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Abstract

This paper is the continuation of our previous study on the propagation of
temporary simultons in dipole-active crystals in the case of Coherent Anti-
Stokes Raman Scattering (CARS), in which the possibility of the formation of
simultons at all frequencies of interacting waves is considered. The present
research considered the energy carried by the waves (the Manley-Rowe rela-
tion) and its relationship with the simultons’ velocity. The cause of such study
is twofold: some crystals (for instance a cubic crystal) owing to deformation
of the dielectric constant by the pumping field become anisotropic and as such
proper polarization appear; since the soliton’s velocity depends on initial con-
ditions and initial conditions here are the stimulated Raman scattering, it is
important to find the relationship between the one of the most significant fac-
tors of that scattering which is the Raman gain factor and soliton’s velocity.

Keywords
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1. Introduction

Recent years have shown the growth of interest in the theory of optical solitons
and their practical applications, such as optical fiber communication, fiber lasers,
optoelectronic devices, etc. [1]-[4]. Significant progress was also made in both ar-
eas of optical fibers [5]-[11] and optical lasers [12]-[15]. For instance, [15] pre-
sented a detailed review of studies on optical solitons in fiber lasers. This study
includes the results in the developing of fiber lasers that are considered to be the
proper nonlinear systems for the experimental study of the evolution of the tem-

poral solitons, since during the last decade, several kinds of the theoretically pre-
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dicted solitons were observed experimentally such as bright solitons, dark soli-
tons, vector solitons, dissipative solitons, dispersion-managed solitons, polariza-
tion domain wall solitons, and so on.

The last decade is also characterized by the study of such important character-
istics of solitons as their polarization [16]-[31]. For example, in [26], the research
on the polarization dynamics of ultrafast solitons in mode-locked fiber lasers is
presented. It was found that when a stable soliton was generated, its state of po-
larization shifted toward a stable state, and when the soliton was generated with
excess power levels, it experienced relaxation oscillations in its intensity and tim-
ing. On the other hand, when a soliton is generated in an unstable state of polari-
zation, it either decays in intensity until it disappears or its temporal width de-
creases until it explodes into several solitons, and then it disappears. In that paper,
it was also found that when two solitons were simultaneously generated close to
each other, they attract each other until they collide and merge into a single soli-
ton. When these two solitons were generated with different states of polarization,
they shifted their state of polarization closer to each other until the polarization
coincides when they collide. The findings were supported by numerical calcula-
tions of a non-Lagrangian approach by simulating the Ginzburg-Landau equation
governing the dynamics of solitons in a laser cavity. Their model also predicts the
relaxation oscillations of stable solitons and the two types of unstable solitons ob-
served in the experimental measurements. In [27], it was pointed out that optical
switching had important applications in optical information processing, optical
computing, and optical communications. The long-term pursuit of optical
switches aimed to achieve a short switching time and a large modulation depth. It
was concluded that among various mechanisms, all-optical switching based on the
Kerr effect represented a promising solution. However, it is usually difficult to
compromise both the switching time and modulation depth of a Kerr-type optical
switch. As a compromise between the switching time and modulation depth, sym-
metry-selective polarization switching via Second-Harmonic Generation (SHG)
in nonlinear crystals was considered to be a solution. That is why, in this paper,
SHG-based all-optical ultrafast polarization switching by using geometric phase-
controlled nonlinear plasmonic meta-surfaces was demonstrated. A switching time
of hundreds of femtoseconds and a modulation depth of 97% were experimentally
demonstrated. The function of dual-channel all-optical switching was also demon-
strated on a meta-surface, which consisted of spatially variant meta-atoms. Some
applications of polarization techniques in biological and clinical research were con-
sidered in [28]. In this review, the summarizing methodologies and applications
related to tissue polarimetry were considered, with an emphasis on the adoption
of the Stokes—Mueller formalism. Several recent breakthroughs, development trends,
and potential multimodal uses in conjunction with other techniques were also
presented.

A thorough theoretical research on polarization-related problems was provided

n [29]-[31]. The study presented in [29] explores the dynamics of highly disper-
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sive optical solitons in Nonlinear Schrédinger Equations (NLSE) with non-local
Self-Phase Modulation (SPM) and Polarization-Mode Dispersion (PMD) since
these nonlinear effects significantly influence soliton propagation and stability in
advanced optical communication systems. Employing the Improved Modified Ex-
tended Tanh-Function Method (IMETFM), the exact soliton solutions were de-
rived, including bright, dark, singular, and combo solitons. [30] implements the
improved version of the modified extended tanh—function approach to retrieve
a few new exact soliton solutions of the model with differential group delay. The
self-modulation structure was from the Kerr law of nonlinearity. The material
presented in [31] investigated the numerical computation of cubic-quartic optical
solitons in birefringent fibers by Kerr’s law. Utilizing the Improved Adomian De-
composition Method (IADM), the study improved the solution of complex-valued
nonlinear evolution equations. This method decomposed both linear and nonlinear
differential equations into simpler sub-problems, enabling the extraction of ap-
proximate analytical solutions without the need for linearization or perturbation
techniques.

Another promising area of study on solitons is their formation and propagation
in crystals where the nonlinear interaction is provided by the Raman effect [32]-
[34]. The effects of the polarization on the evolution of Raman simultons were
considered [35] [36]. In [37], we considered the group of questions related to the
energy of simultons resulting from the boundary conditions in case CARS in di-
pole-active anisotropic crystals, which were consistent with the experimental re-
sults. In the present paper, we theoretically consider a more general case: the pos-
sibility of the formation of polarization simultons (simultaneously propagating pulses
not only at frequencies of the laser, anti-Stokes, Stokes, and polariton waves) but

also being polarized in x- and y-directions perpendicular to each other.

2. Basic Principles and Equations

In this paper, we consider the nonlinear coherent nonstationary interaction of four
electromagnetic waves: anti-Stokes, Stokes, laser pump, and polariton. The pump
wave is a linearly polarized plane wave, whereas anti-Stokes and Stokes have two
mutually perpendicular components (the nonlinear medium is assumed to be non-
magnetic and transparent at frequencies of anti-Stokes, Stokes, and laser waves).
It is also assumed that the nonlinear interaction takes place in a nonlinear medium
in the form of a layer bounded by infinite planes located at z= 0 and z= L. The

pump wave
E,(F,t):é,A,(z,t)exp[i(kfz—w,t)}+c.c. (1)

propagates along the z-axis. The subscripts a, / s, and p henceforth denote the

anti-Stokes, laser, Stokes, and polariton waves at the frequencies @ . We use

a,l,s,p
the expressions for the anti-Stokes, Stokes, and polariton fields in the form

E,(7.0)= X &) (z)exp| i(K) 7 - ayr) |+ ce. )
u=12
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E (F.t)=Y & 4" (z,t)exp[i(zzw .f_th)] tee. 3)
u=12
E, ()= % &4 (zut)exp[ (-7 - 1) |+ e (4)
where k(") =G 5‘? b5 k=qm; ni ! T k,, . p,k are the refractive indices

and the magnltude of wave vectors in the unpumped medium; e,,e(”,)y , are the
real unit vectors of corresponding electromagnetic fields.

Since we consider the non-resonant frequencies, the longitudinal components
of the anti-Stokes and Stokes waves can be neglected, but this cannot be done for
the polariton wave in the vicinity of the phonon resonance. As it was shown in
[38], with a further advance towards this region, the amplitudes of all three polar-
iton waves Aif) become comparable at first, then A (longitudinal compo-
nent becomes dominant (of course, if such excitation is allowed by the selection
rules). The phase of the polanton wave is determined by the vector W W™ (not by
k(” ) k =q \/7 ’(” +ie) ") which is the dielectric constant at the
polariton frequency o, .

The nonlinear interaction of the electromagnetic waves @, with further gen-
eration of anti-Stokes and polariton waves is described by the nonlinear parts of

the corresponding polarizations ( x=1,2):

P(#) =z IUA A(G) —iAk"z +yh T |A| A(/' +7,/¢/4# A(/’)A(F)A( )

B= it AP AT+t AP AT N, (5)

P = o A7+t |A] Ay A 40 A,
P( ) = =xm 4 A( “) 4 ;(ﬁgA,AS”)* exp(—iAkzz) (oc=1,2)
P[£3)( “) —;(pfA A( )+Zp3A A( 2 exp(—iAkzz) ,

uo uo uo wd " "

where 1.7, i 1ty 1t »Zpl s Xp2 ’Zpl ’Zp257a2 Var V51 272
sponding tensor contractions of the non-resonance quadratic and cubic nonlinear

are the corre-

polarizabilities with unit vectors of interacting waves, Ak* =k’ +W* -k .

The system of shortened equations for the amplitudes 4 is obtained from

a,l,s,p
Mazxwell’s equations by using the standard method of getting shortened equations
by applying the approximation of slowly varying amplitudes [39] ( z=1,2,
o=12,3)

oA 1 4" . 2nw

oz +VZ(#) ot - (#)COSHZ(/H {I" A4,

+ |A| A _H,mm A( )A( )*A(#")}’

a

(o )eftA/c z

(6)

%“'%%:izn—w]z{/’(ﬁa./{s#)z‘l( )+Zz UA(S )A( Jrgink? z}’ )
0z v, Ot  cn,cosb,

(w) (w)
A VAN DO or | 4 g
oz VW ot en'™ cos 67 (8)

F AP AT AN, =12

s
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04\ 4% 2w £ o4 )
2 L Wl i =T (P =) A
Oz ’ Oz c ot pJr

=g} { i 4 A + g A A )

€

a

aA(l)* aA(Z)* d4 3)*
z “p
P oz 0z

—iW[e(l)Z L +e£72) +i—2L (WZ —WeS)Z)

(10)
20 &% 940"
. P

PP
+i >
c Ot

KA = angl {1 A A A A
Provided the strong polariton absorption we have [38]

ey S ey £

<<|W2—k[f*|, (11)

We can neglect (9) and (10) with the derivatives, so that we can directly obtain
the expressions for Al(f’) (c=12) and AS) .

o) 4 * * Ak z
p—— {Z;;fA,Ay)w;;A,Ag") e },(0:1,2), (12)
S —Sp
and
sk 4 * N7y
A :_g_f{ KA A + 244 e ’A’”}, (13)
P

where s= K .
qp

The substitution of the obtained expressions (12) and (13) for the amplitudes
of polariton waves in (6)-(10) results in a new system of differential equations for

4,,, asfollows:

oA, l)aA‘(’ﬂ) =i )Zma ( ){Zﬁ”'”Alef”')*e*’Mzz
oz vj(” ot C”{(z” cos g (14)

a

o | 412 ' V("
AT AL AV 4y A AT A0

4, 1o4 2 , e () ()
Oy L0 2RO (e g A A+ e A A
z v, Ot  cncosb; (15)

T A A A e A AP AT

(#) (1)
8AS + 1 8AS —; ZTECOS {}7/11#'5|A]|2 A(”')
z z s s
Oz vs(”) ot cng”) cos (16)
T AT 0 A0 )
where
ZHO'Z//O' Zﬂ3zﬂ'3 Zuolﬂ’a Zﬂ3lu'3
— 1 T 1 2 '
i =an) LI g o gy 2 DR
N —Ep SP N —:S‘p gp
Zﬂ’tf Zﬂ’3 xﬂ"T l/ﬁ
—u'c _ o pl pl —wl'c _ Ho p2 p2
T =4y, PR T =4y PR )
N {;'p Sp N Sp Ep
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H'3
7/1/21/110' _471:/1/;10' Zpl . . Zpl 771;21210- —47'5}( ZpZ L 2 Zp*Z ,
S gp S S gp

P gl’

Ho

. s ) e A 2w
7;11# _}/ﬁ” +4Tc/1/sﬂ [ 2p] * pl ] }/s/;u _471/{5# [%_L”‘ :

sT-g, 517 sT-¢g, €,

The system (14)-(16) can also be simplified if we introduce new variables as

AI(,U) = A(,u)eiAkzz/Q Al(/l) = A(H)eiN\'Zz/Z (17)

a a 2 s s

Assuming the “week” wave mismatch between waves at Stokes and anti-Stokes

frequencies, that is

a,s

1(#) 1(#) z
|8A “ N 1 aAa’f Ak A( ), (18)
‘ oz v o ‘ 2

a,s

and after bringing all variables to the unitless form, the system of nonstationary

equations simulating CARS can be rewritten as follows:
oA 1 a4
a + a~ ;
oz W ar (19)
+ Cﬂﬂ’u"l;i((ﬂ) y ,(”’)*;l'(””)}

i
a2 s s

=i{C R A v |4 [ 4

o4 104 _ fCp 440 30T . 39 71
a—Z~ ﬁlz af 11 <147 s 12 71 s a (20)

SCHA AW AW AT

04, + 1 614_;(”) —ilom |A| AW 4 ome g2 W
62 ‘»}z(,u) 6; sl 1 S 52 1 “7a (21)

a

+ Cﬂzﬂ/l A () % ( /) A'(ﬂ")}

a,s

where A" = 4 /A0 A =4]/4,,i=t/r, (4, and 7, are the peak ampli-
tude and characterlstlc pulse duration of the pump, z,=cr,, ¢ is the speed of

light in vacuum,

ol 21w, z, _”’“’AO ol — 2nw,z, _””'“A{f-
al — (u) z(u) a2 (#) ED) 7:12 >
en cos 07 cn’ cosd,
C#;'/t" — 2nw,z, —/1/1# Ao cH = 2na)z, 77;/#’0145.
a - nr - 11 >
cnfl" ) cos o) cn, cos b
o = 2nw,z, _WU o = 2nw,z, e (22)
n2 - z 112 AO 21 — z 7/121 AO >
cn, cos b, cn, cos b,
wi _ 2TOZy i o o = 2nw z, _””"’Aé-
122 — z /122 > - (,u) z ’
cn, cos 6, cn”’ cos 6,
cH = 2no,z, —ﬂHO'AO o 2nozy e 2,
52 (ﬂ) z _32 s2 (/1) 2 /52 >
cn.”’ cos O, cn.”’ cos O,
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3. The Manley-Rowe Relation for Simultaneously
Propagating Waves at Frequencies o,

We multiply each of the Equations (19)-(21) by the corresponding c.c. amplitude

and add with its c.c. counterpart:

;1;<“'>*[‘3A5(”)+ 1 @Aé(”)} o it o af 1

oz \7;(”) or (23)
n C:;’ﬂ”gsf(ﬂ) 1/(#’)*;1;(#”)}
- o agH)r U -, e el -
T +~z}#) oA, =—id“Heu ar A +c A 4
0z v, ot (24)
i g 0 31007 )
o4, 1 o4, i {CW QA0 30 ¢ o g o) )
1 82 Vl 8t ni N2 <7 “%s a (25)
+ CI/;/I/;II*A;(#') ~;(u) T CI%QIIZI;(#) ~4'1(/4')*}
A S S i O A A v e A A A
z W ot (26)
FCHAAY A o A A A1)
or[ 24 1 oA =,~'<u>*{cw| af a% e 3w
oz v of o 27)
+ Cvﬂzﬂ'ﬂ";i;(ﬂ) ~;(u )*;L(” )}
04N 1 0AM ) ) f e Af AW vonar g
s a~ ~z(y) a; s s1 1 s 52 1 a
S ¢ (28)

N

When we add those equations together, the right part yields 0, which means

that our equations adequately describe the processes under consideration:

~ ~ 2 ~ 2! ~
o™y ol elal" 1 olaf
——+ et ——
d ) of &z v o
(29)
alawf” a‘ pig)
1y — L —0.
oz v o
We were also assuming that:
CWA A( w) ey +CWA A( L on
o A,AJ Lo ey L
ci Al A AT - c|af A0 a
| (30)
=cy” A| DA vy A| .
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C:ét’u” A;(”);IS'(” ) A;(” )*1:1;(” ) 4 Cf’{m;l:(” ) ASI(H)* A;(” b A;(”)
= C:ét’#”*g;(#')g;(#)*g;(#”)*g;(u') + C:tzu’;t"*;l;(#)IZI;(H")*A;(#)*A;(#')_
ciar A A vy ar a0 al
_ O O3 4 o 3 30 310,
’~2~/'~/* '~2~rl~f'*
cH |A1| As(#)A,s(#) +C |A1| AS(!) S(#)

e~ 12 ~ ~ e ] 12 =
=cut|af AW optlal A A,

If we introduce the energy per area delivered by any wave as

W = T W

a,s

&, = T|21,|2 a7 . (31)

Then it can be easily shown (after integration over time of (29)) that

%(W;”HW[ +Wf’°)=0, (32)

which means that the electromagnetic energy of solitary traveling pulses is con-

served when traveling in a nonlinear medium.
4. Polarization Simultons Speed in the Case of CARS by
Polaritons

To do that, we will analyze the system of nonlinear equations found in [36]

j—? =aQ’sin®, (33)

j—? =2aQcos®+ S0, (34)

where /15(,”)2 = —K,E”)Cffl s A =K (Cﬁg + Cl;;;{) >
AP = lem g =222,

B=(2m,Cts —r e ) 21— (ke + e ) A

+(2,<1c;;/( —x§”>c:””)/1§“)2.

L o B g pne
A(a0)=8 (8", 0= =Tt =T K =5 (v - 5l),

K, 5\712\72/(172 —\75)’ O =20,-0¥ oW E=7_z/i* " W s the veloc-

ity of simultons at the frequencies @, ; B, ,B‘(Iﬁ) and @, , 0 are the real

a as
amplitudes and phases of the interacting waves, respectively. O is the simultons
intensity, « and g are the combinations of cubic nonlinear polarizabilities in
the unitless form needed to form CARS.

The system (33)-(34) can be rewritten as,
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% =Q*sin®, (36)

%zQ(ﬂ%Zcos@), (37)

where x=al,=f3/a. We can reduce the number of equations by using the

integral of motion

2 Const

Q(é)—m,

where 0>0, f>2 (fB=p/a).
It is easy to show (by using the system of equations with the integral of motion)
that

(38)

T (E\aE 2n
_J;Q(g)dg_\/(ﬁ+2a)(ﬂ—2a) (39)

On the other hand, we can introduce the ratio of the energy (per unit area) to
the energy (per unit area) for the laser pump as

W= [ BrdE W™ = [ B dé, (40)

and the energy conservation relationship as
W L+ W =W, (41)

where W, is the total energy per unit area of all interacting electromagnetic
waves at the input to the nonlinear media.

Consequently, when we consider the left part of (41), we can get

a s

WY W+ W) = _T B + T BldE+ T B¥Pd&
= [O(E)dE+ A7 [ Q(E)dé+A"" [ 0(€)dE  (42)
= (A2 2+ 212 T 0(€)dé
Finally, when we equate (39) and (42), we get the relationship between the
boundary conditions and the simultons’ speed.
2 AP 427 + A7)
B +2e) (201

The last equation, in the case of weak dispersion, can be reduced to (see [37])

=W, (43)

1 1 ~
L a— il (44)
‘;Z(#) ﬁ:r(nﬂ) 0
where 7*) =57 2 7 x 57*) gis the gain factor of Raman scattering

g 87t2a)20;(2A§/(cn) ([36]). (Figure 1)
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Figure 1. (a) Simultons traveling in the z-direction and being polarized in the x-direction,

(b) Simultons traveling in the z-direction and being polarized in the y-direction.

5. Conclusion

In this research paper, we theoretically investigated energy relationships in the
case of polarization simultons in CARS. It was proven that the derived system of
differential equations, which simulates CARS of pulses propagating with different
polarizations, obeys the Manley-Rowe relation. The relationship between simul-
tons’ velocity, energy, and the gain factor of Raman scattering was also found. This
can be used in optoelectronics to create polarization filters and optical switches.
The results presented in this paper might be used in spectroscopy to study the
characteristics of anisotropic structures with the stable ultrashort pulses of a cer-
tain polarization. Also, they may be used in such optoelectronic devices as polar-
ization filters when the electromagnetic waves of certain polarization become sup-
pressed due to the nonlinear properties of the medium. Lastly, some applications

can be foreseen when developing delay (compensatory) lines in communications.
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