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Abstract

We propose a new two-dimensional blood flow reduced model taking into ac-
count of complex artery geometry as in the case of severe aneurysm. We derive
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the model from the three-dimensional Navier-Stokes equations written in a
curvilinear coordinate system under the thin-artery assumption, with bound-
ary conditions including wall tissue deformation. We show that the model is
energetically consistent with the full Navier-Stokes problem. This model, ob-
tained via radial averaging, is, up to our knowledge, the first one. It has the
advantage of being more accurate than the classical one-dimensional models
and being solved in a reasonable time in comparison with the Navier-Stokes
models. To this purpose, we use a Runge-Kutta Discontinuous Galerkin (RKDG)

method to solve the two-dimensional problem. We end the paper with several
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

numerical test cases to show the efficiency and robustness of the numerical
model, and in particular, we show the limit of the one-dimensional models in
the case of a severe aneurysm.

Keywords

Blood Flow, Asymptotic Analysis, Thin-Artery Assumption, Energy
Consistency, RKDG Method, Aneurysm

1. Introduction

Modeling the cardiovascular system in arteries holds a central place in medical
science, particularly in connection with cardiovascular diseases such as coronary
heart disease, stroke, peripheral artery disease, aneurysms, and others. This is es-
pecially important today in understanding and forecasting the impact of devel-

oped countries’ way of life on people’s healthcare (around 30% of cardiovascular
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disease deaths are from developed countries). Therefore, it is of major interest to
develop an accurate mathematical model.

The dynamic of such flow is mainly influenced by the fluid-structure interac-
tion with the artery wall. The forecast to predict the motion of blood through the
artery is a difficult task to which substantial effort has been devoted [1]-[8].

One of the most widely used models to describe the motion of blood through
the artery is the one-dimensional (1D) Blood Flow equation derived, for instance,
in [1] [5] [6] [9]-[11]. This classical model is a hyperbolic system of Partial Dif-
ferential Equations (PDE) describing the conservation laws linking the wall elas-
ticity to the fluid dynamics. This model is derived from an ansatz for the velocity

profile in Equation (2) and reads,

0,A+0,Q=0,
Q> 1 1 . Q (1
@Q+@%ﬁx+;AHAmﬂ_pHAXWA K=

where the unknowns A(t, x) stands artery’s section area (assumed to be cylin-
drical), Q(t,x)=A(t,X)u,(t,x) istheflowrateand u, is the mean speed over
the artery’s section (see [1] [6] for further details). The function P ( A, X) denotes

the pressure of blood at the wall and reads,

P(A,x)zb(x)%,

E (X
where b encompasses the elastic behavior of the artery, Ze, b(x)= 1(—§)h\/; ,
where E is the Young’s modulus, ¢ is the Poisson ratio, and h is the wall

thickness. The velocity profile is given by

Q(t,x) y+2 roY

where y isan integer (often set to 9, see for instance [6] [12]). The friction term

K isdefined asafunctionof y by K= 27:1/( 7+2) where v isthekinematic

viscosity of the blood. In Equation (1), the Bousinessq coefficient is given

by azy——i_i (c.f[6] [7] [12]). In recent work, inspired from [13]-[15], an
v+

inviscid hyperbolic one-dimensional model and a viscous one was derived with-

out the ansatz assumption and by section-averaging techniques. These models are

0,A+0,Q=0,
Q.1 1 Q 3
61Q+8X( X +pAP(A,X)J—pP(A,X)@XA+2an "
0,A+8,Q=0,
Q.1 _ Q)1 2nRk Q (4
81Q+6X[ . +pAP(A,x)] ax(SvAax(AD_pP(A,x)axA+l_Rk =,
4y
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where R(t,X) is the radius, A=nR® the area, Q=Au, the flow rate, u,
the mean speed of blood per section, p the density of blood, P, the pressure,
v the kinematic viscosity, and K a negative friction coefficient. For these mod-
els, several mathematical and physical properties have been obtained. These two
new one-dimensional models, while similar to existing ones in the literature, are
derived using a well-known technique used, for instance, in [14]-[16]. This
method allows the construction of each asymptotic term one by one, distinguish-
ing it from the classical approach using ansatz (see Equation (1) and [6]). The
most notable advantage of these one-dimensional models is the ease of implemen-
tation of fast and robust numerical methods and providing good results in the
context of quasi-cylindrical arteries.

Although, in the presence of aneurysms, both previously derived models may
suffer from precision issues due to the non-uniform deformation in the radial di-
rection [17]. To avoid those issues a three-dimensional model can be used, how-
ever, it leads to costly numerical computations. This leads to our idea of develop-
ing the first two-dimensional blood flow model in complex artery geometry. This

new model reads
oA+ [%}a (Q,)=0
t o A S S !

2 2
B

2 2
(;‘t(QS)+89(QS—QZR9)+6s Q—*"—Q—R“;+AP :—Z—RCsinHQS—QZR"+kR%+65AP,
A A 2A 3 A A
NN
R

ext
0

(5)
RZ
where A(t,&,s) is now define as > with s the curvilinear abscissa and @

the angle, Qg, :%RA@, Q.=Au,, P the pressure, C the curvature of the

artery and K a negative friction coefficient. This new model takes into account
the variations of the geometry more accurately than one-dimensional models and
yields to less expensive numerical method than the three-dimensional ones.

We outline the rest of the paper as follows: in Section 2, as our starting point
we present the Navier-Stokes equations and the boundary conditions including
friction and the wall law deformation. We derive the radial-averaged two-dimen-
sional equations. In Section 3, we use a Discontinues Galerkin (DG) method from
[18] called the Runge-Kutta Discontinues Galerkin method (RKDG). We use ex-
plicit Runge-Kutta for time integration. We provide extensive numerical testing
in Section 4 of the resulting code. A Julia'! implementation of this code, written

by Y. Mannes and M. Ersoy, is freely available on request.

'https:/julialang.org/.
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Q:{(x, y,2) e]R3;||(x, y.z)—-c(s(xy.2))

2. 0n the Derivation of a New Two-Dimensional Model for
Blood Flow in Arteries

In this section, we present the full derivation of the new two-dimensional model

for blood flow (Equation (5)) starting from the Navier-Stokes equations.

2.1. Navier-Stokes Equations in a Curvilinear Coordinate System

We aim to construct a mathematical model for blood flow in an artery consistent
with the phenomena that can affect its motion. We propose a model reduction of
the three-dimensional Navier-Stokes equations leading to a new two-dimensional
model following the technique in [14]-[16]. We study the case of a curvilinear
artery (with a star-like cross-section, see Figure 1) and consider suitable boundary
conditions to account for artery wall radial deformation and friction. In contrast
with existing models for which the radiusis 6 -independant, we assume here that
the radius is a function of 6, thus yielding radial non-uniform deformation. This

assumption allows us to, accurately, describe aneurysms, stenosis, etc.

Figure 1. Artery shape.

We start in Subsection 2.1.1 by reviewing the Navier-Stokes equations in a cur-
vilinear coordinate frame (using a Serret-Frenet in a cylindrical framework), de-
scribing the physics with the artery wall boundary. We then introduce the bound-
ary condition at the wall in Subsection 2.1.2.

2.1.1. Geometric Set-Up and the Three-Dimensional Navier-Stokes
Equations in Curvilinear Coordinates
Regarding arteryshape2d, we consider arteries with star-like cross-sections, mean-

ing, all cross-sections are convex to a curve CEC3([0, L],Ra) with L the
length of the artery, and belong to the orthogonal plane to ¢'(s), where s stands
for the curvilinear abscissa. Moreover, we suppose C verifies "C'(S)”}R3 =1 forall
se[0,L] and ||C"(S)||]Ra #0 forall se[0,L].

We consider an incompressible fluid moving in the time-space domain

<R(txy.2).s(xy.2)e[0.L]te[0,T]} (6)

RS T
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where, s(X,y,z) is such that (X,y,z) belongs to the orthogonal plane of
c'(s) as displayed in Figure 2, R(t,X,y,z) is the radius of the cross-section at
a particular angle 6 and T >0 an arbitrary final time.

We assume that the velocity U of the viscous flow satisfies, on the domain Q,

the three-dimensional incompressible Navier-Stokes equations

{divu =0,

7
du+div(u®u)+Vp-dive =0, @)

where U=U,i+U j+uk with (i,j,k) the cartesian basis, p=E where P
P

is the pressure and p , the density of the fluid. Finally, the stress tensor is
o= V(Vu + (Vu)l) where v is the kinematic viscosity. Consider the following

change of variable,
e, (6,s)=coson(s)+sinéb(s), e,(6,s)=-sinén(s)+cosbb(s), (8)
where t(s)=c'(s), n(s):w and b(s)=t(s)An(s) with

c(s)’
C(s)=

c¢’( S)||R3 for all se[0,L], the curvature of the artery, then the domain
Q) from Equation (6) is expressed as

Q={c(s)+re, (6,5)eR’|re[O,R(t,x)],0 [0,2x],5€[0,L],te[0,T]}.

- artery’s mean axis

z

Figure 2. Serret frenet frame.

The velocity u=u.e, +u,e, +uit where u, is the radial speed, u, is the
angular speed and u, is the axial speed.
The coordinate transformation reads M (r,8,5)=c(s)+re (6,s) leading to

10 0
the following Jacobian matrix, A*=[0 r r7T where
00 ﬁ er.eg.t

T(S) :CZL(S)det(C'(S),C"(S),C@) (S)) is the torsion of the curve and

B(r,0,s)=1-rC(s)cosd . The inverse Jacobian matrix then reads,
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rs 0 0
A== 0 g8 —rT where J=rf= det(A’l) . Coordinate change in
0 er.eg.t
8" p ar p
1 1
=0 =
Equation (8) leadsto Vp= r? P =|r 9P where
asp—T(S)agp an
ﬂ e .eg.t ﬂ er.egt
0;=0,-70,,and,
divu=—19 (rBu, ) 9, (Bu, ) o7 (ruy),
r
o,u, ou, 0, U,
O,u, —U, O,U, +U, 0O, U,
Vu= r r r ,
d,u, +Ccosfu, d,u,—Csindu, 0 u,—C(cosbu, —sinbu,)
B B B e et
1 1 Ccosd
ﬂ (rﬂo-rr) ﬁag(ﬂaﬁr)"—_aif(ro-sr)_?o-%+T ss
. 1 1 1 Csing
dive = ﬁ 0,(rBo,,)+ ﬂag(ﬂagg)+§87(rasg)+?ag,—T . ,
1a (rBo)+ 69 (ﬂﬁgs)-i'iar (rass)—g(coseo—sr -sinfo,)
ﬂ ﬂ rﬁ ﬂ er.eg.t
where,
O-rr O-rH O-rs
O=|0g Og Oy
O-sr O-SH S Je, epit
20U o u9+69ur_u9 5 +8Tur+CcosHuS
rer r rs ﬂ (9)
Yy 286.u(,+ur 04U, +&,u,,—CsinHuS
r r B
iy )y 2c’ﬁTus—C(cos/«ju,—sin¢9u,,)

er.eg.t

Finally, the Navier Stokes equations from Equation (7) in curvilinear coordi-

nates from Equation (8) are

Divergence equation:

1

o)

/), 0 () + =

Radial momentum equation:

(rUS):

0, (10)
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2
ou, +iar(rﬁuf)+iag(,Burug)+la,,(urus)+6,p—u—‘g+Ccowus2
rg rg B r B
=v{£8r(rﬁ6rur)+iag [ﬁ[a,uﬁaeuf—‘”en
rg rg r
(11)
+i67[r(arus , 07U, +Ccosou, D_gaeug +U,
rg p r r
+Ccos€(26Tus —C(cosu, —sin eug)]
B B
Angular momentum equation:
1 1 a1 1 uu, Csiné ,
6tug+ma,(r,[?u,ug)+§ag(/;’ug)+587(ugus)+Fagp+T—TuS

1 Oyu, —U, 2 O,U, +U,
:V{ﬁﬁr (rﬂ(arug +—r D+ ” 0, (ﬁ—r )

+i67(r(aaus , 07U, —Csinou, JJ+1(aru9 L Ol —uaj
rg r B r r

~ Csine{zé‘TuS —C(cosu, —sin eug)j
B B

Axial momentum equation:

(12)

1 1 1 2y 1 C .
OUs +—0, (rpu,u, ) +—20, ( Bu,u ) +—0, (U | +—=0,p——(u, cos@—u,sind)u
U0 (U, ) +220, (P, ) +0 (1 )+ 07 = ysino)

=V{iar(rﬂ(6rus+67u,+Ccos€usn+ia€(ﬂ(aous +8Tu0—Csin0usD
rB B rB r B

1 d,u, —C(cosu, —sindu,) (13)
+—0r r(z E r 0 j

rg J;
_g{cosg(arus +Mj_sin0(agus I aTUH —Csin HUS JJ

B B r B

2.1.2. The Artery Wall Boundary
Crucial to our model derivation is the particular situation at the wall boundary,
where the effect of wall deformation plays a central role. The wall boundary is the

set of points

I'={c(s)+R(t,60,5)e, (6,5)|0[0,2n,5€[0,L],te[0,T]}.

We define I'’s tangential and outward normal vectors by

.’ :i(u—aTR erj,

G, B

t, :i(eo +%erj,
G, R

nW:i er—%ea—aTRt :
G R B
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where G,, G, and G are the axial, circumferential and normal arclength

JT JT :J aRj [aﬁR]

Since the wall is assumed to be rough, it produces friction, and due to its elastic

behavior, it may get deformed. We take friction into account by considering the

following Navier boundary condition on the wall T,
(on") -t =ku-t', (on")-ty =ku-ty, (14)

where k<0 is a friction term. Fluid-structure interaction is modeled with the

condition
"=9,Re, -n". (15)

As assumed in [6], thanks to the following hypothesis:

H1 Small thickness and plain stresses: the vessel wall thickness h is assumed
to be, a constant, small enough to allow a shell-type representation of the artery
geometry. The vessel structure is subjected to plain stresses.

H2 Radial displacement: the artery is described by a star-like cross-section
around a curvilinear curve, and its displacements are only in the radial direction.

H3 Small deformation gradients and linear elastic behavior: we suppose that
the artery wall behaves like a linear elastic solid where 0,R and 0,R are as-
sumed to be bounded in time.

H4 Incompressibility: the wall tissue is incompressible [12].

H5 Dominance of circumferential stresses. Stresses acting along the axial direc-
tion can be neglected compared to circumferential ones.

One can derive the wall dynamic law:

R
op+-Lpl P Gon"-e, |, 16
177 hp Roz R h W[p pext el r] ( )

w

where 77=R—R; is the displacement of the wall, R, =R(t=0,6,s) is the ini-

w

tial radius of the artery, p" is the wall tissues density, h is the wall thickness,

Peq is the external pressure b(g,s)zE(g_!S)zh
p(1-¢°)

modulus E, o from Equation (9) is the fluid stress tensor at r=R, and p

is a function of the Young

is the fluid pressureat r=R.

Remark. These assumptions allow us to properly set the asymptotic regime dis-
cussed in the following sections of this paper. More precisely,

H1 implies that the arterial wall thickness can be considered small compared to
the artery radius. This assumption holds both for large and small arteries.

H2 represents a fundamental limitation of this model, clearly marking the
boundary with 3D models. Nevertheless, it remains far more reasonable than in
the 1D case.

H3 can be relaxed, as is often done in the 1D framework; the adaptation to 2D

should be similar. However, our objective here is to show that a bidimensional
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model with arbitrary friction can still retain energetic consistency with the Navier-
Stokes equations. For this reason, we did not include a very detailed arterial wall
model. Such a refinement could nonetheless be necessary for complex studies of
blood flow in cerebral arteries. Similarly, aneurysm cases might be affected by the
absence of hyperelasticity.

H4 is reasonable for a solid such as the arterial wall.

H5 may seem restrictive in light of [6], where the authors show how to avoid it.
In our case, the same calculation can also be carried out, and the corresponding
term can be added if needed. However, it remains of lower order in the asymptotic
expansion presented later in this paper. The derivation of the arterial model is not
detailed here, but a complete derivation confirms the asymptotic consistency of
the model. We choose to keep the assumption for consistency with [6] but it is a
direct consequence of the asymptotic regime.

Gathering Equations (14), (15) and (16), boundary conditions can be written:

Normal boundary condition

u —a"Rua—azRu =0,R, (17)

"R

S

Axial tangential boundary condition

vlau +8Tu,+Ccos(9us _9,R [ ,uq +8Tu9—Csin6’us

r=s ﬂ R R ﬁ
_aTRLZ&,us—C(cosHur—sinHug)]

B B (18)
LR Zaru,—%[6,u9+a“’ur_u"j—aTR arusJraTu,+Ccos6'us

p R R B B
=Gk(us+67Rurj,

B

Angular tangential boundary condition
ol oy o Gl =Yy _%[289u9+urj_6TR O,u; , 07U, = Csin oy,

e R R R B UR B
LOR 26rur—%(6,ug+a"ur_u9 _o;R aruSJraTur+Ccos6'uS (19)

R R R B B
=Gk(u9+%u,),

R

Wall dynamic law

hou Ry gog  pR=Po

p R RR,

iy Zarur_% aru9+agur—ug _o[R aru5+67ur+Ccoseus (20)

R R g B

=p- pext'
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2.2. Blood Flow Model with Wall Deformation via
Radial-Averaging
We now proceed to write the Navier-Stokes equations with boundary conditions
in non-dimensional form. Next, under a thin-artery assumption, we consider the
radius of the artery to be small compared to the length, introducing a small pa-
rameter ¢ . This assumption may be rather restrictive for large arteries. However,
it has been shown that a similarly derived one-dimensional model remains effec-
tive in such cases [6]. The applicability of our model to strongly deformed arteries
requires thorough testing in order to properly define its range of validity. Such a
study lies beyond the scope of this paper, since our focus here is on the model
derivation and its energetic consistency rather than on an exhaustive validation.
We formally make an asymptotic expansion of the Navier-Stokes system in first
order with respect to ¢. Finally, we derive a radial-averaged first-order two-di-
mensional model for blood flow. Our approach is similar to those used in [6] [14]-
[16] [19].

2.2.1. Dimensionless Navier-Stokes Equations
To derive the blood flow model, we assume that the artery’s radius is small com-
pared to its length and that radial variations in velocity are small compared to

axial ones. This is achieved by postulating a small parameter ratio

where, R, L, U, U,,and U, are the scales of, respectively, radius, length,

radial velocity, angular velocity, and axial velocity. As a consequence, the time

L L R

scale T issuchthat T=—= 0 =—_ We also choose the pressure scale to be
S 4 r

p=UZ=U]. (21)

Itis convenient to define L,U.,U, and T, asfinite constants with respectto &,
while R=¢L and U, =&U, =¢U,. This allows us to introduce the dimension-
less quantities of time f, space (§, T, &), pressure p and velocity field (0,

G,, U, ) via the following scaling relations

- o= t,r,0,s
f=t, ﬁ(t,F,9,§)=M,
T p
. ug(t,r,0,s
§=2, as(t,r,as):M,
L U,
t,r,0,s) 22
hd A u |r| L]
Pt = Ur(t,F,0,§):—r( ,
R &L U,
~ . u,(t,r,e,s
52, 0, (€.7.6,8)= ol )
g u,
We also rescale the following coefficients
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fo koK kg5 =Rt20)
U, &U, &y, R
~ oy E
=t E(6.5)=¢ (95)
eR pU; (23)
== Ri(6:9) -
Ry(0.5)= = ¢(5)=LC(s)
7(8)=L7(s).
Finally, we define the non-dimensional Reynolds number R, =—— and
v
vo =(eR, )_1 yielding to the asymptotic regime
R =v,e. (24)

Let us also remark that
B(F.0,5)=1-¢fCcos0=1+0(¢)
1 1 ~ 1
and 0y =0, =E(a§ —gTag.)=Ia§ +0(¢).

With these assumptions, the effect of torsion is neglected.
Using these dimensionless variables, Equations (21)-(24) in the Navier-Stokes
equations from Equations (10)-(13), we get

Dimensionless divergence equation:

1 = 1 ~ 1
—0.(FB0 )+—=0; 0, )]+=0- (U =0, 25
rﬂr(’gr) fﬂﬂ(ﬂg)ﬂT(s) (25)
Dimensionless radial momentum equation:
UZ
arﬁ—?gzgag, (26)
with
B N =y 1 S o Ccosd _,
SrE_g{afurJr?af(rﬂur) ﬁaé(ﬂuru0)+~67(u,us)}+ 7 a;
- . 20,0, -0 9,0, +0
) ~~ar(rﬁarﬂr>+éag‘ IB ara6+g ,9~r - _g £ 6~ -
B rg r r r
1 (. £°0.0, +&Ccosdu,
+—=0:| F| 00+ ~
g B
5cosd| 0.-0,—C(&cosda, —sindua
+€CC(359 507 ( > 0)
B
Dimensionless angular momentum equation:
o1 . 1 ~ o 1 oo a,d,
8fu9+ﬁar(rﬂurug)+r—ﬁag—(ﬁu9)+;67(u9u5)+—69p+ - -
o ! 27
_Cs'f‘eaz:lv{éar[rﬁ[afag_“_en 6%_“4 &5,
e | TP r r
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with

+1[aéurj_@sing{zafas —é(ecoséﬂ, —sin éa(,)ﬂ

sg!

. (28)
=ﬁ{i~aﬂ (rﬁafas)—gr%coséas}wfs

9.0, —C(&cosdu, —sinq

B

_g: cosd gafar+(~?coséas <ind ag~as+afae—c:sinéas _
B B F B

Similarly, the boundary conditions from Equations (17)-(20) become
Dimensionless normal boundary condition

d-R _ <
L0, =0¢;R, (29)

0.R
0, ——%—0, -

r R ﬂ

Dimensionless axial tangential boundary condition

v,0,0, = g[é a, —v, £000 asj+ %5, (30)
s

with,

0,0, 0;R( 9,0, 0.0, ~Csindu,
R B

(o))
Pl
()
ol

Al

|
= N‘Q)
2
pell
2
et
@
+
[
N
(o))
S
_‘Cl
he o
Y &
[}
O
o
1)
ja )
i)
@
~
N —
[—
+
(@]
~
(o))
)
poll
et
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Dimensionless angular tangential boundary condition

v, [afag —%’} = eKa, + £25,,,, (31)

R
;R ;R 20,0, -0,
+ %87 90,0 22| .0, + 5 00T "
R R R
a:R 20,0, +&C cos O .~ ;R
e il 1PN R i B N e
B B R
Dimensionless wall dynamic law
6R-Fo 5 ves (32)
F‘ER‘O p pext Re?

with,

o f
9 R o0+ %00, +£C cos 04,
B B
o E(0,5)h
where b(0,§)= ](_ 52) .

2.2.2. First Order Approximation of the Dimensionless Navier-Stokes
Equations
In the following, we omit the ~.Identifying terms of order 1 in the axial mo-
&
mentum Equation (28), we obtain the motion by radius (similar to the so-called
motion by slices, see [13]-[16]) decomposition

Vo %8, (ro,u,)=0(e)=rou, =0(e)=u,(t,r,0,5)=u,,(t,0,5)+0(¢),
for some function U, and where we gatheredall ¢ termsin O(¢). Similarly,

1
identifying terms of order — in the angular momentum Equation (27), we ob-
£

tain the motion by radial decomposition

v, {%ar (rﬂ(&ruo —“Tﬁj}af%—‘:—g} =0(e),
=, {%ar [rza, (”Tf’j}ar (UTBH ~0(e).
=, {ar (rar (”Tﬂj+ 2”&]} ~0(2).
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Using the angular tangential boundary condition from Equation (31), it is

straightforward to see that the only solution is,

u_a:(uij(r:R)+o(g).

r r
Noting
— _ 1 R(t,0,5)
ug (t'e's)_—A(t,e,s)-[O rug(t,r,0,s)dr,
— 1 R
ug(t,e,s)zmjo ru, (t,r,6,s)dr,

as the mean axial and angular speeds of the fluid over a radius where
R*(t,0,5)

A(t,0,s)= 5

we have the following properties:

—2

u, (t,r,6,5)=u,(t,6,5)+0(¢) and u?(t,r,6,8)=u, (1,6,5)+0(e),

S

(33)

(34)

ug(t,r,a,s):g@(t,e,s)%m@) and ug(t,r,e,s)zggz(t,e,s)m(g). (35)

Multiplying by r and integrating the divergence Equation (25) over a radius,

we obtain
0={[2,(ru,)+d,(u,)+0,(ru,)]+O(¢)

=Ru, (r= R)+ag(_|'oRu9dr)—agRu9(r =R)

+0, (J'OR rusdr)—asRRuS (r=R)+0(e).

In view of the normal boundary condition from Equation (29), we get the con-

servation equation

3 9
o, 3% 1+0,(@)=0(c).

where,

Q, (1.6,5)= A(L,6,5)U, (1,6,5) = [ rudr,

S

Q. (,6,5)= A(t,0,5)u, (1,6,5) = fOR rudr.

(36)

(37)

Then, integrating the radial momentum Equation (26) between r and R ,we

obtain the following pressure

2
p(t,r,0,s)=p(t, R,H,s)—.[rRu?‘gdSJrO(g)

-p(er0)-5%(1-(1] |00

(38)

We proceed with multiplying by r® and integrating over a radius the angular

momentum Equation (27)
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J'OR r2 [atuo +%a, (ruru0)+%60 (u7)+o, (u0u5)+%80 p+ uﬂru’ ~Csin Huf}dr

Rl 1 Uy o, U,
_J‘O r |:2V0|:F6r(r(arug—7jj+7—r—2 dI’+O(8),

yielding to

IOR r?a,u, +jOR o, (rzurug)+ IOR d, (rug ) + IOR d, (r2u5u5)+ IOR 3, (rp)

—Csin HJOR reu? = _[OR {%"o {ra, (rza, [UT"D +1%9, (UTHJH +0(e),
and then,

J'OR r’o.u, +.[0R 2, (rzu,u(,)JrjOR 3, (ru§)+j0R 2, (rzuaus)JrjoR 8,(rp)

- Csin GIOR réu? = IOR 3, Evo {r%, (UTQJH +0(¢),

Using the definitions of A in Equation (33), Q, and Q, in Equation (37),
thanks to the normal boundary condition from Equation (29), we have

0, (IOR r2u9)+ag (IOR ru;)+6S (.[OR r2u9u5)+69 (IOR rp)—agAp(r =R)

—Csin 6’_[: r’u? =lv0{Rziku€(r = R)}+O(5),
& V,

0

Then, using the properties from Equation (34) and Equation (35), the expres-
sion of the pressure in Equation (38) and the angular tangential boundary condi-

tion in Equation (31), we obtain

61(S—RQ5J+69[9—RQ—§j+aS(3—R%j+ag(Ap(r=R)—g—RQ—‘SJ
4 8 RA 4 A 16 RA (39)

2
—9,Ap(r = R)—?Csin QQ—AS:§RkQ—:+O(5),

Finally, multiplying by r and integrating over a radius the axial momentum
Equation (28)

J‘OR r[atus +%6r (ru,us)+%6€ (Ugu,)+0, (uZ)+0,p+Csin eugus}dr

4;{%0{%ar (rﬂarus)+gCcfseusﬂdwo(g),

we get
IORat(rUS)+ Ru, (r=R)u,(r= R)+J'0Ra€(u9us)+.[:as(ru§)+j:65(rp)

Ccosgusﬂdwo(g),

+Csin QIOR ru,u, = fOR {ﬁ{%ar (rpo,u,)+e
&

Using the definitions of A from Equation (33), Q, and Q, from Equation
(37), thanks to the normal boundary condition in Equation (29), we have
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2,(Q,)+0, (IOR ugus)ﬂ’)S (IOR ru§)+f5S (IOR rp)—aSAp(r =R)+Csin HfOR ru,u,

Vv, RO, [ R
_;O[R(arus)(r =R)+], r7r8ruS +£Ccos6)|, uS}o(g),
Then, using the properties from Equation (34) and Equation (35), the expres-

sion of the pressure in Equation (38) and the axial tangential boundary condition

in Equation (30), we obtain
3Q0Q Q: 9 Q2
a‘(QS)+ag(§A_|;]+as (T}as[Ap(r =R)~1g A | 0:AP(T=R)
=|(R&—Csin9%+o(8)’
A A

leading to

3QQ5 Q_s2 9 QH
2(Q)+2 (2 AR j 0 [ A 16 A p(r_R)J

= kRQ CsmGQ Q +0,Ap(r=R)+0(¢).

(40)

Finally from Equations (36), (39), (40) and the wall dynamic law in Equation
(32) dropping all terms of the first order, we obtain the following radial-averaged

two-dimensional model for blood flow
3Q
0,A+0 9 1+0 =0,
‘ (2 Rj +(Q)
2 2
(S—RngJr 9—R&+Ap +as[3—R%j=2—RCsin9Q—5+3—RRk%+69Ap,
16 RA 4 A 3 A 2 A

QZ_EQZ

S 4

0,(Q.)+0, (3QQG] 5, 16 7, ap |= kRS —csing 22 1 o Ap,
2 AR A A A

-R,
p pext + b Rz "

where we have replaced p(r =R= \IZA) by p for simplicity. Lastly, using a

simple change of variable Qg, = % RQ,, we get,

oo, (% )ra,(@)-0

8,(Qu)+ 0 (Q;9+ApJ+a (QRerj R SO S
(a1)
0 (Q )+6 (QQR9)+6 (Q QRGZ Ap]z CSlnHQQR9+kRQ 40 Ap,
A A2 3 % A

R-—
p= pext+b—20

0

2.2.3. Mathematical Properties for the Two-Dimensional Model

We have the following results
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Theorem 1. Let (A, E,u_s) ,and Qg, = % RQ, =%RA@ , Q= AE satisfy
the two-dimensional blood flow system in Equation (41). Then, we have:

1) System (41) is strictly hyperbolicif A>0 and Ap'(A) —%Ez 20.

2) For smooth solution (A, @,I), in the region where A >0, we have the

following head equation,

3u, . — —\ p-p 9 — 1. _—
ow+——20 +P)+ud. (w+p)+ 0,A=—Rku, +—KkRu. . (42
t!// 2R 9(!// p) ss(l// p) A t 4A 0 A S ( )
gu§+us2

where (U,,Uq, p)= 8T is the total head and P = p —%@2 is the mean

pressure over a radius.
3) For smooth solution (A, @,I) , the steady state reads U, =0, u =0 and
p=p, forsome constant p,.In particular, for A=A, wehave p,=0.
4) The pair of function (E, E+ f)) with E:= A(l//+ p)— p forms a mathe-
matical entropy pair for system (41), in that they satisfy the following entropy

relation for smooth solution (A, @,u_s) :

3u,
0,E+div,,|| 2 R (E+p—%/@2j :%Rk@2+kRu_52.

5) The quantity E is consistent with the total energy energy

202,22
gu +u,+u
e=—"—C 5 of the Navier-Stokes Equations (25)-(28), in the sense that,

3, (jOR re)+.foR rdiv(u(e+ p))
3y, 5 .
=9,E+div, || 2 R (E+ﬁ—EAu9 ) +0(¢)

S

eu,
where u=| u,

u

S
Remark. The condition Ap’(A)—%@Z #0 is always satisfied in real life situ-

ations [12] [17].
Proof.
1) To prove the hyperbolicity of system (41), we write

oU +H,0U+HAU =5

where
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A ) 0
U=|Qg |H, = —%—i—Ap'(A) % 0 |,
QS _ZQRHQS s %
A3 AZ 2
0 0 1 0
QeoQs Q Qe Q Qe
H, = A A A [S= _05m0 HR=,
QZ QR30+Ap( A) _Q_R29 2% ——Csin&QS—QZR@+kR%
A2 A A A 3 A A

Then, remark that the eigenvalues for H, are

Sp(H {QRH JP'(A),—p } For H,, the eigenvalues are

Sp(H,)= {KS,TS—\/Ap’(A),KS+\/Ap’(A)}. The system (41) is strictly hyper-

bolicif A>0 and % #+,/p'(A) which can be written as
Ap’(A)—%E2 #0.

2) Next, from simple manipulation, system (41) becomes,

3,Y, e
atA+89[EA?j+as(Aus)—O,
—2

6(3RAu9 +0, 9R Al +0, 3R == Au,u, +A89p——Csm0Au 23R Rku,,

4 16 R 4 2

— 3, U, —2 9 —2 . -
8t(Aus)+89 —A—="L|+0,| Au, ——Au, |+ Ad,p=-CsinbAu,u, +kRu,,

2 R 16

R-—
P = Pex +bR—02RO

We first focus on the second equation, dividing by R, we have,

2 (jAugj—ka [1% An: ]Jras(%A@IJ+%A@{@R+%UE‘963R+I65R}

R p=2csinonn.” +3riu,,
2 3 2

Then, we use the mass conservation Equation (36) and divide by A to get,
o35, |+, [ 20, |- 2o, [ AY )+ 24 o R+3% 0 R+up,R
4 R 16 16 A R/) 4R 4R
+ U0, (§@j+iag p :zCsin QIZ +iRkE
4 2A 3 2A

which can be easily written as,
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3—) 3 3
8t(zu9j+4R [8R+uaR]+ua( u0j+ apz—CsmHu +2 Rku,.

Finally, we multiply by %@ to get,
9 — 9 — — 9—) 3u
0 u, |[+—u, |8,R+ud.R|+ud,|—u, |+=-20
(169j 8Rn9|:t ss:| ss(lsaj 2R 0p
9

—Csm49u6us +4 Rkua.

Similarly, for the third equation in system (41), using the divergence equation

and dividing by A leads to,

B — 1. (9
c’;\(us)+EE“’89(us)+usas(us)—xas[EAug j+8sp
=—Csin¢9usu9+£kRI,

A
and multiplying by E ,
U, L34, U, u | u (9 ,—
o, = -9, Y, +u565L——585(—Au9 )+u565p
2 2R 2 2 A 16

= —Csin 9I2@+%kRu_f

Finally gathering our two results we obtain,

3@ 9 —) — 9 —2 —
51‘//+536 Ey/+ P15l j+usas(¢//+ p)+8—Ru9 [6IR+USGSR]
Yo [ 2 a7 =2 R, + L kru”

A "\16 4A A

2
S

where = %@2 +%u is the total head. Reminding p=p —%@2 , we get,

A= Rku,” + L kRU ",
4A A

'cl

p-
A

(3‘//'+___a (‘//+p) s s(l//"'p)
2R
3) The proof is based on simple algebraic computations and is left to the reader.

4) We consider the head Equation (42) and multiply by A,

o () -vo 0, 22 o) (A ) s

+(p—ﬁ)atA=%Rk@2+kRiz,
leading to
o (A(w+p)-p)+0, (g%(w p)]ws(/\l(wﬁ)):%Rk@z +RRU,,

with P suchthat, p'(A)=Ap’(A). We call energy the quantity
E=A(y+p)-P and remark,
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o.(E)+a, [g%(m p—% A@zj}as (u_s(h p—%A@zjj :%Rk@z +kRU, .

n L
Moreover, the total energy in our domain I jo Edsd@ decreases, ie.
-7

96~ (RG] = (R <0

with K supposed negative in the domain.

5) In this proof, we use Equations (25)-(28) by omitting and gathering all
remainder termsin  O(&). Multiplying respectively the radial momentum Equa-
tion (26), angular momentum Equation (27), and axial momentum Equation (28)

by u,, U,,and u,,and summing up the three equations obtained, one has

2 2 2 2 2 2 2 2
at(uazus ]-i—ur@r(ug;us j_i_u_gao(uﬂ-;us j—i_usas[ug;usj
r

+ urar p+uTHagp+uSaSp

- ﬁ[u—sar (rpo.u,)+e Ccosd u? +u—“’6r (rﬂ(@ruo —U—HD
rg r rg r

&

2

2
+uga’%—:—"}+o(5).

2 2

202 12 41y
u, +u gu, +u,+u
Defining ¢=%,recaﬂing e=—"t ¢ =

,and therefore e=¢+0 (82) >

keeping it in mind, multiplying by rf the previous equation, we have:

8,(rg)+0, (ru, (¢+p))+, (uy (¢+ p))+2, (ru (¢+ p))
:ﬁ{usar (r,&?rus)-i-f:C'COSHUS2 +u796r [rzﬂ(arue _UTHJH"'O(‘?)'
&

We proceed by integrating the above-equation, making use of the normal

boundary condition from Equation (29), to get:

81(A5)+89(J'0Ru9(¢+ p))+as(joR ru (¢+ p))+alAp(r =R)

_Y% OR{usar(rﬂarus)+eCcoseu§+u796r(rzﬂ(aruo—%jﬂ+0(s),
£
where ¢ = %IOR r¢ . Using the profile from Equations. (35) and (34) we get,
— . 3Up n(7 . — 7
o (A(#+p(r=R))-p)+o, (Eﬁg A(g+ p)}ras(usA((ﬁ +p))

:ﬁ[u_st’(r =R)(8,u,)(r =R)+£CcosORU,

where p is such that, f)'(A) = Apg (A) with pg = p(r=R). Finally, using
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the boundary condition Equations (31) and (30) in the preceding equation, we get:

o.(A(F+p(r=R))-p)+0, (g%A(% p)]+as (wA(F+D))

:V—O{U_sR(iki—chosei}“gccoseRIZ+2@Rikg}-0(8),
. vy 4 Vv,
yielding to
_ _ AU, _ 34D
o M +0(r=R)-) 0, 325 5+ )
- RkI2 +%Rk@2 +0(¢).

- 1 ug +u?
Remarking that ¢ = KJ.OR r%dr = , we obtain the result:

2, (jOR re)+'[0R rdiv(u(e+p))
3y,

=9,E+div, || 2 R [E+ p— 6Au9 j +0(e).
u.

S

3. A Discontinuous Galerkin Method for the
Two-Dimensional Model

In this section, we present a discontinuous Galerkin method to solve a general
two-dimensional hyperbolic system of equations, in particular for model (41), us-
ing the RKDG method from [18] on a cartesian grid. It can be easily generalized
to non-conforming meshes (see for instance [20] [21]).

3.1. Model Problem

poussel2023runge Our aim is to construct a high-order numerical method for the
blood flow problem from Equation (41) derived in Section 2. To this purpose, we
propose a Discontinuous Galerkin approach for two-dimensional hyperbolic
problems following [18]. Let us consider the following non-linear two-dimen-

sional hyperbolic problem:

ou+0,f,+0,f,=s, (S ) ]OT] la.. b x]a,.b,[,
u(t=0,%y)=uy(xy), v(xy
u(t,x=a,y)=ueg(ty), V(
(LX=b7) =0y (1Y), ¥ -
(6%, Y =8,) = Upggom (1, X),  V(
( )= (

t,X,y=h, ump( X), v

0,T]x[a, by,

u
u
u

4
where (uright,u,eﬁ,ump,ubmm)E(Rd) are Dirichlet boundary conditions and
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Up(X,y)eR" is the initial condition. Here f,(t,X,y,u)eR? is the advection
component in the X direction, f, (t, XY, u) is the advection component in the

y direction, and s(t, X, Y, U, Vx’yu) is the source term.

3.2. Space Discretization

Since the objective is to solve Equation (43) using a numerical scheme, defining a
partition of the computational domain [ai, bl]X[az,bz] is mandatory. For sim-
plicity, a cartesian fixed mesh is used and its description is given in subsection
3.2.1. Following this description, we derive the discrete variational formulation in

subsection 3.2.2. Finally, this will lead to an ODE system in subsection 3.2.3.

3.2.1. Mesh Description
Let us define & a partition of the computational domain [a,,b |x[a,,b,]. The
set of all open faces of all elements E € £ is denoted by F . Moreover, we can
define two subsets of F, F° for the boundary facesand F" for the interior
faces.

For a given element E €&, there exists a set of face F° = {FeF|FedE}
which defines boundaries of E . Then, for all interior faces of E , ie

VF € FE N F", there exists a neighboring element E, such that ENE, =F.

n
Consequently, the normal unit vector N ¢ ::(nxj pointing from E to E, is
y

well defined. Moreover for all boundary faces of E, ie, VF e F"NF?, there
exists E, a fictitious element such that ENE, =F . Again, N is well de-

fined.
For simplicity, all elements are considered rectangular and faces are straight

£1 0
lines with normal vector n . = (0 J for vertical faces or ng . = [+1] for hor-

izontal ones.

In the discontinuous Galerkin framework, the solutions are considered piece-
wise polynomials per element. Many basis exist for the polynomial space over an
element as monomial, Legendre, Dubiner, and others [20] [22]. For simplicity, we
only consider the monomial basis in this section. Finally, the approximate space

is given as

V, (€)={v:[a.b]x[a,b,] > Riy_ eP?(E),VE &},

3.2.2. Weak Formulation
By multiplying the system (43) by a test function VeV, (€) and integrating over

an element E , we obtain

[Louv—[ (foyv+fov)dE+ Y jF( :1] Ne Y, dF = [_svdE.
FerE 2

We look for Upg €V, (€) such that
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[Louoev—[ (fo,v+ T,0,v)dE+ 3 [ fy dF = [ svdE. (44)
FerE

where f isthe numerical flux which we choose, for simplicity, as the Rusanov

f(t,x,y,uDG,nE,F)={(fl(t’x' y’uDG)j-nE,F}%[UDG],

f, (£, %, ¥, Upg )

flux

v, f
where ¢=max;_, |ﬂ,| (t, %, u, n)| with 4, the eigenvalues of (V” flj. n,
2

+V,
{v}= % the average of v attheface F and [v]=v_ —V, the jump of

Vv across the face F.Remark that, for a face F e F?, we consider
Upg |Ea (F) =Upoyngary Where Uy, are the boundary conditions set in Equation
(43).

3.2.3. ODE System

Consider the monomial two-dimensional basis functions of Pp (E) defined as

(p+1)(p+2)
2

nbc = function defined by,

o (xy)= (/’kE(k+1) (%,9)= XY, (45)

+]

h

y
h, and h, the length and the width of the element E respectively. We look

where 0<k<p, 0<j<k and, R:E[X—x 1], yzi[y—y 1J,with
n

for a solution U, of Equation (44) in V, (& ) that we decompose in the basis

Equation (45):

nbc
Uos (tx,¥)= 3 o7 (x Y)UF () e (x.),
Eef i=0
where the coefficients U (t) are unknown time-dependent functions and

I (X, y) is the characteristic function of the element E . Similarly,

vix.y)=> ... i"f;g)iE (% Y)VF I (x,y), with V,® constant coefficients. Fol-

lowing these definitions, one can write:
Y e ([ )OIV E =X ST [ (10,07 + 10,07 dEVS
e Do Deere g TOFARVE =30 ST [ sgfdEV.
Finally, this can be written in matrix form as,
VIMAU —V'F(LU)=V'S(t,U),
where, U =(U)

M = (IE ¢'E¢1E )ie[[l,nbc]],je[[l,nbcﬂ,Eeﬁ an

F(LU)=([. (100 + L0,67 JdE- <[ fofdF) :

je[[l,nbc]],EeS

_(vE
i[Lnbe] Ece v _( i >ie|[1,nbc}],Ee5 ’
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S(tU)=(],sefdE)

tem

_ . Simplifying by V', we get the following ODE sys-
je[L.nbc]EcE

MoV = F (tU)+S(tU). (46)

3.3. Time Discretization

In this section, we propose a time discretization based on the Runge-Kutta (RK)
methods applied to the ODE system (46).

3.3.1. RK Methods
We recall the RK methods presented in [23]. RK methods are used to solve a sys-
tem of ODEs of the form

U'(t)=R(t,U) (47)

where R issome function. Let tke[O,T] and At awell-chosen time step, S

-stage-Runge-Kutta methods reads, for ie<[1s],
KO =U® A3 aR(t +c,at KY),

U =u LAty bR(t +catKY),

where U ~U (t,) is the approximate solution of Equation (47) at time t,
and U™ ~U (t, +At) the approximate solution at time t,,, =t, +At. The

Butcher coefficient (aij )ie[[l,s]l,je[[l,s]l s (b )i€|[1,s]] » (¢ )ie|[1,s]] are constrained, at a
minimum, by certain order of accuracy and stability considerations as discussed

in [23].

3.3.2. Application to the ODE System
We write the ODE from Equation (46) in the form of Equation (47) leading to,
8,(U)=M7R(t,U) with R(t,U)=F(t,U)+S(t,U) leading to the following
scheme
i k s '
MKY = MUY + ALY 3R (8 +c,at KD,

‘ (48)
MUY =MU® + ALY " bR (tk +CAL, K(')),

The time step is given by

At

cfl . Area(E) 1
= min — -

2p+1 &<t Diam(E)c
where cfle ]0,1] , p is the polynomial degree, Area(E), the area of an ele-
ment, Diam(E) its diameter and c*, the characteristic speed define as

k _
C" =maxXg

/l(tk,U k E)‘ , with /1(t,u, E) the maximum of the eigenvalues of

V, f(t X y,u)+V,f,(t,x,y,u) for (x,y)eE. This CFL condition is obtained
by a von Neumann stability analysis of the RKDG methods [18] [24].

We use the following explicit time scheme dependingon p (see Table 1), and
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butcher tables can be found in [21] [25]. Those algorithms are sometimes called
the TVD-RK (Total Variation Diminishing-RK) scheme or SSP-RK (Strong Sta-
bility Preserving-RK) scheme.

Table 1. Time schemes for different values of p .

p Time scheme
Euler

1 TVDRK2

2 TVDRK3

3 TVDRK4

4 TVDRKS5

3.4. Still-Steady States Solutions

One can easily obtain a well-balanced scheme for the two-dimensional blood flow
problem in Equation (41) derived in Section 2 by a simple change of variable. This
is an important stability property of the numerical scheme. It is achieved by in-
troducing the change of variable

a=A-A,.

Thus, one can write the system (41) as

at(a)+ag[aQiJ+as(QS):0,

+A
Qéa QRHQS
6t(QR9)+a{m+(a+ A) p]+6s [—a+AJ
:ﬁc'sine QSZ

+2Rk aQRZO +0,(a+A)p,

3 a+A + (49)
a&qgm{%}a{afio_Z(ani\))ﬁ(a%)p]
:_Z_RCSinH(Si(iZH)Z +RR aSSA) +0,(a+A)p,
o= b b R;(?RO

Then, we have the following property:
Proposition 2. The numerical scheme in Equation (48) preserves exactly the
still-steady states solutions (see Theorem 1).

The proof is based on the recursivity principle and is left to the reader.

4. Test Cases

In this chapter, we present several test cases for the Discontinuous Galerkin (DG)
method developed in Section 3 for the two-dimensional blood flow system (41).

The main objective of these test cases is to evaluate the robustness of the DG
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method. From now on, we consider the model (49) instead of Equation (41).

4.1. Convergence Order

To solve the two-dimensional blood flow model (see Section 2), we use the DG
method presented in Section 3. We aim to compute the numerical order of con-

vergence for a given exact solution. We consider the following friction coefficient

VAAA g
A

rameter for the wall. The physical and numerical parameters used are given in

k= —11%. We also recall the pressure p=b a physical pa-

Table 2 together with the following geometric parameters:

¢(s)= (COS(S)\,/SEin(S)-S) leading to, £(s)— (—sin(s)\gos(s),l) o

n(s) :(—COS(S),—Sin(S),O) where C(s) =~/2 . We compute a reference solu-

tion for the 2D numerical scheme, as shown in Figure 3, using 128 x 128

elements. In Figure 4, we compute the convergence order for N xN elements
with N =4,8,16 . We compute the error ¢ =||UREF —Upg "|2([o,1]) with Ug the
reference solution calculated before and Upg the solution obtain at time t=T .
We show that all variables converge at an order of p+1 in agreement with the

classical result in the literature on the RKDG schemes (see for instance [18]).

Table 2. Parameters for the convergence test.

Parameter Value
i 3
A 2
v 3x1072
T 1
L 10
cfl 0.5

[
—005 01
-0 g é;
o °°
- — 005 —
o1
I \ L.
13001
(a) Pressure (b) Speed
I 68002
-~ oo
- oo }
 , §
- o 2
z
- 004
I -6.8e02
(c) Angular Speed

Figure 3. Reference solution for the 2D numerical scheme.
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—4

Ine

@11, order = 1.83
em—1—2, order = 3.42
@m1—3, order = 4.01

@1, order = 1.71

@m==p—2, order = 3.37

8 _g em=p—3 order = 4.36

1.50 1.75 2.00 2.25 2.50 2.75 1.50 1.75 2.00 2.25 2.50 2.75
InN InN

(a) Pressure (b) Speed

@) —1, order = 1.59
8§ emm=p-—2 order — 2.91
=3, order = 4.29

1.50 1.75 2.00 2.25 2.50 2.75
InN
(c) Angular Speed

Figure 4. Convergence order for the 2D numerical scheme.

4.2. Stationary Solutions

For this test case, the aim is to show that the numerical method captures exactly
the still-steady state solutions. We have used the following parameters in Table 3

and the following geometrical parameters:

,;(5,5)2
c(s)=[s.e® ?,0],leadingto, t(s)= ,and,
L

where C(s)= = . The initial geometry is repre-
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2

—4 x—L —2(6-7

sented in Figure 5 and it is defined by A, (x,6) =% R, +(R,—Ry)e ( 2) v
x—%]—z(@—n) hv2

2p(1-¢%)

ing with a null speed, A=A, as in proved in Theorem 1, in Figure 6, we show

and characterized by £(x,0)=| E,+(E, - Eo)eil{ . Start-

that the still-steady state’s solutions are exactly preserved.

Table 3. Physical and Numerical parameters for the 2D stationary test case.

Parameter Value Unit Description
E, 3 x10° kg-cm™-s72 Minimum Young modulus
E 3 x 108 kg-em™.s72 Maximum Young modulus
h 0.05 cm Thickness
P 1 kg-cm™? Density
¢ 0.0 Poisson coefficient
R, 0.5 cm Maximum radius
R, 0.3 cm Minimum radius
v 0.03 Cm?*s™! Kinematic viscosity
T 0.25 s Final time
L 15 cm Artery’s length
cfl 0.5 Cfl
N, = Number of elements in the

S direction

Number of elements in the
N, 32 0
direction

p 1 Polynomial degree

Figure 5. Artery geometry.
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(a) Pressure

Figure 6. Stationary solutionsat t=T .

1.2e-38
[ le-38

-~ 8e-39

1.2e-38
[ le-38
- 8e-39

— 6e-39

Pressure

— 6e-39

Speed

— 4e-39

[ 2639
0.0e+00

— 4e-39

[ 2639
0.0e+00

(b) Speed

4.3. Realistic Pressure Wave in a Straight Artery

In this test case, we compare the one-dimensional models 1D inviscid from Equa-
tion (3) (solved by a TGS-Taylor Galerkin Scheme, see [6]), 1D viscous from
Equation (4) (solved by a DG method, see [26]), and 2D Equation (41) solved by
the DG method presented in Section 3.

In Table 4, we give the physical and numerical parameters of the test case, also,

VA-JA

we consider, for simplicity, the pressure at r=R tobe P=f———— even

in the viscous case in Equation (4). The following parameters are considered:

e Eh/n
p(1-¢*)’

B =E—h , A= &3 We use the following curve c(s)=(s,0,0) and we
V2p(1-£%) 2

choose n=(0,1,0) by setting the curvature C(s)=0. To simulate a pressure

A, =nR? In the 2D case, these parameters are:

wave entering into the domain, we use the following sinus-wave:

Rsinjn—| ift<T, ) o
P (O,t) = Tp . This lead to the following initial and bound-

0 otherwise

ary conditions,

A(s,0)= Q(s,0)=0
A(0t)= E% %j 0.Q(0,t)=0
0,A(15,t)=0 0.Q(15,t)=0

Table 4. Physical and numerical parameters for TC1 (Realistic Pressure Wave in a straight

artery).
Parameter Value Unit Description
E 3% 10° kg-cm™-s72 Young modulus
0.05 cm Thickness
o 1 kg-cm™? Density
¢ 0.0 Poisson coefficient
R, 0.5 cm Initial radius
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Continued
v 0 or 0.03 cm?s™! Kinematic viscosity
T 0.25 s Final time
L 15 cm Artery’s length
R 2 x10* kg-cm™-s72 Entering pressure amplitude
T, 0.165 s Pressure wave duration
o 100 penalty parameter
cfl 0.5 cfl
N 128 Number of elements for the 1D model
N, 128 Number of élemfents in the
s direction
N, 4 Number of e}ems:nts in the
6 direction
p 2 Polynomial degree
and for the 2D, with P(0,6,t) = {PO if t< T’_’ , we set
0  otherwise
A(s,60,0)=A, Q,(s0,0)=0  Q,(s,6,0)=0
2
A(O,H,t) = (% P(O, 6’,t)+\/xj 0,Q, (0, 0,'[) =0 0,Q, (O, 0,’[) =0
8SA(15,0,'[):0 0,Q, (15,0,t)=0 0,Q, (15,0,'{):0.

Periodic conditions are imposed on the direction 6. Figure 7 shows the ge-

T
ometry colored with the axial speed at time t= re In Figure 8, we compare the

pressure obtained using the nonviscous 1D model in Equation (3) with the data
obtained from [6]. We also display the axial speed of the blood. We do the same
in the viscous case (see Equations (4)) in Figure 9 and in the 2D case (see Equa-
tions (41)) in Figure 10. Our numerical results are compared to those in [6] where
the TGS (Taylor Galerkin Scheme) is used. As expected, our numerical results (2D
and 1D) are in a perfect agreement with those obtained in [6]. The results of the
1D and 2D models are almost identical because of the axisymmetry and curvatur-
less of the geometry. One can also remark that, in this case, the angular speed of
the 2D model is almost zero everywhere (at least zero numerically) as shown in
Figure 11. Moreover, one can see throughout this test case that the 1D viscous
models provide mildly different numerical solutions compared to the inviscid

models (TGS model and our 1D inviscid model).

4.4. Addon of the 2D Model and the Limit of 1D Model in the Case
of Aneurysm

In this test case, we compare the one-dimensional models 1D inviscid from Equa-
tion (3) and 2D Equation (41) solved by the DG method presented in Section 3 in
the case of a mild and a severe aneurysm to show the addon of the 2D model
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4.3e+01

40

38

— 36

Speed

—34

32
30
28

2.6e+01

T
Figure 7. Artery geometry colored with axial speed at time t= 7

2.00x10" |
1.50x10" |

1.00x10"

Pressure
Speed

5.00%10°

(a) Pressure (b) Speed

Figure 8. Pressure and Speed for the 1D non-viscous model and comparison with data obtained from

[6].

2.00x10"

1.50x10"

Pressure
Speed

1.00x10*

5.00x10° |

000 005 010 015 020 025
X

(a) Pressure (b) Speed

Figure 9. Pressure and Speed for the 1D viscous model and comparison with data obtained from [6].
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2.00x10"

1.50x 10"

Pressure

1.00x10"

5.00x10°

0

Speed

000 005 010 015 020 025 0.00 0.05 0.10 0.15 0.20 0.25
x t

(a) Pressure (b) Speed

Figure 10. Pressure and Speed for the 2D model and comparison with data obtained from [6].

1.0x10710
- — 3.75
- — 75
- — 10.0
5.0x10

oAVDLA

—5.0x10" 1

Angular Speed

—10 | .
—1.0x10 0.00 0.05 0.10 0.15 0.20 0.25

t

Figure 11. Angular Speed for the 2D model.

and the limit of the 1D model. In the medical literature [27], the classification of
aneurysm severity depends on the location. For intracranial aneurysms, diameters
below 7 mm are usually considered small, 7 - 12 mm medium, 13 - 24 mm large,
and above 25 mm giant. For abdominal aortic aneurysms (AAA), diameters above
5.5 cm are typically considered severe and represent a threshold for surgical inter-

vention.
In Table 5, we present the physical and numerical parameters of the test case.

VA- A,
=0

We consider, for simplicity, the pressureat r=R tobe P=/

We consider two different geometries mimicking a mild and a severe aneurysm.

The initial geometry is given by:
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Table 5. Physical and numerical parameters for TC4 (Addon of the 2D model over the 1D
model in complex geometry).

Parameter Value Unit Description
E 3 x10° kg-cm™-s72 Young modulus
h 0.1 cm Thickness
o 1 kg-cm™? Density
¢ 0.0 Poisson coefficient
R, 0.5 cm Initial radius
R 2.0 cm Secondary radius
v 0 or 0.03 cm?s™! Kinematic viscosity
T 0.03 s Final time
L 10 cm Artery’s length
R 13,332 kg-cm™-s72 Entering pressure amplitude
T, 0.005 s Pressure wave duration
o 1 Penalty parameter
cfl 0.5 cfl
\ 3 Number of elements for
the 1D model
Number of elements in the
N, 32 N
s direction
Number of elements in the
N, 32 o
0 direction
p 2 Polynomial degree

2

{s-kY
A (s,6) :% Ry+(R—R;)e ( ZJ (e’g2 +e’(9’2“)2) . The mild aneurysm is de-

fined by R =0.6 and the severe oneby R =2 (see Figure 12).
To compare the results issue from the 1D model to the 2D model, we integrate
the numerical results from the 2D model over #. The numerical results are

presented in Figure 13 and Figure 14. We show the behavior in time of the

pressure, the speed, and the maximum angular speed at the point % As expected,

in the case of a mild aneurysm, since the geometry of the artery is almost cylin-
drical, the results from the 1D and the 2D models are almost similar (see Figure
13). Whenever the aneurysm is severe, the geometry is no longer almost cylindri-
cal, at least around the aneurysm, and important differences can be observed as
shown in Figure 14. This is mainly because the angular speed is not zero in this
case and can take large values. The 2D model can in practice compute more real-
istic solutions than the 1D one. The same observation holds at the control point

3L/4. After the aneurysm, even if the geometry is cylindrical since the blood
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passed away a zone where the angular speed was not 0 (see Figure 15 and Figure
16), they are distinguishable difference between the 1D and the 2D models which
confirms the limit of the 1D model. The more the amplitude of the maximum
angular speed is, the more the difference observed between the 1D and the 2D
models is. Note that the 2D model is computationally more demanding than the
1D one. For example, in the case of tableTC4, it requires 32x32x (2 +1)2 =9216
DDOF per variable, whereas the 1D model only needs 32x(2+1)=96 DDOF.
Nevertheless, the cost remains far lower than in the 3D case, which would involve
32x32x32x(2 +1)3 =884736 DDOF for a similar configuration, not to mention
the additional mesh adaptation required in 3D.

3.0e+01
l 25

20
15
10
5

1150400 1.08401

1.9e+01

Speed

o
Speed

(a) Case of the mild aneurysm with R, = 0.6 (b) Case of the severe aneurysm with R =2

Figure 12. Initial geometry and Speed for the 2D at t :% .
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L
Figure 13. Pressure, axial speed and maximum angular speed for the 2D and 1D model at the point 2 for R =0.6.

5. Conclusion

In conclusion, we have developed a new two-dimensional model for blood flow
simulations, for which we implemented a discontinuous Galerkin method. We
have determined several mathematical and numerical properties, notably estab-
lishing that the scheme we constructed is well-balanced. Furthermore, through
various test cases, we demonstrated the robustness of our method. Specifically,

we compared 1D models with the 2D model in the context of both severe and
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Figure 14. Pressure and Speed for the 2D and 1D model at the point 7 for R =2.
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Figure 15. Pressure, axial speed and maximum angular speed for the 2D and 1D model at the point 37 for R =06.
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Figure 16. Pressure, axial speed and maximum angular speed for the 2D and 1D model at the point 37 for R =2.

DOI: 10.4236/jamp.2025.1311220 3964 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1311220

Y. Mannes et al.

mild aneurysms. This test case highlighted the limitations of 1D models. Beyond
these achievements, the proposed model has potential clinical relevance, particu-
larly for improving the understanding of blood flow in pathological situations
such as aneurysms or stenoses. Future work will focus on validating the model
against experimental or clinical data, which is essential to assess its predictive ca-
pabilities. In addition, coupling this approach with patient-specific geometries
could make the model a valuable tool for surgical planning or for evaluating treat-
ment strategies. Further research will also aim at extending the framework to
more complex arterial wall models and at investigating the role of hyperelasticity

in aneurysm growth and rupture.
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