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Abstract 
This study calculates the angular distribution of Bremsstrahlung radiation for 

5
11B  and 13

27Al  according to the Bethe-Heitler equation. We compare the elec-
tromagnetic effects of radiation emitted by photons colliding with Aluminum 
and Boron nuclei, applying the mathematical program “Mathematica”. We 
compare the impact of magnetic and electric cross-sections on Bremsstrah-
lung radiation production. We will use graphs to study the effect of electric 
and magnetic fields on Bremsstrahlung radiation creation. In addition, we ex-
amine how atomic mass affects Bremsstrahlung radiation emission. According 
to our results, magnetic interactions can be used to produce X-rays with specific 
properties.  
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1. Introduction 

The angular distributions of photons in Bremsstrahlung radiation between elec-
trons and atoms are of wide-ranging practical importance [1]. Information on Brems-
strahlung radiation’s angular distribution is essential in many fields. It is crucial 
for improving imaging techniques in medical and industrial applications which 
ensures accurate diagnosis and analysis. For example, radiation physics, nuclear 
physics, radiotherapy, astrophysics, plasma physics, and fusion [2]. In 1966, meas-
urements of photon angular distributions for fixed directions of the emission of 
electrons [3]-[5] were published. The experiments used a 300 keV electron energy, 
with a gold foil as the target. A selection was made of outgoing electrons with an 
energy of 170 keV and scattering angles of 0˚, 5˚, and 10˚. Since the experimental 
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values were only relative, they were calculated with respect to the Elwert and Haug 
theoretical curves at the maximum of their angular distributions [6]. In [7], initial 
measurements of the absolute cross-section at one point within the angular dis-
tribution showed that gold’s cross-section is underestimated by the calculation, 
while in [8] an excellent agreement was found for aluminium ( 13Z = ). Aehlig 
and Scheer discussed an angular distribution of the absolute triple differential 
cross-section of silver targets ( 47Z = ) [9]. In addition, experimental cross-sec-
tions were compared with results from Elwert and Haug’s form-factor screening. 
The partial-wave results of Keller and Dreizler are presented in [10]. Many exper-
iments have used 50 keV incident electrons and two targets, Al and Au, with pho-
ton emission angles ranging from 10˚ to 180˚ [11]-[13]. Furthermore, the studies 
[14] and [15] included multiple targets between C and U, emission angles of 90˚, 
and incident electron energies of 75 and 100 keV. In 2011, a study by Gonzales, 
Cavness, and Williams [16] concentrated on the angular distribution of Bremsstrah-
lung caused by electrons incident on a thick Ag target with initial energies ranging 
from 10 to 20 keV. Bhupendra Singh, Suman Prajapati, et al. [15] measured the 
angular distribution of Bremsstrahlung photons produced by 10 - 25 keV electrons 
incident on Ti and Cu targets [2]. 

Previous studies on Bremsstrahlung radiation looked at high-energy electrons 
(100 keV to several GeV) hitting heavy atoms like gold ( 79Z = ) and silver ( 47Z = ) 
For example, Nakel’s experiments (1966-1968) measured how photons spread at 
300 keV using gold [3]-[5], and other works checked radiation strength for Alu-
minum ( 13Z = ) and silver [7]-[9]. Our study uses very high energies (300 - 800 GeV) 
with lighter atoms (Boron, 5Z = ; Aluminum, 13Z =  to learn more about how 
magnetic effects create radiation.  

The Bethe-Heitler equation, used to model Bremsstrahlung, assumes a simple 
nucleus and ignores effects like Coulomb corrections, which can make radiation 
calculations less accurate at 300 - 800 GeV, especially for an Aluminum 13Z =  
[17] [18]. Our study looks at how magnetic effects work with lighter atoms (Boron 
and Aluminum) at very high energies, helping improve knowledge of particle ac-
celerators and space science [19]. 

In our paper, we study the angular distributions of Bremsstrahlung radiation 
emitted from Aluminum ( 13Z = ) and Boron ( 5Z = ) atoms with incident elec-
tron energies of 300 GeV, 600 GeV, and 800 GeV. The incident angles θ varied 
between 60˚ and 180˚. The structure of this paper is as follows: In Section 2, we 
describe the methodology used to study the angular distribution of Bremsstrah-
lung radiation, including the application of the Bethe-Heitler equation and the 
decomposition of the cross-section into electric and magnetic components. Sec-
tion 3 presents the main results, including the effect of electric and magnetic cross 
sections on both Boron and Aluminum atoms, along with a comparison based on 
atomic number. Finally, in Section 4, we summarize our findings and discuss their 
implications in the context of X-ray generation and high-energy radiation analy-
sis. 
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2. Methodology 

In this section, we present the theoretical framework and methodology used in 
our analysis, including the simplification of the Bethe-Heitler equation and its de-
composition into electric and magnetic equations. Bremsstrahlung radiation will 
be given off by Aluminum and Boron atoms when electrons hit them with energies 
between 300 and 800 GeV and at angles between 60˚ and 180˚ degrees. We study 
the angular distributions of the Bremsstrahlung radiation emitted. Equation (1) 
shows the Bethe-Heitler differential cross-section for Bremsstrahlung radiation. 
The formula describes the energy of the radiation emitted when the electric field 
causes the electron to slow down. It is studied at high energies and different angles 
of incidence [17]. 
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Equation (1) represents the Bethe-Heitler formula for Bremsstrahlung radia-
tion, each symbol has a specific meaning related to the scattering process and the 
properties of the photon and electron, as follows: 

dσ : Differential cross-section. It quantifies the likelihood of radiation being 
emitted into a specific solid angle 0dΩ  and dΩ . 

Z : The atomic number of the target nucleus, for Boron nuclei ( 5Z = ) and for 
Aluminum ( 13Z = ) 

α : The fine-structure constant, 1 137α ≈ . representing the strength of the 
electromagnetic interaction. 

π : The mathematical constant 3.14159π ≈  

0p , p : The initial and final momenta of the electron before and after the emis-
sion of the Bremsstrahlung photon. 

ω : The energy of the emitted Bremsstrahlung photon. 

0 ,E E : The initial and final energies of the electron before and after photon 
emission, respectively. 

q : The momentum transfer between the electron and the nucleus, 0q p p= − . 
This represents the difference between initial and final momenta of the electron. 

0θ : The angle of the emitted photon relative to the initial direction of the elec-
tron’s momentum. 
θ : The scattering angle of the final electron, i.e., the angle between the final 

momentum of the electron p and its initial momentum. 
ϕ : The azimuthal angle between the planes of the initial and final electron di-

rections, influencing how the scattering occurs in 3D space. 

0dΩ : The solid angle of the emitted photon. 
dΩ : The solid angle of the scattered electron. 
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dω : The energy differential, typically indicating a small change in the electron’s 
energy during the process. 

The simplified Bethe-Heitler Equation (2) separates radiation into electric and 
magnetic parts, as shown in [20]. The original Bethe-Heitler equation Equation 
(1) calculates total radiation but doesn’t split it into electric or magnetic parts. Based 
on [20] [21], Equation (2) is written as:  

 EC MD EQ MOd d d d dσ σ σ σ σ= + + +  (2) 

The EC MD EQd ,d ,dσ σ σ  and MOdσ  are Electric Charge (EC), Magnetic Di-
pole (MD), Electric Quadrupole (EQ), and Magnetic Octupole (MO) respectively. 
where, 

 EC ECd 8σ ζ φ= ×π× ×  (3) 
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where (MD), (EQ), and (MO) are coefficients of the nucleus with spin s , ( 1.5s =  
for the Boron atom and 2.5s =  for the Aluminum atom).  

The Bremsstrahlung photons γ  are produced in electron interaction with the 
nuclear field [22]. 

We can represent the interaction equation as: 

 i fe N N e γ− −+ → + +  (9) 

The Feynman diagrams for this process are shown in Figure 1.  
 

 
(a) 
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(b) 

Figure 1. Feynman diagrams for Bremsstrahlung processes. 
 

There are two cases in which the Bremsstrahlung process can occur: case (a): 
the electron enters with momentum ip , interacts with the Coulomb field N  of 
the atom and consequently produces a scattered electron with momentum fp , 
and a scattered photon with momentum kγ . Or case (b): the incident electron with 
momentum ip  collides with the Coulomb field N  of the atom, first emits a pho-
ton with momentum, kγ  and then produces a scattered electron with momentum 

fp  [18] [23]. 
We chose the 300 - 800 GeV energy range to study high-energy Bremsstrahlung 

radiation, which is important for particle accelerators and space science. Boron 
( 5Z = ) and Aluminum ( 13Z = ) are light atoms. Our study compares their radi-
ation to understand their differences. 

3. Main Results 

We studied the impact of the electric and magnetic cross sections of boron and alu-
minum atoms on the production of Bremsstrahlung radiation. The E1dσ  and M1dσ  
represent the electric and magnetic cross sections for Boron, respectively, while 

E2dσ  and M2dσ  represent the electric and magnetic cross sections for Alumi-
num, respectively. 

3.1. Effect of Electric and Magnetic Cross-Sections on the Boron  
Atom  

 The electrical cross sections of Boron nuclei decrease with increasing energy and 
angle of incidence, as shown in Figure 2. For example: 
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 The magnetic cross-sections of Boron nuclei increase as both the energy and 
incident angle increase, as shown in Figure 3. For example: 
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Note that E1dσ  is more effective at energy 300 GeV=  and angle 60θ =  . 

Figure 2. Electric cross-sections for 5
11B  atom at 300,600,800 GeV= . 

 

 

Note that M1dσ  is more effective at energy 800 GeV=  and angle 180θ =  . 

Figure 3. Magnetic cross-sections for 5
11B  atom at 300,600,800 GeV= . 

3.2. Effect of Electric and Magnetic Cross-Sections on the Alumi-
num Atom 

 The electric cross-sections for Aluminum nuclei decrease as both the energy 
and incident angle increase, as shown in Figure 4. For example: 
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 The magnetic cross-sections of Aluminum nuclei increase as both the energy 
and incident angle increase, as shown in Figure 5. For example: 

21
M2

20
M2

d 4.83087 10 at 800 GeV and 80 ,
d 1.59491 10 at 800 GeV and 170 .
σ θ
σ θ

−

−

= × = =
= × = =








 

https://doi.org/10.4236/jamp.2025.139179


R. J. Almatrafi et al. 
 

 

DOI: 10.4236/jamp.2025.139179 3169 Journal of Applied Mathematics and Physics 
 

 

Note that E2dσ  is more effective at energy 300 GeV=  and angle 60θ =  . 

Figure 4. Electric cross-sections for 13
27Al  atom at 300,600,800 GeV= .  

 

 

Note that M2dσ  is more effective at energy 800 GeV=  and angle 180θ =  . 

Figure 5. Magnetic cross-sections for 13
27Al  atom at 300,600,800 GeV= . 

3.3. Effect of Atomic Number 

 The electrical cross sections of the Aluminum atom are more effective in pro-
ducing Bremsstrahlung radiation than the electrical cross sections of the Boron 
atom, as shown in Figure 6. For example:  
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 The magnetic cross sections of the Boron atom are more effective in producing 
Bremsstrahlung radiation than the magnetic cross-sections for the Aluminum 
atom, as shown in Figure 7. For example:  

21
M1

22
M2

d 3.27241 10 at 120 ,
d 4.84199 10 at 120 .
σ θ
σ θ

−

−

= × =
= × =





 

https://doi.org/10.4236/jamp.2025.139179


R. J. Almatrafi et al. 
 

 

DOI: 10.4236/jamp.2025.139179 3170 Journal of Applied Mathematics and Physics 
 

 
Note that the electric cross-sections of the higher-mass Aluminum ( 13Z = ) are more 
effective in producing Bremsstrahlung radiation than those of the lighter-mass Boron 
( 5Z = ). 

Figure 6. Comparison of electric cross-sections of 5 13
11 27B ,Al  at 300 GeV= .  

 

 
Note that the magnetic cross-sections of lighter mass Boron ( 5Z = ) are more effective in 
producing Bremsstrahlung radiation than those of the higher mass Aluminum ( 13Z = ). 

Figure 7. Comparison of magnetic cross-sections of 5 13
11 27B ,Al  at 300 GeV= . 

4. Conclusion 

Our results show that at high energies (300 - 800 GeV), magnetic cross sections of 
Boron ( 5Z = ) and Aluminum ( 13Z = ) play an important role in producing 
Bremsstrahlung radiation, while electric cross sections are less important. Specif-
ically, Aluminum has stronger electric cross sections than Boron, whereas Boron 
has stronger magnetic cross sections. These findings show the importance of mag-
netic interactions at high energies [24] and can help in designing special X-ray 
sources or experiments that increase magnetic effects. Although typical X-ray sources 
work at lower energies (keV-MeV) where electric interactions dominate [2], this 
provides useful ideas for future high-energy applications.  
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