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Abstract

In this paper, we mainly investigate the Cauchy problem for the 3D incom-
pressible magnetohydrodynamic (MHD) equations with damping terms. Un-
der a certain smallness assumption on the initial data, this paper not only es-
tablishes the global existence of strong solutions to the equations when param-
eters satisfy 1< a, 5 <3, but also obtains the decay estimates of the solutions

to the MHD equations.
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1. Introduction and the Main Results

In this paper, we consider the following 3D impressible MHD equations with damp-

ing terms:

Ou+u-Vu—Au+|u " U+VP=b-Vb,

|IZ
db+u-Vo—Ab+|p|" b=b-Vu,
divu =divb =0,

u(O,x):uo, b(O,x) =b,.

(1.1)

here, xeR’,¢t>0, and u :(ul,uz,zf)(x,t) , b :(bl,bz,b3)(x,t) , P=P(x,1)
denote the density, velocity, magnetic and pressure of the fluid, respectively. In
the damping terms, «,f>1 arereal exponentsandif a=1 (resp. f=1), we
actually mean there is no velocity (resp. magnetic) damping. The damping terms
are used to describe nonlinear dissipative mechanisms. Their core role is to regu-

late the energy dissipation rate through the magnitude of velocity or magnetic field,

DOI: 10.4236/jamp.2025.1310183  Oct. 10, 2025

3213 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2025.1310183
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2025.1310183
http://creativecommons.org/licenses/by/4.0/

Y.Y.Dan

reflecting the nonlinear relationship between resistance and motion intensity in
physical systems. The damping arises from the resistance opposing the flow mo-
tion. It accounts for a variety of physical phenomena, such as porous media flow,
drag forces or frictional effects, and certain dissipative mechanisms. In MHD flow
within porous media (such as subsurface magnetohydrodynamic exploration or
oil and gas reservoir development), the damping terms can describe the nonlinear
seepage resistance of fluids in complex pore structures (e.g., nonlinear correction
of Darcy’s law). Specifically, a larger « value indicates a stronger retarding effect
of pores on high-speed flow, while alarger £ value signifies more significant non-
linear variation in the permeability of the medium under strong magnetic fields.

When b=0, problem (1.1) reduces to Navier-Stokes with damping,

8tu+u-Vu—Au+|u|{Hu+VP:0,
(1.2)

u (0, x) =u,.
The physical background of problem (1.2) was introduced firstly by Cai and Jiu

[1], they obtained the global existence of strong solutions when o > % , and the

7
strong solution is unique for ) <a <5.1In [2], Zhang, Wu and Lu proved for

a>3 and u, e H' NnL*" that problem (1.2) has a global strong solution and

the strong solution is unique when 3 <a <5. Zhou [3] proved that the constant
3 was the critical in some sense and established regularity criteria for 1<a <3

2 3
as follows: assume that u(#,x) satisfies ue L’ (0, T: LV) with =+=<1,
s

. " 2 3 .
3<r<w or VueLS(O,T;L’) with —+=<1, 3<7 <o, then the solution re-
5 7

mains smooth on [O,T ] . Later, Zhong [4] proved that the strong solutions exist

globally for 1<« <3.In addition, we also refer to [5]-[7] for related works. In
the presence of magnetic field, Ye [8] first presented the definition of weak solu-

7
tion, concerned the preliminary I’ decay for weak solution for «,/ > 3 and

showed the global regularity of problem (1.1) if one of the following five conditions

verifies:
az=4, f>4;

3cq<l, 1< p3%HS

2 2a-5 a-1
Z< 4, 5a+7£ﬁ£3a+5,

a a-—1

PP PLUNELALPY Py

3 2a

U g, 2957 g otS

3 2a a-3

Later, this result was improved by Zhang et al [9], the unique global strong solu-

2
tion to problem (1.1) was obtained for one of the four conditions: 3<a S%,
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7 : Z<a<4, ﬂ25a+7, CZZ4, ﬂZISUb-
200-5" 2 2a
sequently, Ma and Zhang [10] proved that the global regularity of 2D generalized
magnetohydrodynamics equations with magnetic damping provided that 0 <« <1,

S >3. Recently, Li and Xiao [11] proved the existence and uniqueness of global

27 7
>4; “L<a<—, f>
p 8 2 P

strong solution when one of the following two conditions is verified: 1) 3< o <4,

6
B= —1+1 ;2) a=4, B>1.However, the global existence of strong solution
a—

to problem (1.1) for 1< @, <3 is still unknown, and the I’ decay solution
for u,,b, e’ (]R3 ) AL <R3) is an interesting problem when 1<a, 8 <3. Moti-
vated by [8] [9], the aim of this paper is to investigate the global existence of strong
solution to system (1.1).

As regards the damped MHD equations (1.1), the definition of strong solution
is as follows.

Definition 1.1 The triplet (u,b,P) is called a strong solution to (1.1) in
R*x(0,T) if (1.1) holds almost everywhere in R*x(0,7) and

uel” (o, T, H' (R )) NI (0, T, H* (R’ )) bel” (O,T;H' (R’ )) NI (0, T H* (R’ ))

Now, we can state the first main theorem of the present paper:

Theorem 1.1 Let u,,b, € H' (R3) with divu, =divb, =0 . Assume that
1<, <3, then there exists a positive constant &, independentof u,,b,,c,
such that if

o J7 )+

o+l 1

e+l +m

the problem (1.1) has a unique global strong solution.

whﬁjs%, (13)

In the following, we consider time decay rate of solutions to problem (1.1). The
motivation is to understand how the «, f affect the time decay rate of its solutions.
Here, we contrast with the heat equations and study the decay rate of solutions for
problem (1.1), and give the L’ decay of solutions for u,,b, € I’ (R3 ) ~L (R3) )
We present the second main theorem as follows:

Theorem 1.2 Let uy,b, € H'(R*) with divu, =divh, =0. Assume that

1<a,B<3, u,byel’ (R3)0L1 (]R3), then for the solution (u,b)(x,t) of

problem (1.1), there exists a positive constant
C=Clen il ol Jal i) such tha

. {l’la—2‘3ﬂ7—2}

[(.0) ()}, < C(142) ™12 (1.4)

Remark 1.1 The time decay problem of solutions to the dissipative equations
implies that the trivial solution is asymptotically stable. It is an interesting problem
to study the time decay rate of solutions to dissipative equations. We improve this
decay result obtained by Ye [8] in Theorem 1.2.

Remark 1.2 It is worth noting that 1< «, # <3, thus using Hé6lder’s and Sob-

olev’s inequalities yields
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3a-3

2
- [

B+l =L RLs
ssClplf ol a9

a+l

s-a
2
o <Clo 7 [Vas|

"uO I

Consequently, it follows from (1.4) that the problem (1.1) admits a unique
global strong solution when the norm "(uo,bo )”L2 "(VuO,VbO )"LZ is sufficiently
small.

The rest of this paper is organized as follows. In Section 2, we state some ele-
mentary facts and inequalities that will be used later. In Section 3, we are de-
voted to the local existence and uniqueness of solutions. In Section 4, we give
the proof of Theorem 1.1. Finally, we establish the L’ decay of solutions to prob-
lem (1.1).

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that
will be used later. Now, we begin with the following Gagliardo-Nirenberg inequal-
ity, which can be obtained by [12].

Lemma 2.1 Let 1< p,q,r <o, and j,m are arbitrary integers satistying

0< j<m. Assume that ueCf(]R"). Then

||D"u < C||u||l;

yid

Dmu";_ , where —j+%:(1—a)§+a[—m +§j ,

and

[i,lj, if m—j _n is an nonnegative integer,
m r
ae (2.1)

[i , 1} , otherwise.
m

Then, constant C depends only n,m, j,q,r,a.

Next, we give the following Gronwall’s inequality (see [13]), which plays a key
role in the proof of the priori estimates on strong solutions (u,b,P) .

Lemma 2.2 Suppose that h and r areintegrable on (a,b) and nonnegative

a.e in (a,b). Further assume that y e C[a,b], y'eL(a,b), and
V' (1)<h(t)+r(t)y(r) forae te(a,b).
Then

y(t)S[y(a)+J:h(s)exp(—J:r(z’)dr)ds}exp(ﬂr(s)ds), te [a,b].

Finally, in order to obtain the uniform bounds in next section, we present the
following lemma, which can be found in [14].
Lemma 2.3 Let geW" (O,T) and kel (O,T) satisty

d .
d—‘fSF(g)—i-k in [0,7], g(0)<g,,

where F isboundedon bounded sets from R into R. Then, forevery ¢>0,

there exists T, independentof g such that
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g(t)<g,+e&, VI<T,.

Next, we consider the Cauchy problem of heat equations

u,—Au=0,? u(O,x)=u0 (x), (2.2)

we have the following space-time estimates:
Lemma 2.4 (see[15]) Let 1< p<q<ow and u,(x)el’ (R3) . Then, for p>0,

problem (2.2) satisties the following estimates:

3(1 1
Jue(x.0)] , <cf[75] ] (2.3)

,L}(LLJ
<Ct 22 V], - (2.4)

14

H(_A)’z’ u(x.1)

3. Local Existence and Uniqueness of Solutions

In this section, we will prove the following local existence and uniqueness of strong
solutions to the Cauchy problem (1.1) by giving the a priori estimates later.
Theorem 3.1 Zet u,,b, € H' (]R3) with divu, = divh, =0 . Assume that

1<, B <3, then there exists a small positive time T, >0 and a unique strong
solution (u,b,P) to the Cauchy problem (1.1) in R? x(O,To] .

In order to give the proof of Theorem 3.1, we first derive the following key a

priori estimates on E, () defined by
0)2[(wb) (1), +1.

More precisely,

Proposition 3.1 Let u,,b, € H'(R*) with divu,=divh, =0 and (u,b,P)
be a solution to problem (1.1) on R? ><(0,T ] . Then, there exists a small time
T, e (O,T ] and a positive constant C dependingonlyon o, and E, such
that

sup E,(t)<C.

1€(0,75]

Proof. Testing (1.1)12 by u,b, respectively, and adding the resultant equations,

it follows from the divergence theorem that

o Bl + (Ve V)L

2
LZ N2+l

Tl
=—[( u-v)u-udx+j(b-v)b-udx—j(u-v)b-bdx+j(b-v)u-bdx (3.1)

=[(b-V)(b-u+u-b)dx=0,
thus integrating with respect to ¢, we get

o2 + [l

Multiplying (1.1):. by u

a+l1

e L s () as <) 62

.,b,, respectively, and adding the resultant equations,

then applying Cauchy-Schwartz inequality gives
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B+l 2

"b 1P+ +|| U t

o+l
" ||L2 +1d ” i /3+ld
=—j (u-V) u-udx+j (b-V)b-udx—[(u-V)b-bdx+[(b-V)u-bdx (3.3)

(5

Similarly, testing (1.1);. by —Au,—Ab and integrating the resulting equations

2| b VB[ +|u- VB[ +]b-Vul dx.

over R’,we have
1d a :
e Ve el v T v e (aw an)
= [(u-V)u-Audx—[(b-V)b-Audx+[(u-V)b-Abdx—[(b-V)u-Abdx (3.4)
1 1
< E"(Au,Ab)"; +5] -Vl +|p-VE[ +|u- VB[ +[b-Vuf dx.

Gathering the above equation with (3.3) and applying the Gagliardo-Nirenberg
inequality, Sobolev’s inequality, we get

2
12

p+1

"b )2 +||(“t bt)

_” v)l;+ +1dt" o+ ,B+1d
+aflu” Vuf dx+ B[[p]"" (VB[ dx+|(Au B[,

< lu-vul +|p- Vo[ +u- VB[ +]b-Vul dx (3.5)
<ol [y + bl [8f: + ol [l sl 193]
<lawan)f, +clvuve)f.
Note that E, ( _|| u,b)( || +1, now integrating (3.5) with respect to ¢ and
combining (3.2), we have
E, (1)< C+CexpC[ B (5)ds ). (3.6)

Let E(t I E2 ds then (3.6) can be rewritten as

%E(r) <[c+Cexp(cE()].

Hence, combining the above inequality and Lemma 2.3, we obtain the desired
result. This completes the proof of Proposition 3.1.

After giving a priori estimates in higher norms, using a standard Galerkin method
(see [16]), we obtain the local existence of strong solutions. And the uniqueness
of strong solutions follows from the weak strong unique result in [8]. Here, we omit

the details. This completes the proof of Theorem 3.1.

4. Proof of Theorem 1.1

According to the local well-posedness obtained by Theorem 3.1, we derive the proof
of Theorem 1.1 in this section. Throughout this section, we define

E, = "(“o’bo)

2

E (1)% ;l[lop]||(w,vza)||; . (4.1)

LZ b
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Before giving the proof of Theorem 1.1, we need the following lemma, which
plays a key role in the proof.

Lemma 4.1 Let (u,b,P) be the strong solution to the problem (1.1) on
R? x(O,T ) . Then, there exists an absolute constant C independent of T,c ,
and [ such that for any t€(0,T), there holds

sup |( || Vu,Vb) L2 _|| Vu,, Vb, ) %"uo (Zﬂl
selo] 1 (4.2)
+m||b o +CE, sup || Vu, Vo),
Proof 1t follows from (3.5) that
d o+ +
O s Rt L AR (0
+a [l Vul de+ B[[p]" VB[ dx+|(Au, B[, (4.3)

6
<C|(Vu, Vb,
Now, integrating (4.3) with respect to ¢ and applying Hoélder inequality, (3.3),
we arrive at

o+l

L sup [+ [ (a0 0

ssel[??]” Vu v " a+1il[t€] ||u /)’+
< C|(Va. v )+ sup s + 5 ﬂ RALLE

+ sup " Vu,Vb ” I ” Vu,Vb " (4.4)
< C"(VuO,VbO) et sup ||u0 Z':ll +ﬁ+l S}lp I, f}fl

+CE, sup " Vu Vb ”
[0.7]
This completes the proof of Lemma 4.1.
Lemma 4.2 Let (u,b,P) be the strong solution to the problem (1.1) on
R’ X(O,T ) Then, there exists a positive constant &, independentof T,a , and

p such that
2 1 a+ 1 +
s [(Va Vo)L, <2[[(Vuy VB, )L +—— e m||b0|f,,+‘] ., (45)
provided that
E, ("(V”mwjo) iz +ﬁ"”o Zatll ”b fﬁtll J =& (4.6)

Proof. As stated in (4.2), E, (z)ésupse[o’t] "(Vu,Vb)"L2 , which implies that
E, (t) is a continuous function on [0, T ] . By (4.3), there is an absolute constant

M such that

£)<|(Vuo, VB, [ + ||u0 P+ MEEL (1), (4.7)

LoH]

a+l 1
+ m"b0
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We define

A 1 a+

T, = max {t e[0,T]: E (s)< 4||(Vu0,Vb0) iz +m"u0 Lmll
| (4.8)

+m"b0 fﬁtll ,VS S [O,t]},
and assume that
1 at + 1

ME, (”(Vuo,VbO)"; r——u, Lal] ||b o j 5 (4.9)

Now, we claim that
T.=T.

Otherwise, which implies 7. €(0,7T). Applying the continuity of E,(¢) and
(4.7) - (4.9), one has

a+ 1 +
E, (T.) <|(Vu,, || o e +m||b Pon + ME,E? (T.)
Vu,,V Up|| et +— pl
<|(ve.h || pet e L 72
+ME,E, (T. [4|| Vi, Vb, )| + ||u0 o +%||b0 f;j,]
o+ + 1
< " (Vitg, V) " "”0 L‘”ll "b fﬁjl EEl (7).
which implies that
2 a+ 2 +
E, (T) < 2||(V”05Vb0) jz +ﬁ"”o Lall +ﬂ_+"bo fﬂll ’
this makes a contradiction with (4.8).
Taking ¢, = 8LM , we deduce that
2 ax 2 N
E, (1) <2](Vay V3, )|, [ er"b0 S, 0<<T,

provided that (4.6) holds true. Thus completes the proof of Lemma 4.2.

Next, we present the proof of Theorem 1.1.
Proof of Theorem 1.1 As stated in Lemma 4.2, &, is constant and assume that

u,,b, € H' (R3) with divu, =divh, =0, and

a+l1
“ o +1

——lb

S+1
FEREX:E

In Theorem 3.1, we obtain a unique local strong solution (u,b, P) to the Cau-

E, [||(vuo,w)0 el +

chy problem (1.1). Assume that 7, isthe maximal existence time to solution.
Now, we shall prove that 7, =00 by contradiction. According to the regularity
criteria obtained by Zhou in [3], we can deduce similarly that problem (1.2) has
regularity criteria as follows: if u(t,x),b(t,x) satisfies u,be L’ (O, T;L’) with
2

) ) 2
—+§Sl,3<r<oo or Vu,Vbe L'(0,T:L) with T+§s1, 3<i<m . As-
s r s 7
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2
sume that 7. <o, it follows that for any (s,7) with —+E <1, 3<r<w,

Jo lew.

using Sobolev inequality gives

IOT* ”(Vu,Vb)"j2 dt = 0. (4.10)
Forany 0<T <T,,itholds from Lemma 4.2 that
2 1 at .
S‘;E]" (Ve Vb )|, <2[(Vato, VB, ) ol o+ ||b Il @1

Thus, we deduce from (1.5) that
IN\AD) X

o+l
IIb

L+l

(|| Vu i)+ o,

pB+1 j
L/Hl
, 1 5-a 3a-3 5-p 353
< 4[||(vuo,Vb0 )||L2 +ﬁ"u0 ||L22 V| 2 +ﬁ||b0||ﬁ2 Vb, 22 JT

< +o0,
this contradicts with (4.10). This contradiction implies that 7, = and we obtain

the global strong solution. This completes the proof of Theorem 1.1.

5. Proof of Theorem 1.2

In this section, we are devoted to the proof of Theorem 1.2 by using property of
the heat equation. Assume that v,/ are the solution of the following equation:
v,—Av=0, v(0,x)=u,, h—Ah=0, h(0,x)=bh,. (5.1)

If u,(x),b)(x)el (R3) , we obtain from (2.3) that

3 3
Ml < €t #Jull» Nl < €t * ] (5.2)

I |
Let w=u—-v,z=b—h,then w,z satisfy the following equations:
atW—Aw+u~Vu+|u|{Hu+VP:b‘Vb,
0,z Az +u-Vb+[p/" b=b-Vu,
divw=divz=0,
w(O,x)=0, z(O,x)zO.

(5.3)

Proof of Theorem 1.2 Testing (5.3) |, by w,z, respectively, and adding the re-
sultant equations, it follows by integrating over R’ that
2
Salon 2 ol
:—ZI 0 wfdx+zj bo.b'wdx — Zj Ju,0.b' 2/ dx
i,j=1 i,j=1 i,j=1
(5.4)
+ZI bou’ z/dx — .[ |ua " wdx — I |b|ﬂlb de+f VP-wdx
i,j=I

3¥i0

a+l

el ¥ e 11

a+l 1
—5||b

La+l

1
<CIv- |( o el o = e
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where we have used the facts that

3
Lo’ W dx — Zj Ju,0.b’ 2/ dx| +
i,j=1

3
bop W+ Y [ bou'z dx

ij=1

= ‘i Joudu! (=)= 32 [’ (b’ hj)dx‘
i,j=1

i,j=1

+ 23: bob (u = )dx+ 23: [ bow’ (bf —h')dx

i,j=1 i,j=1 ‘

3
0 dx+ zj J1,0,h7b’ dx| +

3
(bOV B dx+ Y [ b uldx
i,j=1

<C IIVVIILw .Y + IRl el Lol

Lza
and by the definition of w,z gives
[ e wde = [ | b zd
= [l (= v)yde— [ [p| b (b—h)d

a+l1

= —||u ! - ||b fﬁtl[ + IRS |M D! - u- de + .LR3 |b|ﬁ71 b . hdx
1 FARYe ¥ el L a8

Applying Lemma 2.4, one has

1

i En
Vo], . [VA|, < C2, V] e < Ct 0 “*‘), ] < Ct | ﬁ+1].

Then, it follows from (5.4) that
d 2
EH(W’Z) ?

<C(1+0) (), +C(1+1) ol 2} Vi1

a+l

7+ + "b o

L,8+1

(VW, Vz) iz

(5.5)

Since ||(u,b)||L2 < C, using Fourier splitting method (see [6]), we have

3a-2 38-2

[(w.2)][} < c(1+t)’"““{l’T’T}, Vi1, (5.6)
According to the analysis above, it directly follows that

o) =0+ ) < Il + ot + Iz + €

238-2
<C(1 +t)’5 +C(1 +t)’“‘"’{"T’T} (5.7)
3a-2 38-2

<C(1 +t)’“““{"T’T} , V> 1.

Next, we shall find sharper estimates by using this first preliminary decay to boot-
strap. Summing up (5.5) and (5.7) gives

a+1

L{z+] +||b o

d
a2 27 9=l + el

(5.8)

a-2 3p-2

SC(l+t)_2(l+t)_mi"{]T’ 2 }+c(1+x) 57, v,

from which we infer that
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0.0 <) (e ™05 oyl .
3a-2 352 ’

<C(1+ t)’mi“{l’T’T} , Vi1

By the definition of w,z and the bootstrap argument, we finally get the same

decay rate to (5.7). This completes the proof of Theorem 1.2.
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