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Abstract

In this paper, we consider the derivation of constitutive theories for a linear
micromorphic polymeric solid medium in which the microconstituents, the
solid medium and the interaction of the microconstituents with the solid me-
dium have mechanisms of elasticity, dissipation and rheology. Thermodynam-
ically and mathematically consistent conservation and balance laws derived by
Surana et al in a recent paper for linear micromorphic solids are utilized in the
present work. The conjugate pairs in the entropy inequality, in conjunction with
the axiom of causality, are used in establishing constitutive tensors and the ini-
tial choice of argument tensors. These are modified or augmented to incorporate
a more comprehensive ordered rate mechanism of dissipation and rheology for
the microconstituents, the medium, and the interaction of the microconstituents
with the solid medium. The constitutive theories presented in the paper provide
spectra of viscosities and relaxation times. Constitutive theories and the material
coefficients are derived using the representation theorem based on integrity. Sim-
plified forms of the constitutive theories are also presented. It is shown that the
complete mathematical model, consisting of the conservation and balance laws
and the constitutive theories, has closure without the use of the conservation
of microinertia law advocated and used by Eringen and another additional bal-
ance law also used by Eringen to obtain six equations needed for closure; both
of these laws are outside the thermodynamic framework.

Keywords

Linear Micromorphic, Microcontinuum, Conservation and Balance Laws,
Constitutive Theories, Integral- Average, Integrity, Representation Theorem,
Dissipation, Memory, Rheology, Polymeric Solid

1. Introduction and Scope of Work

Surana et al. in reference [1] presented the derivation of conservation and balance
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laws for a linear micromorphic elastic solid, including constitutive theories. The
authors also presented a review of pertinent published works on 3M microcontin-
uum theories [2]-[32]. Discussions of the works in these references are omitted in
this paper for the sake of brevity; the interested reader can refer to [1]. The authors
in reference [1] concluded that the works of Eringen and Eringen et al. [7]-[24]
are viewed as the most prominent and complete works on 3M theories. There are
many other works besides these, but all such works primarily follow Eringen’s ap-
proach with minor derivations. Surana et al. in references [33]-[55] have consid-
ered many aspects of micropolar theory, in which the authors have pointed out
issues and concerns related to similar theories published by Eringen and Eringen
et al. The authors have presented many model problem studies in their works to
demonstrate the validity of their published theories. The issues and concerns pointed
out by Surana ef al in connection with micropolar theories become far more se-
rious in the case of micromorphic theories. The authors showed that the deriva-
tion of the conservation and balance laws for linear micromorphic theory pre-
sented in reference [1] is thermodynamically and mathematically consistent. Su-
rana et al. also compared the derivation presented in reference [1] with the works
of Eringen on linear micromorphic theory for a solid medium and provided de-
tails of the differences between the two theories. It was clearly established in ref-
erence [1] that Eringen’s work on micromorphic theories has many issues and con-
cerns: incorrect definitions and concepts, incorrect derivation of some balance
laws, incorrect integral-average definitions, unjustifiable use of weighted integrals
in deriving balance laws; the use of constitutive tensors and their argument ten-
sors and the approach of deriving constitutive theories that cannot be supported
by the well-established representation theorem, and the use of conservation of mi-
cro inertia, etc.

The conservation and balance laws presented in reference [1] do not have any
of these issues and concerns. Their derivation abides by the laws of thermodynamics
and well-established concepts in applied mathematics, such as the theory of isotropic
tensors. The linear micromorphic theory [1] is shown to be thermodynamically and
mathematically consistent.

In this paper, we utilize the conservation and balance laws derived by Surana et
al [1] for a linear micromorphic elastic solid medium to present the derivation of
constitutive theories for a linear micromorphic polymeric solid medium with elas-
ticity, dissipation and rheology. The microconstituents, the solid medium, and the
interaction of the microconstituents with the solid medium all possess elasticity,
dissipation, and rheology mechanisms. All three dissipation and rheology mech-
anisms are described by ordered rate theories in which the constitutive tensors
and/or their argument tensors can consist of rates of up to any desired orders.
This approach leads to spectra of dissipation coefficients and spectra of relaxation
times for the microconstituents, the solid medium, and the interaction of the mi-
croconstituents with the solid medium. The initial determination of constitutive

tensors and their argument tensors is made using the conjugate pairs in the entropy
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inequality, which are modified to incorporate more comprehensive dissipation
and rheology mechanisms. Constitutive theories are derived using the represen-
tation theorem based on integrity (the complete basis of the spaces of constitutive
tensors). Material coefficients are derived in each case. Simplified forms of the
constitutive theories are also presented. It is shown that the complete mathemat-
ical model, consisting of conservation and balance laws and the constitutive the-
ories, has closure without the use of the conservation of micro inertia conservation
law advocated and used by Eringen and is thermodynamically and mathematically

consistent.

2. Micro and Macro Deformations, Preliminary
Considerations and Various Measures

In an isotropic, homogeneous solid matter containing microconstituents, the
macro deformation of the solid medium is influenced by the micro deformation
of the microconstituents. Thus, there needs to be a mechanism through which
macro deformation can be modified depending upon the specific nature of micro
deformation. In 3M microcontinuum theories, we precisely try to accomplish this.
Consideration of each microconstituent with different position coordinates within
the volume of matter and establishing its deformation physics is a formidable task.
Instead, we consider a more practical approach. Since material points in contin-
uum mechanics are finite volumes, we consider subdivision of the volume of mat-
ter in material points. We further assume that each material point has finite num-
ber of microconstituents that have their own position coordinates. Consideration
of each microconstituent deformation within the material point is no simpler than
the original problem of the entire volume of matter with the microconstituents.
To make this problem tractable, we assume that the deformation of all microcon-
stituents at the material point is some statistically averaged deformation. We fur-
ther assume that there exists a surrogate configuration of microconstituents in
which each microconstituent has the same response at the material point; further-
more, this response is also the same as statically averaged response of the origi-
nal configuration of microconstituents in the volume of the material point. With
these assumptions, we only need to consider the micro deformation of one sur-
rogate microconstituent and its influence at the center of mass of the material
point.

Referring to Figure 1, ¥ +0V and ¥V +0F are undeformed and deformed
volumes of a material with the center of massat P and P in the reference and

the current configurations. x locates the center of mass of the material point in

(a) (@)

the fixed x -frame and x'* and x/ locate the microconstituent “a ” with

respect to the fixed x -frame and with respect to the center of mass of the mate-

rial point in the reference configuration. Likewise, X, J_C(a) (@)
()

and X' are the

@) are called

(a)

corresponding quantities in the current configuration. x’ and X

directors in the reference and the current configurations. The deformation of x
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(or )jc(a)) characterizes the microdeformation of the microconstituent « . Since

in this theory there is only director in the material point, based on Eringen [23]
[24], the microcontinuum theory is referred to as a microcontinuum theory of
grade one. A microcontinuum theory of grade 7 willhave 7 directorsin each
material point. The rationale presented for one director applies to # groups of
microconstituents leading to 7 directors. Using details in Figure 1, Surana et al.
[33] have presented the derivation of nonlinear deformation measures for 3M the-
ories. These measures have been used by the authors to present: a nonlinear mi-
cropolar theory for thermoelastic solid matter, a nonlinear micropolar theory for
thermoviscoelastic solids [56], and for polymeric solids [56]. More recently, the
authors have also presented a linear micromorphic theory for thermoelastic solid

matter [1].

Figure 1. Undeformed and deformed configurations of material point volume.

In all of these works by Surana et al. and also the works [33]-[55], there are
some common concepts used that are different from those in the published works
on 3M theories. These are described here: 1) It is now quite well established in the
® (dueto
Vxu=e;x O,) describe rigid rotations of the microconstituents in the 3M theo-

published works of Surana et al. that classical rotations

c

ries, thus eliminating the need for ,® rotations as unknown rotational degrees

of freedom for the microconstituents. 2) In microcontinuum theories, rotations
and moments constitute a new kinematically conjugate pair in addition to force
and displacement. It has been shown [45] [55] [57] that this new kinematic pair
requires a new balance law, the “balance of moment of moments” that is not used
in any of the published works. This has led to spurious constitutive theories. 3)
Mathematical consistency of the constitutive theories is always ensured when the
constitutive theories are derived using the representation theorem. 4) In the pre-
sent work, the degrees of freedom for microconstituents are known rigid rotations

(2)

.® and six independent components of ¢J'* (unknown), constituting a total

of nine degrees of freedom in which only six are unknown. The rationale for this
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choice and a comparison with Eringen’s work in which all nine components of
J“) (unknown) together with unknown rigid rotations ,® are microcon-
stituent degrees of freedom, is presented in reference [1]. 5) Additive decomposi-
tion of the stress tensor essential to establish correct constitutive tensors are never
considered in Eringen’s works. A consequence of this is a wrong choice of stress

constitutive tensor(s).

3. Conservation and Balance Laws for Linear Micromorphic
Continua

The derivations of the conservation and balance laws for a linear micromorphic
microcontinuum solid medium have been presented by Surana ez a/ [1]. The der-
ivation is initiated by applying the conservation and balance laws of classical con-
tinuum mechanics to the microconstituents. The resulting equations for the mi-
croconstituents are used to define “integral-average” definitions for the macro con-
tinua and then used to derive the macro conservation and balance laws. The der-
ivation presented in reference [1] shows major differences between the approach
used by Surana et al compared to Eringen [7]-[24]. A discussion of these differ-
ences has been presented in reference [1] to point out major weaknesses in the
micromorphic theory presented by Eringen [7]-[24]. In this paper, we follow the
conservation and balance laws for a linear micromorphic solid medium presented
in reference [1] in the Lagrangian description. These are given in the following.
Conservation of mass, balance of linear momenta, balance of angular momenta,
first and second law of thermodynamics and balance of moment of moments are

given in the following.

po(x) =] p(x.1) (1)

Py = PyFy =0y, =0 (2)

€ (O 8,0 )+, =0 (3)

pe—0:J =80 -V.-g—(,0-(V-m)+m:°J)=0 (4)
po(¢+n9)—azj—s:j(a)+%—(ﬂ®~(V~m)+m: CGJ')SO (5)
e, =0 (6)

This mathematical model consists of seven partial differential equations: balance
of linear momenta (3), balance of angular momenta (3) and the energy equation (1)
in thirty-four dependent variables: u(3),0(9),5(6),m(6),4(3).6(1), T (6).
Thus, additional twenty-seven equations are needed for closure. Constitutive the-
ories provide twenty-one equations: &(6),S5(6),m(6).q (3) . Thus, additional six
equations are needed for closure of the mathematical model. These are discussed
in the following.

Eringen and Eringen ef al. [7]-[24] proposed a new balance law to obtain ad-
ditional six equations needed for closure of the mathematical model. He proposed

that the sum of the symmetric part of stress tensors o and § must be equal
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to the gradients of the symmetric part of the moment tensor. First, this balance
statement is not part of thermodynamics, hence cannot be used in this thermo-
dynamic framework. Secondly, the moment tensor in Eringen’s work is non-sym-
metric due to omission of balance of moment of moment balance law necessitated
by the new kinematically conjugate pair of rotations and moments [45] [55] [57]
in all 3M microcontinuum theories. The moment tensor definition itself is not

valid as it is based on &% ()

or o, the microconstituent Cauchy stress (due to
classical continuum mechanics). Thus, both balance of angular momenta as well
as the proposed new balance law are in error as moment tensor is invalid due to
incorrect definition. These details and more explanation are provided by the au-
thors in reference [1].

Surana et al [1] showed that balance of angular momenta in fact contains nine
equations, unfortunately, six of them related to § and symmetric partof §
are eliminated due to the presence of permutation on the left hand side of the
balance of angular momenta. The authors showed that by premultiplying balance
of angular momenta with the inverse of the permutation tensor the following six

equations can be obtained in Eulerian description.
s Emk _§mk = 0 (7)

In the Lagrangian description, we have

s Umk - Smk =0 (8)

Refer to reference [1] for the details of the derivation.

Thus, we see that in this approach, a new balance law is not needed for obtain-
ing additional equations. Equation (8) are part of the thermodynamic framework
as these are derived from the balance of angular moment. It is worth noticing that
balance of angular momenta contains quantities purely related to nonclassical phys-
ics, whereas (8) contains classical physics only. Classical and nonclassical physics
are not intermixed in the balance of angular momenta and the additional equations
(8) derived from the balance of angular momenta. This is not the case in Eringen’s

work, a cause for concern.

4. Constitutive Theories for Linear Micromorphic Polymeric
Solids

In deriving the constitutive theories, we consider comprehensive material behav-
ior. We assume that the medium is elastic, and has a dissipation mechanism, as
well as rheology. The microconstituents naturally have elasticity but are assumed
to have their own dissipation and rheology mechanisms. Additionally, rigid rota-
tions of the microconstituents in a viscous medium with long chain molecules
create dissipation and relaxation physics, i.e., upon cessation of disturbance, the
rotated microconstituents are not able to return to their original state immediately
due to viscous drag and interference with long chain molecules. This physics re-
sults in a dissipation mechanism and relaxation for the Cauchy moment tensor.

Thus, in the derivation of the constitutive theory for o,8 and m, elasticity,
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dissipation and rheology physics are considered. Furthermore, all three dissipation
and relaxation mechanisms are due to ordered rate constitutive theories, hence
resulting in dissipation and relaxation time spectra for each of the three constitu-

tive theories corresponding to the rates considered.

4.1. Initial Determination of Constitutive Tensors and Their
Argument Tensors

In deriving constitutive theories, we always begin with the rate of work or other-
wise conjugate pairs in the entropy inequality for determination of constitutive
tensors based on the causality axiom of constitutive theory and their possible ar-
gument tensors. The choice of constitutive tensors can be altered or changed if the
physics requires it, and the argument tensors of the constitutive tensors can be
augmented with additional tensors if the physics requiring this has not been con-
sidered while deriving the entropy inequality. We follow the details and the guide-
lines presented in references [58] [59]. Once the constitutive tensors and their ar-
gument tensors are established, we follow the theory of isotropic tensors or the
representation theorem in deriving the constitutive theories and the standard pro-
cedure of Taylor series expansion of the coefficients used in the linear combina-
tion of the basis of the space of the constitutive tensor [58] [59] to determine ma-
terial coefficients.

Consider entropy inequality (5)
pu(9+16) =01 =510+ LE(&(Vem)em: 2d)<0  (9)

The macro stress tensor o is nonsymmetric, and hence cannot be a constitu-
tive tensor due to the representation theorem [60]-[71]. Thus, we need additive
decomposition of o into the symmetric tensor o and the skew-symmetric
tensor o . There cannot be a constitutive theory for o, as it is defined by the
gradients of the Cauchy moment tensor due to the balance of angular momenta.
Thus, o isthe constitutive tensor and not o or ,o.

o=,0+,0 (10)

Secondly

J=J=0+J=6+1J (11)

in which “J is displacement gradient tensor and ‘J and ¢J are symmetric

and skew-symmetric tensors due to “J obtained by additive decomposition of
“J.

CT=1T+9J (12)

(@)

Likewise, additive decomposition of <°J and J'* into symmetric and skew-

symmetric tensors gives:
OJ =T+ (13)
Also

J =4 jt (14)
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and ‘g =74 4 45 (15)

in which “J® " is micro displacement gradient tensor and fJ(a) and ZJ(O’)

are symmetric and skew-symmetric tensors due to additive decomposition of

dJ(a)

. Furthermore,
d gla) _ ?J(“) n ZJ(a) I ZJ(a) (16)
Also
OJ=LCJ+:°F (17)
Substituting (10) - (17) as needed in the entropy inequality (5) and noting that
o =0, o:6=0; §:9J =0, m:°J=0 (18)
We can write (5) as follows:

p0(¢5+n9)—Sa:é‘—aa:j]—m:§®J+c®-(V'm)—%SO (19)

From balance of angular momenta
Vm=—c:0o (20)
Substituting (20) in (19)

p0(¢+né)— OiE— aa:(‘i])—S:é(“) -m:<°J - C(';)-(e:c)')—%ﬁo (21)
A simple calculation shows that
,0:°0= O-(e:0) (22)
Using (22) in (21), (22) reduces to
p0(¢+n9>—Sa:é‘—S:é(a)—m:;@J—%SO (23)

Further additive decomposition of ¢ into equilibrium o and deviatoric
stress ‘o is needed to derive constitutive theory for volumetric and distortional

deformation physics that are mutually exclusive
o=‘c+'c (24)
Substituting (24) in (23)

p0(¢5+né)—fa:é‘—fa:é—S:é(“)—m:;’GJ—%SO (25)

The rate of work conjugate pairs and the last term in (25) suggest in conjunction
with the axiom of causality [58] [59], that (o, fO', S,m and ¢ arevalid choices
of constitutive tensors. The initial choice of constitutive tensors and their argu-
ment tensors is as follows (€ is included as an argument tensor in all constitutive

tensors because of non-isothermal physics):

‘o=0(p.0) (26)
‘o="0(£0) (27)
S = s(g<“>,0) (28)
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m=m(;‘®J,t9) (29)

q=4(g.9) (30)

Even though we do not need a constitutive theory for @, its argument tensors
are essential to establish as it is used to simplify the entropy inequality (25) as well
as to derive the constitutive theory for ¢o . Argument tensors of {0 are not
based on conjugate pair in (25), but are based on physics of volumetric deformation.
As shown, (25) is not helpful in deriving constitutive theory for {0 . We need to
use (25) in Eulerian description for this purpose. The presence of 77 in (25) must
be addressed as well. The Helmholtz free energy density must depend on p and
0 . In the Lagrangian description, o is not admissible as an argument tensor,
but we use it in (26), (31), (32) in a symbolic sense. Other argument tensors of ®
and 77 are chosen based on the principle of equipresence. However, the princi-
ple of equipresence is not used in (26) - (30), as the conjugate pairs in the en-

tropy inequality (25) clearly dictate their choices:
cD:@(p,g,g(“),;;@J,q,e) (31)

n= n(p,se ’5 Jqﬁ) (32)

4.2. Constitutive Theory for Equilibrium Cauchy Stress Tensor (o

In the Lagrangian description, density p(x,?) is deterministic from the conser-
&

Hence, the density p(x,t) cannot be an argument tensor of the constitutive

vation of mass  p(x,) once the deformation gradient tensor J isknown.

tensors [59]. However, compressibility and incompressibility physics are related
to density and temperature. Thus, the constitutive theory for {0 cannot be de-
rived using the entropy inequality (25) in the Lagrangian description, instead we
must consider an entropy inequality similar to (25) in the Eulerian description.
The derivation that follows has been presented in references [1] [58] [59], but is

necessary to include here for the sake of completeness of the constitutive theories.

/3(5+77§)— ‘" :D-'6":D-5:D" —im: ( J) qeg 0 (33
In this case, p is unknown, and hence is a dependent variable in the math-
ematical model. Following the same procedure as in the Lagrangian description,

the constitutive tensors and their argument tensors (including ® and 7 ) are

given by:
‘" =" (p.0) (34)
‘5" =16" (p.D.0) (35)
S_5(h@ 7
S=85(D",0 (36)
m:m(ﬁ,fg@fﬁ) (37)
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7-4(p.2.9) (38)
=0 (ﬁ, D,D'”,°J,g, 5) (39)
o (5 5@ 8T 57
n=n\p,D,D",:"J,g,0 (40)

We have used principle of equipresence for the argument tensors of ® and

! 'Using (39), we can write
5=@7)+@:f)+ G_CT) D) 4 ac?;:?éj+§~§+@§ (41)
op’ oD oD@ oy " og o
From conservation of mass in Eulerian description
p=-p(V-v)=-pD,, =—pDy5, =pD:5 (42)

substituting from (42) for ,5 in (41) and then substituting (41) in (33), we obtain

the following after regrouping the terms

5725 505152552 . per, 5 P85
op oD

oD o(:°7)
(43)
+6;(_)~§+ﬁ 77+a£ 0-9:D-8:D“ —imn:°T+91 5 <0
0g 00 ‘ ‘ 0
The entropy inequality (43) holds for arbitrary but admissible choices of
5, 5(“), Yéf ,g and 9 if the following conditions hold:
oD —
P—==0=>D=D(D 44
P (D) (44)
S i
5o =0=3=®(D") (45)
aD(“)
P 0= 45(]) (46)
0T
oD —
p—=0=>D =D 47
= (2) (47)
o0 oo
oln+— =00 =——= 48
P\ 69) n EY: (48)

Equations (44) - (48) imply that @ isnota function of D, 5(“),56.7 and g.
Equation (48) implies that 77 is deterministic from ® ,hence 7 isnota con-
stitutive or dependent variable. Using (44) - (48), the constitutive tensor and its
argument tensors in (34) - (38) remain the same, but the argument tensors of D)

and 77 can be modified:

®=d(p,0) (49)
7=1(p.®) (50)

and the entropy inequality (43) reduces to
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[_,32625_eaj;5_7a(°>;5_§:5<a>_n—,<°>:§®f+ﬂso (51)

(0)

Constitutive theory for @'~ for compressible matter can be obtained by set-

ting coefficient of D in the first term of (51) to zero.

«7"(p.0)=-p —5 p(p.0)s (52)
17(5,5):—522%) (53)

in which ﬁ(ﬁ, 0 ) is thermodynamic pressure or equation of state for compress-

ible matter. When the deforming matter is incompressible, there is no change in
volume. Thus, for a fixed mass, the density is constant, Ze,

p(x,1)= p(x,t)=p = p,. For this case, from conservation of mass, we have:
p=-p(V-¥)=0 (54)
and

00(p.0) o®(p,.0)
op  op

=0 (55)

Hence, for incompressible solid, the constitutive theory for o cannot be de-
rived using (52) and (53). First, using (55), the entropy inequality (51) reduces to
~g":D-§: D -m”:°7+4L & <p (56)

(0)

In order to derive constitutive theory for 6"~ for incompressible solid mat-

ter, we must introduce incompressibility condition in (56). From continuity equa-

tion, the velocity field for incompressible matter is divergence free, ie,
Vv=D,=D,6,=6:D=0. (57)
If (57) holds, then the following holds too:
p(0)s:D=0 (58)

in which, ﬁ(é) is a Lagrange multiplier. Adding (58) to (56) and regrouping

terms
(p(0)s-:"):D- 16" :D-5: D"+ %—m@:f@fso (59)

Entropy inequality (59) holds for arbitrary but admissible D , if the coefficient
of D in the first term in (59) is set to zero, giving:

5" =p(0)s (60)

The reduced form of entropy inequality is given by:

QI

—g" . D-5: D\ - :°F +

s

98
5 <0 (61)

In the Lagrangian description, the constitutive theory for {0 can be obtained
directly from (52), (53) and (60).
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‘o) = p(p.0)8; p(p.0)=-p’ g% (compressible) (62)

‘ol = p(6)8 (incompressible) (63)

s

The reduced form of entropy inequality in the Lagrangian description follows
directly from (61).
~loe-85:6 -m:(¢)+LE <0 (64)
0
In the following, we present derivation of constitutive theories for fcr,S,m
and ¢ using representation theorem [60]-[71]. fO',S ,im are symmetric tensors

o
@ and ¢ J are also symmetric tensors of

of rank two and their conjugate §&,€
ranktwo. ¢ and g are tensors of rank one. Thus, there is no difficulty in deriv-
ing constitutive theories for all four constitutive tensors using the representation
theorem. Furthermore, in the constitutive theories for ‘c,§ and m, we con-
sider elasticity, dissipation and rheology mechanisms. Dissipation and rheology
mechanisms are ordered rate mechanisms, and hence yield dissipation and relax-

ation spectra in each constitutive theory.

4.3. Constitutive Theory for Cauchy Stress Tensor fa

We consider the medium to be linear elastic. We begin with conjugate pair {0 : &
in the reduced form of the entropy inequality (64). This conjugate pair in conjunc-
tion with axiom of causality suggest that ¢ & is the constitutive tensor and & as
its argument tensor. Thus, we can write (€ is included in the argument tensors

due to non-isothermal physics)
to=10(e.0) (65)

We know from the physics of viscous fluids that dissipation requires the strain
rate, which is the same as the rate of strain in the Lagrangian description, thus &

or &; should bean argument tensor of ‘o . We generalize the dissipation
mechanism by considering strain rates up to orders #, ie., by considering
gl = 1,2,---,n as argument tensors of ¢ & . Rheology or memory requires the

existence of memory modulus in the mathematical model, thus the constitutive

theory for o must at least be a first order differential equation in time, e,
d

s

‘o and ‘6 (or o ) must be considered in deriving the constitutive theory
in which fa(l) must be the constitutive tensor and ¢ & as its argument tensor.
We generalize this mechanism of rheology by considering rates of ¢o up to or-

ders m, i.e., we consider fa('/);j =1,2,---,m in which ;10'('") must be the con-

stitutive tensor and fO' and fO'(j ); j=L2,---,m—1 must be its argument tensors.

Thus, finally, we have:
d gm) _ do.(m)(g,g( ),fa,fa(j),e);i=1,2,~~~,n;j=1,2,"',m—1 (66)

s s i

do_ do_(j)

s s

,8,6‘(1.);1' =12,---,n;j=12,---,m—1 are symmetric tensors of rank two
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and @ isa tensor of rank zero. Thus, we can use representation theorem to de-

rive constitutive theory for ‘o .

s
Let °G';i=1,2,---,N° be the combined generators of the argument tensors of

d (m)

N

in (66) that are symmetric tensors of rank two and let Jl 4 ; j=1,2,-,M°
be the combined invariants of the same argument tensors of ¢ 0' in (66). Then,

1,°G';i=1,2,---,N° constitute the basis of the space of * a gl ), also referred to

: , d
as integrity. Hence, we can express ‘o'"

s

as a linear combination of the basis of

its space in the current configuration.

s

igm = °I+§Jai(ggi); “gi:”qi(”l’/,ﬁ); i=0,1,--,N%;j=12,---,M° (67)
i-1

in which %o’ =‘a’ ("[f,e);j =1,2,---,M are coefficients in the linear combi-
nation (67). The material coefficients are determined by considering Taylor series
expansion of “a';i=0,1,--,N in °I’ and @ aboutaknown configuration
Q and retaining only up to linear terms in "[j;j =12,---,M and 6 (forsim-
plicity of resulting constitutive theory).

(Jy_glj|n)+aag

M% Ao i

. . a

“a :"a’| +§ =

~ “la 4oy
J=1 ~ lo

(0-6l,); i=0.1--,7N (68)
Q

Substituting @’ and “@';i=1,--,°N from (68) into (67)
( 0 0! o " orj 80'qi
s [ 'l Z 7 ( gf|9)+—69 9(9—9|Q)J1
) . 0%’ )
et} 2] -
0 o 0

00
Collecting coefficients of 1,°1'I1,°G",”I’ "Gi,(ﬁ— 0'9) ’G' and (09 - 9|g)1

(69)
M ao‘ i

N(;ai q
+> O~£|+§—Jj
: o =gy
i=1 Jj=1 ~ o

we can write (69) as follows:

4 g5 _Gouz (VX ,(76 )+ X Y (1) (76)
Jj=1 j=1i=1 (70)

2 (0-0,)(76 ) (), (-0 )1

The material coefficients “a;,°b,,%¢;,°d, and

=1,2,---,N%;j=12,---,M° are defined in the following:

tm ’

e L) | o("a’)
" Raen T e e,
oyl o) Ly, o)
b = @|n+;6(al1)g( o) “750)| 71)
o ovd) e
- o0 | " a0 |,
N 0
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The constitutive theory (70) with material coefficients (71) is based on integrity,
complete basis of the space of constitutive tensor fO' . Desired simplified forms
can be obtained from (70) by retaining specific generators and invariants of inter-
est. This constitutive theory is ordered rate constitutive theory of orders # and
m of strain and stress tensors. Material coefficients can be functions of
”[j;j =12,---,M and 6 inaknown configuration Q.

Simplified form of (70) can be obtained by retaining desired generators and the
invariants. Perhaps a simplified yet most general constitutive theory for ‘o is
oneinwhich ‘o isalinear function of the components of its argument tensors.
Redefining material coefficients and rearranging terms in (70), we can write the

following ( fa(o) =0):

o+ é(ﬂf’)(f&”) =o,d+2u°e+ /1”tr31+§(277{’g(i) +x7 (tr(g(l.) ))I)

m—1

+§ﬂi"tr(jo(i))l— ‘a,, (9—6’|Q)I

(72)

inwhich o, isinitial stress field, x#° and A° are Lames constants, 7 and

k’;i=1,2,---,n, is the spectrum of damping coefficients corresponding to strain

1

rates 8([);1' =1,2,---,n, A7 is the spectrum of relaxation times corresponding to

stress rates fa('/ ); j=L---,m and °q,, Iisthermal modulus, S  are coefficients
related to relaxation times, these are generally considered to be zero.

A further simplified model that is commonly used in polymer sciences is ob-
tained for n=1 and m=1, ie, strain and stress rates of order one. In this case,
(72) reduces to

‘o+ (ﬂf)fcr(l) =0 0 +24° () + A7t () I +2n g, + Kf’tr(g(l))l
+pu(laV)1-"a, (0-6],)1 7

4.4. Constitutive Theory for Microconstituent Stress Tensor S

We also consider microconstituent to have elasticity, dissipation and rheology
mechanisms. Thus, following Section 4.3, we can choose the following for the con-

stitutive tensor and its argument tensors.

()

where n* and m’ are the highest order of rate of strain &'“’ and highest or-

der of the rate of stress §.Let *G';i=1,2,---,N’ be the combined generators
of the argument tensors of S(m) in (74) andlet *1’;j=1,2,---,M" be the com-

bined invariants of the same argument tensors of S(m ) in (74), then

I,SG";1'=1,2,---,N'Y constitutes the basis of the space of constitutive tensor

)

S () and we can write the following for §

S(ms) = Sa01+§: ‘o (SGi) (75)

i=1
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in which
ol =a ("1,0):j =12, M (76)
Following the procedure described in Section 4.3 (Taylor series expansion), we

can derive the following constitutive theory for .§ ()

S(nf) :S I M Sa glj X Sb- sGi N So st SGi
1S (1) S (@SS e (1))
Jj=1 i=1 =1 j=1 (77)

NS
-4 (0-6,)' ¢ e, (6-0|,)1
i=1
in which material coefficients are given by (71) after replacing ° a';i=0,1,---,N°
’d, and
i= 172""3N0;j = 1>2a"'aMO- bY SaO’ Xl.Zi’ ¢ Xc!i and

Cij»

with *a';i=0,1,---,N* and replacing °a,,’b,,’¢c

> g
“q
‘a,;i=12,--,N*;j=12,---,M* and o, by S,.The material coefficients can
be functions of ‘I’;j=1,2,---,M* and € inaknown configuration Q. This
constitutive theory is based on integrity. A constitutive theory for § that is lin-
ear in the components of the argument tensors and is of orders »n* and m’ is

given by (after redefining material coefficients and defining sV =)

S+§:Af(s(i)) =S, I +24 (g(a))+ﬂf (tr(g(a)))l
i=1
Seoiectet) o

+r§1ﬂf (tr(S‘”))I ~‘a,,(0-6],)1

@) and § re-

This constitutive theory is of orders »n* and m’ inratesof &
spectively. When »n' =1 and m’ =1, we obtain the most simplified possible con-

stitutive theory for S .

S+25 (SU)= sl + 20 (8 )42 (1r(e)) 1+ 236
el ) (w0

s

The constitutive theory (79) has a spectrum (nlf,lcf);i =1,2,---,n" of dissipa-
tion coefficients corresponding to strain rates g((l.‘;);i =1,2,---,n° and
/If; j=12,---,m" is the spectrum of relaxation times corresponding to the rates

S (i);i =1,2,---,m’ associated with the microconstituents.

4.5. Constitutive Theory for Moment Tensor m

Rigid rotations and rotation rates of the microconstituents in an elastic and vis-
cous medium with long chain polymer molecules of the medium result in: 1) elas-
ticity due to the rotation gradient tensor, 2) dissipation due to viscous drag expe-
rienced by the microconstituents which is a function of the rates of the symmetric

part of the rotation gradient tensor and 3) rheology due to the interaction of micro-
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constituents with the long chain molecules in the viscous medium. Upon cessation

of an external stimulus, the microconstituents exhibit a relaxation phenomenon in

m

returning to their original position. If ;GJ(I);i =0,L,---,n" are the rates of the
symmetric part of the rotation gradient tensor and mV ); j=0,1,---,m", are the

rates of moment tensor, then m(m ) is the constitutive tensor and its argument
tensors are given by

m(m’") :m(m’")(l,@‘]’ <'®J(i),m,m(j),9); i=1,2-,n"; ] :1,2,~--,(mm —1) (80)

Let "G';i=1,2,---,N" be the combined generators of the argument tensors

of m(mm) in (80) and let "[’;j=1,2,---,M" be the combined invariants of the

same argument tensors, then I, '"Gi;i =1,2,---,N" form the basis of the space

(integrity) of the constitutive tensor m(m ) and we can write the following for

o).

m
m(m”’):nzaOI+Nmeai(mGi) (81)
?; 2 ¢ $
in which coefficients
"o =" ("1,0):i=01 N"j =120, 1" (82)

Following the procedure described in Section 4.3 (Taylor series expansion), we

can derive the following constitutive theory for m :

(mm) — & m myj & m m g~i L& m myj\(mgei
m —m01+; a( z)l+; b( G)+;; o(")("e) -
B . = 83

NM

—;mg,.(e—%)'"gf - "a,,(0-6],)1

in which material coefficients are given by after replacing “a';i=0,1,---,N7;
ay,°b, ¢, "dsi=1,2,+,N%; j=1,2,--,M? by "a';i=0,1,---,n" and
mqj,mlgi,'”gij,”'cjj;i:1,2,---,71'”;]:1,2,---,m'" and o, by m,. The material co-
efficients can be functions of "1%;j=1,2,---,M" and @ in a known configu-
ration Q.

A constitutive theory that is linear in the components of the argument tensor

of orders n" and m" is given by (using m —m©);
m +§Zimm(i) =myI + 2(/15")( vge[o])J’(/}m)(tr( “®3[0]))I

+jZ::(77i"’(§®J(i))+lci'”tr(§®J(i))I) (84)

m" -1

+ Z ﬁi’"tr(m(i))l—(matm)(9—9|g)l

When »n" =1, m" =1, we have the simplest possible constitutive theory for

m:
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m+ 2" (m(l))=m01+2y’" (:00)+ 2" (tr(;'@J))IJrZryl’" (;‘@J(l))

o (85)
+k)" (tr(§ J(])))I+ﬁ6” (tr(m))I-"a,, (9—9|Q)I
The constitutive theory (84) has a spectrum of dissipation coefficients
(77,.’”,1([");1' =1,2,---,n™ corresponding to rates §®J(i);i =1,2,---,n™ and a spec-

trum of relaxation times A";i=1,2,---,m" corresponding to the rates

m") ;i=1,2,---,m" due to interaction of the microconstituents with the solid me-
dium.

4.6. Constitutive Theory for ¢

In this derivation, we consider (based on conjugate pairs in the reduced entropy
inequality)

q=4(8.9) (86)

Tensors ¢ and g aretensorsofrankoneand @ isa tensor of rank zero.

The only combined generator of rank one of the argument tensor g and 6 is
g, hence based on representation theorem, we can write:

q=-"ag (87)

The coefficient ?a is a function of the combined invariants of g,0, ie,

g-g andtemperature O.Letusdefine ‘/=g-g to simplify the details of fur-
ther derivation. We note that (87) holds in the current configuration in which the
deformation is not known. Hence, in (87), ‘a="‘a ( 1, 9) is not yet deterministic
and it is not a material coefficient. To determine material coefficients in (87), we

expand ‘o ( 1] ,9) in Taylor series about a known configuration Q in 7/ and

€ and retain only up to linear termsin ?/ and @ (for simplicity)

qa=qa|g+gz(zQ("l—("z)g)+aaqgﬂ(9—aﬂ) (88)
Substituting (88) into (87)

ool G| () S 0-n)]e

We note that "a| ,6"a| and 6"0{| are functions of ("[) and 6|,

2’ 97|, a0 |, 2 @

whereas ‘a in (87) isa function of ?/ and @ in the current configuration.

From (89), we can write the following, noting that ‘/=g-g

q ! ! 0la
q=- a|9g—aql Q(g-g)g—a,,l Q(g-g)gg— 0 Q(0—«9Q)g (90)
q q aq
or q=—["a|gg+ aqi (g-g)Jg—ag (g-g)gg—a—;’ (0-0,)g (1)
[ I, 0

DOI: 10.4236/jamp.2025.1311209 3755 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1311209

K. S. Surana, S. S. C. Mathi

Let
c(0lge(1), )= e, - 55 (et teh), ©2)
(0 (1)) -5 ©3)
-2
Then, 7
g=-xg-x(g-8)g-(0-0,)g (95)

This is the simplest possible constitutive theory based on conjugate pairs in the
entropy inequality, representation theorem and (86). This constitutive theory uses
integrity, the complete basis of the space of ¢ . The only assumption in this theory
beyond (86) is the truncation of the Taylor series in (88) beyond linear terms in
7] and 6. The constitutive theory for ¢ in (95)is cubicin ¢ . It contains lin-
ear and cubic termsin g, but does not contain a quadratic termin g . Simplified
linear theory is given by (95) by retaining only the first term on the right-hand side
of (95) (Fourier heat conduction law).

5. Thermodynamic and Mathematical Consistency of the
Micromorphic Theory Presented in This Paper

The laws of classical thermodynamics used in classical continuum mechanics are
well founded and accepted laws. Microcontinuum theories contain new physics
beyond classical continuum mechanics, and hence may require new considera-
tions. For establishing conservation and balance laws for these theories, we must
begin with classical thermodynamics, but can only make changes to them and in-
corporate new conservation and balance laws if the classical thermodynamics
framework supports these. The resulting microcontinuum theory will be referred
to as thermodynamically consistent with the laws of classical thermodynamics,
Ie, classical continuum mechanics. We list important features of the present work
that establish the thermodynamic and mathematical consistency of the theory pre-
sented here.

1) The existence of a moment independent of forces and conjugate to rotations
is a result of the resistance offered by the medium to the rigid rotations of the
microconstituent. The balance of angular momenta, which is a statement of the
balance of moments (of forces in classical continuum mechanics), permits inclu-
sion of the moment tensor in the balance of angular momenta. Thus, this modifi-
cation of the balance law of classical thermodynamics is supported by the classical
thermodynamics.

2) In classical thermodynamics, a kinematically conjugate pair requires two bal-
ance laws. The kinematically conjugate pair of displacements and forces requires

two balance laws: balance of forces and balance of moment of forces, i.e., balance
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of linear momenta and balance of angular momenta. Based on this, classical ther-
modynamics will permit two additional balance laws for each new kinematically
conjugate pair. Thus, for the kinematically conjugate pair of rotations and moments
in microcontinuum theories, we need balance of moments which already exists as
the balance of angular momenta and can be modified to include the moment ten-
sor as discussed in 1) and a balance of moment of moments, which is a new bal-
ance law needed in the 3M theories. The consequence of this balance law is that
the Cauchy moment tensor is symmetric. In the absence of this, the dynamic equi-
librium of moment of moments is violated, hence thermodynamic consistency is
violated.

3) It has been shown by Surana et al. that if classical rotations are not used as
rigid rotations of the microconstituents, the entropy inequality is violated. That is

a microcontinuum theory based on ,® as unknown rigid rotations of the mi-

a
croconstituents or @+ ,© as rigid rotations of the microconstituents result in
a violation of the entropy inequality. These choices produce additional terms in
the entropy inequality that cannot be accounted for, thus resulting in thermody-
namic inconsistency.

4) Since rotations and moments are a new kinematically conjugate pair in 3M
theories that does not exist in classical continuum mechanics, the integral-average
definition of the moment cannot be derived using the microconstituent Cauchy

& (@) as this stress is due to classical continuum mechan-

stresstensor G~ or O
ics. Insisting on doing so will result in a theory that violates thermodynamic con-
sistency.

5) In the micropolar microcontinuum theory, 1) - 4) are supported by classical
thermodynamics and are sufficient to yield a microcontinuum theory that is ther-
modynamically consistent and has closure when the constitutive theories are in-
cluded.

6) When the microconstituents are deformable, 1) - 4) are not sufficient (along
with constitutive theories) to provide closure to the mathematical model. In the case
of a micromorphic theory, six additional equations are needed, and in the case of
a microdilation theory, only one additional equation is needed. We have shown that
the balance of angular momenta, in fact, contains nine equations; six of these are
eliminated due to presence of permutation tensor with the stress terms. We have
shown that by premultiplying the balance of angular momenta with the inverse of
the permutation tensor, we can recover the six additional equations needed for clo-
sure. This part of the derivation is related to the balance of angular momenta and
hence does not violate thermodynamic consistency.

7) Thus, we note that use of 1) - 4) or 1) - 4) and 6) which are supported by clas-
sical thermodynamics, yields conservation and balance laws of three 3M microcon-
tinuum theories, confirming that the conservation and balance laws in these the-
ories are thermodynamically consistent.

8) In case of constitutive theories, we must use conjugate pairs in the entropy

inequality and the axiom of causality to determine constitutive tensors and their
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argument tensors that are supported by the theory of isotropic tensors (as done in
the present work). A violation of this results in thermodynamic and mathematical
inconsistency.

9) Constitutive theories must be derived strictly using the representation theo-
rem (as done in the present work) to ensure mathematical consistency of the re-
sulting constitutive theories. If the constitutive theories are derived using any other
means such as potentials and energy functional, then we must show that the same
theories can be derived using the representation theorem, otherwise the constitu-
tive theories are mathematically inconsistent. Clearly the constitutive theories pre-
sented in this paper are mathematically and thermodynamically consistent.

10) The conservation and balance laws introduced by Eringen: a) conservation
of microinertia and b) balance of moment of symmetric stresses with the gradients
of the symmetric part of the moment tensor are not supported by the classical ther-
modynamics, Z.e., classical continuum mechanics, hence can only be viewed as
phenomenological or ad-hoc. Inclusion of these in the laws of thermodynamics re-

sults in a thermodynamically inconsistent theory.

6. Linear Micromorphic Theory of Eringen

We summarize some aspects of Eringen’s theories that lead to their thermodynamic
and mathematical inconsistencies.

1) Useof ,® or ,O®+ O asrigid rotations of the microconstituents results
in a violation of entropy inequality, and hence in the thermodynamic inconsistency
of the resulting theory.

2) Including rigid rotations in the strain measures in Eringen’s work results in
tensors that cannot be used in the constitutive theories without violating the phys-
ics of deformation.

3) Eringen’s work defines the integral-average moment tensor (nonclassical phys-

@ or ¢'?. This is due

ics) using the microconstituent Cauchy stress tensor &
to classical continuum mechanics. This is obviously wrong. The origin of the mo-
ment is due to the resistance offered to the rigid rotations of the microconstituents

by the medium and not due to '

. Due to this wrong definition the balance of
angular momenta is of concern.

4) The use of a weighted integral of the balance of micro-linear momenta using
a weight function §'* (X,) hasno thermodynamic foundations. Our work in this
paper shows that this is neither needed nor used.

5) The use of nonsymmetric tensors of rank two as constitutive tensors and non-
symmetric tensors as their argument tensors is not supported by the theory of iso-
tropic tensor. It results in constitutive theories that are mathematically inconsistent
and are nonphysical.

6) Constitutive theories derived using potentials or energy functions (as in Er-
ingen’s work) are nonphysical, not valid and mathematically inconsistent if the same
theories cannot be derived using the representation theorem.

7) Due to omission of the balance of moment of moments balance law, the dy-
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namic equilibrium is not satisfied in the Eringen’s mathematical model. Its con-
sequence is non-symmetric moment tensor and the spurious constitutive theories
are other negative and detrimental aspects.

8) The use of principle of equipresence provides nonphysical coupling between
classical and nonclassical physics and results in nonphysical material coefficients.

9) Lack of various additive decompositions of the stress tensor leads to nonphys-
ical and invalid constitutive tensors. For example, ,o must be eliminated from
o as it is defined by the balance of angular momenta, and hence cannot be part
of the constitutive theory. Further decomposition of .o = ‘G + ‘G is necessary to
address volumetric and distortional physics correctly. None of these are used in
Eringen’s work, hence the constitutive theories are of concern.

10) In micromorphic theories additional six equations are needed for closure.
Eringen proposes a new balance law to obtain these, balance of moments of sym-
metric stresses with the gradient of the symmetric part of the moment tensor. This
law is not supported by classical thermodynamics, hence its use will yield a thermo-
dynamically inconsistent theory.

11) Eringen also proposes the conservation of microinertia to obtain the three
equations needed for closure. This conservation law is also not supported by clas-
sical thermodynamics, hence its use will lead to thermodynamically inconsistent
theory.

We have presented plenty of evidence based on thermodynamics and well-es-
tablished principles of mathematics showing that Eringen’s 3M theories are ther-
modynamically and mathematically inconsistent, hence are not valid microcon-

tinuum theories.

7. Summary and Conclusions

The conservation and balance laws of the linear micromorphic microcontinuum
theory derived in reference [1], which are shown to be thermodynamically and math-
ematically consistent, are utilized in the present work to derive thermodynamically
and mathematically consistent constitutive theories for a linear micromorphic pol-
ymeric solid matter. The most notable aspects of this work are summarized in the
following:

1) Deformational and rigid rotation physics are always separated additively in
order to facilitate the derivation of correct and physical constitutive theories.

2) Additive decomposition of the stress tensor o is performed to separate vol-
umetric and distortional aspects of the physicsin o .

3) The choice of constitutive tensors and their argument tensors is always in
accordance with the representation theorem, thus always ensuring mathematical
consistency of the resulting constitutive theories.

4) Determination of the constitutive tensor and initial determination of its ar-
gument tensors are always made using the conjugate pairs in the entropy inequal-
ity.

5) Derivation of constitutive theories is strictly based on the representation the-
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orem and integrity. This ensures mathematical consistency and yields constitutive
theories based on a complete basis.

6) The constitutive theories presented in this paper for micromorphic polymeric
solids consider mechanisms of elasticity, dissipation and rheology for the micro-
constituents, for the medium, and for the interaction of the microconstituents
with the medium. All three dissipation and rheology mechanisms are ordered rate
mechanisms employing rate of strain tensors as well as rate of constitutive tensors
up to any desired orders. The resulting constitutive theories have spectra of dissi-
pation coefficients as well as spectra of relaxation times for the microconstituents,
for the medium, and for the interaction of the microconstituents with the me-
dium.

7) The complete mathematical model consisting of the conservation and bal-
ance laws and the constitutive theories is thermodynamically and mathematically

consistent.
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