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Abstract

In this work, we are concerned with the Timoshenko-Fourier system in both
equal and non-equal wave speeds, which admits a non-symmetric dissipation.
Furthermore, the dissipative mechanism of regularity-loss type will occur in
the case of non-equal wave speeds. We establish the global-in-time existence
of solutions to the Timoshenko-Fourier system in critical Besov spaces with

the regularity s = % .
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1. Introduction

We are devoted to the following coupled system of the Timoshenko theory of vi-
brating beams [1] [2] with additional heat conduction effects according to Fou-

rier’s law:

Dy _((px _‘//)X =0,
(o ~w)+rw, +p6, =0, (1.1)

v.-[o(v.)]

et _kexx + ﬂl//tx = 0’

where 7e(0,+0) is the time variable and xeR is the spatial variable. The
function ¢ and y denote the transverse displacement of the beam from equi-
librium and the angle of turn of the beam filaments, 6 is the temperature differ-
ence of the elastic material,and y, B and k are physical constants dependent

on the elastic and thermal properties of the material. For any 77 >0, the smooth
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function o (7) satisfies o'(7)> 0, weare devoted to the Cauchy problem for the
system (1.1), with initial conditions of

(goa%,l//,‘//p‘g)L:O = (¢0>¢1’W0’W1’00)(x)’ X e R
The linearized system of (1.1) is accordingly written as

Py _((Px _l//)x =0,

Y _azl//xx _(¢x _l//)+7l//z +ﬂ0x =0, (1.2)
Ht _ke).'x +ﬁ!//tx :0’

where a >0 represents the speed of sound defined by at = O"(O) . a=1 rep-
resents the same wave speed and a =1 implies different wave speeds for the first
two equations corresponding to the Timoshenko-Fourier system.

We investigate the global existence of solutions to (1.3) in critical Besov spaces.
Xu and Kawashima [3] have developed a theory of local existence of general sym-
metric hyperbolic systems in critical Besov spaces, which is seen as a generaliza-
tion of the basic theory of Kato and Majda [4] [5], and since that the non-sym-
metric dissipation L has no effect on the local-in-time existence, their results
can be directly applied to the system (1.3). Based on the observation for the system
(1.1), we argue that the viscous term k6_ in (1.1) does not affect the mathemat-
ical entropy, allowing us to obtain a global a priori estimate by considering it from
the perspective of the hyperbolic energy methods. The specific ideas are detailed
in the following proof of Theorem 1.1. According to the references reviewed, very
little has been done for the study of the Timoshenko-Fourier system, although
many have achieved modest results for studying the fluid dynamic equations in
critical Besov spaces, such as the Navier-Stokes equations in [6]-[9], and [10]-[13]
for the Euler equation and related models. Due to non-symmetry of Timoshenko-
Fourier system, although the first author and third author in [14] have studied
general dissipative systems under the assumptions of dissipative entropy and the
Shizuta-Kawashima condition in [3] [15], their result cannot be directly applied
to the Timoshenko-Fourier system. The conclusions related to the non-symmetry
of relaxation matrices have been studied in [11], which provides the theoretical
support for our research. Therefore, we first consider the case that (1.3) has the
equal wave speed (a =1), and then the non-equal wave speed (a #1), of which
we can derive the desired prior estimate by using a fundamental fact that the re-
lation between homogeneous and non-homogeneous Chemin-Lerner spaces in
Proposition 2.1. Finally, we construct global solutions pertaining to data in the
Besov space Bz3/l2 (R)

In the case of non-equal waves (a #1), there will be regularity loss (a loss of
derivatives in the energy estimates), and the system (1.3) admits a weaker dissi-

pation mechanism. To obtain similar result for (1.3) with a =1, we will establish

I . 3 . . .
the global-in-time existence: s, =3 for the Timoshenko-Fourier system with

loss of regularity, which will lead to a significant reduction in the regularity re-

quirement for the initial values compared to [16]. Moreover, compared to the case
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a =1, when estimating the dissipation with respect to v, we must utilize Propo-

u

x

sition 2.1 for the topological relation between B (51) and |[u, B(51?) to ob-
tain the dissipation estimate on v.

This paper is arranged as follows. In Section 2, the related lemmas and propo-
sitions are shown. In Section 3, we establish several lemmas of estimating Propo-
sition (3.2), which leads to the proof of Theorem 1.1.

Notations. Throughout, we provide some notations. f < g denotes f<Cg,
where C >0 is a general constant, the number represented by C in different
rows may differ. C([O,T l.x ) (C ([O,T l.x )) denotes the space of continuous
(continuously differentiable) functions that take values in [O,T ] of the Banach

space X . "(f,g,h)"X means |7, +|g|, +[#|, , where f,g,heX .

Main Results

Rewrite Equation (1.1) as the following Cauchy problem [3]:
U,+AU +LU=BU_ +G(U)
U(x,O) =U, (x),

x?

(1.3)

where the coefficient matrices 4, L and B are given by the following for-

mula:
0O -1 0 0 O 0 00 1 0
-1 0 0 0 O 0 00 0O
A= 0 O O —-a 0|, L={0 0 0 0 O},
0 0 —-a 0 p -1 00 » O
0O 0 0 0 0 00 0O
and
000 00O
000 00O
B=|0 0 0 0 O,
0 00 0O
0 00 0 k

where G(U)=(0,0,0,g(z),0) with
g(z)=0(z/a)-0c(0)-0'(0)z/a:= O(zz) near z=0.

The main result of our work is stated as follows:

Theorem 1.1. Suppose U, e 323/ ; (R) . There exists a positive constant 9,
such that if

||U0|| 3/2 < 509
B4

then the Cauchy problem (1.3) has a unique global classical solution
Ue( (R* XR) satisfying
U8 (R)nC (8 ().

In addition, the following energy inequality holds true
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ﬂ%ﬂ

0o Pl 2,

<G "U()”B;{f(R)

X 3-(3511/2) +

B (s3)

where C, is some positive constant.
Remark 1.1. Theorem 1.1 exhibits the global-in-time existence of solutions to

the Timoshenko- Fourier system in critical Besov spaces with the regularity s = 5

which is the optimal result for the Timoshenko-Fourier system studied so far
based on the dimension of the space and the conditions for system stability.
2. Preliminary

In this section, we mainly show the lemmas and propositions that will be used in
the following; for proofs of the propositions, see the references [3] [17].
Lemma 2.1. Let 0<R <R, and 1<a<b<w.
1) If Suppose Ff {é‘ eR" |§| < Rl/l} , forany a >0, then

ey

|2
2) If Suppose Ff {f eR":RAL |§| < Rzl} , forany aeR, then
[ £l =211

Lemma 2.2 Let seR and 1< p,r <. then
1) If s>0,then B, , =L"NB, .
2)If §<s, then B, %‘B;’, . This inclusion relation is false for the homoge-

b N a0

neous Besov spaces.
3 If 1<r<f<w,then B, “B,; and B, B, ;.

Lt oon[ L1
HIF1<p<p<Loo, then B;,r %‘Bﬁ)r[” pj and B;,r L’Bp,,[p f’J_
51If r=0, then || |f ||Lg(3;7,‘) JIf r<0, then | (55.) 2[flg(an -

L‘q B,
@‘@fgq,mfgqusp<wy

where C, Is the spaces of continuous bounded functions that decay at infinity.
Lemma 2.3 Suppose that 0>0 and 1< p<2. It holds that

1702 S0/

with 1.1 e . In particular, this holds with p=—,r=2,p=1.
p r n 2’

Integral existentiality depends on the connection between homogeneous Che-
min-Lerner spaces and non-homogeneous Chemin-Lerner spaces, which we will
only briefly illustrate here; see [3] for more detailed proofs.

Proposition 2.1. Let seR and 1<0,p,r <o, forany T >0

1) It holds that

L(r)nL (8, )<L (B),).

2) Moreover, as s>0 and 6 >r, It holds that
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L (L)L (B,)=L(8,,).
Proposition 2.2 Let s>0 and 1< p,r <o, then B;’, NL* isan algebra and

1815, <11 el +lell- 11, -

2
Let s,,s,<n/p such that s +s,>nmax {0,——1}. Then one has
p

(77 PPt VA PR T
fg B;{l”z np ~S f 3;1.1 g 3;12,1

Proposition 2.3 Let 1< p<®©,1<0<0 and se (—E—l,ﬁ} . Then there ex-
p p
ists a constant C >0 that depends only on s,n such that
A —q(s+1) n,
H[f,Aq]g » SCqu "f 5’5,11 g"B;,l’

L7l <0e 1l el

with %z (9i+€L , where the commutators [.-] is defined by [f,g|= fg—gf
1 2
and {cq} denotes a sequence such that ||cq "zl <I.

Proposition 2.4. Let s>0,1< p,r,0 <o, F e WILSC]”"” (I;R) with
F(0)=0,T€(0,0] and fe )5 (B;J ) NL; (Lw) , Then there exists a function
C thatdependsonlyon s,p,r,n and F such that

|7 (1)=F(0) 1], <)l -
I (1)~ 0) gy <€ (I 1B
Proposition 2.5. The following inequality holds
1 eligag ) S (11 o) Nl o)+ Doy Do )

with s>0,1< p<,1<6,6,,6,,0,,6, <o and

A direct corollary is that
07 PYMRST 1A YR 4 P
. L1
with sZn/p,tg—g1 +02 .
Proposition 2.6. Let s>0,1< p,r,p<oo,F e W][‘]”’w (I;R) with

oc

F(0)=0,T €(0,0] and veLE’(BZJ)ﬁL? (L“), then

[s+1]
LG S (R ey i Py
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3. The Proof of Theorem 1.1

Xu and Kawashimsa [3] established a local existence theory for general symmetric
hyperbolic systems in critical Besov spaces, which is seen as a generalization of the
basic theory established by Kato and Majda [4] [5], and it can be applied to Timo-
shenko-Fourier system (1.3). Precisely,

Proposition 3.1. Assuming U, € B;/lz , there exists a time T, >0 (dependent
only on initial data) such that

1) (Existence) The system (1.3) has a unique solution U(t,x) eC ([O,TB]XR)
that satistying U e éro (Bg/ 7 ) N C~TlO (B;/ 12) ;

2) (Blow-up Criterion) If the maximal time T " (> 7})) existing of such a solu-
tion in finite, then

) =0
32
BZ{I

lim s1*1p||U (¢,
n—T
ifand only if
j|| U(t),VU (")) . de =

Proof. In order to prove Proposition (3.1) (i), it suffices to show that
UeCr(B)) and U, eCr(BY).

We used the stationary cases of estimates of commutator in [18] (Lemma 2.100,
p- 112) to (3.26), we arrive at

L4y [A U]+ kA0

< P 2 (3.4)
= 1
+2 (el lalg +zd -zl )
1
, 1
Dividing (3.4) by ( P 6)2 , we can obtain
d 1
2 2 . .

— <

dr (| a +€) +"Aqy P~ "Aqex 2 ' (3.5)

le

q
+22(

L)

Integrating (3.5) on the variable ¢<[0,7;], then taking ¢ — 0, and using the
estimates of commutators and continuity for the composition in the stationary

case (see, e.g., [19]), we have

1
-4
<22| o

Li“(Lz) ~
+f e

where we used the embedding inequality (||Z||L°° N"Z"Bz%l) , Lemma 2.2 and

1,
2
2 |q

’ N dr
By} (3.6)

7)|(.6.)

xv’

z" dr,
| 322I

Young’s inequality. Summing up (3.6) on g=>-1 gives

U1z (u2) SWilge + €[ IVU AU de+ () [0l a3
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Let €>0 be asmall number, using Gronwall’s inequality, we get

UeCr(Bl). (3.8)
Furthermore, with proposition (2.5) we can deduce that

U, eCr (B)). (3.9)

This completes Proposition (3.1) (i).

From [3], for a symmetric hyperbolic system it is sufficient to establish the blow-
up criterion. Such a criterion can be established for the Timoshenko-Fourier sys-
tem. We consider the symmetric system (1.3) with LU =0 for simplicity, since
it is only responsible for the global well-posedness and large time behavior of so-
lutions

U +40,.U=BU_ +G(U) (3.10)

e

Applying the homogeneous operator A, to (1.3), we infer that A U satis-

q
fies

0AU+AA D U+BAU, +A G(U) =0. (3.11)
Perform the inter product with A ,U on both sides of (3.11) to get

(AU AU) +(4A U AU)+(BAU A UY +(A,G(U) ,AU)

g~ x? g~ x°

=(BAU..AU,). 12
where
(AG(),.AU)~(A,U]u.AU)+(UAUAL.,).
By integrating (3.12) with respectto x over R, we deduce that
di . . . .
a||AqU " slaulLlau. +[a,vlu. |Au], 1)
[l 18,02 18,04 -

Let €¢>0 be asmall number, dividing (3.13) by ("AqU ; + 6)2 gives

1
AT
ot e) S ”AqU)C

. +H[Aq,U]UX

AU,

Sy  +lol.

U

X

UX

e [Ulg, +

22
B3,

U)(

AU,

I

Se, (1)2_7(](

i)+l

2’

(3.14)

where we used the stationary cases of estimates of commutator in [18] (Lemma
2.100, p. 112) and the sequence {cq (t)} satisfying "cq (t)”ﬂ <1 forall re[0,7;].
Letting € — 0 and taking a time integration, we are lead to

40

Taking the L’ inner production (3.10) with U , it is easy to obtain

Y AE +CjOT°||(U,VU)

52 52
B3 B3

dr. (3.15)

(U,vU)

1
o 22
L B3,

[o(@),2 <l + <[ |.VU)|,. [U. ¥V 5 . (3.16)
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Adding (3.15) to (3.16), with the aid of Proposition 2.1(1) and Lemma 2.1, we

have
T;
"U( "3221 N”U "le ' "U VU",{;Z1 (3.17)
. .
S0l +CIO‘)II(U VU0l a7
The Gronwall’s inequality implies
ts[zllli)]”U "3221 <|Uo|,3 7, exp( )L” dz’). (3.18)
So, the subsequent inequalities will hold true
T
["w.vU)|,.de<c[" [vll,; dz=cT, tes[l(ig]"U"Bi : (3.19)

This completes the proof of Proposition 3.1(ii).

Moreover, to prove that the classical solution in Proposition 3.1 is globally de-
fined, we need to construct a priori estimates based on the dissipation mechanism
generated by the Timoshenko-Fourier system. To this end, we define energy gen-
eralization in terms of N (7) and the corresponding dissipation generalization in
terms of D(T):

N(T) = U 32

)= ol g 102 g by 18

7 (87)
for any time 7>0.

In the case of a=1:

Lemma 3.1 (The dissipation for(y,0.)) If U e C, (Bj/f)mc (B;/lz) is a solu-
tion of (1.3) forany T >0, then

iz (s2) S|Uslgz +yN (1) D(T).

Proof. We start with the next equations

3/2
"y "LT 32/1

v,—u +y=0,

u,—v, =0,

z,—y, =0, (3.20)
—|:O'(Z)]X —v+yy+p0. =0,

6 -k0_+py, =0.

The five equations of the above system (3.20) are each multiplied in order by
v,u,0(z)-c(0),y and 6.Adding the resulting equations yields
%%(vz +u'+F (z) +y'+ 6 ) - (vu + (O'(Z) - G(O))y + 0, + kﬂ)ﬁ)x
+yy’ kO] =

(3.21)

where

F(z)=2];(e(n)-o(0))dn
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Noting that F(z) is equivalent to Z* , dueto o'(7)>0 and the following
smallness assumption, then integrating about x yields the basic energy equation

SN )7 D ko =0, (6.22)

where the energy generalized function N, (U) is defined as
No(U)=[(v-.3.0) 2 + [, F (=) dw = U]

By integrating over e [0,7] and then taking the square-root of the resultant

inequality, we get
"U"L;?(LZ) + \/Z")’"L%(Lz) +\/ﬁ

for any of T > 0. Next, the dissipation rate of y,8 is obtained by frequency

0)(

a(2) <[l (3.23)

localization estimation in homogeneous Chemin-Lerner space. Applying the op-
erator Aq (q € Z) to (3.20), we have

Aqvt —Aqux +Aqy =0,

Au,—Ay, =0,

Az -A,y, =0, (3.24)
Aqy, —G'(Z)qux —Aqv+7Aqy+,BAq6’x = [Aq,G'(Z)JZx,

A6, ~kA 0, +BA,y, =0,

where the commutator is defined as [/, g]:= fg—gf . Multiplying (3.24) with
Ayv,Au,o'(z)Az,,Ay and A0, respectively, and then adding the resulting
equations. We obtain
. 2 . 2
oH' +0,F +y(A,y) +k(A0,) =R/, (3.25)
where z, =y _,and

M= {(B,0) () +o'(2)(B,2) + (3,0) (8,00 )

Fl= Aqquu+Aquq9+G'(z)(qu)(Aqy)+kA 6’A 0,

R Lo (8,2 -0/, (3,2 (3,0) by [, (),

Further, integrating over x and with the aid of the Cauchy-Schwarz inequal-

ity yield
SN AU Aol ka0l
S"G,(Z)t - qu ; +||o"(z))r - qu P Aqy P +“[Aq,o"(z)sz B Aqy 2
(3.26)
where
Ny [AUT= (&b, d 4,0, + [ o ()|Af de <[4,

From the above (1.3) and the following a priori assumption (3.69), we have
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. 2
A z

q

| (2), P 1 1 A T P 9 (3.27)

Similarly,

(3.28)

|o'(z),

Combining (3.27)-(3.28) and integrating over re[0,7], with the aid of

il

Young’s inequality we are led to

Inp NS
SN [AU, ]+ \/|(
+\/”[Aq,o"(z)Jz

By the commutator estimate in Proposition 2.3, it holds

L;— L2 +\/_"A‘I x LZT L2
Mo (1o,

Aqy

+||A z

3.29
yx’Zx LZT(LZ)j ( )

LT L2

lig o) el )

” iz (2) S q2 : "Z”LT 33/12 B(8)3) (3.30)
where {cq} denotes a sequence satisfying " " <1. Therefore, we get
4, 3
22 "AqU L?(LZ)+\/§22 "A 4(2) +\/_22 ”Aq a2
SN (S0 e (¥ Py LT%) 631

= s

Here, we would like to point out that each {cq} may have a different form in the

te, "Z"L”’ B;/]z ("y"LT Bg/lz

(3.31) equation or the inequality that emerges after, but the bound of ||cq "1‘ <1

is well satisfied. Thus, summing over ¢ €Z, we have

012 27 g s 5 (522)

(3.32)
SIlsgs) (-2 )LT 0 ("y"LT )t zz,(g;{g))
Finally, combining (3.23) and (3.32), we conclude from Proposition 2.2 that
(7)+[5z (52) H10:] 32 SOl +N (1) D(T). (3.33)

Thus, the proof of Lemma 3.1 is completed.
Lemma 3.2. ( The dissipation for v) If U eC, (Bg/f ) nC; (Bé/ 12) is a solution
of(1.3) forany T >0, then

Mz s2) S V() [0l + 17553

s N(T)D(T). (3.34)

Proof. The system (1.3) can be rewritten in the following form:

v,—u +y=0,

u,—v, =0,

z=»,=0, (3.35)
Vi—z,—v+yy+ o, =g(z),

0~k +py, =0,
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where the smooth function g(z) is defined as
g(z) = 0'(2)—0'(0)—2 = O(zz)

and satisfies g(0)=0 and g'(0)=0.Multiplying the first equation in (3.35) by
y ,the second by z,the third by u,and the fourth by v, respectively, and then
adding the resulting equations together give

Yl <+ 70 bl 1 10 e ),
(3.36)
where
N, (U) ==, (w+uz)dx.
Using the Young’s inequality, we can conclude that
SN )+ Sh + Jebl e
Integration of (3.37) in r<[0,7] leads to
) S (¥ ()] ¥, 0 |)+||y||ﬂz A P Y o ey
SNV +0 g+l #1005 +N<T>D<T>%
(3.38)

for any 7 >0, here we utilize the embedding property in Lemma 2.2. Then, by
Young’s inequality again, we arrive at

"V"LZT(LZ) S N +||U "33/2 +||y||LT +||9 ||LT L2 + N(T)D(T) (3.39)

Next, Applying the operator Aq (q € Z) to (3.35) yields

Aqvt —Aqux +Aqy =0,

Au,—Ayv, =0,

Az —-Ay, =0, (3.40)
A WV —A z, -A v+7/Aqy+ﬂAq6X qug(z)x,

A 0, —kA 0 +,BAqyx:0.

q 7 xx

Multiplying the first equation in (3.40) by -A ;Y > the second by —qu , the
third by —A u, and the fourth by —A v, respectively, and then adding the re-

sulting equations. we get
. 2 . 2
-0,H +0,F +(Ay) —(A,y) =R/, (3.41)
where
H = Aqquy + Aqquz,
Fl= Aqquz+Aqquy
L . .
Ry =yA A, y+ BA VA O, —Aqqug(z)x .
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Using the Holder inequality and Young’s inequality gives

N[0+ sl +laol, (3.42)

- qg(z)x 2

PE
where
N, [AqU} = IR(Aqquy+Aqquz)dx.
By integrating over ¢e [O T ] we have

"A v

2
()

A,g(2),

L2
(3.43)
+ "A

+||A %

q7x LZT L2 LT(LZ) L‘T(LZ)'

In addition, Young’s inequality allows us to obtain

2|,y

5(2) S o0z a) * oVl + eVl

(3.44)
+ ¢,

g(z

1
2
<l (a13)”

where the norm of g(z)_  at the right end of (3.44) can be estimated by applying

(B;/f) te "v"LT B;/f)

Lemma 2.2 and Proposition 2.4

O ol (a12) < le) ()5 e < SINER 2 1S T(B;/j)' (3.45)
Thus, combining (3.44)-(3.45) and summing ¢ €7, we get
M) 100 10l + Dl
(3.46)

Wi -l 10

Finally, note that (3.39) and (3.46), by proposition 2.1, we obtain

M) SN 40+l 10l VT a7

3/2
Bz 1

This proves Lemma 3.2.
Lemma 3.3 (The dissipation for z_ ) If U e C, (323/ ; ) nC} (B;/ 12) is a solution
0f(1.3) forany T >0, then

(s SNT)+[Uslgz + 5 (32) +Mz (15
(253) )

i () +AN (T)DAT)-

(3.48)

Proof Multiplying the third equation of (3.35) by y_ and the fourth equation

by -z, respectively, and then adding up the resulting equations, we have
d
_a(zxy)+8x(yzt)+(zx)2—(yx)2 =R!, (3.49)

where

7?21 ::Zx(}/y-l-ﬂHX—V)—ng(Z)x-
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Integrating (3.49) over R, we get

d
ol <l +, T zovde+ [ [Ref .

[ Ra] e < ]z, - Il iy
That is
—N )+l Sl + (MG I +06uk )+ 20l 3500
where
N, (U)==] 2 ydx.
Similar to the process for (3. 39) we obtain
2(2) S N(T)+[0s 5 +||y||LT &) +||V||L, (52)
(3.51)
g (a2) T N(T)D(T).
Furthermore, by (3.40), it holds
Az-Ay =0,
T ST . . . (3.52)
Aqyt —qux —Aqv+7/Aqy+ﬁAql9x =Aqg(z)x.

The equations (3.52) are multiplied by A Y. and —qux , respectively, and
then utilizing the energy estimates on each block, we get

22 ”Aq *l(2) N ‘i("U"LT 57 +||U ||3§/12] Vel &(83) Zy B(813)
+CqC€( B (873) +||y||LT B;G L”ZT(B;{f)) (3.53)
4 17 LT(B;/f g( ) il 1/2)

In addition, similar to the processes of (3.45)-(3.46), we arrive at

17(87) S "U”LT Bg/f +"U "83/2 +||y||LT sg/f +||v||LT Bé/f)
(3.54)

X

+||y||LT B;/f 2 (33/12) +c, "Z"LT B;’/lz) ZZ( 1/2)

where choosing 0<e< % .

Eventually, combining (3.51) and (3.54) gives Lemma 3.3.
Lemma 3.4. ( The dissipation for u_ ) If U e C, (B;‘/l2 ) NC! (le/ : ) is a solution
of (1.3) forany T >0, then

Az ) SN+ olage + Mg o) + 165 637) (3.55)

Proof. Applying the nonhomogeneous operator A _(g>-1) to the first and
second equations of (3.35) yields
{Aqv, —Au +A,y=0,

(3.56)
Au,—Ayv, =0.
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Multiplying (3.56) by —A u, and A v, , we get

v, a0+ |au ] <[,

Vs ) +||A

q xLz AquZ’

where
N,[AU ]==[ AvA u,dx.
Further, integration of (3.57) with respect to ¢ <[0,7] leads to

|2

‘N (A, U]+N (A0, ]+|a,

qusz qx

L,Z(LZ)
+ ||A

PL Lz(Lz) Aqy L?(LZ)'

(3.57)

(3.58)

With the aid of Young’s inequality and the embedding property in Lemma 2.2,

we obtain

2 2||A

SeN(T) e, [Udlyye +e, Mz

+cq\/

Thus, we finish the proof of Lemma 3.4.

1/2
q u, LZ(LZ) LT BZ/I)

B2 "y”LT 57)

The case of a=1: The dissipation with respectto y,6,,z ,u,

(3.59)

is the same as

in the case of equal waves (a =1). Here we only need to show the dissipation with

respect to v in the case of non-equal waves (a#1). It is needed to use proposi-

tion 2.1 for the topological relation between |u, || (1) and |ju,|

tain the dissipative estimate of v.

Az s to ob-

Lemma 3.5. ( The dissipation forv) If U €C, (323/1Z ) nC (le/ 12) is a solution of

(1.3) forany T >0, then
) (1 C) s

LT 1321

B(532) +N(T)D(T),

I 512y S N (T)+ Ul + el

(3.60)

for any &,6 >0, C(¢),C(g) is a positive constant here depending on

&,6>0.

Proof. Rewrite the system (1.3) in the following form:

v,—u +y=0,
ut_vx =Y
Zt _ayx =09

y,—az —v+yy+ po. :g(z)x,
0.-k0,+py, =0,

where the smooth function g(z) is defined by
g(z)=0(z/a)-c(0)-0'(0)z/a= O(zz)

satisfying g(0)=0 and g'(0)=0.

(3.61)
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First, applying the non-homogeneous frequency localization operator
A,(g=-1) to(3.61)leads to
Ay, —Au, +A,y=0,
Au,—Ayv, =0,
A,z,—alA,y, =0, (3.62)
Ay, —alz. —Av+yA,y+pA0, = Aqg(z)x ,
A0 —KkA O, +A By, =0.

Subsequently, multiplying the first equation in (3.62) by —A_y, the second
equation by —aA z, the third equation by —aA u, and the fourth equation by
—A,v, and then adding up the resulting equations, we have

I 1 2 2 1
-AM 40, F +(Av) —(A,y) =R, (3.63)
where
Hi = AVA,y+al uA z,
Fl= al vA, z+ aququy,
Ry = yA VA, v+ BAYA 0, +(a” ~1)Au A y—A VA g(2),.

Integrating (3.63) over x e R, using the Cauchy-Schwarz inequality, we get

d s [a, U]+l||A v i

(3.64)
<||A o Al 180+l - fls e 2.0, O
where
N, [AU == AvA,y+ah uA .
By integrating over te[0,T], we arrive at
"A Y () N”A o, () 2 2 +||Aqv 4(2) A0, G(22)
+||A‘1y (1) Aty (2) +||A‘1g z *lg(2)°

where noting the case of a #1. In addition, utilizing the Young’s inequality gives

> |2, M) S ff”U" j*e ol el (5] (3.66)
+¢,( B() +C, ¢, |6, B8+ ||g(z B(a)”
where
2|, V"L, 2) 8,0, 3(2) = <& ||V||LT (8%2) g iZT(B;/j)’

for &,6, >0, where C,,C, are position constants dependent on &,¢,. Know-
ing the fact g'(0)=0, it follows from Proposition 2.5 and Proposition 2.6 that

& (=), B(s)2)

Sle'(2)=& (Ol

1/2 ”g (Z

B(e2) (3.67)

, .
Slell o Izl s22)
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ob

Combining the above estimations (3.66)-(3.67), and summing over ¢ =-1,we
tain
o 510ty 10+ by + 0 €Oy

(3.68)
+C, 0.

a(52) Il ) 12l o)

This gives (3.60).
From the above Lemma 3.1-Lemma 3.5, the following Proposition 3.2 holds.
Proposition 3.2. Suppose that for any T >0, U eC, (Bj/f ) nC; (B;/lz) is a

solution of (1.3), and there exists 6, >0 such that when

N(T)<6, (3.69)

then the following estimate holds

to

N(T)+D(T) < |0y 5 +(N(T)+1/N(T))D(T). (3.70)
Therefore, the following inequality holds

N(T)+D(T)S ||U0||st{lz : (3.71)

By using the standard boot-strap argument, the proof of Theorem 1.1 is similar

the process in [20], and we omit the details here for the sake of brevity.
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