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Abstract 
We present a novel integrated mathematical and numerical framework for the 
nonlinear Schrödinger equation in open quantum systems under electromag-
netic fields, with a particular focus on Bose-Einstein condensates. To over-
come limitations in modeling nonlinear dissipative effects and exogenous in-
fluences, we propose a non-Hermitian NLS formulation incorporating local-
ized dissipation and complex electromagnetic couplings. Analytical tools, in-
cluding generalized dissipative Strichartz estimates, variational methods, and 
spectral theory for non-self-adjoint operators, enable precise characterization 
of stability and dynamical behavior. A high-precision numerical platform, 
combining spectral discretization with semi-implicit Crank-Nicolson schemes 
and perfectly matched absorbing layers, was implemented to simulate multi-
dimensional regimes. Machine learning modules, including convolutional neu-
ral networks, variational autoencoders, and sequential models (LSTM/Trans-
former), were employed to automatically explore critical regimes, predict tem-
poral evolution, and identify phase transitions. Simulations revealed the for-
mation of stable dissipative solitons and vortices, robust under environmental 
losses, and demonstrated that spatially structured dissipation combined with 
oscillating electromagnetic fields can stabilize quasi-stationary states. Quanti-
tative analysis shows that topologically protected modes persist over long time-
scales and can be dynamically controlled via external fields, confirming the fea-
sibility of encoding qubits and implementing basic quantum gates in dissipa-
tive quantum computing frameworks. By integrating nonlinear, dissipative, and 
topological effects within a unified framework, this approach provides new 
insights into the stability, coherence, and controllability of open quantum sys-
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tems, offering a practical pathway for nanoscale device engineering and robust 
quantum state manipulation.  
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1. Introduction 

Quantum dynamics are modelled variously and this issue sits at heart of theoreti-
cal physics research particularly in Bose-Einstein condensate studies. Systems evolve 
at extremely low temperatures and exhibit high correlation [1] [2]. Nonlinear 
Schrödinger equation plays a pivotal role as a reference model describing diverse 
complex phenomena in various mathematical contexts quite frequently nowa-
days. Nonlinear effects are incorporated via Gross-Pitaevskii terms in this model 
enabling capture of particle interactions rather nicely in condensed states [3] [4]. 
This equation models closed systems isolated from environment in its canonical 
form quite rigorously nowadays. Energy exchanges with external baths and dissi-
pative interactions incur inherent information losses that are not taken into ac-
count properly over time. Experimental reality demands accounting for open 
quantum systems namely those subject extremely subtly to environmental deco-
herence and quite vigorous energy exchange [5]. Effects under discussion are fre-
quently non-Hermitian in mathematical formulation and induce increased com-
plexity analytically and also quite numerically. Technological advancements have 
made it fairly feasible now to manipulate such systems using controlled electro-
magnetic fields quite effectively nowadays [6] [7]. New avenues have consequently 
opened up for precise modulation of interparticle interactions and optical trap-
ping alongside quantum state control simultaneously. Coupling open systems and 
nonlinear effects with electromagnetic fields poses a significant challenge requir-
ing formulation of a coherent theoretical framework simultaneously models these 
dimensions. 

Numerous studies scrutinize these components separately including analysis of 
NLS equations under stark non-linear conditions and introduction of magnetic 
fields [8]. These approaches remain predominantly fragmented and compart-
mentalised thereby failing miserably to integrate myriad cross-interactions that 
typify complex real-world systems. A significant methodological gap exists due to 
a lack of a unified mathematical framework rigorously addressing combined non-
linearity effects and environmental dissipation on CBE dynamics. Theoretical la-
cuna hinders comprehension of critical phenomena like formation of localised 
dissipative solitons and noise-induced phase transitions in coupled systems. Pre-
sent study innovatively contributes by developing an integrated model rooted in 
a generalised nonlinear Schrödinger equation incorporating electromagnetic fields 
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and system opening effects coherently. Advanced tools like Strichartz estimates and 
variational techniques under constraints get combined with high-precision nu-
merical exploration based on adapted schemes. This study has a twofold objective 
essentially. It seeks to characterise asymptotic behaviours and emerging structures 
deeply within a novel theoretical framework very slowly. It aims at simulating ef-
fects of complex coupling on temporal dynamics and stability of CBEs subjected 
rather heavily to controlled external fields. This rigorous multidimensional approach 
ostensibly enables research to fill a critical gap in current literature and opens up 
novel vistas for quantum engineering. Perspectives gained will be particularly 
relevant for controlling coherent states and designing robust quantum devices 
amidst decoherence mechanisms in severely structured environments. A substan-
tial enhancement manifests in modelling intricate quantum systems within non-
conservative frameworks bearing fundamental and applied ramifications quite 
profoundly. 

2. Mathematical Modelling of the Open Quantum System 
2.1. Physical Setting and Assumptions 

A macroscopic quantum system representative of a Bose-Einstein condensate at 
near-zero temperature evolves in partially controlled environment subjected to 
variable external electromagnetic fields spatially and temporally. System interacts 
significantly with surrounding quantum bath or macroscopic dissipation struc-
ture being inherently open and dynamically coupled [9] [10]. Openness gives rise 
emergently to non-conservative terms within effective Hamiltonian formulations 
surprisingly in most physical systems under consideration nowadays. A non-Her-
mitian generalisation of dynamics becomes imperative consequently [11] [12]. 
Model formulation occurs within spatial domain dΩ⊂   where 1, 2,3d =  over 
finite time horizon [ ]0,t T∈ . A normalised complex wave function denoted by 

( ),x tψ ψ=  represents macroscopic quantum state of system belonging to com-
plex Hilbert space C . Norm of this wave function defined as  

( ) ( ) ( )2

2
, , d 1

L
x t x t xψ ψ

Ω Ω
= ≤∫ . Incorporation of dissipative dynamics occurs 

via decay of ℒ² norm as a function of time thereby enabling such complex behav-
iors naturally.  

Fundamental physical underpinnings underlying model formulation are inher-
ently quite simplistic: 
 First hypothesis H1 pertains largely to open system somehow. Condensate in-

teracts with quantum environment inducing irreversible losses of mass phase 
or coherence quite rapidly in most cases. Non-self-adjoint dissipative opera-
tors can model such phenomena effectively under certain conditions quite fre-
quently in various mathematical contexts. 

 Electromagnetic coupling denoted H2 emerges as second topic rather quietly. 
External electromagnetic field ( ),A x t  and scalar potential ( ),x tΦ  modu-
late dynamics via minimal coupling in domain Ω over time interval [0, T] 
pretty regularly. 
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 Condensed nonlinear interaction is examined via third hypothesis H3 quite thor-
oughly. Interactions between atoms are represented by a local nonlinear po-
tential ( )2 2

intV g σψ ψ=  pretty effectively with g∈  and 0σ > . 
 Hypothesis four H4 pertains largely to boundary conditions and initial states 

under somewhat specific circumstances typically found in various related stud-
ies. Domain subject to either periodic boundary conditions or homogeneous 
Dirichlet boundary conditions 0ψ

∂Ω
=  and assumed given initial condition 

namely ( ) ( )1
0 x Hψ ∈ Ω  at 0t = .  

Mathematically formulation unfolds thus: under electromagnetic coupling a 
dissipative nonlinear Schrödinger equation emerges with its form manifesting 
subsequently:  

( ) ( ) ( ) ( ) ( )

( ) ( )

2
2

, , , , ,
2

, , , ,

i t x t i A x t q x t g x t x t
m q

i x t x t

σ
ψ ψ ψ

ψ ψ

  
∂ = − ∇ − + Φ +  

   
− Γ

 



 

where the external vector potential (i.e., the magnetic effect) is represented by the 
function ( ), dA x t ∈ . 

The external scalar potential (electric effect) is denoted by ( ),x tΦ ∈ . 
The parameter known as g∈  is the nonlinear interaction parameter. The value 

of g∈  can be positive, denoting a repulsive interaction, or negative, denoting 
an attractive interaction. 

The quantity ( ), , 0x t ψΓ ≥  is defined as a modulated dissipation term, which 
represents losses that are associated with the process of coupling with the envi-
ronment. These losses may be exemplified by non-linear and non-Markovian de-
cay rates [13]-[15]. 

It is important to note that 


 and q are, respectively, the reduced Planck con-
stant and the effective charge of the particle. 

Discussion proceeds via examination of functional notation within a mathe-
matical framework slowly unfolding. A particular functional framework gets em-
ployed here. 

( ) [ ] ( )( ) ( ) ( )( )1 1 1, 0, ; 0, ;x t C T H C T Hψ −∈ Ω ∩ Ω , the potentials  
[ ]( )1, 0,A C TΦ∈ Ω× ; 

Term ( ), ,x t ψΓ  assumed locally Lipschitz with respect to ψ  and measurable 
with respect to x and t simultaneously. Effective Hamiltonian becomes profoundly 
non-self-adjoint consequently:  

( ) ( ) ( ) ( ) ( )
2

2
, , , , , ,

2eff t i A x t q x t g x t i x t
m q

σ
ψ ψ

 
= − ∇ − + Φ + − Γ 

 

 

  

Quantum state dynamics unfold amidst nonlinear interactions and broken 
symmetry under modulatable fields and exogenous structural dissipation mecha-
nisms fairly regularly now. 

Modelling aims at deducing existence and stability of solutions ( ),x tψ  and 
characterising partial energy conservation in non-Hermitian regimes thoroughly 
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meanwhile studying formation of localised stationary structures bifurcation phe-
nomena and Γ-induced phase transitions quite extensively. 

2.2. Generalised Non-Linear Schrödinger Equation 

A non-Hermitian non-linear generalisation of Schrödinger equation describes be-
haviour of Bose-Einstein condensate pretty dynamically in an open environment 
under spatially and temporally modulated electromagnetic fields [16] [17]. This 
generalisation accounts for dissipation effects and electromagnetic coupling along-
side condensed interparticle interactions within a rather complex system [18]. A 
complex, non-autonomous effective Hamiltonian forms the foundation of the pro-
posed formulation. This framework emerges from a rigorous and consistent cou-
pling between physical and topological mechanisms, ensuring both mathematical 
coherence and physical fidelity. The resulting governing equation can thus be for-
mally expressed as: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2
2

, , , , , ,
2

, , , ,

exti t x t i A x t q x t g x t V x t x t
m q

i x t x t

σ
ψ ψ ψ

ψ ψ

  
∂ = − ∇ − + Φ + +  

   
− Λ

 



 

Several individuals intricately involved in project matters include people from 
various backgrounds and with diverse skill sets apparently:  

The wave function of the condensate, designated as ( ),x tΨ ∈C . 
The reduced Planck constant is denoted by 0> . 
In the case where 0m > , the quantity being measured is the mass of the bos-

ons. 
The effective charge of the system is denoted by q .  
It is asserted that ( ) dA x, t ∈ : the vector potential that describes the external 

magnetic field. 
The function ( ),x tΦ ∈  is defined as the scalar potential that describes the 

external electric field. 
( ),extV x t ∈ : the concept of trapping potential or geometric architecture (e.g., 

optical lattices, harmonic confinement, etc.) is employed. 
In the case of g∈  and 0σ > , the parameters are indicative of nonlinearity 

(i.e., a generalized Gross-Pitaevskii interaction). 
The function ( ), ,x t ψΛ  is defined as nonlinear and possibly non-local dissi-

pation function, with the capacity to induce a loss of normativity:  
Thus primary differential operator stands out starkly:  

( ) ( ) ( ) ( )

( ) ( )

2
2

, , : , , ,
2

, , ,ext

x t i A x t q x t g x t
m q

V x t i x t

σ
ψ ψ

ψ

 
= − ∇ − + Φ + 

 
+ − Λ

 


 

( ) ( ) ( ), , , , ,eff t x t i x tψ ψ ψ= − Λ   demonstrably serves as non-Hermitian evo-
lution generator defining a weirdly mixed linear-nonlinear operator. 

Caractéristiques structurelles de l’équation 
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 Structural characteristics of equation are as follows: term generalised power-
type non-linearity denotes specific kind of non-linearity characterised by ex-
hibiting power-type behaviour quite remarkably 2g σψ ψ  has emerged as 
crucial factor in studying average interactions between bosonic particles under 
various conditions [19] [20]. Cubic models typically necessitate 1σ =  for global 
existence of solutions pretty much always under certain conditions. In subcrit-
ical models with dimension 3d ≤ , 1σ =  isn’t enough and other parameters 
like ( )0,2σ ∈  must be taken into account carefully. 

 Coupling ( ),i A x t
q

∇−


 induces a connection with gauge invariance  

A A χ+∇  tχΦ Φ−∂  ensuring formulation quite physically con-
sistent. 

 Dissipation sans Hermiticity occurs via a non-Hermitian process characterized 
mostly by rather unusual energy loss mechanisms somehow. ( ), ,i x t ψ ψΛ  
serves largely to generalise Lindblad models or loss terms exhibiting highly 
amplitude-dependent rates quite effectively meanwhile. Consider following 
example now: 

( ) ( ) ( ) 2
, , , ,x t x t x t

η
ψ γ µ ψΛ = + ,  

In the event that 0, 0γ µ≥ ≥ , and 0η > , it can be deduced that a non-linear 
and non-conservative dissipation, modulated by the local probability density, is 
obtained. 
 Breaking of unitary symmetry is explored in this study fairly thoroughly with 

intriguing results forthcoming from varied intricate analyses subsequently. Ef-
fective non-self-adjoint Hamiltonian eff  induces a decidedly non-unitary 
flow quite freely. Evidently aforementioned equation blatantly contravenes 
fundamental principle of conservation of classical 2  norm pretty badly in 
most cases. 

( ) ( ) ( )( ) ( )2

2 2d 2 , , , , d 0
d L

t x t x t x t x
t
ψ ψ ψ

Ω Ω
= − Λ ≤∫ .  

A wide range of concepts and methodologies is encompassed within complex 
spectral frameworks largely as a thoroughly theoretical construct. Operator effH  
potentially admits a complex spectrum denoted by ( )effσ   within complex 
plane   quite remarkably [21] [22]. This complex spectrum induces a multitude 
of phenomena such as unstable regimes and amplified oscillations or damped spec-
tral bifurcations. 

2.3. Structural Properties of the Model 

Generalised nonlinear Schrödinger equation model previously outlined comprises 
a gnarled mathematical structure integrating non-self-adjoint differential opera-
tors and nonlinear terms of disparate variable power explicitly [23]. Within a 
functional framework we undertake rigorous formal analysis of its fundamental 
properties thoroughly and with great structural detail  
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[ ] ( )( ) ( ) ( )( )1 1 10, ; 0, ;C T H C T Hψ −∈ Ω ∩ Ω ; where dΩ⊂  , { }1,2,3d ∈ , and 
( )1H Ω , the Sobolev space is the standard reference point. 

Generalised energy dissipation property 
Generalised instantaneous energy of a system defined by some rather obscure 

functional will be considered in this somewhat esoteric investigation: 

( ) ( ) ( )

( )

2
2

2 2 2

: , ,
2

, d ,
1 ext

t i A x t q x t
m q

g V x t xσ

ψ ψ ψ

ψ ψ
σ

Ω

+

  
= − ∇ − + Φ     





  


+ +



+


∫
 



 

Temporal evolution of parameter   be expressed succinctly through formal 
derivation mostly under specific conditions:  

( ) 2d 2 , , d Terms of gauging and non-autonomy
d

x t t x
t

ψ ψ
Ω

= − Λ ∂ +∫
  

Dissipation induced by Lyaponov function demonstrably leads strictly to decay 
or loss of energy conservation rather rapidly over time. Consistency exists with 
open non-Hermitian characteristics of a system. Evidently this property precludes 
classical energy conservation thus necessitating utilisation of an analytical frame-
work based on dissipative semigroups with weakened energy estimates.  

2) Loss of normativity and non-unitary dynamics 
Dissipative term causes violation of 2  norm conservation over time in equa-

tion. Quite ostensibly we possess fairly extensive evidence already:  

( ) ( ) ( )( ) ( )2

2 2d 2 , , , , d 0
d L

t x t x t x t x
t
ψ ψ ψ

Ω
Ω

= − Λ ≤∫  

A unidirectional decline in quantum mass suggests open dynamics character-
ized by such hallmark traits rather obviously. Behaviour like this facilitates mod-
elling decoherence and energy relaxation into external baths or absorption by some 
pretty asymmetrical structures. 

3) Broken Hamiltonian structure and pseudo-conservation  
Model lacks conserved Hamiltonian structure but can be regarded as complex 

dissipative Hamiltonian system defined by symplectic derivation perturbed by 
purely imaginary dissipation. Complex energy thus gets expressed as eff i= − Γ  , 
wherein ( )conservatif: , tψ ψ=  , and quantity Γ signifies generalised dissipative 
pseudo-flows associated with global dynamics of ( ), , ,x tψ ψ ψΓ = Λ  [24]. Mo-
tivation stems from employing tools rooted deeply in CPT-symmetric operator 
theory or venturing into semi-classical analysis within non-self-adjoint frameworks 
rather haphazardly.  

4) Gauge invariance and minimal electromagnetic coupling 

The generalised kinetic term: ( )
2

,i A x t
q

 
∇ − 
 



 respects local gauge invariance  

( ),e , ,iq x t A A tχψ ψ χ χ+∇ Φ Φ−∂

   , emphasising this process guarantees 
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fundamental consistency of model with principles of electromagnetic covariance, 
which are vital under normal circumstances. This property makes model suitable 
for dynamically controlled optical setups like variable lattices and rotating traps, 
etc. 

5) Critical regimes and blow-up thresholds 
Nonlinearity of type 2σψ ψ , with 0σ >  greatly influences classification of 

dynamic regimes according spatial dimension d and critical index cσ . Notably 
underneath layers of vagueness. 

 Subcritical: 2
d

σ < →  total solutions. 

 Critique: 2
d

σ = →  threshold instabilities.  

 Overcritical: 2
d

σ > →  possible blow-up in finite time.  

Presence of term i ψ− Λ  plays somewhat regularising role or stabilising dissi-
pative effect potentially inhibiting formation of singularities quite effectively. A 
detailed asymptotic study has been focused on thoroughly now see Section 3.4.  

6) Complex spectral structure and resonant modes  
Operator ( ),effH t ψ  exhibits non-self-adjoint properties and its spectrum 

( )effσ ⊂   contains various elements. Presence of complex eigenvalues indi-
cates unstable modes or growing solutions rather elaborately. A spectral contin-
uum exhibits diverse scattering behaviours markedly across varying conditions 
typically under certain circumstances quietly. Localised quasi-modes phenome-
non occurs pretty frequently in context of dissipative solitons alongside various 
trapping modes rather mysteriously [25] [26]. Spectral structure depends heavily 
upon geometry of extV , and also on regularity of Λ and dynamic couplings A and 
Φ exist. Semi-classical analysis tools and spectral theory for non-normal operators 
are required to study this rather complex structure in depth. Proposed model ex-
hibits highly non-trivial hybrid mathematical structure with properties of broken 
symmetry and anisotropic dissipation alongside critical non-linearity. Properties 
enable emergence of complex behaviours such as highly localised non-conserva-
tive structures and dynamic spectral bifurcations alongside modulated instabili-
ties. Phenomena are explored analytically and numerically in Section 3, and a rig-
orous functional framework is used in Section 4. 

2.4. Field-System Coupling Physical Model 

Coupling formalism minimally underlies interaction between open quantum sys-
tems like Bose-Einstein condensate and dynamic external electromagnetic fields 
with dissipative topological contributions that are somehow modulatable. Cou-
pling occurs between quantum field represented by wavefunction ( ),x t Cψ ∈  
and electromagnetic potentials ( ), dA x t ∈ , ( ),x tΦ ∈  governing magnetic 
and electric components somewhat exogenously [27] [28]. Coupling exhibits local 
characteristics arising from potential terms and non-local characteristics stem-
ming largely from topology of magnetic field and Berry phase effect. These char-
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acteristics structure a dynamic strongly constrained by principles of special rela-
tivity and gauge invariance alongside Maxwell’s laws modified somewhat for ac-
tive media. Effective dynamics of condensate are described subsequently by sys-
tem under intense scrutiny:  

( ) ( ) ( ) ( ) ( )

( ) ( )

2
2

0 0 0
0

, , , , , ,
2

,
, , ,

, ,

exti t i A x t q x t g x t V x t i x t
m q

x t EE B j x t
t

AE B A
t

σ

ψ

ψ ψ ψ ψ ψ

ρψ
µ µ

    ∂ = − ∇ − + Φ + + − Λ  
     ∂∇ ⋅ = ∇× − = ∂


∂ = ∇Φ − = ∇× ∂

 






 

where:  

 ( ) ( ) 2
, : ,x t q x tψρ ψ=  is the charge density induced by the condensate, 

 ( ) *, : .
2

q qj x t i A c c
miψ ψ ψ  = ∇ − −    

 is the induced probability current, 

 0  and 0µ  are the dielectric and magnetic constants of vacuum. 
Modified Maxwell equations are coupled extremely tightly with ψ’s quantum 

dynamics where field sources get directly spawned by wave function itself some-
how. 

Coupling concept features deeply intertwined mathematical intricacies under-
neath a rather complex analysis involving multifaceted strictly mathematical as-
pects: 

1) Minimum canonical pairing  
Modulation of scalar potential is achieved by function Φ while substitution 

qi A∇→∇−


 ensures compatibility with gauge structure of equation. Configu-

ration aligns with relativistic covariance principle thereby ensuring action integral 
remains invariant under U(1) gauge transformations quite remarkably. 

2) Lagrangian structure of the system 
A complex non-Hermitian Lagrangean has yielded this model:  

( ) ( ) ( )
( )

2
2

2 2

, , , , ,
2

, , ,

ext
i q qA t t i A V x t

m

i x t

ψ ψ ψ ψ ψ ψ ψ ψ

ψ ψ

 Φ = ∂ − ∂ − ∇ − − 
 

− Λ






 

with 2
eff extV V q g σψ= + Φ + , thus it can be inferred that Euler-Lagrange equa-

tions corresponding to conjugate fields ψ  and ψ  are presented subsequently. 
Dissipation breaks gauge symmetry of aforementioned Lagrange multiplier Λ 
pretty clearly. Dissipation quite violently breaks conservation of associated No-
ether current. 

3) Vector interactions and Maxwell constraints 
Maxwell’s equations manifest as coupling equations for field with sources dy-

namically dependent on function ψ  somehow irregularly. Evolution of A and Φ 
proceeds quite indirectly in unidirectional coupling under an imposed field but 

https://doi.org/10.4236/jamp.2025.139173


K. W. Christophe et al. 
 

 

DOI: 10.4236/jamp.2025.139173 3063 Journal of Applied Mathematics and Physics 
 

becomes markedly dynamic in bidirectional coupling paving way for self-consistent 
nonlinear field condensate analysis. 

4) Geometric phenomena and topological effects  
Circulation of vector field A along closed curves generates a quantum Aharo-

nov-Bohm effect while geometry of potential extV  induces quantised topological 
defects namely vortices and knots with dynamics heavily reliant on magnetic field 
topology [29]. The dissipative nature of the coupling significantly influences the 
system dynamics, which will be analyzed in detail in the following sections. Field-
system coupling alters dynamics of ψ via three channels; energy channel involves 
Φ where ionisation injects or sheds electrostatic energy rapidly. Term kinetic 
channel A denotes a specific channel type facilitating energy or information trans-
mission via physical movement very effectively. A deformation in the geometry of 
the magnetic Laplacian arises primarily from the cyclotron effect, while quantum 
rotation is rigorously demonstrated within the established theoretical framework. 
The associated dissipative channel is consequently defined as follows: function 
( ), ,x t ψΛ  encodes system response to non-conservative fields induced by opti-

cal pumping or loss from fields. Combined effects spawn pretty gnarly regimes 
including some really esoteric stuff [30] [31]. Stabilised magneto-dissipative soli-
tons denote a peculiar kind of soliton stabilised via pretty unusual magneto-damp-
ing mechanism surprisingly, somehow. Dynamic oscillations trapped in vector wells 
are particularly interesting nowadays. Field-induced phase transitions are partic-
ularly fascinating here. A coherent retroactive and dissipative physico-mathemat-
ical framework is established through the proposed field system coupling model, 
which incorporates electromagnetic contributions nonlinearly into the dynamics 
of the open quantum system [32]. This construction furnishes a fundamental basis 
for study of emerging phenomena and controllable quantum devices opening up 
highly enriched analytical perspectives. 

3. Mathematical Analysis 
3.1. Functional Framework 

Analysis of model hinges on meticulously adapted functional construction in 
weighted complex Hilbert space beset by nonlinearity and coupled dissipation 

dΩ⊂   represents physical space of condensate evolution being a 2C , regular 
open domain that may be bounded or not. Wave function denoted by  

:ψ +Ω× →   naturally associates with weighted Hilbert space ( )2: ;A L= Ω  , 
boasting magnetic scalar product:  

( ) ( ), dA x x xψ φ ψ φ
Ω

= ∫  

Magnetic divergence operator gets defined pretty much like this  

( ),A
qi A x t∇ =∇−


. Domain of associated magnetic Laplacian is furnished os-

tensibly by intricate mathematical constructs and abstract algebraic manipula-
tions subsequently: 
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( ) ( ) ( ) ( ) ( )
2

2 2 2 2| , ,
2

d
A A A A effD L L V x t L

m
ψ ψ ψ ψ ψ
 

= ∈ Ω ∇ ∈ Ω = − ∇ + ∈ Ω 
 



   

where ( ) ( ) ( ) ( ) 2
, , , ,eff extV x t V x t q x t g x t

σ
ψ= + Φ +  signifies overall effective po-

tential quite remarkably.  
Magnetic Sobolev space ( )1

A AH= Ω , constitutes energy space associated with 
this problem according to a certain forthcoming definition:  

( ) ( ) ( ){ }1 2 2| d
A AH L Lψ ψΩ = ∈ Ω ∇ ∈ Ω  

Equipment calibration proceeds according to standard protocols involving mag-
netic equivalence pretty rigorously nowadays: ( )2 2 2 d

A A xψ ψ ψ
Ω

= + ∇∫ .  
dΩ =   entails replacement of space by ( )1 d

AH  , and dispersion or decay esti-
mates are imposed heavily via weighted norms. Nonlinear term ( ) 2:f g σψ ψ ψ=  
maps A  into A′  continuously satisfying local Lipschitz and energy coercivity  

conditions under assumption 20
2d

σ< <
−

 for 3d ≥  thereby ensuring sub-

criticality in Sobolev sense [33].  
Dissipation term designated as ( )2, ,x t ψ ψΛ  satisfies condition ( ) 0ℜ Λ ≥  

thereby ensuring energy decay phenomenon occurs quite readily under certain 
circumstances. Dissipation term must be contained within set [ ]( )0,L T∞Λ∈ Ω×  
facilitating its interpretation as linear perturbation with measurable coefficients 
pretty much everywhere. Electromagnetic coupling’s effect is manifestly encapsu-
lated in A∇  quite evidently. Essential properties of regularity and density remain 
valid in magnetic Sobolev spaces according to Lions and Kato’s theorems on non-
self-adjoint differential operators. Free energy associated with a given functional 
will be deliberated upon in context of rather elaborate variational expansions:  

( ) ( )
2

2 2 2 2: , d
2 1A ext

gt V x t x
m

σψ ψ ψ ψ
σ

+

Ω

 
= − ∇ + +     + 
∫



  

2
2
L Mψ = , holds pretty generally under mass constraint where M is some pos-

itive conserved 2  norm in non-dissipative cases basically. Analysis of this func-
tional framework yields robust mathematical underpinnings for studying weak 
solutions and global existence alongside orbital stability behaviours. 

3.2. Adapted Strickartz Estimates 

Generalized Strichartz estimates serve as fundamental analytical tools for estab-
lishing existence of weak solutions under complex electromagnetic fields and high 
dissipation. Imperative adaptation of estimates within non-conservative magne-
todependent context arises due to inherently coupled non-Hermitian system char-
acteristics [22] [33] [34]. Linear magnetic Schrödinger equation merits consider-
ation with controlled dissipation surprisingly enough in many rather complex phys-
ical contexts nowadays:  

( ) ( ) ( ) ( )

( )

22

2
00

, , , ,
2

 d
t

i t i A x t q x t i x t F x t
m q

L

ψ ψ ψ λ ψ

ψ ψ
=

  
∂ + ∇ − − Φ + =  

 


= ∈ Ω

 


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where r
t xL Lλ ∞∈  (with 2r d≥ ) is a generalized dissipation term, and where F 

represents an external force 1 2
t xL L  ou q r

t xL L′ ′  depending on the desired regularity. 
In the conventional case (without A or λ), the semi-group eit∆  is unitary, and 
standard Strichartz inequalities are available. However, in the presence of A, the 
dispersion is altered by the magnetic term, and a regularization of the propagator 
is necessary. 

Under the following assumptions:  
 1,

t xA L W∞ ∞∈ , t xL L∞ ∞Φ∈ ; 
 0A∇⋅ =  (Coulomb gage); 
 1A ∞∇ 


 (weak disruption of the laplacian).  

Evolution of a quantum state under influence of electromagnetic fields is exam-
ined via Schrödinger magnetic propagator in considerable depth suddenly. Let 

( )AH t  be a time-dependent magnetic Hamiltonian of customary form with fairly 
high precision essentially:  

( ) ( )( ) ( )21 , ,
2AH t i qA x t V x t

m
= ∇ − +  

where ( ),A t x  represents vector potential and ( ),V t x  scalar potential both be-
ing sufficiently regular presumably under certain conditions inherently. Via per-
turbative method applied crudely to magnetic Schrödinger propagator we establish 
formally that unitary semigroup ( )AU t  associated with time-dependent Hamil-
tonian ( )AH t  is defined by Duhamel formula:  

( ) ( )0 0
0

exp d
t

A A
iU t H s sψ ψ

 
= ℑ − 

 
∫


 

checks a family of generalized dissipative Strichartz estimates, of the form: 

( ) [ ] ( )( ) ( )20 00, ; ddq rA LL T L
U t Cψ ψ

ΩΩ
≤ , 

for any admissible pair ( ),q r  such as:  

2
2

d d
q r
+ = , 2 r≤ < ∞ , 2q > , and [ ]( ) [ ] ( )( )200, ; 0, ;

q r dq rL T L L L T L
C Fψ ψ ′ ′ Ω

 
≤ + 

 
 

 

For eligible dual pair ( ),q r   somehow. Validity of estimates hinges on regular-
ity and local boundedness of magnetic field and vector potential ensuring exist-
ence of propagator satisfying unitarity condition modulo decrease controlled by 
dissipation parameter ( ),x tλ . When ( ) 2:f g σψ ψ ψ=  rendering system non-
linear these estimates foster local existence of mild solutions in suitable functional 
space [ ]( )20, ;q r

t xX L L C T= ∩   via fixed point argument and sometimes strong 
solutions emerge. Framework then becomes tantamount to Banach contraction 
lemmas inside a cone comprising admissible solutions and accompanied by mod-
ulated energy estimates:  

( ) ( ) ( ) 22

2 2 2
0

0

2 , , d d
d

t

t x s x s x sψ λ ψ ψ+ =∫ ∫



 

Aforementioned process enables quantification of dissipative effect on solution 
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standard fairly accurately under diverse operating conditions. 

3.3. Variational Methods under Constraints 

Stress-based variational methods constitute a pivotal analytical tool when exam-
ining stationary states and localized structures in open environments under non-
linear Schrödinger equation [35]. Investigation of stationary solutions of form 
( ) ( ), e i tx t xµψ φ−=  , is undertaken where µ∈  signifies chemical parameter 

and :φ Ω→   satisfies associated elliptic equation:  

( ) ( )
2

2 22 ,
2 1A ext

g V x t i x
m

σµφ φ φ φ φ φ
σ

= − ∇ + + + Λ
+



 

with ( )A
qi A x∇ =∇−


. Non-Hermitian problems necessitate rigorous formula-

tion within complex weighted Hilbert–Sobolev frameworks such as ( )1:A AH= Ω , 
considering non-conservative energy functionals:  

[ ] ( )
2

2 2 2 2, d
2 1A ext

g V x t x
m

σφ φ φ φ
σ

+

Ω

 
= − ∇ + + + 
∫



  

Minimisation of [ ]φ  under ground stress [ ] ( )2
2: LN φ ψ

Ω
= =  occurs 

with 0>  fixed and a weak imaginary term present in potential dissipation Λ. 
Restricted minimisation problem definition follows thus:  

[ ]
[ ]

  ,
min
A Mφ φ

φ
∈ =

   

Existence of a minimiser is established under standard coercivity hypotheses 
and low semi-continuity alongside compactness of orbits via Lions concentration-
compactness lemma adapted to magnetic non-conservative framework μ repre-
sents thermodynamic self-coherence parameter effectively signifying chemical 
energy inherent in condensate pretty accurately afterwards [17] [36]. Analysis un-
der stress of critical points for ε facilitates classification of solutions according to 
nature of their stability variationally. A stationary solution Aφ ∈  gets labelled 
stable in direction of orbit if   minimises on associated Nehari variety pretty 
much:  

{ } [ ]{ }A \ 0 : , 0 ,Aφ φ φ′= ∈ =   

Condition [ ]
2

2
d 0
d

hφ + >


 holds for any h φ⊥  pretty much within  

permissible tangent cone evidently. Variational structure facilitates analysis of bi-
furcations of localized states particularly in regimes with strong coupling or under 
periodic potential effV . Analytical perturbation theory gets applied to minimisers 
rather neatly when dissipation configurations remain fairly low i.e. ( ) 1xΛ  , 
Solutions Λφ  persist variationally with first-order dissipative corrections mani-
festing in Λ(x) generally of type associated with A , wherein ( )0 oχφ φΛ = + Λ + Λ , 
with 0φ  being conserved and χ solving some complex linearised equation. Spec-
tral analysis of linearised operator around ϕ subsequently facilitates conclusions 
regarding dynamic stability via modified energy arguments pretty effectively [37]. 
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A robust framework emerges from integrating stress minimisation approach with 
Nehari structure and non-Hermitian perturbative development quite effectively 
for characterising steady states. Achieving this entails honouring coupled dissipa-
tive dynamics inherent in model formulation pretty intricately. A comprehensive 
overview of relevant literature on this subject will be provided in ensuing discus-
sion quite thoroughly. 

3.4. Spectral Properties and Stability 

Analysis of linearized operator spectrum around stationary states Aφ ∈  in open 
media necessitates extremely fine examination of generalized nonlinear Schrö-
dinger equation’s stationary solutions’ stability. ( ) ( ) ( ), e ,i tx t x u x tµψ φ ε−= +  

 , 
emerges where u represents a low amplitude complex perturbation injected into 
the complete equation deriving a linearised system of type: i tu u uφ φ∂ = +   ,  

where ( ) ( )
2

22 2
2 A extg V x i x

m
σ

φ φ= − ∇ + + + Λ


  and 2 2 2g σ
φ σ φ φ−= . 

Presence of complex non-self-added coefficients characterises this system thor-
oughly. Generation of a matrix operator designated φ  occurs on a domain de-
fined subsequently with certain specifics presented afterwards quite elaborately 

( )2 2,Ω  :  

: .φ φ
φ

φ φ

 
=  − − 

 


 
 

The linear stability of φ  is conditioned by the location of the spectrum 

( )φσ ⊂   in the left closed half-plane { }0zℜ ≤ . Let us consider a linear oper-
ator ( ):H Hϕ ϕ ⊂ →    defined on a complex Hilbert space H, associated 
with the linearization around a stationary state ϕ  of an open nonlinear quantum 
system. It is assumed that Hϕ  is non-normal, that is to say that * *H H H Hϕ ϕ ϕ ϕ≠ , 
and that, as a result, it is generally non-diagonalizable via an orthonormal base. 
This property prevents the direct use of the classical spectral theorem of self-ad-
junct operators.  

It is assumed that Hϕ  is the infinitesimal generating a highly continuous semi-
group ( )( ) 0t

T t
≥

 on  , i.e., ( ) etHT t ϕ= , 0t >  with  

( ) ( )d
d

T t u H T t u
t ϕ= , ( )u Hϕ∀ ∈ , ( )0T I= . 

The dynamic stability of the linearized system is conditioned by the spectral 
localization of Hϕ . The spectrum ( )Hϕσ ⊂   and more particularly the set of 
unstable eigenvalues are defined.  

( ) ( ) ( ){ }: | Re 0 .u H Hϕ ϕσ λ σ λ= ∈ >  

Aforementioned eigenvalues possessing strictly positive real part serve as prin-
cipal indicators of mechanism leading rapidly to condensate destabilisation cor-
responding to eigenmodes exhibiting rather exponential growth in amplitude. A 
family of steady states denoted by ( )1

AHµϕ ∈ Ω  is considered comprising solu-
tions of a steady equation associated with complex non-normal Hamiltonian Hϕ . 
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Nonlinear dissipative Schrödinger equation governs dynamic flow pretty intri-
cately and rather chaotically in most physical systems under consideration:  

,ti Hϕψ ψ∂ =  

Quantity Hϕ  emerges from linearising system around µϕ  rather elaborately 
nowadays. Conventional methodologies of functional analysis are rendered inap-
plicable due to Hϕ  is decidedly non-normal nature. A fine-grained approach ne-
cessitated by theory of non-self-adjoined 0C  semi-groups consequently unfolds 
slowly underpinning deeply rooted intricate mathematical constructs. Semi-
group ( ) etHT t ϕ=  generated by Hϕ  on Hilbert space   is considered subse-
quently with considerable interest in operator theory apparently. Stability of semi-
group largely depends on spectrum position of Hϕ  and behaviour of resolver 
( ) ( ) 1

,R H Hϕ ϕλ λ
−

= − . Linear stability links intricately to absence of spectrum 
within the half-plane defined roughly by Reλ exceeding zero in context of Hϕ  is 
spectrum ( )H Cϕσ ⊂ . Mere localization of spectrum is woefully insufficient for 
drawing conclusion given non-normality of Hϕ  pretty much everywhere appar-
ently. Necessity arises subsequently for establishing a rough estimate of solvent’s 
growth rate somewhat accurately over time under various conditions:  

Semi-group stability evidently necessitates ( )
Re 0
sup ,R H
λ

λ ϕ
>

< ∞ , as a prereq-

uisite according to generalized Gearhart–Prüss theorem stipulations. Presence of  
eigenvalues ( )p Hϕλ σ∈  with Re 0λ >  indicates a mechanism potentially 
leading destabilisation of condensate rather quickly.  

Modified Hamiltonian structure emerges on space of µη ψ ϕ= − , perturba-
tions endowed with dissipative symplectic form ( ) ( )1 2 1 2 1 2, Im , ,Dη η η η η ηΩ = + , 
involving dissipation effects encoded by D. Geometry here extends Grillakis–
Shatah–Strauss method in non-self-adjoint frame quite significantly and with 
considerable modifications. Assumptions made subsequently include several key 
premises:  
 Hϕ  has exactly one negative eigenmode: , 0H u uϕ < . 
 Derivatives of continuous symmetries like translation and phase evidently 

generate ( )ker Hϕ  of the system.  
 Derivative of moment associated with mass constraint has been found strictly 

positive under certain conditions apparently: 
2d 0

d µφµ
> . 

State φ  exhibits orbital stability in ( )1
AH Ω  modulo symmetries thus. Evolu-

tion of quantum state ( ),t xΨ  governed by modified nonlinear Schrödinger 
equation within domain nΩ⊂   proceeds under influence of local dissipation 
slowly. Equation appears thus:  

( ) ( ), 0, 0,ti H i x xϕψ ψ ψ∂ = − Λ Λ ≥ Λ ≠  

Linearised operator Hϕ  around some steady state is of particular interest in 
this somewhat obscure study. This operator typically exhibits Hamiltonian char-
acteristics and localised dissipation gets modelled by Λ(x) somewhat irregularly 
across various spatial domains. 2  standard’s time derivative of solution must be 
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calculated carefully:  

( ) ( ) ( ) ( )2

2 2d d, , d 2Re , , d
d d tx t x t x x t x t x
t t
ψ ψ ψ ψ

Ω Ω
= = ∂ ⋅∫ ∫

. 

By substituting the evolution equation:  

( )t iH xϕψ ψ ψ∂ = − −Λ , 

we get: ( ) ( ) ( )2

2 2d , 2 , d 0
d tx t x x t x

t
ψ ψ

Ω
= − Λ ⋅∂ <∫

 because ( ) 0xΛ ≥  and  

0Λ ≠ . Dissipation yields a strict decrease in mass 2  rather abruptly as a fairly 
direct result [38]. A modified energy functional incorporating dissipation is pro-
posed now with some alterations quietly:  

( ) ( ) ( ) 2,A t H t tϕψ ψ ψ=   
 . 

Its time derivative is given by: ( ) ( ) ( )d 2Re ,
d A t H t t
t ϕψ ψ ψ=   . 

By replacing ( )t iH xϕψ ψ ψ∂ = − −Λ , we have:  

( ) ( ) ( ) ( )d 2Re ,
d A t H x t t

t ϕψ ψ ψ= − Λ   . 

Under reasonable assumptions of regularity (e.g. ∞Λ∈ , 1Hψ ∈ ), we con-
clude:  

( ) ( ) ( )
2

21
2d , 0

d A t c x x t
t

ψ ψ≤ − Λ <  


  

Here ( ),x tψ  lacking support in region ( ) 0xΛ =  invalidates this hypothesis 
outright as per postulation. A strict decay of A A  yields a strict Lyapunov func-
tional. Application of LaSalle invariance principle becomes feasible within dissi-
pative framework thereby enabling further analysis pretty effectively now. LaSalle 
principle serves as fundamental precept underlying optimal control theory ensur-
ing convergence of ( )tψ  trajectories fairly slowly to maximum invariant set 
contained in A. Convergence is attained by ensuring trajectory stays within a ra-
ther compact sublevel of A fairly steadily under certain conditions:  

( ) ( )1 d| 0
dA AH t
t

ψ ψ ∈ Ω =    
  

Function ( )tψ  apparently converges rather quickly to limit function  
( ) ( )Kertψ ψ ∞→ ∈ Λ ∩  where   denotes a set of minimizers namely sta-

ble steady states of associated variational problem and it modulates various sym-
metries like translation phase etc pretty smoothly [39].  

4. Advanced Numerical Methodology 
4.1. Spatial and Temporal Discretization 

Discretisation of generalized nonlinear Schrödinger equation amidst dissipative 
terms and electromagnetic coupling presents challenges tied very closely to non-
hermiticity and possibly loss of mass conservation alongside necessity of accu-
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rately capturing localized structures such as solitons and vortices and modulated 
bifurcations. An adaptive spectro-temporal discretisation strategy which com-
bines pseudo-spectral Galerkin methods for spatialisation and semi-implicit ex-
ponential integrators for temporal evolution is adopted [12] [40] [41]. 

Let the following Cauchy equation, on a bounded domain dΩ⊂  , { }1,2,3d ∈ , 
with conditions at the periodic edges or of the Dirichlet type:  

( ) ( )
2

2 22 2
2 A exti g V x i x

t m
σψ ψ φ ψ ψ ψ ψ∂

= − ∇ + + + Λ
∂



  

Trigonometric spectral base ( ) 1

N
k k

ϕ
=

 adapted specifically for domain geometry 
and assorted boundary conditions is proposed here for spatial discretisation pur-
poses. Function ( ),x tψ  gets projected subsequently in a form that follows:  

( ) ( ) ( )
1

,
N

k k
k

x t c t xψ ϕ
=

≈∑  

Transformation results in equation becoming a non-linear differential system 
of dimension N quite rapidly under certain conditions. Spectral differences with  

Peierls phase discretise magnetic operator ( )A
qi A x∇ =∇−


 thereby preserving 

magnetic coupling structure via some type of scheme:  

( ) ( ) ( )( )1 2 1 2
1 1

1 e e ,j ji i
A j j jx x x

h
θ θψ ψ ψ+ −

+ −∇ ≈ −   

where 1
1 2 dj

j

x
j x

A xθ ±= ⋅∫

, Ensuring physical consistency of local vector fields 
proves absolutely paramount nowadays within various mathematical contexts. Spec-
tral precision facilitates accurate reproduction of steep gradients and localization 
phenomena remarkably well within complex systems. ETD2 type scheme of rank 
2 is adopted in context of time step through temporal discretisation process fairly 
rigorously nowadays. Steep regimes warrant utilisation of an IMEX scheme con-
structed on natural separation between linear and highly non-linear components 
typically [42] [43]. Evolutionary system gets rendered thus in a manner befitting 
complex adaptive systems:  

( ) ( )1 e ,n i t n ntψ ψ ψ+ − ∆= +Φ ∆ ⋅   

w h e r e  ( )
2

2

2 A extV x
mφ = − ∇ +


 ,  a n d  ( ) ( )
2 2

2n n n n ng i x
σ

ψ ψ ψ ψ ψ= + Λ ,  

denotes dissipative non-linearity. Term ( )tΦ ∆  signifies an exponential integra-
tion operator rather explicitly wherein ( ) ( )e 1zz zΦ = − . This integrator facili-
tates consideration of rapid oscillations stemming from term i  whilst ensuring 
stability adequately in dissipative scenarios. Stability and adaptability hold partic-
ular significance here in this rather complex context quite obviously. Stability 
analysis of scheme rests on two mainstays: estimation of spectral radius of linear 
part and control of ( ) s

n

H
ψ  norm via bespoke Sobolev inequalities. Integra-

tion of an adaptive time step based on local error estimated by embedded Runge–
Kutta pairs remains crucial in methodology remarkably. Outside critical regimes 
efficacy of numerical scheme is ensured by employing this approach thereby 
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avoiding over-resolutions unnecessarily with great precision. Periodic projection 
onto constrained space reinforces stability notion pretty strongly when desired 
e.g. keeping mass constant [43] [44]. Highly complex dynamics are simulated with 
physical fidelity and mathematical coherence preserving local structures like soli-
tons and vortices and global nonlinear effects. Aforementioned text forms basis 
of computational platform utilised heavily in subsequent simulation sections 
downstream. 

4.2. Treatment of Dissipation and Electromagnetic Fields 

Nonlinear dissipation and electromagnetic coupling effects in generalized Schrö-
dinger equation demand bespoke numerical treatment for physical coherence and 
stability overall. Objective here entails amalgamating contributions from mag-
netic vector field A(x) and scalar potential V(x) alongside dissipative terms Λ(x) 
varying spatially quite rapidly while keeping intact fine structures inherent in 
quantum dynamics namely coherence localization and certain topological struc-
tures [3] [45] [46]. A generalised NLS in non-conservative complex form will be 
considered subsequently in quite elaborate mathematical formulations rather cu-
riously:  

( )( ) ( ) ( )2 21
2

ri i qA x V x g i x
t m

σψ ψ φ ψ ψ ψ∂  = − ∇ − + + + Λ ∂  
   

Function ( )x −Λ ∈  denotes a non-linear effective dissipation employed 
within given model context possibly being saturable or cubic in nature effectively. 
Parameter r +∈  gets fixed by physical regime under consideration and typi-
cally equals 2r =  or 4r =  quite often somehow. Structure incorporates am-
plitude loss terms and localized gain contributions which are functions of profile 
of Λ(x) partially somehow effectively. Complex cross-derivatives emerge from 

( )22
A iq A∇ = ∇−   which necessitate meticulous numerical treatment with subtle 

consequences potentially arising thereafter. Coupled processing schemes are de-
liberated upon extensively in subsequent text with varying degrees of technical 
complexity and nuance [47] [48]. A modified Strang splitting operator decompo-
sition underlies construction of numerical scheme accommodating non-linearity 
and non-hermiticity rather nicely:  

1) Electromagnetic step (vector field):  
A pseudo-spectral scheme incorporating magnetic phase addresses term 2

Aψ∇  
with considerable efficacy through somewhat elaborate numerical implementa-
tion. Peierls transport maintains structural integrity of coupling effectively via this 
approach: 

Application of complex translation operators de i A x± ⋅∫  ensures fidelity to discrete 
magnetic potential whilst concomitantly correcting drift induced thereby very ef-
fectively. 

2) Dissipative stage: 
Dissipation is tackled via an explicitly stabilised Runge-Kutta-Dormand-Prince 

solver developed specifically for subsystem with suitably modified parameters:  
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( ) r
t xψ ψ ψ∂ = −Λ , 

this is a solution which is both formal and exact, provided that no other terms are 
considered:  

( ) ( ) ( ) ( )( ), , exp , .
r

x t t x t x x t tψ ψ ψ+∆ = ⋅ −Λ ∆  

Precise treatment of local dissipation is enabled by this property which proves 
pivotal in highly dissipative regimes like stabilization of solitary waves. 

3) Non-linear step:  
Nonlinear terms like 2g σφ ψ  are tackled via a semi-implicit algorithm ensur-

ing stability amidst steep gradients with somewhat loose precision. A point mass 
projection imposed occasionally complements this approach nicely under certain 
conditions:  

2

2

1
1

01
.

n
n

Ln
L

ψψ ψ
ψ

+
+

+
←  

Analytical properties inherent in numerical processing will be explored thor-
oughly in ensuing discourse with meticulous attention to underlying mechanisms. 
Properties like these have been verified by resulting scheme pretty thoroughly 
now: 
 Pseudo-energy ( ) ( ) 2

2
A t tψ=


  undergoes monotonic decrease under con-

dition ( ) 0xΛ ≤  met thoroughly in all cases somehow. Convergence towards 
asymptotically stable states gets achieved pretty reliably thereby. 

 Discrete magnetic transport ensures conservation of circulation quanta in top-
ological magnetic fields namely quantum vortices thus demonstrating invari-
ance topologically. 

 Uniform bounds on 1
n

H
ψ  characterise enhanced numerical stability starkly 

and time derivatives remain bounded fairly even non-conservatively. Bounds 
are derived roughly via non-homogeneous type Grönwall estimates.  

Present study delves deeply into extension of non-adiabatic dynamics fairly ex-
tensively with some novel approaches. A non-adiabatic formulation incorporating 
coupled Maxwell–Schrödinger equations can be considered under regimes with 
exceptionally strong coupling:  

( )( ) ( ) ( )2 2
0

1 , ,
2

r
ti qA x V x g i x A J

t m
σ

φ ψ
ψ ψ ψ ψ µ∂  = − ∇ − + + + Λ ∂ = −∇ − ∂  

   

where ( )AJψ ψ ψ= ℑ ∇  Quantum current hereby gets defined thus rather for-
mally. Feasibility of such an extension hinges on modularity of proposed scheme 
integrating implicit resolution of discretised Maxwell equations via vector finite 
elements somehow effectively. 

4.3. Intelligent Component and Learning Algorithms for Dynamic  
Exploration 

Nonlinear Schrödinger equations infused with dissipation and exogenous cou-
plings exhibit highly non-trivial behaviors, including dissipative solitons, quan-
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tum attractors, and chaotic dynamics. Analytical methods alone are often insuffi-
cient to fully characterize these complex regimes. To overcome these limitations, 
we integrate an intelligent component leveraging advanced machine learning, en-
abling both predictive modeling and controlled exploration of dynamic behaviors 
[47] [49]. The evolution of the system is governed by: 

( )2 r
A g i x

t
σψ ψ ψ ψ ψ ψ∂  = + + Λ ∂

   

where ( )( ) ( )21
2

i qA x V x
mφ = − ∇ − +  is the Liouville magnetic operator [27]  

[48]. Over time, the solution ( ),t xψ  generates a highly structured but often 
high-dimensional, non-linear and noisy data set  

( ) ( ) ( ){ }2

,
, , , , , ,k i

k i
t x J E t t xψψ ψ φ= . 

A hybrid architecture is hereby introduced based on utilisation of deep convo-
lutional neural networks facilitating automated extraction of significant spatio-
temporal patterns from 2ψ  modules and quantum current Jψ .  

To analyze this data, we adopt a hybrid AI architecture combining CNNs, 
VAEs, and sequential models (LSTM/Transformer). CNNs extract hierarchical 
spatial features from ( ) 2

,x tψ  and Jψ , capturing localized structures such as 
solitons and vortices. VAEs provide a probabilistic latent space dZ ⊂  , per-
forming nonlinear dimensionality reduction while preserving essential dynamics 
and accounting for stochasticity inherent in open quantum systems. Sequential 
models capture long-range temporal correlations in the latent dynamics z(t), en-
abling accurate prediction of dynamic regimes and phase transitions. This inte-
grated approach effectively captures the high-dimensional, nonlinear, and sto-
chastic characteristics of the system, achieving representational fidelity and pre-
dictive capability unattainable by conventional methods [49]. Formally, we con-
struct an encoding transformation: 

( ) ( ): , dx t z tψΦ ∈  , like ( ) ( ) 2, ,
L

x t x tψ ψ ε− ≤ , 

where ( ) ( )( )1,x t z tψ −= Φ , reconstruction fidelity gets ensured thus in a fairly 
reliable manner. Learning unfolds via collaborative minimisation of three pivotal 
losses namely reconstruction loss rec , Kullback-Leibler divergence KL  on la-
tent space and energy regularisation term very effectively:  

( ) ( ) ( )( ) [ ] [ ] 22
, | || .tot KLx t q z p z E Eψ ψ β ψ γ ψ ψ = − + + − 

    

The latent space is further analyzed using unsupervised clustering (Spectral 
Clustering, DBSCAN) to automatically identify stable and unstable regimes. Op-
timal control zones are explored via deep reinforcement learning, where the policy 

( ) ( ) ( ): , , ,z t A x t x tΛ , maximizes rewards based on physical functionals such 
as coherence, stability, and energy dissipation: 

( )( ) ( )( )*
1

0
, , arg max , ,

T

t t t t t t
t

z z C z R z C zξ+
=

 
= + =  

 
∑


   

where tξ  is a random disturbance modelling quantum noise, and R is a physical 
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reward. This feedback loop enables stabilization of unstable structures, amplifica-
tion of solitons, and guidance of topological transitions. 

5. Numerical Results and Simulations 

Numerical implementation of generalised nonlinear Schrödinger equation for 
open systems under various electromagnetic couplings was conducted rapidly in 
high-performance computing environments. Pseudo-spectral solvers were com-
bined rather ingeniously with adaptive geometry and modules leveraging artificial 
intelligence for deeply nuanced regime analysis. Simulations were run on domain 

dΩ⊂  , 1,2,3d = , with absorbing boundary conditions utilizing PML [15] [50] 
[51]. Time steps are discretely specified between 4 210 -10t − −∆ =  in rather di-
mensionless units while spatial discretisation varies from 3 210 -10x − −∆ = . The AI 
framework of Section 4.3 was fully integrated with numerical simulations of the 
generalized nonlinear Schrödinger equation, enabling both precise analysis and 
adaptive exploration of high-dimensional, nonlinear, and stochastic quantum dy-
namics. CNNs and variational autoencoders extracted essential spatio-temporal 
features and generated a structured latent space capturing stable solitons, dissipa-
tive attractors, and chaotic phases, while sequential models (LSTM/Transformer) 
accurately predicted temporal evolution. Deep reinforcement learning guided elec-
tromagnetic field configurations, coupling parameters, and initial conditions to 
delineate optimal control zones maximizing coherence and minimizing energy dis-
sipation. This approach simultaneously produced interpretable digital phase dia-
grams, predictive forecasts of dynamic regimes, and controlled stabilization of com-
plex structures, demonstrating that the AI component is an active, integrative tool 
for both intelligent exploration and rigorous characterization of intricate quan-
tum behaviors. 

5.1. Simulated Experimental Setup 

A rigorously calibrated virtual experimental configuration has been defined amidst 
complex electromagnetic fields in open nonlinear quantum dynamics simulations. 
Inspiration for this configuration stems from realistic atomic optics systems like 
Bose-Einstein condensates trapped magneto-optically and mathematical stability 
constraints. dΩ⊂  , 1, 2,3d = , with size 40L =  units is considered here with 
PML-type absorbing boundary conditions on a 5δ =  layer. Initial condensate 
gets prepared in a Gaussian state focused with phase modulated quite heavily 
somehow:  

( )
2

0
0 0 2

0

exp e
2

i xx x
x A κψ

σ
⋅

 −
 =
 
 

,  

where 0 0 01, 3, 0A xσ= = =  and κ is an initial momentum vector modulating the 
quantum current density. The temporal evolution is calculated up to T = 100, with 
time step 310t −∆ = , on an adaptive spectral mesh with resolution 0.05x∆ = . 

External potentials are defined by an isotropic harmonic trap alongside a mag-
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netic vector field and an oscillating electric field simultaneously:  

 Scalar potential: ( ) 22
0 0

1 , 1
2

V x m xω ω= = ; 

 Magnetic vector potential (Landau gauge): ( ) 0 0
1 , , 1
2 zA x B x B B e B= × = = ;  

 Temporally induced electric field: ( ) ( )0 0, sin , 0.2, 0.5xE x t E t e Eω ω= = = .  
The nonlinear term is of the modified power type: 2 , 1, 1g gσφ ψ σ= = , corre-

sponding to the classical Gross-Pitaevskii regime. Dissipation is introduced by an 
imaginary term localised in a subregion ⊂ Ω , via: ( ) ( )0x xλ χΛ = −  ,  

( )
1 if 3
0 else?

x L
xχ

 >= 


 , [ ]0 0,1λ ∈ , simulating interaction with either peripheral  

thermal reservoir or containment failure occurs under varied conditions some-
what unpredictably. 

Pseudo-spectral Fourier discretisation scheme gets employed alongside semi-
implicit time integration via a split-step Crank-Nicolson method tweaked for 
non-Hermitian cases ( ) ( )2

2

L
tψ

Ω
, total mass and generalised energy ( )t  

alongside localisation entropy ( ) ( ) ( )2 2
, og , dlS t x t x t xψ ψ= ∫  get tracked.  

Intelligent analysis modules are subsequently integrated automatically identi-
fying regime transitions and extracting localised structures like solitons in re-
duced latent space. 

Figure 1 depicts temporal evolution of Bose-Einstein condensate in nonlinear 
open quantum system under harmonic potential and external electromagnetic 
field. Initially localized due to the harmonic trapping potential, the Bose–Einstein 
condensate (BEC) wavefunction evolves under the influence of repulsive nonlin-
ear interactions (modulated by 2g σψ  and spatially dependent dissipation Λ(x), 
while also experiencing the rotational and translational effects of external electric 
and magnetic fields. The split-step Crank–Nicolson scheme, combined with Fou-
rier-based pseudo-spectral methods and Perfectly Matched Layer (PML) absorb-
ing boundaries, ensures accurate resolution of the condensate’s dynamics over time. 
The simulation exhibits characteristic dissipative spreading, modulation of den-
sity peaks, and possible vortex-like structures, depending on the 3D configuration 
of the external fields. This dynamical behavior confirms the delicate balance between 
unitary evolution and non-Hermitian losses in open quantum systems and high-
lights how electromagnetic control can steer condensate morphology and coher-
ence in real-time. 

5.2. Time Dynamics of Open CBEs 

Gross-Pitaevskii equation generalised describes open Bose-Einstein condensate in 
bounded domain dΩ⊂   with external potential V(x) and nonlinearity ( ) 2g x ψ  
somehow. A dissipative term modulated heavily by nonnegative Λ(x) is also pre-
sent:  

( ) ( ) ( )21 , , 0
2

i t V x g x i x x tψ ψ ψ ∂ = − ∇ + + − Λ ∈Ω >  
. 
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Figure 1. Temporal dynamics of a dissipative bose-einstein condensate in a combined elec-
tromagnetic and harmonic potential. 
 

Dissipative steady states that are weakly perturbed take form ( ) ( ), e i tx t x µψ φ −
Λ=  

satisfying some complex nonlinear equation rather elaborately:  

( ) ( ) ( )21 0
2

V x g x i xφ µ φΛ Λ
 − ∇ + + − − Λ =  

 

Assuming that ( ) ( )1x xΛ = Λ  with 0 1<  , We are looking for a solution 
of the form (1):  

( ) ( ) ( ) ( )0x x x oφ φ χΛ = + +  , 

where 0φ  astonishingly it constitutes a genuine solution of associated non-dis-

sipative problems: ( ) ( ) 2
0 0

1 0
2

V x g x φ µ φ − ∇ + + − =  
, and χ ∈  represents 

a  
linear dissipative correction in  . substituting (2) into (1) and linearising to order 
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 , we obtain the equation for the perturbation χ : ( )1 0i xχ φ= Λ , where the 
linearised operator   is given by:  

( ) ( ) ( )2 2
0 0

1 2
2

V x g x g xχ φ µ χ φ χ = − ∇ + + − +  
 . 

Coupling between χ  and χ  evidently renders this system non-Hermitian. 
the previous equation must be reformulated carefully as quite a complex matrix 
system:  

( ) 0

0
BdG i x

φχ
φχ

  
= Λ    −   

 , 

where BdG  is Bogoliubov-de Gennes operator appears pretty complex inher-
ently:  

2 2
0 0

22
0 0

2

2
BdG

H g g

g H g

φ µ φ

φ φ µ

 + −
 =
 − − − + 

 , ( )1
2

H V x= − ∇ +  

Operator BdG  exhibits a non-self-adjoint spectrum in space ( )2 2,L Ω  . Dy-
namic stability of solution φΛ  is scrutinized by probing spectrum of linearised 
operator A obtained by perturbing around stationary solution  
( ) ( ) ( ), , e i tx t x x t µψ φ δ −

Λ= +    where ( ),x tδ  represents complex perturbation 
possessing small norm. Dissipative nonlinear Schrödinger evolution equation aka 
open CBE will be considered here quite thoroughly now: 

( ) ( ) ( )2 ,i t V x f i xψ ψ ψ ∂ = −∇ + + + Λ  
 

replacing ( ) ( ) ( )( ), , e i tx t x x t µψ φ δ −
Λ= +  in the equation, we get:  

( ) ( )( )

( ) ( ) ( )( )( ) ( ) ( ) ( )( )2

, e

,, e , e

i t

i t i t

i t x x t

V x f x x t i x x x t

µ

µ µ

φ δ

φ δ φ δ

−
Λ

− −
Λ Λ

 ∂ + 
 = −∇ + + + + Λ +  

 

by posing: ( ) ( ) ( )1 2, , ,x t u x t iu x tδ = +  and u
δ
δ
 

=  
 

. By linearising around φΛ , 

we expand ( )2f ψ ψ  to first order:  

( )( )( ) ( ) ( ) ( )2 2f f Df Dfφ δ φ δ φ φ φ δ φ δΛ Λ Λ Λ Λ Λ+ + ≈ + ⋅ + ⋅ .  

Above process results in evolution equation for δ fairly quickly. Factoring e i tµ−  
yields nonlinear terms in δ of order 2 and higher which are subsequently ne-
glected. Data was obtained subsequently:  

( ) ( ) ( ) ( )2 2 2i t V x f i x fδ φ µ δ φ φ δΛ Λ Λ
  ′∂ = −∇ + + − + Λ +  

.  

We get: tu Au∂ = , where u
δ
δ
 

=  
 

, and A operates as a decidedly non-self-

adjoint and complex operator in this particular form:  

( ) ( )
( ) ( )

2 22 2

2 22 2

i H f if
A

i f i H f

φ φ φ φ

φ φ φ φ

Λ Λ Λ Λ Λ

Λ Λ Λ Λ Λ

  ′ ′− + −   
=  

  ′ ′+    

,  
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where ( ) ( ) ( )2H V x f i xφ µΛ Λ= −∇ + + − + Λ .  
Spectral stability conditions can subsequently be expressed in this form quite 

naturally and rather elegantly: ( ) ( ){ }sup | 0Aλ λ σℜ ∈ < . 
Introducing a modified Lyapunov function achieves transition from linear sta-

bility quite irregularly to non-linear orbital stability under dissipation presence:  

[ ] ( ) ( ) ( )2 2 4 21: d d
2 2A

g x
V x x i x xψ ψ ψ ψ ψΛ Ω Ω

 
= ∇ + + − Λ 

 
∫ ∫ . 

This function acts as dissipative energy, with a decrease over time. 
Theorem 1 (modulated asymptotic stability): Under assumptions of regularity 

and small dissipation ( ) 1xΛ 
, for any initial solution 0ψ  close to ϕΛ  dans 

1H , we have:  

( ) 1e 0i t
H

t µψ ϕ −
Λ− →  when t →+∞ . 

Dissipative steady states exhibit modulated asymptotic stability ensuring initial 
perturbations remain confined within some dynamic neighbourhood and con-
verge towards modulated steady-state solution under combined dissipative and 
dispersive effects.  

Figure 2 vividly illustrates three-dimensional evolution of dissipative Bose–
Einstein condensate under combined influence of external electromagnetic fields 
quite obviously. Oscillating electric field presence induces temporal modulations 
in condensate density leading to wave packet breathing and periodic stretching 
along x-direction. Magnetic vector potential introduced via Landau gauge gener-
ates circulating currents manifesting as spontaneous emergence of vortex-like struc-
tures simultaneously everywhere. Localized excitations stay put owing largely to 
harmonic trapping potential and dissipation of localized energy attenuates oscil-
lations of high frequency rather effectively. Scalar and vector potentials interact 
richly with dissipation nonlinearity and quantum coherence under electromag-
netic control revealing dynamic solitonic vortex features. 
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Figure 2. 3D Evolution of a dissipative bose-einstein condensate under electromagnetic 
forcing. 

5.3. Dissipative Solitons and Localised Phenomena 

Theorem 2 (Local existence): Let ( )1, , dA W ∞∈ Ω  , ( ), , ,V g L∞Λ∈ Ω   with 

( ) 0g x >  and 
L∞Λ  pretty tiny. For µ  sufficiently near real spectrum of Her-

mitian operator ( )2
0H i A V= − ∇ − + , there exists a non-trivial solution  

( )2
AHϕΛ ∈ Ω  of ( ) 22i A V g iϕ ϕ ϕ ϕ ϕΛ Λ Λ Λ Λ

 = − ∇ − + + − Λ  . 

Proof: Define a basic Hermitian linear operator rather quietly underneath usual 
assumptions: ( ) ( )2

0H i A V x= − ∇ − +  défini sur ( )2
AH Ω . 

Under the assumptions ( )1, , dA W ∞∈ Ω  , ( ), , ,V g L∞Λ∈ Ω   with  
( ) ( ) ( ){ }22 2 2:AH H i A Lψ ψΩ = ∈ Ω − ∇− ∈ . Let us consider the weak formulation 

of the problem: seeking ( )2
AHϕΛ ∈ Ω  such as for all ( )1

AHχ ∈ Ω ,  

( ) ( )2
0, , d dH g x x i x xµ ϕ χ ϕ χ ϕ ϕ χ ϕ χΛ Λ Λ Λ ΛΩ Ω

= + − Λ∫ ∫ . 
Let us consider ( ) ( ) ( )2

0: H g x i xϕ ϕ ϕ ϕ ϕ= + − Λ , the problem becomes: 
solve ( ) :ϕ µϕ= . 

Let ( )0 0Hµ σ∈  be a simple eigenvector of 0H , with corresponding eigen-
vector denoted by 0ϕ  and normalised. The objective is to identify a solution that 
is proximate to the point of inflection, employing a perturbation method.  

0 wϕ αφΛ = + , needs solving where w gets expressed as some function of 
( )0φ

⊥
  basically. Evidence presented in two components ostensibly supports hy-

pothesis ( ) 0ϕ µϕΛ Λ− =  vigorously. Scalar projection defines component in 

0ϕ :  

( )0 0,wαφ φ µα+ = .  

Orthogonal component (projection in 0φ
⊥ ):  

( ) ( )( )0 0 0.w wαφ µ αφ⊥Π + − + =   

https://doi.org/10.4236/jamp.2025.139173


K. W. Christophe et al. 
 

 

DOI: 10.4236/jamp.2025.139173 3080 Journal of Applied Mathematics and Physics 
 

Decomposition thus facilitates search for some (α, w, μ) satisfying aforemen-
tioned pair of equations nicely now. 

Note that for Λ = 0, a trivial solution is given by 0 0 0, , 0, 1wϕ φ µ µ α= = = = . 
We show that the application defined by:  

( ) ( ) ( )0 0, , , :G w w wα µ αφ µ αφΛ = + − +  is 1C  in a neighbourhood of  
( 01,0, ,0µ ), and that its differential in w is invertible (due to the simplicity of the 
spectrum). Then, the implicit function theorem ensures the existence of a solution 
(α(Λ), w(Λ), μ(Λ)), which is smooth for small 

L∞Λ . 
Since ( ) ( ) ( )2

0 Aw Hϕ α φΛ = Λ + Λ ∈ Ω , and w(Λ) is regular due to the ellipticity 
of 0H , we conclude that: There exists a non-trivial solution ( )2

AHϕΛ ∈ Ω , to the 
stationary dissipative equation for µ  close to 0µ , when 

L∞Λ  is sufficiently 
small. 

Let ( ) ( ) e i tt t µψ φ δ −
Λ= +   , ( ) ( )1

At Hδ ∈ Ω  with ( ) 1 1
H

tδ  , the linear-
ized evolution is written as: 

tu Au∂ = , 

where  

u
δ
δ
 

=  
 

,  

( )
( )

2 2

2 2

2

2

i H g ig
A

ig i H g

φ φ

φ φ

Λ Λ Λ

Λ Λ Λ

  − + −Λ   =  
 − + −Λ    

, 

and ( )2H i A V µΛ = − ∇ − + − . 
If 

( )
( )sup 0

Aλ σ
λ

∈
ℜ < , except for a simple zero related to phase symmetry, then the 

solution e i tµϕ −
Λ  is linearly stable.  

Theorem 3 (Modulated asymptotic orbital stability): For sufficiently small 

L∞Λ  and initial data 0ψ  fairly close to ϕΛ  in 1H  under previous assumptions, 
solution ( )tψ  of dissipative equation satisfies. ( ) 1inf e e 0i i t

H
t θ µ

θ
ψ ϕ −

Λ∈
− →



, 
where t →+∞ .  

Figure 3 depicts evolution of a Bose-Einstein condensate in three dimensions 
under harmonic trap influence and external electromagnetic fields with localized 
dissipation spatially. Condensate dynamics exhibit emergence of localized struc-
tures like solitons and vortices under influence of nonlinear interactions and ex-
ternal field perturbations heavily. Dissipation localized in specific spatial regions 
dampens excitations and can either stabilize structures or utterly destabilize them 
depending on strength. Electromagnetic fields induce currents and alter conden-
sate symmetry flow patterns significantly under various conditions with some un-
usual effects. Results illustrate a critical role of localized dissipation in shaping 
condensate’s long-term stability and highlight complex interactions within open 
quantum systems. 

https://doi.org/10.4236/jamp.2025.139173


K. W. Christophe et al. 
 

 

DOI: 10.4236/jamp.2025.139173 3081 Journal of Applied Mathematics and Physics 
 

 
 

 

Figure 3. 3D dynamics of bose-einstein condensate with em fields and local dissipation. 
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5.4. Phase Transitions and Instabilities 

Nonlinear quantum systems exhibit phase transitions with complex genesis and 
intriguing dynamics under conditions of considerable dissipation. Objectives of 
this study encompass identifying critical bifurcations and characterising instabil-
ities linearly and nonlinearly within a newly constructed interpretive framework 
using spectral and energetic criteria. Dissipative nonlinear Schrödinger equation 
serves as primary focus for this particular study:  

( )( ) ( ) ( ) ( )2 2i t i A x V x g x i xψ ψ ψ ∂ = − ∇ − + + + Λ  
, in dΩ⊂  . 

Ascertain stationary solutions of given form herein ( ) ( ), e i tx t x µψ φ −= , where 
φ  satisfied:  

( )( ) ( ) ( ) ( )2 2i A x V x g x i xµφ φ φ = − ∇ − + + + Λ  
. 

by posing ( )2
0H i A V= − ∇ − + , the domain is an operator of self-adjoint nature 

( ) ( )2
0 AD H H= Ω , the present study focuses on the bifurcation from a trivial state 

0φ =  when 0µ λ+→ , with ( )0 0Hλ σ∈  a single eigenvalue exists initially. 
Theorem 4 (Modulated Hopf bifurcation): 
Local bifurcation of non-trivial steady states occurs around 0µ λ≈  under cer-

tain regularity conditions on A, V, g and Λ manifesting as branches 2
AHµφ ∈  

such as 1 0
Hµφ →  when 0µ λ+→ . Branch undergoes tangential bifurcation 

towards eigenspace associated with λ₀ and dissipation denoted by Λ(x) induces 
phase loss resulting in damped Hopf bifurcation heavily.  

Ponder disturbance carefully: ( ) ( ) ( )( ), , e i tx t x x t µψ φ δ −
Λ= + , with 1δ 

, 
linearised evolution equation must be written carefully nowadays: 

tu Au∂ = , u
δ
δ
 

=  
 

, 
2

2

L g
A

g L

φ

φ

+ Λ

Λ −

 −Λ
 =
 − − −Λ 

, or 2
0 2L H g φ µ± Λ= + − .  

The employment of spectral analysis in the context of A is instrumental in fa-
cilitating the identification of pertinent phenomena:  
 Spectral stability regimes ( )Re 0λ <  ( )Aλ σ∀ ∈ . 
 Areas of instability ( )Aλ σ∃ ∈  with ( )Re 0λ > . 

Let us consider the linearized operator ( )A Dϕ ϕΛ=  , obtained by linearizing 
the dynamics around ϕΛ . We define a control parameter ( ),β β µ γ= ∈ , en-
capsulating the joint influence of the chemical potential μ and the dissipation rate. 
The spectrum ( )Aσ ⊂   governs the linear stability of the system. 

We introduce a critical threshold cβ  such like 
( )

( )Re
supc

Aλ σ

λ
β

γ∈

 
=  

 
. 

The dynamic behaviour is contingent on the sign of cβ β− : 
 In the case of cβ β< , the real part of the complex conjugate of A is negative, 

i.e. ( )( )Re 0Aσ < , and therefore the system is linearly stable. 
 In the event of cβ β> , the result of this calculation is ( )( )Re 0Aσ > , a tran-

sition to instability occurs, which is frequently accompanied by a bifurcation 
to non-trivial dynamic regimes.  

https://doi.org/10.4236/jamp.2025.139173


K. W. Christophe et al. 
 

 

DOI: 10.4236/jamp.2025.139173 3083 Journal of Applied Mathematics and Physics 
 

Varying A(x) induces a topological transition resulting in formation of quan-
tum vortices. Within a uniform magnetic field ( ) ( ):B x A x= ∇× , spectrum of H₀ 
morphs into discrete Landau type form and localisation of ϕ around minima of 
potential spawns radial symmetry and vortices in transitioning between states and 
lattices of dense localised structures form. We hereby propose following investi-
gations quite thoroughly for pretty complementary numerical analysis alongside 
mathematical analysis effectively now:  

Spatio-temporal evolution of density and phase of nonlinear quantum conden-
sate under harmonic potential alongside magnetic field and an oscillating electric 
field is depicted in Figure 4 under heavy localised dissipation in 3D. Dissipative 
solitons and quantum vortices form and stabilize vividly through density distri-
butions and phase profiles harboring singularities at vortex cores. Energy analysis 
reveals localized dissipation siphons energy from unstable modes and steers sys-
tem into dynamically stable low-energy configurations rather quickly. Structured 
flow patterns around vortex cores persistently appear in current density mappings 
reflecting influence of magnetic vector potential under oscillating electric field. 
Spectral analysis around steady states confirms presence of bifurcation thresholds 
separating regimes of spectral stability from regimes characterized by instability. 
Chemical potential and dissipation rate being combined in a control parameter 
determines if complex dynamic patterns emerge or a stable state materializes sub-
sequently. Simulation validates theoretical bifurcation frameworks demonstrating 
coexistence of localized nonlinear structures and dissipative mechanisms pretty 
thoroughly overall. Intricate balance governs topological transitions deeply in 
open quantum systems providing insights for experimental exploration of Bose-
Einstein condensates and related fluids theoretically.  
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Figure 4. Phase diagram depicting the dynamical regimes as a function of the quantum 
parameters. 
 

Figure 5 showcases a 3D simulation that offers pretty thorough visualisation of 
quantum state evolution under two crucial parameters namely dissipation rate act-
ing as a strong damping and degree of non-linearity signifying strength of internal 
interactions effectively. Results show stable dynamics emerging when both non-
linearity and dissipation remain fairly low and system evolution proceeds rather 
smoothly. As nonlinearity intensifies past some obscure threshold or dissipation fal-
ters system transitions into an unstable chaotic oscillatory regime pretty quickly. Cru-
cial insights facilitate theoretical design and practical stabilization of quantum tech-
nologies mainly by delineating precise parameter regions ensuring dynamic stability. 
 

 
 

 

Figure 5. Dynamic phase diagram as a function of quantum parameters. 
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Figure 6 rather elaborately showcases innovative integration of 3D convolu-
tional neural networks with simulations of highly nonlinear quantum dynamics. 
Synthetic volumetric data representing distinct quantum regimes enables CNNs 
learn hierarchical features encoding spatial localization and symmetry pretty ef-
fectively nowadays. Model attains exceptionally high classification accuracy show-
casing its capacity for discerning subtle nuanced transitions between various ex-
otic quantum phases and localized topological soliton structures quite effectively. 
Data-driven spectral breakdowns emerge from results illuminating profoundly 
nonlinear states that enable identification of bifurcations inherent in nonlinear 
dissipative dynamics underlying Schrödinger equation. A potent tool emerges un-
predictably from melding machine learning rather loosely with computational phys-
ics for visualizing quantum phenomena in high dimensions. Simulations blending 
quantum and classical techniques advance understanding pretty deeply in applied 
physics and control complex systems effectively. 
 

 
 

 
 

 

Figure 6. Quantum state dynamics and classification in 3D under electromagnetic influ-
ence and dissipation. 
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5.5. Comparison with Experimental Results or Physical Data from  
the Literature 

The numerical simulations reproduce key experimentally observed phenomena in 
open Bose-Einstein Condensates (BECs) subjected to electromagnetic fields, 
providing a direct qualitative correspondence with prior studies [12] [35]. Specif-
ically, the model captures vortex lattice formation under external rotation, includ-
ing nucleation, circular currents induced by magnetic vector potentials, and spa-
tial confinement by harmonic traps, with localized dissipation Λ(x) stabilizing the 
vortex patterns over extended periods. Oscillating electric fields ( )0 sin xE t eω  
induce density modulations and periodic breathing modes along the principal 
axis, consistent with experimentally observed excitation dynamics in driven BECs. 
Nonlinear interactions 2g σψ  coupled with spatially dependent dissipation re-
produce the stability of dissipative solitons and exotic quantum vortices, reflecting 
the delicate balance between unitary evolution and non-Hermitian losses charac-
teristic of open quantum systems. Additional dynamic signatures, such as damped 
Hopf bifurcations and controlled formation of localized structures, align with 
both theoretical predictions and experimental measurements [15] [51]. These re-
sults show that the model parameters reproduce both the qualitative features of 
vortex networks, soliton stabilization, and breathing modes, and the quantitative 
effects of electromagnetic fields and localized dissipation on coherence and stabil-
ity, thereby validating agreement with experimental observations and confirming 
the model’s predictive reliability for open condensate dynamics.  

6. Discussing the Results 

The open quantum framework exhibits dynamics markedly different from iso-
lated Bose-Einstein condensates. Non-Hermitian dissipation and decoherence al-
ter spectral properties and stabilize quasi-stationary states, including dissipative 
solitons and vortices, which are absent or unstable in conservative models. Spa-
tially structured dissipation and oscillating electromagnetic fields enable control 
over amplitude, phase, and localization, providing a mechanism to engineer ro-
bust quantum states. 

A concrete application emerges in dissipative quantum computing. By stabiliz-
ing a dissipative soliton via tailored external fields and spatial dissipation, a qubit 
can be encoded in a topologically protected mode. Sequences of such solitons ma-
nipulated with timed electromagnetic pulses could implement quantum gates 
(e.g., phase-flip or controlled-not) while maintaining coherence despite environ-
mental losses. The robustness of these topological structures also suggests poten-
tial for quantum memory or logic elements in nanoscopic devices. 

Simulations show that competition between dispersion, nonlinearity, and local-
ized dissipation naturally filters unstable modes, favoring stable, controllable struc-
tures. These results indicate that engineered dissipative environments can serve 
as a practical tool for both stabilizing quantum states and guiding the design of 
robust devices. 
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Limitations include the semi-classical and finite-dimensional nature of the Gross-
Pitaevskii equation and the simplified linear dissipation model. Future work in-
corporating stochastic dynamics, long-range couplings, and many-body effects could 
enhance predictive power and applicability for dissipative quantum computing and 
nanoscale device engineering. 

7. Conclusions 

The primary objective of the present study was to develop a rigorous analytical 
and numerical framework capable of capturing the complex phenomena emerg-
ing in open quantum systems. This was achieved through the design of a unified 
mathematical model describing nonlinear dynamics in Bose-Einstein condensates 
under spatially modulated external electromagnetic fields, temporally fluctuating 
harmonic confinement, and localized dissipation. The generalized non-Hermitian 
Gross-Pitaevskii equations were coherently integrated, fully incorporating non-
linearity, dissipation, and complex electromagnetic interactions. A sophisticated 
numerical methodology combining pseudo-spectral discretization, semi-implicit 
Crank-Nicolson schemes, and perfectly matched absorbing layers was imple-
mented to solve the equations accurately. Key results directly address the initial 
objectives, including rigorous demonstration of energy decay via the Lyapunov-
LaSalle method, detailed characterization of steady dissipative states, and identi-
fication of mechanisms underlying phase transitions. The formation and stabili-
zation of vortices and soliton structures, modulated by external fields, were ob-
served under specific conditions. Non-self-adjoint spectral analysis and pseudo-
spectrum studies provided refined criteria for nonlinear orbital stability and re-
vealed subtle instabilities associated with the non-normality of the linearized op-
erator. 

The framework presented also enables dynamic classification of quantum states 
in open environments, naturally and effectively, paving the way for intelligent ex-
ploration and control of complex quantum regimes. These advances open numer-
ous promising research directions, including extensions to coupled multicompo-
nent condensates, stochastic environments, and high-dimensional open systems. 
The methods developed herein are expected to contribute significantly to the de-
sign of non-Hermitian quantum simulators, stabilization of coherent phases, and 
dissipative quantum device engineering, thereby strengthening the understanding 
of open quantum systems at the intersection of applied mathematics, theoretical 
physics, and quantum computing. 
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