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1. Introduction and Main Results

Given a measurable function p:R" — [l,oo) , I 0 (R") denotes the set of meas-

urable functions f on R”" such that for some A1>0,

(%)
J. . [MJ dx < co.

A

Equipped with the Luxemburg-Nakano norm

p(x)
Ul = int {20 [@] el

then L) (R" ) becomes a Banach function space. If p (x) = p, isconstant, then

)% (R") equals the usual Lebesgue spaces L™ (R") .
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Lebesgue spaces with variable exponent L") (IR{") were defined originally by
Orlicz (see [1]). As the theory of the spaces with variable exponent was applied in
some fields such as fluid dynamics, elasticity dynamics, Calculus of variations and
differential equations with non-standard growth conditions (see [2]-[5]), the bound-
edness of some typical operators is being studied with keen interest (see [6]-[8]). The
aim of this paper is to study the boundedness of the 8-type Calderén-Zygmund op-
erators and their commutators in L") (R") .

In 1985, Yabuta introduced certain &-type Calderén-Zygmund operators to facil-
itate his study of certain classes of pseudodifferential operators (see [9]). Since
then, such type of operators is extensively applied in PDE with non-smooth area.
Singular integral operators and variable exponent spaces play a fundamental role
in the modern theory of partial differential equations (PDEs). These operators
provide essential tools for establishing regularity and well-posedness results in
non-standard function spaces, while variable exponent spaces offer a natural frame-
work for problems with non-uniform ellipticity or growth conditions. Their in-
terplay has led to significant advances in the analysis of nonlinear PDEs, especially
in materials science and fluid dynamics, where physical properties exhibit sharp
variations. Further applications have been found for such type of operators (see
[10]-[13]).

With the further research, in [10], Quek and Yang introduced certain Calderén-
Zygmund operator boundedness on space such as weighted Lebesgue spaces,
weighted weak Lebesgue spaces, weighted Hardy spaces and weighted weak Hardy
spaces. After that, Ri and Zhang obtained the boundedness of &-type Calderén-
Zygmund operator on Hardy spaces with non-doubling measures and non-ho-
mogeneous metric measure spaces (see [11] [12]), and Wang proved the bound-
edness of &-type Calderén-Zygmund and commutators in the generalized weighted
Morrey spaces (see [13]).

Definition 1.1 [9] Let € be a non-negative, non-decreasing function on

R*=(0,0) satisfying

0

j‘@dmw. (1.1)

A measurable function K(,) on (R" xR" {(x,x) ‘xeR" }) is said to be a 6-

type Calderén-Zygmund kernel if it satisfies
|K(x,y)| < C|x—y|7" (1.2)
and

—n

|K(x,y)—K(x',y)|+|K(y,x)—K(y,x')| < CH('x_x |j|x—y , (1.3)

r=3]
when |x—y| 22|x—x’|.

Definition 1.2 [9] Let 7, be alinear operator from & intoits dual S'.One
can say that T, isa 6-type Calder6n-Zygmund operator if:
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1) T, can be extended to be a bounded linear operator on I’ (R” ) ;
2) Thereisa T, -type kernel K (x, y) such that

T,/ (%)= [, K(x»)/(y)dy (1.4)
forall feC; (R") and forall x¢supp f , where C (R") is the space consist-

ing of all infinitely differentiable functions on R" with compact supports.
Note that the classical Calderén-Zygmund operator with standard kernel (see

[4] [14]) is a special case of &-type operator 7, when H(t) =1 with 0<5<I.
Definition 1.3 [15] Let 0<a <1, 1<r,s <. Then,the Besovspaces A’ (R")

consists of all functions f in L (R") for which the norm

@ | —

(lr +)-r()])

n+as

dt

|7

+ )
r R"

At (R") T "f

is finite.
Definition 1.4 [16] Let p() € 73() If there exist C >0 such that for any

x,yeR",

|p(x)-p(0)]

C
“logfe ) PR

then p() is said to satisfy the log-Holder condition.
We denote

p. = essinf{p(x) ‘Xe R”}, p. = esssup{p(x):x € R”}.

Then, P (R") consists all p () satisfying p >1 and p, <.

Let M be the Hardy-Littlewood maximal operator. We denote B (R") to be
the set of all functions p(-)e P (R” ) satisfying the condition that M isbounded
on IV (]R{" ) .

Given a measurable function felL, (R” ) , the sharp maximal operators M, ,

and M* are respectively defined by

M, (x)=sup| —— [ |7 ()]

<Ll

dy |,

and

MY (x) =sup [o|f (v)=Fo

1 n
where fgzajgf(y)dy, r>1 and O<p<7.
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When 0< g <1, the Homogeneous Lipschitz spaces Lip, (R") is the space

of functions such that

- |f (x+h)=f(x)|

B
x,heR" ;10 |h|

171 <o, (1.5)

Lipy

Theorem 1.5 Suppose that p(-)e B (R” ) , @ satisfies (1.1). Then, there exists
aconstant C independentof f such that

"TH (f) Lp(-)(R”) s C”f”Lp(')(]R") :
Theorem 1.6 Suppose that q(x) satisfies the log-Holder’s inequality and 6
satisfies
J;Mdr <. (1.6)

If beA (R" ) ,0<a<I1,thenforany f(x)e v (R" ) , there exists a constant
C independent of f such that

[e.7,1.1 ||Lq<~)(R~) <Clp

A f"Lq(')(]R”) :

Theorem 1.7 Let beLip, (R" ) Suppose that 0< <1, @ satisfies (1.6) and

p(.)e’P(R”) is such that p+<%,Deﬁne Q() by

If q(-)(l —éj € B(R”) , then there exists a constant C independent of f

such that

(6. 7,)(1)

L"(')(R") < C||b||Lip/,(R") "f”Lp(')(R")'

Theorem 1.8 Let beBMO(R”). Suppose that p(-)eB(R”) and 6@ satis-
fies (1.6). Then, there exists a constant C independent of f such that

1670 oy < €1

5

ioer)-

2. Preliminary Lemmas

Lemmas 2.1 [17] Let p() € B(]R"), then for all f(x) eV (R") , we have

¥ ||Lp(~>(mn) < ||M r

O(Rr)”

Lemmas 2.2 [15] Let be/\;‘Y(R”),thenfor O0<a<l, 1<r<s<oo,wehave

1 1 RS
L Ig|b‘b8|dy55y‘:§| e (J,lo=bal av) < Cll e

sup
yeB

B]
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Lemmas 2.3 [18] Let p(-)e p(-)e P(R") . Then, C” (R”) is dense in
8 (R" ) ,where C~ (R" ) denotes the infinity times differentiable functions on

R" with compact support set.
Lemmas 2.4 [14] Let p(-)ep()e P(R") . If endowing the spaces sy (R")

with the following Orlicz-type norm:
A1 =sup{ |7 () (x) ez el <11}

then the norm ||~||2,,(.) above is equivalent to the Luxemburg-Nakano norm
[

Lemmas 2.5 [19] Let p () € P(R") . Then, the following conditions are equiv-
alent:

1) p()eB(R").

2) p'()eB(R").

3) p(~)/q € B(R”) for some l<g<p_.

4) (p(.)/q)/ € B(R”) forsome l<g<p_.

Lemmas 2.6 [20] Let p(-)e p(-)e P(R") . Then, for f eI’V (R") and
ge 0 (IR{") ,

Jool 7 () ()| dx < C, ] gl

where C, =1+1/p -1/p".

Given 0<a <n, define the fractional integral operator [, by

L(N)®)=]., x/i(Y) dy

n-a

Lemmas 2.7 [20] Let p(~),q(~) € P(R") be such that p, <n/a and

a
n

If q(~)(n—a)/n e B(R"), then

1oy < €U oy

loc

For §>0, felL (R”),let
1

M5 () () =su((ol | () )

and
1

. s \s
f=supint (1], |1 ()~ @)’

The non-increasing rearrangement of a measurable function f on R" isde-

fined by
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fH(t)=inf{1>0:xeR":| f(x)>A}[<t}, (0<t<o0).
Furthermore, for 7€ (0,1) and a measurable function f on R”, the local

sharp maximal operator M f is defined by
M) =supint (1 =€) 2o (<]

Lemmas 2.8 [6] Let 5>0, 7€(0,1) and feL,(R"). Then, for any
xeR"
M) = (/) f):
Lemmas 2.9 [2] Let g€l
fying

TE (0,1) and a measurable function f satis-

oc >

[{x:]7 (x)> alf| <0 foralla>0. 2.1)
Then
[ lf () g(x)|dx<cl, MH(f)(x)M (g)(x)dx
Lemmas 2.10 [21] Suppose that @ satisfies (1.1) and I;Mdt<oo

respectively in 1) and 2). Then, for all f€C’ and xeR", there exists a con-
stant C=C;,, such that:

1)If 0<6<1,then
ML) ()< CM (1))
2)If 0<5<I<1, meN and beBMO(R”),then

(([6-17)(x)). = € (16l M, ([6.7,1(9)) () + ol M (1))

. 1
Lemmas 2.11 Let 1<r,s<w, beA.' (R"), ~+~=1. Then, for any
S

feCl (R”) , there is a constant C, we have

M*([b,Y;]f)(x)sm?||b||A;,.y<Rn)[M,‘Wmf)(x)w,,m-n (e f(xﬂ, reR"

ProofLet feC; (R" ) . In order to prove our theorem, we only need to show

that for any x,, thereisacube Q centerat x,,andaconstant C,,such that

@JQ [6.7,1/ (v)-Col v

<me|p

AL {M,mn(Taf)(x)Jthmf(x)Jrsupr(x)}, xeR”

«
r r xeQ

Decompose [ as

F=h+ =2y + gy

where O denotes to be a cube, which center is the same with Q and
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1(Q")=2ni(0).
Set C,=T,(b=b,/,)(x,) Noting that [b,Tg]f:[(b—bQ*),Tg]f, then it

follows
Gl ()= Clo
séjg‘b(y) b Ijg((b—bgt)f])(y)‘dy

T (A A (A e

=1 +1,+1,.

We first estimate the term 7, . By using the Holder’s inequality and Lemma 2.2,

we have

Fﬁub(y) b v)|dy

<[ gilbr-o,] dy]‘i(@glmy)l’ dy]i

1 1 cY
S Pl | 1o7doTo S (¥ dyj
QF,; " " @ [|Q| J.Q| ( )|
M oen (T,F)()-

<Clpl,

Secondly, we consider /,. Taking p:= \/_ by using the Holder’s inequality
and the fact that "Tof”L/( C"f"Lp

(50, ) o)
SC@( QTG((b—bQ,,)f) ‘ J |Q|1”
e (Lo fIrora) ot

1

PV (oo sl

], then we have

<C b(y)=by | S 7y o' o'
ool lvor o] et
S CPBlgopen M, (1))
Js-1
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Now, we turn to estimate of /. Noting the fact that

Yo(2*)<cy [ o) g < cj Wy <on

, one has

(b b )2)(y)—7},((b—bg*)f2)(xo)dy
SC@IQJ ”\Q*‘(b(z)_bg*)f
< cé jggo [ ‘(b(z)—bg* ) f(z)‘-

0

< CﬁjQ,;)ebk)ng*\sz* ‘(b(z)—bg*)f(z) g(sz)dzdy
I .
Z)_bQ*‘ dZJ {2/(4,1 ok gr | | dz]

Combining the estimates for /,,/, and I,, the proof of Lemma 2.11 is fin-
ished.

Then, we have the following conclusion.

z) ~|K(y,z)—K(x0,z)|dZdy

! n0[|x°_y|szdy

ly—z" \|r-¢]

1

2k+1 Q*

2 1
_C§9(2k)[.[2k+1 P

<Clol M oS ()-

”

3. Proof of Main Results

Proof of Theorem 1.5. By applying the extension of Rubio de Francia’s extrapola-
tion theorem in the scale of the variable Lebesgue spaces [22], together with T}

is bounded in I* (R") [10], and combining with the results of Cruz-Uribe and
Wang [23], we can know, let p(-) e P(R”) and @ be a weight. If the Hardy-

Littlewood maximal operator M is bounded on [’ (')(a)) and on

1
v [a) P01 ] , then holds forall f e 1V (w) and all measurable functions g,

we have
||T0 (f)"HfHLF(')(u,) = C"f"HfHLP(')(M)

Due to the boundedness of the 7, in the aforementioned space Y (@),
weakening the conditions of p(x) , then boundedness of 7, in the v (R")

must hold, namely

|7, (r

) Lp(')(R”) < C”f”L”(')(R")'

This finishes the proof of Theorem 1.5.

Proof of Theorem 1.6. From Lemma 2.1 and Theorem 2.11, we easily see
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I[6.7,17 ||Lq<->(Rn) s 0(z0)

<cwumeMWmanu>
- #0(w7)

arn(

r

+|M f(x)
Vs—1

Lq()(R")] .

<C " f " ,and
10(R")
1

n
= [M (ar—n)t Tﬁfr]
. L—"
10 (r") r

1
t?
LA

LT(R”)

£0(w)

It is easy to verify that

M;f(x)

s—=1

b )0

0w

1)(ar—n)t

LT(]R”)
< Cl st

Also, we can get

‘M ar—n f
R

r

1
' tLq()(Rn) = "f ”Lq(')(w)
t

)

Thus, we have

<Cm2|

This finishes the proof of Theorem 1.6.
Proof of Theorem 1.7. Let b e Lip, (]R” ) , 0< B <1. Then, by (1.5), we shall

L‘]

get
[b(x)=b(¥)| <= el -
Thus, for any f € L") (R” ),
[6,7; ] )=1., [b y)]K(x,y)f(y)dy
()& () f ()]

<CI Ix ylﬂllbllhp (5.0) f (v)dy

Sy
g@w@dﬁLfm@

<Clel, 15 (171)-
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Applying Lemma 2.7, we get
70 Moy 5 W, 2 1)< Ul D

Hence, the proof of Theorem 1.7 is finished.
Proofof Theorem1.8. Let be BMO(R") , feCl (]R" ) . Then, by Lemma 2.3,

we have f e’V (R" ) For any ge v (]R” ) el (R") to be "g"U”(')(R”) <1,

noting the [b, Tg] is bounded on usual Lebesgue spaces L” (R”) (see [13]), so
it satisfies (2.1) in Lemma 2.9.

Thus, applying Lemma 2.9 and 2.10, we obtain
Jeo TN () g (x)av <€ MA[.T,]) (1) (x) M () () dx
<CLL ()" ([51)()); (1) M () (x)d,
where 6,7€(0,1).
By 2) in Lemma 2.10, for 0<& </ <1
[ [6.T,1(7) (x) g (x)dx
<Cloll. [, M, ([6.7,1())(x) M (&) () dx
+Clel, [ M7 (£)(x) M (g)(x)dx
=1 +1,.
Observing that for 0</<1, we have
M. T)()(x) <M([B.T)(F))(x) ae xeR".
By Lemma 2.5 and the generalized Holder’s inequality (Lemma 2.6), for
p(-)e B(R"), we have
L =Cl], ,[Rn Ml([b’Te](f))(x)M(g)(x)dx
<CJp|. [, 3 ([5.1,)() ()M () (3)ce
< oL e (1, () Il
< Clo. |7, ()] o 1M s
< L] 110 Mg o -

On the other hand, also using Lemma 2.5 and the generalized Ho6lder’s inequal-
ity (Lemma 2.6), for p() € B(R" ) ,

5= C”b" "M *(f) 120) "Mg ”LP’(')
<Clp].[m ()| el o
<Claf, |10 -

According to the estimates of /, and [, above and Lemma 2.5, we can ob-

tain

Jeo BTN () g () < 1+ 1, < Cle]L |
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and

0

Jl6-7.]

%

o) S T N oy < L oo

LP(')(R"

Hence, by Lemma 2.3, for any f € v (R” ) , we have

I[6.7,]

Soar)-

*

)sc||b

LP(')(]R"

This finishes the proof of Theorem 1.8.
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