h,T];H).

Proof Since H isaseparable Hilbert spaceand A=-A isa positive definite
operator with discrete spectrum on H , there exists a sequence of orthogonal ba-
ses {g . <H such that

Ae, =46, 0< <A<, limA =oo,

k—o0

By spectral theory, we have

Lo =(u+2)(1+4) e, inf (u+)(1+2) " =0.
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Thus
(Lu,u)=0, YueC([-h,T];H).

In particular, it follows from [11] that {efa }t>0 isa C,-semigroup generated

by the operator L in the space H .
Lemma 3.3. There exists a positive constant ¢ such that
(1) A (1-e)|<ct vt 05

1
(2) "A"’e’a” <ce ™) vt>0, where 4, is the first eigenvalue of —A.
Proof (1) Since A™ is compact on L*(Q), there exists a constant ¢>0
such that
| —e“ <ct, Vt>0.

The assertion that e “' isbounded for t>1 holds true;

-1
for te [0,1] , the spectrum of | — e s 1) t, and

|—e“ <1-e A <o (14 4) Mt <t
(2) Similar to the proof of (1), we only need to prove that
et <o A vt 0,
In fact, by spectral theory and the property that (Lu,u)> 4 (u,u), for all
uel’(Q), itis easy to see that £ isbounded for t>0.
The following is a mild solution to (1.1).
Definition 3.4. A mild solution to Equation (1.1) is a function

ueC([—h,T];H) , defined in the interval [-h,T] such that u(8)=¢(0),
96[—h,0] and satisfies

u(t)=ep(0)+ [, e IR (u)ds, te[-h,T],

where F (us) =(1 —A)_l (— f(u)-u (t —n[ut])+ O'(X)) ,and L is the infinites-
imal generator of the C,-semigroup {e_a }tzo in H.

Theorem 3.5. Suppose that conditions (H1)-(H3) hold. Then, for any initial
values (H1)-(H3), there exists T,>0 such that Equation (1.1) has a unique mild
solution U (t) on the interval [—h,T{J .

Proof. For a fixed @ >0, define the ball:

B, ={ucC(-TIH): ful ey <},

where V= e_ﬂgo(O) .
Define the mapping K :C ([—h,T]; H ) —-C ([—h,T]; H ) as follows

( ):{(p(t), te[-h,0],

O e R () tefor)

If u isa fixed point of the mapping K, then u isa mild solution to Equa-

tion (1.1) in [0,T].Now we prove that K is a contraction mapping.
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(I) Forany te[0,T] and u,u, €B,, we have

"[ Kul] (t) - [ Ku2 ] (t )"C([O,T];H)

Sjg‘e—ﬁ(tfs)(l —A)((uy(s))- T (u(s))) C([O’T];H)ds
tl —£(t-s - s s
e (1= 1(u2(s—n[uzJ)—ul(s—n[uJ)) C([O,T];H)ds (3.9)
< .[(:" f (u2 (S))— f (ul (S))"C([O,T];H) ds
+_[; u, (s—n[uj])—ul(s—n[uf]) o) ds.
By condition (1.4), we have
[ f (uy) = (u,)|dx = IQ| f'(uy+60(u, —u,))(u, —u1)|dx
< C.[Q (1+|u1|2 +|u2|2)|u2 — Uy dx (310
2 2
<O (2 s + s Y, ]
<Clu, —uy,
Thus
||f (uy)-f (ul)"C([O,T];H) < CQS%(]HUZ — ]| < Mg ||u, —u1||c([0’T];H). (3.11)

Since u(t—n[u‘])z u(t)—.[i”[ul}atu(s)ds, by using condition (1.6) and the
above inequality
u (s =n[u3])-w(s-n[u])
<Jue (s=m[u3 ])=ve (s =l )|+ Jue (s =n[ i ])-w(s=n[u ]
u, (s)—f:iﬂ[ug]alu2 (r)dr-u, (s)+j:ﬁ][uﬂ£—3tu2 (r)dr
+ max ||u2(5+6')—u1(s+¢9)|| (3.12)
Il {::
< Rjo[ ]

Ly +

A, (r |dr

_uf

<(R

However

)

S
_ul <

re[s— h0||LI2 r) ul( ||+|mg)s("u2 r) ul( )"

< "uZ ul”c (loTLH)”

Thus, we have

(s ]) - (s-n[w ],

(R Le +1)||u2 ul" C([0.T}:H)

OTFH) (3.13)
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Substituting (3.11) and (3.13) into (3.9), we obtain
K1)~ (K 1Ol g1
< _[;(M . +(§ Ly +1))||u2 —ul||c([O‘T];H) ds
<T -(M +(R-L +1))||u2 o
choose a sufficiently small T such that T -(M «+(R-L +1)) <1.
(II) For any t€[0,T] and zeB,, combining (3.10)-(3.13), we obtain
||[Ku] t)—U t || [OT] )

1= a) (- (u(s)-u(s-n[w])
sf;(nwu(s»u +uu (s=1[w)

<j (M +(R-L, +1))||u||C (o) 85

<T-(Mg+(R Ly +1))-R

ds
C([oT]:H)

c([OYT];H)jds (3.14)

1 1)
Mg +(R-Lg +1)’ FE-(M§+(F§~LR+1))

choose T < min{ } , such that

T ~(M 5 +(I§ Lq +1))~ R < @ . Therefore, from (I) (II), we conclude that
K:B,—>B,
is a contraction mapping, and thus there exists a unique fixed point
ueC([-hT];H).
Let
_fu(t), te[o,T],
u=
o(t), te[-h,0],

and suppose TeC ((—h,T]; H ) ,then U isa mild solution to Equation (1.1) on

the interval [—h,T].
Theorem 3.6. Suppose that conditions (H1)-(H3) hold. Then, for any initial

values @ €C with ||(pi "c <@, i1=12, there exists a unique global solution
u (t) to Equation (1.1) on the interval [—h, +00) . Moreover, forany @ >0 and
T >0, there exists a positive constant C_ . such that

2

() ~u, (O <Cor o -] te[0.T]:

A (4, (0)-u, (1)

Proof. Multiply u by (1.1) and do the inner productin H , we have

1d
A% +ull” [+ A2u? + uu
o Aol |+ s -
=—(f (u),u)—(u(t—n[u‘]),u)+(o,u).
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using (1.9), Holder’s and Young’s inequality, we obtain
g g q Y

L d[Azu o |uf j+ Ao A o F (u)ox
2dt
(3.16)
s—“ut u* ‘+—O‘2+K.
Hofe-nfu ] +21eff k.
Let
1 2
t):||u||2+ A2yl >0,
Integrating (3.16) over the interval [O,t] , we obtain
1 2
El<t>+ﬁ[unun2+} Aoy JdmcoLIJQF(u)dx
(3.17)
2 2 2 ¢ty 2
<0+ 2o + 2 o5
Moreover, since for any Se [O T )
u®ll = max A2u (9) ||
C 0&[ h,0] 0e[-h,0]
l
srer[rgggfo] u(r) +[§[gl>s<] A2 +r€ngalhx0 ||u r)| +[D[gl>s<]||u(r)||
> (3.18)
2
<l +v2 \/m[ax] Azu(r)| +max|u(r)]

SII«JIIQ+2\/1Tg[gl§][ of ol r)II}

Substituting (3.18) into (3.17), we obtain

g o oot

o bl 2+

1
A2u(

) +||u<r>|r]ds}

where C >0. Applying the integral form of Gronwall’s lemma to the above ine-

quality, for t<T,_, we have

max[
re[O t]

where @, >0.Forany T >0, since the above inequality holds on
[0 T ) 0 T] the solution to Equation (1.1) can be extended to the interval

2

A2u(r)

(o) }c(m )+l Je*.

[O +00) Consequently, we obtain the continuous dependence on initial values

and the uniqueness of the solution.
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4. Global Attractor

According to Theorem 3.6, we define the following semigroup: S(t):G —(,
where for any t>0, S(t)p=u'. Here, u(t) is the mild solution to Equation
(1.1) satisfying U’ =¢. We denote (S(t),;) as the dynamical system gener-
ated by the solution semigroup corresponding to Equation (1.1).

First, we prove that the dynamical system (S (1), C1) is dissipative.

Lemma 4.1 (Dissipativity). Suppose that conditions (H1)-(H3) hold and
oel’(Q). Then, for any 4, there exists hy= h(4,) such that for every
(a,h) €[4, +0)x(0,hy ], the system (S(t),G) is dissipative. That is, there ex-
ists R>0, such that forany p >0,

[s()el, <R Yo, Jol, <p. t2t,,

where t, >0 depends on p, and for any fixed z, >0, the dissipative radius
R is independent of both the damping coefficient > 4, and the time delay

he (0, ho] .
Proof. Similar to the a priori estimates in Section 3.1, we have
[Vl +fof" <4 (E(0) vanll )« (4.1

Replacing t with t+6 in the above inequality (where 6 &[-h,0]), the fol-
lowing holds

[vu(t+ o) +Ju(t+o)f <ae7 ) (E(0)+ahlolf ) +C

(4.2)
<ae " (E(0) +ah|off )+ 2.
Therefore, from (4.2), we obtain
o, = max [vu(t-o)f + max fu(e+o)f
<2 max ([vu(t+0)f +[u(t+0)f (4.3)

38e’7<t’“)(E )+ ahloff )+ 22,

The above inequality implies that there exists t>t, such that the ball
B, = E(O, R) is a bounded absorbing set for the dynamical system (S(t),C’l) ,

22C
P

where R>

Lemma 4.2 (Quasi-Stability). Suppose that conditions (H1)-(H3) hold and
o €?(Q). Then, there exist constants C,(R), C,(R)>0 and 7 such that
for any two solutions U;,U, to Equation (1.1) with initial values ¢, ¢, €(, the

following properties hold
Ju (O +[vu, (0] <R? t>-h, i=12 (4.4)

and the quasi-stability estimate
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Jus (t) =, ) +[Vu (£) - Vu, ()]

1

2 (45)
A (uy(r)=u, (1))

<C(R)e™ ||gol—goz||z1 +C, (R) max

re[O,t]

where €>0 is a small positive constant.
Proof Let U, and U, be two solutions to Equation (1.1). Then
w=u,(t)—-u,(t) isa solution to the following equation
OW—AO,W—AW+ uw

:—(ul(t—n[u;])—uz (t-’?[uﬂ))—(f (u) = f(u,))-

According to Lemma 4.1, the system is dissipative, so it is obvious that (4.4)
holds.

Define the energy functional as

(4.6)

£, ()= 2{Jvulf +[w). 7
By multiplying W(t) by (4.6) and integrating over the interval [t,T], we have
E.(T)-E,(t) +fT||Vw 5) ||2ds+y'[:||w(s)||2ds
<[ (1 ( ()= T (u(s))ws))ds (4.8)
(=[] s=n[e]) wes).
By condition (1.4), we have
o (F (12 (1) = £ (1 (1)) Jw(t) o]

gj'ﬂ|f ul+§(u2—u1 s ()=, (£)Jw(t)] dx

< (u (1) -t ()] ] (49)

o R Rz

where 0<&<1 and ¢>0. Using assumption (1.7), we obtain

(s (=[5 ]) - (=[] (o)
<u, (t=n[u])-u (t-n[u w()] @.10)

< max A? ‘w(t+60)° +C, ||w(t)||2 :

Combining (4.9)-(4.10) with (4.8), we derive the following inequality

£, (7). (0 ] (o) e

S%LT||VW(S)"2 ds+ [ max A%Ew(t+49)2 ds (4.11)

t ge[-h,0]
1
+cR[1+2_gj [ Jw(s)| ds.

Forany & >0, choose a sufficientlylarge 4 such that the following inequality
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holds

Ci (l+ij<§, £<1. (4.12)

Now, taking the inner product of Equation (4.6), with W(t) and integrating

over the interval [O,T] , we obtain
(w(T),w(T))=(w(0),w(0))+(VYw(T),vw(T))-(Vw(0),Vw(0))

+ [y [vw (o) ds+ ) (ws).w(s))ds (4.13)

<C.[ max A%Fw(t +0)° ds+C, J'OT w(s)[ ds.

0 6e[-h,0]

Furthermore, by Holder’s inequality and Young’s inequality, we have
2
]y (ws) wis))as < s () ds 2 [ (o) s
According to the definition of the energy functional E,(t), we get
1 3
> [ [vw(s)[ ds < > [ [w(s)[ ds+C(E, (0)+E, (T))

+Ce (1) [ max A2 “w(t+6) ds.

0 6€[-h,0]
Setting t=0 in (4.11) and combining it with (4.12), we obtain
E, (0)+E,(T)<2E,(T)+ j [w(s)[ ds+ e, [vw(s)[" ds
(4.14)
+[ max AE_EW(t+9)2 ds.
0 0e[-h,0]

Integrating (4.11) over the interval [O,T] and combining it with (4.12), we

have

)< [TE.(s ds+gTj [vw(s)] ds

; (4.15)
+T max A2 w(t+€) ds.
0 o[- ]

Setting t=0 in (4.11) and combining with (4.12), we can obtain

%I;||W(S)||2 ds < |5vv(0)+gj0T||Vw(s)||2 ds+ [ max A%w(twte)2 ds. (4.16)

0 9€[-h,0]

Adding (4.15) and (4.16), assuming x> 8, and substituting the result into
(4.15), we get

(%‘Zj [ ds+ 2T, (s)as 2T, (T)
<&(T+1)[, [Vw(s)[ ds+C(E, (0)+E,(T)) (4.17)

1
+Cl (M(H%) " max A2 ‘w(t+0)’ ds.

0 6€[-h,0]

Now, substituting the estimate of E, (0)+ E, (T) from (4.14) into (4.17), we
have
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—_[E ds+(T 2cj W(T)

<(u+2)[] |w(s)[ ds+2¢(T +1)[ [vw(s)[" ds (4.18)

1
+Cq (y)(2+%) " max A2 ‘w(t+6)’ ds.

0 0e[-h,0]
Similarly, setting t=0 in (4.11) gives
%LJT w(s)[ ds<E, (0)-E,(T)+ gJ'T [vw(s)[ ds
(4.19)
+{" max A2 ‘w(t+6) ds.
0 0e[-h,0]
Assume that

lT—ZC >1,
2

Substituting (4.19) into (4.18), we thus obtain
1,1
E, (T)+§.[0 E, (s)ds
<C, (E,(0)-E,(T))+2C,&(T +1) [ [Vw(s)| ds

~ T),T i, 2
+C,Cq (ﬂ)(2+5j o JTBX, A2 w(t+0) ds,
where C, >0 denotes a constant depending on 4.
According to the definition of E,(t), we have "VW(S)"2 <2E,(s). Choose

>0 sufficiently small such that

1
2C,e(T+1)< T (4.20)
Therefore, we derive
C < ¢ 2
E (T)<—E—E (0)+CA(T, max A2 w(t+8) ds.
)5 f e EL O G (T o 7 w(c0)
C#
Let o= 120 <1, then there exists a constant £ >0 such that
U
1
E,(T)<e”E, (0)+Cy(T,1)[ max A? ‘w(t+0) ds. (4.21)

0 6e[-h,0]

Finally, applying Remark 3.30 in Reference [10] and repeating the step
mT > (m +1)T , we deduce the conclusion (4.4) from the relation (4.21).

Remark 4.2.1 Taking the maximum of inequality (4.5) over the interval
[t—h,t], we obtain

s (©)0:-8 ()],

<Cy(R)he"e ™ g, s, +C, (R)hmax s (u; 7). =,

se0,h]

where 4, denotes a compact seminorm on (. Next, based on the dissipativity
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of Lemma 4.1 and the quasi-stability of Lemma 4.2, we discuss the existence and
properties of the global attractor. A complete orbit of the time-delay

1
dynamical system (S (1), Q) can be described as a function ueC [R, D(A2 D

satisfying S(t)u®=u*" forall seR and t>0.

Remark 4.2.2 p, isacompact seminorm. This is because in the space
1

¢
C = ([—h, O]; H 1) , the seminorm induced by the operator A?  is compact. This
is due to the fact that A=-A has a discrete spectrum, and its inverse is a com-

pact operator. Thus, A™® isacompact operator, which makes the norm induced

1
by AZ" on H! compact with respect to the (; norm.

Theorem 4.3 (Global Attractor). Suppose that conditions (H1)-(H3) hold.
Then the dynamical system (S (t)Cl) generated by Problem (1.1) possesses a
compact global attractor.

Proof. From Lemma 4.1, we know that the system (S(t),G) is dissipative.
Thus, we only need to verify that (S (1), Cl) is asymptotically smooth. By Lemma
4.2, the dynamical system (S (t)Cl) is quasi-stable on any positively invariant
bounded set B. According to Theorem 2.1, the dynamical system (S (t),Cl) is
asymptotically smooth, and therefore the existence of a compact global attractor
is established.
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