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1. Introduction

In [1], the necessary computations were established for considering black-hole so-
lutions for any compact, simply connected manifolds with genus g [2]. Of course,
the traditional black-hole is associated with a 2-dimensional sphere S* of genus
g =0. Since there is no mathematical reason to specifically choose g =0, rather
than g #0,asan example a solution of a black-hole of genus g =1, correspond-
ing to a donut or torus, was established.

Previously, torus-like black-holes were considered in [3]. Several studies on the
thermodynamics of torus-like black-holes have been conducted, including fluctu-
ations, statistical entropy [4], the quantum effect on Hawking radiation [5], ther-

mal fluctuations and quasi-normal modes [6], thermodynamic instability [7], Gibbs
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free energy [8], variation of the chaos bound in two regions [9], and weak cosmic
censorship conjecture [10]. Additionally, there has been significant interest in
topological aspects of torus-like black holes: dimensional black holes with toroidal
or higher genus horizons [11], Born-Infeld-dilaton black-holes [12] and topolog-
ical black holes in anti-de Sitter space [13]. Notably, there are also studies of 3-
dimensional black-holes associated with S° event horizon (see [14] and refer-
ences therein).

In order to establish a kind of link between mitochondrial-DNA and the torus
black hole, we shall use the progress in the developments from [1]. Topologically,
the torus can be described by the structure S'xS'. So if we make a distinction of
these two circles, let’s say S, xS|,), with @ is the radius of a helixand & is
the distance from the axis to the center of the torus or the radius of the ring, we
can consider a rotation of two opposite points on S(]a) in such a way that they de-
scribe a double helix structure around S(lb) . This idea can be understood as anal-
ogous to the structure of mitochondrial-DNA structure. The central aim of this
work is to explore these observations in greater detail.

Now, DNA consists of two strands in the form of a double right-handed helix
of repeating units called nucleotides, each of which consists of a 4-base, Adenine
(A), Thymine (T), Cytosine (C) and Guanine (G) which form the stair rungs. The
4-nucleotides are joined together by covalent bonds between the phosphate group
of one nucleotide and the sugar molecule of the next, forming a phosphate-sugar
backbone from which the nitrogenous bases protrude. The two strands are held
together by hydrogen bonds between the bases. Importantly, the four bases have
specific pairing properties: adenine can only pair with thymine, and cytosine can only
pair with guanine [15]. Schematically, we can consider these 4 options in the form

A-T,
T-A,
C-G,
G-C.

ey

The genetic code can be constructed by considering the so-called codons, which
are a triplet of the 4-nucleotide. In turn, the triality of nucleotides means that there
are 64=4x4x4 possible combinations or codons. Indeed, 61 codons specify 20
amino acids, one as a starting (initiation) codon which establishes the beginning
of synthesis and simultaneously encodes the amino acid methionine; on the other
hand, 3 are used as stop signals (see [16]). So, the first problem is how to distribute
the 41=61-20 codons into 20 amino acids. This is achieved by allowing some
amino acids to be specified by more than one codon.

It turns out that (1) can be simplified by making the identifications

T,
Co2,
(2)
A3
G4,
and then writing (1) in the form
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By defining
a :(1,2), @
a = (1*,2*).

we see that the relations 1<>1° and 2 <> 2", established the duality relation
aea. (5)

An even clearer prescription of previous duality symmetry is achieved by con-
sidering the sets {T,~L} and {—,«}. The key idea is first to write 1 as T
as ¥ ,while2as — and 2" as <« .Wecall T up, J down, whilewe call —
right and <« left. It is evident that up/down are dual concepts, while right/left
are also dual concepts. This means that all the genetic code are written in terms of
two dual concepts: up/down and right/left (see [17]).

The two options {T,i} and {—,<} can be associated with the quantity

C, » which if it satisfies the symmetries

ij
Cq'jkl = _C(/'lk = _C/ikl > (6)

and

c

K] =

0 (7)

(as the Riemann tensor in general relativity theory (see page 326 of [18])), we
obtained that the several possible codons for C;, is 20, the same number of amino
acids. So, we wonder whether an analogue exists of this duality symmetry in the
case of a torus black-hole. We shall propose that if we associate two points on the
rotating circle S(la) with opposite dual particles, say in the spinning system {T, »L} ,
and simultaneously associate the other dual spinning particles {—,<} with two
opposite points in S(la) we might obtain a double helix structure analogous to that
observed on the torus surface of a black hole [17].

Mitochondrial DNA (mtDNA) is a small circular (torus-shaped) chromosome
found within mitochondria. It consists of a double-stranded molecule inherited
maternally and encodes 13 essential proteins involved in oxidative phosphoryla-
tion, as well as rRNA and tRNA necessary for mitochondrial protein synthesis.
With its bacterial-like genome structure, mtDNA serves as a remnant of the evo-
lutionary origins of mitochondria as endosymbionts. Since our formalism explores
the possibility of mtDNA torus black holes beyond the traditional 2-dimensional
spherical event horizon, this circular structure and its central role in energy pro-
duction provide a compelling analogy to dynamic systems. Additionally, mtDNA’s
replication dynamics, susceptibility to mutations, and involvement in metabolic

diseases highlight the potential for further exploration in this context.
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A few areas of research that could be improved are:

1) Although the previous paragraphs provide a general idea of the work’s ob-
jectives, it remains to explain the progression of ideas considered in our formalism.
In fact, there are attempts to connect the small with the large scales in our universe.
Certainly the mtDNA exists at the microscopic level of the cell, while black-holes
are most of the time thought of as large structures. So, this contrast makes it partic-
ularly intriguing to explore a potential connection between these dual small/large-
scale scenarios.

2) Perhaps, our work may offer valuable insights into both scenarios, mtDNA
and black-holes; ideas in the rein of mtDNA can be useful in the black-hole sce-
nario and vice versa.

A double helix wrapped around the torus can be described by the equations
x(1)= (b +acos(nawt + /In))cos wt,
»(t) :(b+acos(nwt+/ln))sin wt, (8)
z(t) = asin(nat + An).

2n _2_75

Further, o=—, o A={0,1} and n are natural numbers measur-
3

ing the number of windings per helix. Moreover, ¢ and 7 are the periods
around the torus and around the moving circle of the helix.

If we rename the quantities in (1) as follows:
0 =nwt+ An )
and
¢=ot (10)
then we find that (1) can be written as

x=(b+rcosf)cosg,
y(t)=(b+rcosf)sing, (11)
z(t)=rsin6,

with 7 =a, and therefore the flat space-time line element
ds® = —c*d* +dx’ +dy” +dz° (12)
becomes
ds? = —c*de* + dr? +*d 6? +(r+rcost9)2 dg’. (13)
The key goal of this work is to generalize (13) in the form
ds® = —e'"dr? +"dr? + 0040 + " d g, (14)

and in this way to compute the relativistic gravitational field equations. It turns
out that such a solution corresponds to a torus black-hole solution. This means
that a double helix described by (1) can be associated with such a torus black-hole.
Hence, we argue that a kind of mitDNA can also be associated with the torus
black-hole.
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2. Proposed Metric Tensor

Here, we shall briefly review Ref. [1]. The proposed metric tensor, or ansatz, as-

sociated with (14) is given by the matrix;

=/ 00

, (15)

Thus, the non-vanishing Christoffel symbols [18]

1 .. |o0g, 08s 08,
r =Eg”{ yo =T%, (16)

h of o oY

associated with (15) are

f! h! e/*hf!
Fiz = > ng :Ea 1—‘121 = )
A )
== 2_9 Fy=- 5 I3, 23’ v(7)
p!
Fiz - ?,
and also
f h e f
F}3: > F§3:5: 1—?1: ;
h-q7 p=h :
e h e’ "p q
Fzz :_Ts FL:_Ts F;:E, (18)
p
rjs =
oF . oF
Here, we used the notations F'=— and H = % , for arbitrary functions
7

F=F(r,0) and H=H(r,6). From these Christoffel symbols we may obtain

the non-vanishing Riemann tensor

ory, or#
— VB va 1 o o
};/7 - axaf - axﬂ + Fg-arvﬁ - rﬁﬂr‘/a : (19)

and the Ricci tensor
R, =R: (20)

Hov

And in this way, the vacuum gravitational field equations

R, =0, (21)
leads
1 . 1 1 1 1
R :_ej—h ”+_ 12__ !h!+_ !r+_ o
n=7 (f 2f 2f qu 2fp)
1 1 1 1 1 (22)
PRIVETET0 IFEU IR PR _o,
5© [f 2f qu 2f 2fp
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1 1 ., 1
R =—= " 2 rhr
2 Z(f 2f 2f j

1 " 1 1?2 l rgr " l ”?2 1 1
——| p'+=p =P +q"+=q"" —=q'h 23
2(;7 AR A A B j (23)

Vg 1y 1o 1. 1-.j
—= h+—h"——hg+—hf +—hp |=0,
2° [ PR A A4

1 1 1 1 1
R :__eq—h ﬂ+_ /2__ ,h"‘r— [ !+_ o
5= (q 9" —5ah+7af 2qu

2
(24)
B NN A Sy CHILY P R B
5 5 5 5 Sha+p+-p =5 pq =0,
1 1 1 1 1
R =__ep—h n+_ !2__ /h/+_ ’ !+_ o
W=7 (p SP 5P 2pf zqu
(25)

1 1 1 1. 1.,
__ep,q ..+_.2__..+_.h+_. :0.
5 (p AR A 2pfj

Our main goal now is to solve (22) - (25) for the torus and try to relate such a

solution to an mtDNA torus.

3. Towards the Mitochondrial-DNA Torus Black-Hole

Assuming that
q¢¢+lqr2 =0 (26)
2
and
" 1 2
p'+=p" =0. (27)
2
we find the general solution is of the form
5
e? =r4.(0)+B.(0) (28)

q
for £=¢q or &= p. For the 2-sphere case, we have e? =r and e

SIS

=rsind.

4 »
The choice e? =r impliesthat 4, =1 and B, =0, while choosing e* =rsiné

a
means that 4, =sin¢ and B, =0. For the torus we have again e*> =r, but

P
e? =rsin@+a which means that A17 =sinf and Bp =a . Thus, considering

(19) and (20) we get that (16), (17) and (18) simplify in the form

W, 1, 1,0, 1, ,
R22=——(f +_f2_5fh)+zh (P +5])

2 2
1 1, 1., 1 (29)
——ehq(ﬁ+—hz+—h'+—h' =0,
2 LA
1 - 1y’ Ve '
Ry=—7¢ "(—=g'h+qf +4'p")
(30)

e 1.5 5 1 1., 1.,
——| f+=f+h+=-h"+p+—p —— =0,
z(f 2f S HpSp 21)(1)
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and
1 — rg.r 1V r.r
R44=—Ze”(—ph +pf"+p'q")
1 1 1 1 (31)
——e" | p4—p*+—ph+—pf |=0,
3 (p S P Eop 2pfj

q
where we also set ¢=0 because our choice e?> =r. The expression (15) be-

comes
1 —h " 1 2 1 1y 1 ' [ '
R, :Ee/ ](f +5f2_5fh +5f (6] +P)j
(32)
+le-fq(f+lf2 Ll ~j:o
2 2 2 2P0
Assuming
f'+h'=0 (33)
and
F+h=0. (34)
We also find
1‘5+%p2 =—1p'. (35)
Thus, (24) becomes
r(e’h)l+e”’—1:O. (36)
Multiply (29) for sinf we get
rsin@(e_h )' +sinfe™ —sinf = 0. (37)

and making some computations we find that (29) admits the solution

e [1-ﬂ], (38)

b+rsin@

with A (9) an arbitrary function of 6. The proof that (32) is, in fact, a solution
to (29) is straightforward. Now it remains to determine .A(6). We apply the
well-known procedure to derive the event horizon by setting

[I_Mj:o, (9)

b+7r,sin@

with 7, =const, a fixed torus radius. Therefore (32) becomes

ehz(l_bﬂfss.m@j, (40)
b+rsin@

and since e/ =e™ we find that the line element can be written as

. 2
de = (12000 a9 L 240%  (b e rsind) df. (41)
b+rsing (l_b+rssm0j

b+rsin@
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This line element is reduced to the usual one when 5=0.In fact, when =0

we get

2
w2=_(L“£j3dﬁ+ & 2467+ sin 044, (42)

SENCH
r
as expected.

According to the usual literature, mitochondrial DNA (mtDNA) is described
as “closed circular DNA,” consisting of approximately 16,569 nucleotides that en-
code some of the mitochondrial proteins essential for cellular energy production.
Unlike nuclear DNA, mtDNA is inherited maternally and is located in the mito-
chondria, the powerhouses of the cell. These organelles are responsible for gener-
ating most of the cell’s supply of adenosine triphosphate (ATP), which is used as
a source of chemical energy.

However, this simplified definition of mtDNA erroneously introduces the con-
cept of “closed circular DNA,” which marks a significant difference from the DNA
found in the cell nucleus. Unlike the chromosomal DNA in the nucleus, which is
linear and complex, mtDNA is circular and relatively compact. Despite this, in
both cases, as mentioned in the introduction, both mtDNA and nuclear DNA are
double-stranded helices with a right-handed orientation, composed of repeating
units called nucleotides. Each nucleotide consists of 4 bases: adenine (A), thymine
(T), cytosine (C), and guanine (G), which form the “rungs” of the helical ladder.

In humans, mtDNA encodes for 37 genes, 13 of which are involved in the Elec-
tron Transport Chain (ETC) and oxidative phosphorylation, processes critical for
ATP production. The remaining genes encode transfer RNA (tRNA) and riboso-
mal RNA (rRNA), which are involved in protein synthesis within the mitochon-
drion. Because mtDNA does not have the same repair mechanisms as nuclear
DNA, it is more prone to mutations, which can lead to mitochondrial diseases.

Given this, it must be evident that the simplified term “closed circular DNA” is
not entirely accurate. Instead, mtDNA should be visualized as a double helix on a
toroidal geometry. Additionally, since it is sometimes useful to connect different
scenarios, we wonder if the mtDNA structure could also manifest in the context
of toroidal black holes. To explore this, we propose substituting Equations (2) and
(3) into Equation (35), yielding

e 1_b+rxs.in(nwt+)m) 2di e dr?
b+rsm(nzut+/17c) 1_b+rssin(nwt+/1n)
b+rsin(n@t+ An) (43)

+r7d@” +(b+rsin (nat + /lrc))2 de¢’.
Since A4={0,1} (37) can be broken into two line elements, namely

. 2

dst=— 1_b+rS s‘1n(nwl) YN dr
b+ rsin(nat) b+ sin (nat)
b+ rsin(nwt)

(44)

+r7d6” +(b+ rsin(nwt))2 de¢’.
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and

. 2
ds?= - 1_b+ig_s.1n(mm‘+7t) A s dr
b+rsm(mm+7t) b+r, sin(nwt+n)
e (45)

b+rsin(mm‘+7t)
+72d6 +(b+rsin(nat + ) dg’.

It is important to observe that because the distance between the dual particles
on the torus remains the same, the orthogonal line element d/* =ds; —ds. must

be zero, that is
ds? —ds? =0 (46)

All these refer to two dual particles. However, the mtDNA is a two-stranded
molecule in the form of a double right-handed helix of repeating units called nu-
cleotides. So we need to extend the previous observation to the level of the double
helix along the torus combining different opposite particles. Since these opposite
particles are of the type {T, i«} and {—,«} we expect to obtain a kind of Ising

model.

4. Final Remarks

There are two interesting subjects that can be explored in further research. First,
the present algorithm can also be used to find a kind of spiral black-hole solution.
In particular, we may also choose 4, (0)=4,(6)=1 and B, (0)=af and
B,(0)=afsin@ . This means that the last terms of (39)

di* =77 (d6’ +sin’ 0dg’ ) (47)
can be written in the alternative form
d* =(r+af) (46’ +sin* 0dg’ ). (48)

When =0 the radius becomes

p=ab, (49)

which correspond to the typical radius of a spiral curve. We are tempted to pro-
pose that (42) may be useful for describing galaxy dynamics, with a black-hole as
a source system. The question emerges what does this mean in the case of mtDNA
black-hole.

Second we may explore the significance of the singularity at »#0, for g#1,
as opposed to r=0 for g=0.In addition, this result may provide an alterna-
tive solution to the long-standing problem of singularity in black-hole physics. In
any case, we wonder what such a concept of singularities means in the case of
mtDNA.

Finally, we would like to make additional comments. First of all, this duality
symmetry is not merely a formal relabeling, but rather reflects fundamental bio-
chemical properties of the genetic code. The pairing of T-A and C-G corresponds

to purine-pyrimidine complementarity, which ensures the structural stability of
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the double helix and the high fidelity of the replication and transcription process.
In mitochondrial DNA, this complementarity is essential to preserve functional
integrity despite higher mutation rates. Thus, the abstract duality introduced here
has a direct counterpart in the known biochemical and functional organization of
the genetic system (see [19]).

Secondly, in order to emphasize the key development of this work, we avoid
presenting the solution of the gravitational field equations in sufficient detail.
However, the reader can verify that the computations are straightforward (see [1]).

Third, at first sight, we may be intrigued by the apparent enormous difference
in physical scales between mtDNA and black-holes. However, we may assume the
fact that we may also consider “small” black-holes, which may be created just after
the big-bang. In any case, since quantum gravity is still an open problem, we won-
der whether new ideas, such as the one presented in this work, may establish that
“small” scales, such as mtDNA may describe the right route for a successful quan-

tum gravity.
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