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Abstract

The study derives the Hirota bilinear form for a variable-coefficient (2 + 1)-
dimensional BKP equation and constructs N-soliton, A-lump, and mixed lump-
soliton solutions. By testing four representative time-dependent coefficient sets,
the authors visualise how a(t) , P (t) and o (t) shape the spatial patterns
of solitons and lumps. The work emphasises the richer structural diversity and
evolution pathways that arise when coefficients vary with time.
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1. Introduction

As one of the three major branches of nonlinear science, soliton theory has long
been a focus of significant academic attention. Solitons, as special types of nonlin-
ear localized waves, not only provide precise descriptions of wave phenomena in
nature, but also demonstrate substantial application value across multiple disciplines,
including fluid mechanics, theoretical physics, nonlinear optics, and ocean dynam-
ics. Moreover, variable-coefficient nonlinear partial differential equations, owing
to their enhanced capability to accurately characterize complex and dynamic non-
linear behaviors [1]-[6], endow this field of research with profound theoretical sig-
nificance and promising application prospects. The (2 + 1)-dimensional B-type Ka-

domtsev-Petviashvili equation (BKP equation) is given as follows:

(1

7 —3(uxuy )x +du,, =0.
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Equation (1) represents a significant generalization of the KP equation, exhib-
iting richer mathematical structures and deeper physical implications. It finds broad
applications across various nonlinear scientific fields, particularly in fluid dynam-
ics, plasma physics, and nonlinear optics [7] [8]. Consequently, numerous research-
ers have employed diverse methodologies to conduct in-depth investigations into
solution types of nonlinear differential equations. Substantial progress has been
achieved in solving the BKP equation, successfully constructing a comprehensive
system of analytical solutions, including soliton solutions, breather solutions, lump
solutions, and various interaction solutions. These developments provide crucial
theoretical tools for explaining nonlinear physical phenomena. For instance: Mao
et al. [9] established the bilinear form of the (3 + 1)-dimensional BKP equation
using binary Bell polynomials and constructed lump solutions with arbitrary self-
similar parameters under the z= x condition. Tang et al. [10] investigated the
construction of exact solutions through Wronskian and Grammian techniques. Su
et al. [11] obtained rational solutions, soliton solutions, and their interaction solu-
tions for the generalized BKP equation based on Hirota’s bilinear method. Na [12]
derived analytical expressions for multi-soliton solutions by combining Bell polyno-
mials with Backlund transformations. Hao et al [13] systematically studied decom-
posed solutions and Lax pairs using a modified variable separation approach. Yang
et al. [14] extended the bilinear operators and conducted in-depth analysis of the
dynamical characteristics of lump solutions. Zhang et al. [15] developed n-th or-
der rational solutions from N-soliton solutions via the long-wave limit method, and
further investigated the collision dynamics of lump solutions in the (2 + 1)-dimen-
sional BKP equation.

To investigate the diversity of soliton solutions and explore their spatial struc-
tures and dynamical properties, this study introduces variable coefficients into (1),
yielding the following modified equation: In this paper, we consider the (2 + 1)-

dimensional B-type Kadomtsev-Petviashvili equation as follows:
a(t)u, —p(t)u,, —38() (uxuy )x +6(1)u, =0, (2)

The functions « (Z),ﬂ(t) and S(t) represent non-zero real differentiable
functions of the temporal variable ¢.Current research on exact solutions and dy-
namical properties of constant-coefficient nonlinear partial differential equations
has reached a relatively mature stage. However, the introduction of variable coeffi-
cients into nonlinear equations leads to significant variations in the forms of exact
solutions. In particular, systematically obtaining exact solutions with specific patterns
and characterizing their spatial structures using mathematical software such as Ma-
ple presents substantially increased complexity and difficulty. Consequently, stud-
ies on variable-coefficient nonlinear partial differential equations remain relatively
scarce in the existing literature.

Against this background, this paper focuses on investigating the exact solutions
of variable-coefficient nonlinear partial differential equations and the dynamical

properties of their interaction solutions.
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2. N-Solitons with Different Structures

This study employs the Hirota bilinear method to first derive the bilinear form of
the (2 + 1)-dimensional BKP equation. We systematically investigate the charac-
teristics and dynamical behaviors of N-soliton solutions for this equation under
variable-coefficient conditions. In particular, by applying the long-wave limit tech-
nique combined with the parameter pairing complexification method, we success-
fully construct Mth-order lump solutions from the N-soliton solutions. Following
the framework established in reference [8] [16], we adopt the following form of pa-

rameter transformation:
u(x,y,0)=2(In f), 3)
where f=f (x, y,t) is a selected test function related to x, y and time vari-
able ¢.Inserting (3) into (2)
P(D,.D,.D,)f-f =(a(t)D,D,-B(t)D;D,+5(¢)D}) f-f =0.  (4)
where D,,D, and D, denote the bilinear differential operators. Based on the Hi-

rota bilinear method, the form of the N-soliton is obtained.

z exp(ZgﬂD +ZA51§£1} (5)

with
O, :a)s(x+gsy+h(t))+;/s,
YAQLY S0
0= a(t)g, & (6)
o 23188 (0 —0) (08 ~0g)+5(t) (s, ~g) '
36(1) g8 (0, + o) (o8 +og)+5(t)(g,-g)

where, @,,g, are free parameters, where the »°

=01 represents summation

over all possible combinations of ¢, =0,1,¢5, =0,1,-:-,5,, =0,1, and the Z(N) is

i<j
over all possible combinations of the N elements with the specific condition
s <. By substituting (5) and (6) into (3), we obtain the N-soliton solutions of the
equation. To investigate the influence of variable coefficients on the spatial evolu-
tion structure of the N-soliton solutions, we select several sets of variable coefficients
and employ Maple software to visualize different types of V-soliton solutions in three-

dimensional space.

alt

2,(1)=1,6(t)=3
1
1+sin(¢)+cos(t)

()—t 5(t)=t
p(t)=1.5(1)=1.

Parameter (1):

B(t)=16(r)=1,

Parameter (2):

S

alt

(1)
(1)
Parameter (3): a(1)=1
(1)=

Parameter (4): ; ( )
cos

By substituting the above parameters into (5) and (3), we obtain the N-soliton
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solutions of the (2 + 1)-dimensional BKP equation. Selecting appropriate param-
eters allows us to plot the three-dimensional spatial structures of soliton solutions
under different coefficients. Parameters a,b,c,d correspond to case Parameters
(1), (2), (3), and (4). Through comparison of the soliton solution structures under
these parameter sets, we can clearly observe that the variable-coefficient cases ex-

hibit more complex spatial configurations. When s =1, the following parameters
are selected to construct four distinct spatial configurations of the 1-soliton solu-

tion (see Figure 1). (a) a)lz—é, gI:%;(b) @:%, g =-1;(c) 0)1:%,

1 1
glzg)(d) a)l =_§) g] =_1~

)

Figure 1. The three-dimensional profiles of the 1-soliton solution under four different coefficient conditions when y, =0.

(@) a(r)=2, B(t)=1, &(1)=3; (b) a(t)—;, B(t)=1, 6(t)=1;5(c) a(r)=1, B(t)=t, &(1)=1;

1+ sin(¢) + cos(¢)

@ af)=—"

, B()=1, s(t)=1.

tcos(t)

When s =2, the following parameters are selected to construct four distinct spa-

1 1
tial configurations of the 2-soliton solutions (see Figure 2). (a) o, = 3’ W, =——,

3
6 3 1 3 1
g1=—§, g2=5;(b) w1=—5, w2=—5, g =1, g=1;() w1=—Z,

3 3
> g1=—1, gZZE.

(d)

Figure 2. The three-dimensional profiles of the 2-soliton solutions under four different coefficient conditions when
1
=0(s=12). t)=2, t)=1, 6(t)=3; (b t)=——«——, t)y=1, o(t)=1; t)=1,
£=06=12) @ @()=2, A0)=1, 0)=35 ) al)=p o A=T, 8(0)=13 @ a()
1
~tcos(r)

B(t)=t, 5(t)=1;(d) afr) , B(t)=1, &(t)=1.
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When s=3, the following parameters are selected to construct four distinct

spatial configurations of the 3-soliton solution (see Figure 3). (a) @, = %, W, = % ,

a’sz_l’ g1:_£’ gzzé’ g3:l; ®) o=-——, a’z—_g’ a’s—i’

3 3 2 4 2 4

2 3 5 1 1 1 5 1

§i=3> 875 g3=z;(c) G=Tg OT e BT ST ST
& _i;(d) wlz_l’ wzzl’ a’3—_l’ g1:§) gz_é) g3:_l'
2 2 6 2 5 2

Figure 3. The three-dimensional profiles of the 3-soliton solutions under four different coefficient conditions when y, =0(s=1,2,3).

1
T+ sin(¢)+cos(7)

(@ a(r)=2, B(1)=1, &(t)=3; 1) a(r) , B(r)=1, 8(1)=15(c) a(r)=1, p(t)=t, 5(t)=1; (d)

3. Higer-Order Lump Solution

Based on the N-soliton solution, we first employ the long-wave limit method to
derive the N-rational solution. Subsequently, by imposing pairwise complexifica-

tion of parameters, we obtain the M-lump solutions for (2). To derive the M-lump

solutions, we begin by setting: y =1Ir, L O(1), @, > 0. Which yields the
o

1
following N-rational solution form:

s s 2127 A
1 1<N> o -
M A,qu Ay Aa EIMQ o
with

0, = X+gsy+ja_(i§tg)s dt,

_ 6B(1)g.g (g +g,) (8)
(e

where p, are free parameters, and % denotes the summation over all

s,Lk,q,--,m,n
possible combinations of s,/,k,q selected from 1,2,---,2M . By performing
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@@l)

pairwise complexification of parameters and selecting the following settings:
N=2M, g =c,+d,, 2y..=2.> (s=1,2,--,M), we substitute these into (7)
and (8). Finally, combining with the transformation (3), we obtain the A4-lump so-
lutions of the equation.

For the specific case of N =2:

f,=6-6,+A, 9
By substituting (9) back into (3), we obtain the 2-rational solutions of Equation
(2). Subsequently, through parameter selection with g, =¢,+d,, g, =c¢,—d,,we

derive the 1-lump solution of Equation (2). By choosing appropriate parameters,
we plot the spatial evolution diagrams of the first-order lump solution under dif-

ferent functional forms of « (t) 0 (t) and o0 (t) . With the parameter specifica-
tion (1): When selecting parameters as ¢, =%,dl = —%, we obtain three-dimen-

sional spatial evolution plots at different time instances. Extensive research has
been conducted by numerous scholars on lump solutions. As clearly demonstrated
in Figure 4, for the constant-coefficient Parameter (1), the lump solution exhibits
only translational motion in space over time while maintaining its structural in-

tegrity.

(@2) (a3)

Figure 4. For the case where y, = 0,(s = 1,2) , figure panels (al), (a2) and (a3) present the spatial evolution of the 1-lump

solution under constant-coefficient conditions at three representative time instants: r=-10, =0, and =10, respec-
tively. (a) a(t):2 R ,B(t)zl R §(t)=3 .

When selecting parameter set (b) ¢, :é, d, :%; (©) ¢ =%, d = —%; (d)

1
¢ ==, d, =2, parameters b,c,d correspond to case Parameters (2), (3), and
3

(4). We obtain three sets of spatial evolution diagrams for the variable-coefficient
equation as it varies with y . For Parameter (2), the lump solution exhibits a sin-
gle-peak-single-trough spatial structure similar to the constant-coefficient case.
Along the y-direction, only spatial translation occurs while maintaining structural
stability. With Parameter (3), both spatial configuration and position evolve sig-
nificantly with y : the initial double-peak-double-trough pattern gradually trans-
forms into a single-peak-single-trough structure before complete dissipation. This

novel solution pattern under variable coefficients demonstrates distinct dynamic
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behavior compared to conventional spatial evolutions. Notably, Parameter (4) yields
more complex co-evolution of spatial configuration and position with y . Com-
parative analysis of these three cases reveals that parameter selection critically de-
termines the solution’s spatial characteristics, confirming the pronounced struc-
tural instability and morphological variability of lump solutions in variable-coef-

ficient equations. See Figure 5.

(d1) (d2)

Figure 5. For the case where y, = 0,(s = 1,2), figure panels d1, &2, 33 (9 = b, ¢, d) present the spatial evolution of the 1-

lump solution under variable-coefficient conditions at three representative time instants: t=-10, t=0 and ¢=10, re-

! L B()=1, 6(1)=1; © a()=1, B(t)=t, 5(t)=1; @ a(t):#,

spectively. (b) a(r)= W s(1)

B(t)=1, &(t)=1.

Similar to the derivation of the 1-lump solution, by setting N =4,6 and
substituting into (7), while taking the parameters as g,,,. =g., g =c, +d,,
(S =12, 6) , we obtain the 2- and 3-lump solutions of Equation (2). Here, we

present the spatial structures of these solutions under both constant-coefficient
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and various variable-coefficient conditions through appropriate parameter selec-
tions. When N =4, we illustrate the solutions by choosing suitable parameters:

1 8 8 1 3 1
(a) CIZE’ dlz_g’ dlz_g’ d2=2;(b) clz_g’ d1=_5) czz_E)
2 5 1 1 3
d2=_2; (C) C1=_§) dlz_g) c2=Z) d2=1; (d) c1=_7) dlz_a)
c, = —%, d,= —% , the various obtained 2-lump solutions are illustrated in Fig-

ure 6.

X

Figure 6. The spatial dynamics of 2-lump solutions are illustrated for four different parameter cases at y, = O,(i = 1,2,3,4) . (a)

a(t)=2, B(r)=1, &(t)=3; b) a(t)= ! B(t)=1, 5(t)=1; () a(t)=1, B(t)=t, 5(t)=t; (d)

a(t)=tcols(t) (=1, &(r)=1
When N =6 ,we illustrate the solutions by choosing suitable parameters: (a)
c1=%, d1=—%, cz=—%, d,=-2, c3=—%, d3=—§; (b) c1=—%,
d1=—%, ¢, —%, dz——z, C3=l, d3=—%;(c) cl=%, dl=—§, CQ_%’
4 =1, 03=—%, dsz—i; ) c1=—%, d1=—%, czz—%, d, —§,

¢ =% , dy=—1.The various obtained 3-lump solutions are illustrated in Figure

Figure 7. The spatial dynamics of 3-lump solutions are illustrated for four different parameter cases at y, = O,(i = 1,2,-~-,6). (a)

1
1+sin () +cos(¢) ’

a(t)=2, B(t)=1, 6(1)=3; (b) a(t)= B(t)=1, &(t)=1; () a(t)=1, B(t)=t, &(t)=t; (d)

DOI: 10.4236/jamp.2025.1310188 3286 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1310188

K. K. Chen, M. L. Duan

(al)

4. Interaction Solution

4.1. 1-Lump Solution with 1-Soliton Solution

To obtain the hybrid solution combining 1-lump and 1-soliton, we take N =3 and
v, =y, =1r in (5):

fg :l_ed)] _esz +e<1)1+(1>2+A12

+e(D3 (1_e<1>1+A13 _e(I>z+A23 +eA12+A12+A12+<I)1+cD2)

(10)

where, ©.

1

satisfies the parametric condition given in Equation (6). Then, by set-

ting -0 and taking the limits @, >0, @, -0 in (10), we obtain the fol-
W,

lowing expression for f,:
f3 :916’24'/\12‘*'9(1)3 (916’2+A12+91V23+92V13+V13V23) (11)
with
—9(1)
0 =x+gy+|——=dt,
'[a(t)gs
B()wig, —5(t
h3(t)=J. ( )OJZt)g ( )'dt,
3
_ 6B()g.g(g+g,)
sl T
51 (g -2)
_ 64 (1) mg.g (g +g.) (s=1,2,1=3).
131 glg.wf +6(1)g ~25(1)g.g +()pl T T

In (11) and (12), we select the parametersas @, =, =a, +b,, g, =g, =c, +d,,

(12)

>

and substitute them into the transformation (3) to obtain the hybrid 1-lump so-
lution and 1-soliton solution of Equation (2). By choosing appropriate parame-
ters, we present spatial profiles of the hybrid solutions for both constant and var-

iable coefficients. The specific parameter values are given in Figure 8: (a) ¢, = —% ,

d1=Z

(a2) (a3)

Figure 8. Three-dimensional evolution profiles of 1-lump and 1-soliton solutions with real coefficients at time instants. (al)
t=-20;(a2) t=0;(a3) t=20.(a) a()=2, B(r)=1, 5(t)=3.
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1 2 1

When the parameter is taken as (b) ¢ = -5 d, =§ , @ = -3 g =1,

1 3 1 1 5
73=05 (o) clzg’ dlzg’ a)3=5, g =1, 7,=0;(d) cl=5, d1=5;
g = —% » g =1, y,=0.The spatial evolution patterns of various hybrid 1-lump

and 1-soliton solution are shown in Figure 9.

@dn (d2) (d3)

Figure 9. Three-dimensional profiles of 1-lump solution and 1-soliton solution under three variable-coefficient condi-

tions. (b) a(r)= !

W, ﬂ([):l’ 5(1)21, l=—20, t:O, t=20;(C) a(t)zl, ﬂ(t)zt, 5(t)=t,

1
tcos(t)

t=-10, t=0, t=10;(d) a(t)= , B(t)=1, 6(t)=1, t=-10, t=0, ¢=10.

4.2. 1-Lump Solution with 2-Soliton Solution

Following a similar methodology to the hybrid 1-lump and 1-soliton solution con-

struction, we may derive the hybrid solution comprising 1-lump and 2-solitons.
Based on Equation (5) with parameter selections N =4, y,=Ix, y,=Ir,then

imposing the limits o _ 0, , >0, o, >0 in (10), we obtain the following
2
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expression for f4
f4 =00,+A, +e™ (‘9192 +AL+OV,;+0,1;+ V13V23)
+e™ (‘9192 +A, OV, +0,1, + V14V24) (13)
+e™ I (0,0, + Ay + 0y + OV + V)

with

0. =x+gsy+ja_g§2 dr,
twlg, —5(t

h3(1)=-[%dt,

6ﬂ(t)gsgl (gz +gs)
Ay =- 2

o0) e -2.) o

Vo= 6ﬂ(t)wzgsg1(g1+gs)
1 3p(1)gig ) +5(1) g ~26(t)g,8,+5(1) Pl
o = 3ﬁ(t)g3g4(a)3 —a)4)(a)3g3 —a)4g4)+6(t)(g3 _g4)2 ,(S=1,2,l=3,4).

3,B(t)g3g4(a)3+a)4)(a)3g3+w4g4)+5(t)(gs—g4)

By selecting the parameters @, = =a,+b , g, =g =c,+d,, (s=12)
and substituting them into transformation (3), we obtain the 1-lump and 2-soliton
hybrid solution for Equation (2). Furthermore, by choosing appropriate parame-
ter values, we present spatial profiles of the hybrid solutions under both constant-

coefficient and variable-coefficient cases. The specific parameter selections are

1 1 1 2 2 1
as follows: (a) cl:Z’ dlz_g’ Pi=—> p4=—§, W, ==, a)4=—Z, 7,=0,

7, =0. See Figure 10.

Figure 10. Three-dimensional evolution profiles of 1-lump solution and 2-soliton solutions with real coefficients at time
instants. (al) t=-5;(a2) r=0;(a3) r=15.(a): a(r)=2, B()=1, 5(¢)=3.

When the parameter is taken as (b) ¢ _1 , d, =§, g, =l, g, =_l,
2 2 2 4
1 1 1 7 1 1
a)3=5’ CU4=_§, 73=O’ 7/4=0;(C) c1=Z) dl:a, g3=5y g4=_Z)
1 1 1 5 1 1
a)3—5, a)4=—§, 73=0, 7,=0;(d) Cl:E’ dl:E’ gszg’ g4=_Z’
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o, = 1 , @, = 1 , 7,=0, 7,=0.The spatial evolution patterns of various hy-

2 3
brid 1-lump and 2-soliton solutions are shown in Figure 11.

dn (d2) (d3)

Figure 11. Three-dimensional profiles of 1-lump solution and 2-soliton solutions under three variable-coefficient conditions.

1 _ _ __ _ —10- - - - -
(b) a(t)—m, ﬂ(l)—l, 5(t)—1, t=-10, t=0, ¢ 10,(C) a(t) 1, ﬂ(l) t, 5(f) t, t 10,

t=0, t=10;(d) a(t)= , B(1)=1, &(¢t)=1, t=-10, t=0, t=10.

teos(1)

5. Conclusion

Employing Hirota’s bilinear formalism, this study conducts a systematic investi-
gation into the construction methodology of diverse exact solutions for the (2 +
1)-dimensional variable-coefficient BKP equation, where the N-soliton solutions
are rigorously derived from the fundamental bilinear equation through direct com-
putation, while the A-lump solutions and their nonlinear superposition with sol-
iton solutions are successfully obtained by implementing the sophisticated long-

wave limit technique combined with the complex conjugate parameter pairing strat-
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egy, with all solution structures being meticulously visualized through three-dimen-
sional spatial plots generated by Maple’s symbolic computation platform under var-
ious configurations of time-dependent coefficient functions, and furthermore, by
judiciously selecting appropriate parameter combinations, a comprehensive anal-
ysis is performed to elucidate the distinctive dynamical characteristics exhibited by

these exact solutions under different physical scenarios.
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