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Abstract 
This paper investigates the dynamic interactions between biosurfactant-pro-
ducing bacteria and their environment through pattern formations in diffu-
sive predator-prey models. By analyzing the model’s equilibrium points and 
applying the Routh-Hurwitz criteria with bifurcation analysis, we determine 
the conditions for the existence of Turing patterns. Numerical simulations con-
firm these analytical findings and reveal diverse pattern formations influenced 
by diffusion and concentration zones, including both Turing and non-Turing 
patterns. We observe a correlation between the distribution of the two species 
through pattern formations and the effectiveness of biosurfactant-mediated 
oil recovery. More interestingly, our model focuses on the dynamics of bacte-
rial and biosurfactant concentrations by showing that areas of high biosurfac-
tant concentration are associated with the release of trapped oil from pores, 
thereby contributing to successful oil recovery. 
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1. Introduction 

Microbially Enhanced Oil Recovery (MEOR) utilizes microorganisms or their met-
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abolic products such as biosurfactants, biopolymers, biomass, acids, solvents, gases 
and enzymes to increase oil recovery from depleted reservoirs, extending their 
lifespan. This concept, first suggested in 1926 by Beckman [1] and further studied 
by ZoBell in 1947 [2] [3], leverages microbial activity to alter fluid and rock prop-
erties within the reservoir. MEOR offers several advantages, including economic 
feasibility and environmental friendliness, as it utilizes biotechnology for en-
hanced oil recovery [4]. However, challenges remain, particularly in identifying 
microbial strains that can survive the extreme conditions as high temperature, 
pressure, salinity, and pH found in many reservoirs [5]. The main objective of 
MEOR is to modify fluid and rock properties to improve oil recovery. Biosurfac-
tant-producing bacteria are particularly promising due to their biodegradability, 
tolerance to harsh conditions of temperature, pH and relative safety for humans. 
Even at low concentrations, these bacteria can produce effects comparable to 
chemical surfactants [6]. Several techniques have been proposed by researchers to 
enhance oil recovery, including in-situ MEOR techniques involve injecting water, 
microbes, and nutrients into the reservoir. This can improve rock permeability 
through the production of organic acids that dissolve the rock substrate and re-
duce interfacial tension (IFT) between oil and water by utilizing biosurfactants 
produced by the injected microorganisms [7]-[9]. 

Islam [10] proposed a mathematical model to describe microbial transport in 
multiphase, multidirectional flow through porous media. However, this model 
neglected the effects of physical dispersion represented by the actions of metabolic 
products. Experimental investigations in the MEOR process have characterized 
the optimal temperature and pH conditions for biosurfactant production by var-
ious bacteria, including Clostridium sp., Geobacillus strain, and Bacillus subtilis 
[11]-[13]. Sugai et al. [14] developed a mathematical model using a simulator to 
investigate MEOR processes involving polymer-producing microorganisms, uti-
lizing laboratory data. Their findings indicated that increased water viscosity is 
the primary mechanism driving improved oil recovery. Motivated by these previ-
ous studies, we are developing and validating a predictive mathematical predator-
prey model to describe the diffusive dynamics of bacterial growth and biosurfac-
tant production. This model has the potential to significantly enhance our under-
standing and optimize the performance of MEOR mechanisms. 

To the best of our knowledge, no previous studies have investigated the rela-
tionship or interaction between biosurfactant-producing bacterial growth and 
pattern formations, specifically focusing on the formation of strong concentration 
zones of two bacterial species. This study aims to address this gap by performing 
a numerical analysis of a reaction-diffusion system that considers the mobility of 
bacteria and biosurfactant with Fickian diffusion effects. 

This work aims to elucidate the biological and mathematical implications of a 
model that more accurately describes bacterial growth, thereby contributing to 
the optimization of MEOR techniques. The primary focus is on identifying zones 
of high bacterial and biosurfactant concentration through pattern formations, in-
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corporating diffusion effects. This analysis includes a detailed investigation of Tu-
ring instability conditions using the Routh-Hurwitz criteria to understand the sta-
bility dynamics of diffusive interactions between bacteria and biosurfactants. In 
the present work, we investigate the dynamics of a two-species model comprising 
bacteria and surfactant, focusing on the impact of diffusion on the stability of an 
improved prey-predator model. This paper is organized as follows: Section 2 pre-
sents a detailed description of the prey-predator model dynamics with two species 
in the presence of diffusion. Section 3 analyzes the local stability of the model. 
Section 4 is reserved for the bifurcation analysis through the diffusive model of 
MEOR system. Section 5 presents the results of multiple numerical simulations. 
Finally, Section 6 summarizes all the results. 

2. Dynamic Models of MEOR System 

The hypothesis of a biosurfactant producing bacteria in a reaction-diffusion frame-
work through mathematical modifications of predator-prey models exploring the 
relationships of MEOR process through several biological products such as bio-
surfactant, biacid, biopolymer, biosolvent and gases has been developed by some 
previous works [15]-[17]. Assuming that mobility of the two species where the 
predator and prey are interacting towards each other obeys the Fickian diffusion, 
we consider a growth model of biosurfactant producing bacteria with possible 
movement of two species represented by bacteria population and biosurfactant 
density. This interaction can be interpreted as a toxic effect of biosurfactant on 
the bacterial population at high concentrations, which is commonly observed in 
biological systems where metabolic products can inhibit or kill the producers them-
selves. We propose the following system to describe biosurfactant producing bac-
teria growth with spatial dependence: 

 

2 21
1 1

2
2 2

o

p p p ps D p
t K

s p ps D s
t

µµ γ

µ δ

∂ = − − + ∇ ∂


∂− = − + ∇ ∂

 (1) 

where p is the number of bacteria in base-10 logarithm for each cell/mL, s is 
biosurfactant concentration (g/L), 1µ  is bacteria growth rate (h−1), 2µ  is bio-
surfactant production rate (mg/cell/h), 0K  is carrying capacity (cell/mL), γ  is 
toxicity constant (L/g/h), δ  is predation factor (1/h) and The term psδ−  rep-
resents the degradation of biosurfactant due to bacterial activity. It simulates a 
process where bacteria consume or degrade the biosurfactant for their growth, a 
behavior often observed in microbial systems. 1 0D > , 2 0D > , which are re-

spectively diffusion coefficients of the species p , s  and 2
2 2x y
∂ ∂

∇ = +
∂ ∂

 is the 

Laplacian operator with the space variables x  and y . This interaction can be 
interpreted as a toxic effect of biosurfactant on the bacterial population at high 
concentrations, which is commonly observed in biological systems where meta-
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bolic products can inhibit or kill the producers themselves. 

3. Local Stability Analysis 

We investigate in this section the local stability analysis of biologically feasible 
equilibrium points by assuming that the non-diffusive model can be written as 
follows  

 
( )

( )

d ,
d
d ,
d

p F p s
t
s G p s
t

 =

 =


 (2) 

where 

 
( )

( )

21
1

2

,

,
o

F p s p p ps
K

G p s p ps

µµ γ

µ δ

 = − −

 = −

 (3) 

Clearly, the model (5) has trivial equilibrium point ( )0 0,0E =  and interior 

equilibrium point ( )* * *,E p s= , where *
0 1 2p k γµ µ

δ
 = − 
 

 and * 2s µ
δ

= . The 

interior equilibrium point *E  is biologically meaningful if *p , *s  are 

nonnegative and we get the condition defined as 1 2
γµ µ
δ

> . 

The Jacobian matrix 0A  of the system (1) is 
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p s
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= =   
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11 1

*
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*
21 2

*
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2
o

a p s
K

a p
a s
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µµ γ

γ
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δ

 = − −
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 = −
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 (4) 

The characteristic polynomial can be written as 

 ( ) ( )2
1 00 0 0λ η λ η+ + =  (5) 

where, 

( ) ( )

( ) ( )

* *1
1 11 22 1

* * *1
0 11 22 12 21 1 2

0 2

0 2

o

o

a a p s p
K

a a a a p p s p s
K

µη µ γ δ

µη δ µ γ γ µ δ

 = − + = − + + +

   = − = − − − + −   

 

For second-degree polynomial, the Routh-Hurwitz criteria of the system (1) are 
stable if 

 ( ) ( )1 00 0 and 0 0η η> >  (6) 
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4. Bifurcation Analysis of MEOR System 

It is well known that Turing’s instability arises in a system because the uniform 
stationary state loses its stability due to scattering, dispersion or diffusion. In this 
section, we linearize the total system (1) around the state *E  for small temporal 
and spatial fluctuations, and the variables p and s are taken in Fourier space as 

 
( ) ( )
( ) ( )

*

*

, Δ , ,

, Δ ,

p t p p t

s t s s t

 ≈ +


≈ +

x x

x x
 (7) 

where 

 
( )
( )

*

*

, ,

, .

p t p

s t s

 ∆

∆

x

x





 (8) 

The perturbations ( )Δ ,p tx  and ( )Δ ,s tx  depend simultaneously on time 
and space of the following form: 

 
( )
( )

, e e ,

, e e

i
p

i
s

p t

s t

λ

λ

ε

ε

∆ =

∆ =

kx

kx

x

x
 (9) 

with pε , sε  representing constants. x  is the space vector, k  is the wave 
number vector with k = k , λ  represents the frequency of the wave and i  is a 
complex number. By introducing Equation (7) in (1), we have 

 

2
11 12 1

2
21 22 2

,
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 (10) 

Based on the precise form of Equation (9) and setting 0kA Iλ− =  where 
2

0kA A k D= −  and the diffusion matrix 

1
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0
0
D

D
D

 
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The characteristic equation of the model system is: 
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 (13) 

The roots of Equation (14) are: 
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( ) ( ) ( )

( )

2
1 1 0

1

4
4

k k k
k

η η η
λ

η
− ± −

=  (14) 

The complete system (1) will be stable if all the Routh-Hurwitz criteria given by 
Equation (15) are respected 

 ( ) ( )1 00 and 0k kη η> >  (15) 

for all k. 
Violation of at least one of these previous stability conditions results in system 

instability caused by diffusion (i.e., ( ) 0kRe λ > ). Turing’s instability is induced 
by diffusion through the condition of internal equilibrium point if the non-diffu-
sive local system is stable, and it will become unstable in the presence of diffusion. 
In fact, Turing instability will occur for system (1) if the conditions of inequality 
(6) are respected, but at least one of the conditions of inequalities (15) is not re-
spected, i.e., ( ) 0kRe λ <  for 0k =  and ( ) 0kRe λ >  for 0k ≠ . 

The location of the area for which the local system becomes asymptotically sta-
ble is very important for a study of Turing instability. Note here that for an ap-
propriate choice of system parameters, the values of ( )1 0η  and ( )0 0η  can be 
positive. 

To derive the criteria for diffusive instability of the model given by Equation 
(1). The system is unstable if one of the roots of the characteristic Equation (14) 
is positive. A necessary condition for one of the roots to be positive is ( )1 0kη > . 
So 

 
( )2

11 22 1 2

2 11 22

1 2

a a k D D
a ak
D D

 + > +


+
< +

 (16) 

where k is the real positive wave number. We know that 1D  and 2D  are posi-
tive and real. Hence, the above equation is feasible only if 11 0a >  and 22 0a > . 
for ( )0 0kη > , we have 

 
( ) ( )

( ) ( ) ( )

2 4 2
1 2 1 22 2 11 11 22

22 2 2
2 1 0

0

0

F k D D k D a D a k a a

F k F k F k F

 = − + + >


= + + >

 (17) 

The expression of Equation (17) is the function of 2k  and can be given in the 
following form ( )2F k . 

The condition for having Turing instability in the system (1) is to have 

( )2 0F k <  for at least one of these functions ( )0 kη  or ( )1 kη . The minimum 
Turing point are given by the following ratios 

 2 1
2

2

0 0
2
FF k
Fk

∂
= ⇒ = − >

∂
 (18) 

where 

 ( )1 1 22 2 11 2 1 20 and 0F D a D a F D D= − + < = >  (19) 

By setting the parameters as follows: 0.33γ = , 0.08δ = , 1 0.09µ = , 2 0.54µ =  
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and, we obtain the values of the internal equilibrium point (0.2977, 0.0305) and 
the coefficients of dispersion given by ( )0 0 1.1404η = − , ( )1 0 0.3452η =  which 
permit us to show that unstable of system (2) is related to the good choice of the 
value of the parameters. In order to better study the diffusive model (1), we plot 
the dispersion coefficient relations as a function of the wave number k in Figures 
1-4 with the graphical representation of the real part of Equation (14) for different 
values of the diffusion coefficients. We find that for certain values of k, ( )0 0kη <  
and ( )1 0kη > , the Turing instability is possible because the Routh-Hurwitz cri-
teria are violated, and inequalities (19) are satisfied. As shown in Figure 2, where 
the Routh-Hurwitz stability criteria are violated for certain values of the diffusion 
part of the curve is less than zero. We observe that these stability criteria are re-
spected in Figure 3. 
 

 
Figure 1. Coefficients of the dispersion relation. The parameters are 
taken as: p = 1; s = 1; μ1 = 0.09; γ = 0.33; μ2 = 0.54; D1 = D2 = 0.02. 

 

 
Figure 2. Coefficient of the dispersion relation. The parameters are 
taken as: p = 1; s = 1; μ1 = 0.09; γ = 0.33; μ2 = 0.54. 
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Figure 3. Coefficient of the dispersion relation. The parameters are 
taken as: p = 1; s = 1; μ1 = 0.09; γ = 0.33; μ2 = 0.54. 

 

 
Figure 4. Coefficients of the dispersion relation. The parameters are 
taken as: p = 1; s = 1; μ1 = 0.09; γ = 0.33; μ2 = 0.54. 

5. Numerical Experiments 

We numerically solved the model system (1) in two-dimensional space within the 
finite domain [−100, 100] with initial conditions set near the equilibrium point 
E*. To track the temporal evolution of the solution, we employed the Forward 
Euler method and a second-order central finite difference approximation to eval-
uate the diffusion term. This approach discretized the model in both time and 
space, following established techniques for solving PDE models [18]-[21]. We 
utilized a discrete domain with a grid of Nx Ny×  units within the two-dimen-
sional reaction-diffusion system. Initial conditions were randomly generated 
within the range [−0.5, 0.5], and zero-flux boundary conditions were applied. The 
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system was discretized using Euler’s method with initial random conditions 
around the equilibrium state. By setting the time step Δ 0.085t =  and the spatial 
step size Δ Δ 0.04x y= = , we investigated the influence of diffusion on pattern 
formation in our complete system. Varying the diffusion coefficients D1 and D2 
allowed us to predict the spatial distribution of bacteria and biosurfactants within 
the well. We started by introducing a small perturbation around the internal 
equilibrium point ( )0.2977,0.0305  and we have represented the dynamic be-
haviors of species at different times 1000t = , 5000t =  and 10000t = . In the 
aim to bring out the diffusion effects in the dynamic localization of bacteria and 
biosurfactants in the system, we choose the numerical simulations parameters as 
follows 1 0.09µ = ; 0.03γ = ; 2 0.54µ = ; 0 0.3K =  and 0.03δ = . We performed 
numerical simulations until the system reached a stable state, or at least until a stable 
pattern emerged. By increasing the diffusion coefficients respectively as 1 2 0D D= = ; 

1 0.06D =  and 2 0.09D = ; 1 0.1D =  and 2 0.3D = , we observe pattern for-
mations in Figures 5-10, which represent the densities of bacteria and biosurfactants 
in the well and determine his dynamic behavior. The number of small structure of 
patterns decrease with the amplitude by merging and become more and more 
localized through the illustrations of the bacteria specie p at different increasing 
times 1000t = , 5000t =  and 10000t =  in Figures 5-7 which illustrate the 
spatial patterns observed for the predator species p. We observe an increase in the 
number of patterns as the diffusion coefficient increases. These figures also 
 

 
Figure 5. Panels show of the species p of model (1) for t = 1000. The parameters are taken 

as μ1 = 0.09; γ = 0.03; μ2 = 0.54; K0 = 0.3; δ = 0.03; (a) D1 = 0.0, D2 = 0.0. (b) D1 = 0.006, D2 

= 0.009. (c) D1 = 0.02, D2 = 0.08. (d) D1 = 0.3, D2 = 0.1. 
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Figure 6. Panels show the species p of model (1) for t = 5000. The parameters are taken as 
μ1 = 0.09; γ = 0.03; μ2 = 0.54; K0 = 0.3; δ = 0.03; (a) D1 = 0.0, D2 = 0.0. (b) D1 = 0.006, D2 = 
0.009. (c) D1 = 0.02, D2 = 0.08. (d) D1 = 0.3, D2 = 0.1. 

 

 
Figure 7. Panels show the species p of model (1) for t = 10,000. The parameters are taken 
as μ1 = 0.09; γ = 0.03; μ2 = 0.54; K0 = 0.3; δ = 0.03; (a) D1 = 0.0, D2 = 0.0. (b) D1 = 0.06, D2 
= 0.09. (c) D1 = 0.02, D2 = 0.08. (d) D1 = 0.3, D2 = 0.1. 
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Figure 8. Illustration of the species s of model (1) for t = 1000. The parameters are taken 

as μ1 = 0.09; γ = 0.03; μ2 = 0.54; K0 = 0.3; δ = 0.03; (a) D1 = 0.0, D2 = 0.0. (b) D1 = 0.06, D2 

= 0.09. (c) D1 = 0.02, D2 = 0.08. (d) D1 = 0.3, D2 = 0.1. 

 

 
Figure 9. Illustration of the species s of model (1) for t = 1000. The parameters are taken 
as μ1 = 0.09; γ = 0.03; μ2 = 0.54; K0 = 0.3; δ = 0.03; (a) D1 = 0.0, D2 = 0.0. (b) D1 = 0.06, D2 
= 0.09. (c) D1 = 0.02, D2 = 0.08. (d) D1 = 0.3, D2 = 0.1. 
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Figure 10. Illustration of the species s of model (1) for t = 1000. The parameters are taken 
as μ1 = 0.09; γ = 0.03; μ2 = 0.54; K0 = 0.3; δ = 0.03; (a) D1 = 0.0, D2 = 0.0. (b) D1 = 0.06, D2 
= 0.09. (c) D1 = 0.02, D2 = 0.08. (d) D1 = 0.3, D2 = 0.1. 

 
reveal dynamic behaviors, with spot types changing over time. Figures 8-10 depict 
the spatial patterns for the prey species s and by comparing to species p, we ob-
serve an increase in the number of pattern spots with increasing diffusion param-
eters. Diffusion can induce various pattern types when the local system is unstable, 
although these patterns exhibit limited temporal variation. By increasing diffusion 
terms and carefully selecting appropriate parameters, we can generate different 
types of Turing patterns. These patterns delineate areas of high bacterial and bio-
surfactant concentration. An increase in biosurfactant concentration zones is as-
sociated with the release of trapped oil from pores, leading to successful oil recov-
ery. Our findings align with recent studies [3] [22] [23] and provide a framework 
for describing the dynamic interplay between biosurfactant and bacterial concen-
trations within the well using a diffusive predator-prey model. 

6. Conclusion 

This study investigates the impact of spatial diffusion on a two-species model in-
volving bacteria and biosurfactant production. Our findings demonstrate that dif-
fusion induces diverse pattern formations within the system and can destabilize 
the stable fixed points of the model. We analytically derived Turing conditions for 
pattern formation using the Routh-Hurwitz criterion and bifurcation analysis of 
the two-species model, incorporating diffusion parameters. Intensive numerical 
simulations were conducted, corroborating the analytical results and revealing a 
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wide range of pattern formations. A strong correlation was observed between the 
spatial distributions of bacteria and biosurfactant, characterized by the pattern 
formations describing the concentrated zones. More interestingly, our model fo-
cuses on the dynamics of bacterial and biosurfactant concentrations by showing 
that areas of high biosurfactant concentration are associated with the release of 
trapped oil from pores, thereby contributing to successful oil recovery. Our results 
provide valuable insights into the dynamics of bacteria and biosurfactant interac-
tions within the well, offering a more comprehensive understanding based on dif-
fusive predator-prey models. We acknowledge the limitations of the model, such 
as the assumption of homogeneity in the porous medium and the absence of nu-
trient dynamics modeling, and suggest that future research could integrate these 
aspects to improve the modeling of the MEOR process. 
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