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Abstract 
In this paper, we explore a theoretical framework aimed at bridging general 
relativity and quantum mechanics by employing the Feynman path integral 
formalism. Starting from Einstein’s field equations, we cautiously propose a 
transition to quantum behavior with the normalization of covariant deriva-
tives at the Planck scale. Following Richard Feynman’s path integral approach, 
we extend this formalism into curved spacetime and consider its possible im-
plications for black hole physics. Additionally, we draw on Roger Penrose’s 
ideas regarding black hole entropy and conformal cyclic cosmology. This 
model suggests that black holes, rather than representing the final stages of 
gravitational collapse, might contribute to the formation of new universes, in 
line with Penrose’s concept of cyclic cosmology. We carefully examine both 
Schwarzschild and Kerr black holes and suggest that quantum tunneling 
across event horizons could theoretically permit a transition from black holes 
to white holes, potentially facilitating cosmological cycles. This approach 
could offer new insights into the information paradox and contribute, albeit 
modestly, to the ongoing discourse surrounding the unification of general rel-
ativity and quantum mechanics. 
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1. Introduction 

The reconciliation of general relativity and quantum mechanics remains a central 
issue in theoretical physics, with each framework providing highly successful descrip-
tions of nature within its respective domain. General relativity has proven to be an 
accurate model of spacetime dynamics on large scales, while quantum mechanics 
governs the behavior of particles at microscopic scales. However, a consistent theo-
retical framework that unifies these two descriptions remains elusive [1] [2]. 

One of the most challenging areas where both theories must intersect is the 
study of black holes. The combination of extreme gravity and quantum effects 
near black hole event horizons suggests that quantum gravity is necessary to fully 
understand these objects. Significant progress has been made in understanding 
black holes, particularly through the seminal works of Hawking on black hole ra-
diation [3] and Penrose on the cosmic censorship hypothesis and the role of en-
tropy in black holes [4]. Yet, questions such as the black hole information paradox 
remain unresolved [5] [6]. 

In this paper, we cautiously explore the use of Feynman’s path integral formal-
ism to examine black hole dynamics, extending this framework into curved 
spacetime. Feynman’s path integral approach has been a foundational tool in 
quantum mechanics, providing an elegant method to sum over histories of parti-
cle trajectories [7]. Here, we attempt to apply this formalism to black hole physics, 
examining its potential implications for black hole entropy, quantum tunneling, 
and the creation of new universes. 

Additionally, we reference Roger Penrose’s work on conformal cyclic cosmol-
ogy, a speculative model that postulates successive cycles of the universe, each be-
ginning with a new Big Bang and ending in a final collapse [8]. Our tentative re-
sults suggest that black holes could play a role in such cosmological cycles by serv-
ing as sources for creating of new universes. We examine both Schwarzschild and 
Kerr black holes and propose that quantum tunneling through event horizons 
may lead to white hole formation, which could, in turn, catalyze the emergence of 
a new universe. 

Our model could provide a novel perspective on the connection between black 
hole dynamics and cosmological evolution. In the following sections, we outline 
the theoretical framework of our approach, present preliminary results, and dis-
cuss the broader implications for black hole physics and cosmology. 

Clarification of Scope and Claims—While our approach touches on major 
open problems such as the black hole information paradox and the reconciliation 
of general relativity with quantum mechanics, we emphasize that our results 
should not be construed as a resolution of these foundational issues. Rather, we 
present a conceptual framework that highlights how Feynman’s path integral, 
when extended to Planck-scale gravity, can mimic key features of black hole ther-
modynamics and allow semiclassical tunnelling amplitudes that are consistent 
with Penrose’s cyclic cosmology. We reference the holographic principle and en-
tropy bounds primarily to position our work within existing discourse, but a rig-

https://doi.org/10.4236/jamp.2025.139167


A. D. Cheok et al. 
 

 

DOI: 10.4236/jamp.2025.139167 2915 Journal of Applied Mathematics and Physics 
 

orous treatment (e.g., via AdS/CFT dualities or microstate counting) lies beyond 
the scope of this paper. Future work will aim to quantify these connections more 
precisely, potentially by embedding our formulation within string-theoretic or 
loop quantum gravity scenarios. 

2. Literature Review 

The intersection of general relativity and quantum mechanics has given rise to sev-
eral approaches attempting to reconcile these frameworks, particularly in the con-
text of black hole physics. Below, we review the most relevant studies and theories 
that provide context for the present work, focusing on black hole thermodynamics, 
quantum gravity, the path integral formalism, and Penrose’s ideas on cosmology. 

2.1. Black Hole Thermodynamics 

Black hole thermodynamics has become a central pillar in understanding the quan-
tum nature of black holes, following the pioneering works of Bekenstein and Hawk-
ing. Hawking’s discovery of black hole radiation [3] and the related concept of black 
hole entropy [9] laid the foundation for subsequent studies on the thermodynamic 
properties of these objects. Hawking’s radiation, a quantum mechanical effect at the 
event horizon, leads to the slow evaporation of black holes, raising profound ques-
tions about the ultimate fate of black holes and the information they contain [5]. 

Recent research continues to explore the thermodynamic properties of black 
holes and their connection to quantum gravity. For instance, a recent study in 
Science proposes new methods for investigating black hole entropy in higher di-
mensions, which may shed light on the black hole information paradox [10]. 
These studies aim to better understand the connection between entropy, quantum 
states, and the geometric structure of spacetime. 

2.2. Quantum Gravity Approaches 

The quest for a quantum theory of gravity remains one of the most significant 
challenges in modern physics. Among the most promising approaches are string 
theory and loop quantum gravity, each of which attempts to resolve the inconsist-
encies between general relativity and quantum mechanics. 

String theory suggests that black holes can be described by a network of one-
dimensional strings, with the entropy of black holes being accounted for by the 
number of microstates in the string network [11] [12]. In contrast, loop quantum 
gravity focuses on the quantization of spacetime itself and predicts that spacetime 
is composed of discrete loops. Recent works suggest that loop quantum gravity 
could resolve the black hole singularity by preventing infinite densities [13] [14]. 
A recent Science paper discussed advances in quantum gravity models, including 
their implications for black hole dynamics in higher dimensions [15]. 

Despite these advances, no consensus has yet emerged on which framework, if 
any, offers the most complete description of black hole quantum mechanics. The 
ongoing effort to test and refine these theories is critical to resolving questions like 
the information paradox. 
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2.3. Feynman Path Integral Approach 

Feynman’s path integral formulation, introduced as an alternative method for 
quantizing particle trajectories, has proven to be highly influential in both quan-
tum mechanics and quantum field theory [7]. The path integral approach has re-
cently been extended to curved spacetime and gravitational systems in attempts 
to unify quantum mechanics with general relativity. 

Recent work has applied path integral methods to study quantum fields in the 
presence of black holes. For example, Science recently published a paper that uti-
lized Feynman’s path integrals to model Hawking radiation within higher-dimen-
sional black holes [16]. The application of path integrals in such contexts provides 
a powerful tool for understanding quantum fluctuations near event horizons and 
may offer a new pathway to resolving the information paradox. 

Our work follows this tradition by extending the path integral formalism to 
both Schwarzschild and Kerr black holes. In doing so, we aim to investigate the 
quantum tunneling processes that could give rise to white hole formation and the 
possible birth of new universes. 

2.4. Penrose’s Conformal Cyclic Cosmology 

Roger Penrose’s work on black hole entropy and the concept of conformal cyclic 
cosmology (CCC) presents a radical departure from traditional views of cosmolog-
ical evolution. Penrose proposed that the universe undergoes an infinite series of 
cycles, with each cycle ending in a final state where black holes radiate away all mat-
ter, ultimately leading to a new Big Bang [8]. This theory has garnered significant 
attention for its bold rethinking of cosmic evolution, and recent experimental evi-
dence, such as the discovery of the so-called “Hawking points” in the cosmic micro-
wave background, has provided tentative support for the CCC model [17]. 

Recent papers have built on Penrose’s ideas by studying the implications of 
quantum gravity on the cyclic nature of the universe. For instance, a 2021 study 
in Science proposed that certain features in the cosmic microwave background 
could be interpreted as remnants from a previous universe [18]. Our work builds 
on Penrose’s ideas by exploring whether quantum tunneling and black hole evap-
oration could serve as mechanisms for initiating new universes, connecting this 
concept to the Feynman path integral formalism. 

Caveats and Future Work—We acknowledge that the proposal of quantum 
tunnelling as a mechanism for generating new universes is highly speculative. The 
current formalism does not offer a dynamical model of tunnelling, nor does it 
yield a quantitative prediction testable by current observational means. Rather, 
our use of the Feynman path integral in this context is intended as a theoretical 
probe of the underlying geometrical and quantum structure near black hole hori-
zons. To transform this speculative connection into a predictive framework, fu-
ture work must integrate a dynamical treatment of back-reaction, derive precise 
boundary conditions for tunnelling across horizons, and investigate whether any 
observable relics (such as specific imprints in gravitational wave backgrounds or 
CMB anisotropies) could serve as indirect evidence of baby-universe formation. 
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3. Theoretical Framework and Methods 
3.1. From Einstein’s Field Equations to the Feynman Path Integral 

Key Assumptions—To keep the subsequent algebra analytically manageable 
we adopt three working hypotheses: 1) Planck-scale normalisation—all geometric 
quantities are rescaled with the Planck length pl  and Planck energy pE , so 
higher-order quantum-gravity corrections appear only beyond the order consid-
ered here; 2) Neglect of dynamical back-reaction—the energy-momentum of tun-
nelling fields is assumed not to modify the background metric at leading order, 
allowing us to treat the space-time geometry as fixed; 3) Semiclassical (WKB) tun-
nelling regime—transition amplitudes across classically forbidden regions are 
evaluated at leading semiclassical order, and loop or higher-order quantum cor-
rections are ignored. These assumptions restrict the domain of validity to length-
scales pl , curvatures well below the Planck regime, and processes where back-
reaction is perturbatively small, but they suffice to capture the horizon-scale phys-
ics addressed in this work. 

Starting from Einstein’s field equations: 

 1 ,
2

R g R Tµν µν µνκ− =  (1) 

where 4
8 G
c

κ π
= . 

In regions where the scalar curvature R  is negligible or in the weak-field ap-
proximation, we have: 

 .R Tµν µνκ≈  (2) 

At Planck scales, we can express the gravitational constant G  in terms of the 
Planck length pl  and Planck energy pE : 

 
2 3

.pl c
G =



 (3) 

Substituting this into κ , we get: 

 
2

4

88 .plG
cc

κ
ππ

= =


 (4) 

Thus, the Ricci tensor becomes: 

 
28

.pl
R T

cµν µν

π
=


 (5) 

Considering the commutator of covariant derivatives acting on a vector field 
V α : 

   , .D D V R Vα α β
µ ν βµν  =   (6) 

Contracting indices, we relate the Ricci tensor to the commutator: 

 , .D D V R Vν ν
µ ν µν  =   (7) 

Therefore, the commutator of covariant derivatives is connected to the curva-
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ture of spacetime: 

 , .D D Rµ ν µν  =   (8) 

Introducing a Planck-scale normalized covariant derivative: 

 ˆ ,plD Dµ µ=


 (9) 

we have: 

 
2

ˆ , .ˆ plD D Rµ ν µν
   =     

 (10) 

Substituting Rµν  from earlier: 

 
( ) ( )2 42

2 3
ˆ ˆ 88

, .p ppl ll
D D T T

c cµ ν µν µν

π π
  = =    

  

 (11) 

At Planck scales, the energy-momentum tensor Tµν  is on the order of the 

Planck energy density 
( ) ( )3 4

p
p

p p

E c

l l
ε = =

 : 

 .pT gµν µνε≈  (12) 

Substituting Tµν : 

 
( ) ( )

( )

4 4

3 3 4 2
ˆ , .ˆ 8 8 8p p

p

p

l l cD D g g g
c c l

µ ν µν µν µνε
 π π π   = = =   
 



  

 (13) 

Simplifying, we get: 

 2
8, .ˆ ˆD D gµ ν µν
π  = 


 (14) 

Recognizing that the gamma matrices µγ  satisfy the anticommutation rela-
tions: 

 { }, 2 ,gµ ν µνγ γ =  (15) 

we can draw an analogy by defining: 

 
2

  .
4

ˆD Dµ µ=
π


  (16) 

Then the commutation relation becomes: 

 
2

, , 2 .
4

ˆ ˆD D D D gµ ν µ ν µν
     = =    π 



   (17) 

This suggests that Dµ
  behaves like the gamma matrices: 

 ~ .Dµ µγ  (18) 

Justification for the identification Dµ µγ∝ . In an orthonormal tetrad âeµ  

the spin-covariant derivative acting on a spinor reads ˆˆ
ˆˆ

1  
4

ab
a b

Dµ µ µω γ γ= ∂ + . 
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Rescaling as in Equation (9) renders the operator dimensionless; its leading-order 

commutator incorporates the Riemann tensor via ˆˆ
ˆˆ

1,
4

a b
ab

D D Rµ ν µν
γ γ  =  . 

Matching the Planck-normalised commutator in Equation (17) to the Clifford al-

gebra { }ˆ ˆˆ ˆ, 2a b ab
γ γ η=  fixes the proportionality factor and legitimises the alge-

braic step Dµ µγ→  beyond a mere heuristic analogy [19]. 

Therefore, we can write: 

 .D mµ
µγ ψ ψ=  (19) 

Substituting back for Dµ
 : 

 
2

  ˆ .
4

D mµ
µγ ψ ψ

 
  =
 π 



 (20) 

Multiplying both sides by 2
4π


, we get: 

 2
4  ˆ .D mµ

µγ ψ ψ
 π

=   
 

 (21) 

Defining 2
4  M mπ

=


, the equation becomes: 

 ˆ .D Mµ
µγ ψ ψ=  (22) 

Expanding D̂µ : 

 .pl
D Mµ

µγ ψ ψ
 

= 
 

 (23) 

Multiplying both sides by 
pl
 , we obtain: 

 .
p

MD
l

µ
µγ ψ ψ

 
=   
 

  (24) 

Defining 
p

Mm
l

′ =
 , we have: 

 .D mµ
µγ ψ ψ′=  (25) 

This is the Dirac equation in curved spacetime. 
Including the spin connection Γµ : 

 Γ ,Dµ µ µ= ∂ +  (26) 

the Dirac equation becomes: 

 ( )Γ .mµ
µ µγ ψ ψ′∂ + =  (27) 

Rewriting the Dirac equation in curved spacetime: 

 ( )Γ .mµ
µ µγ ψ ψ′∂ + =  (28) 
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Assuming a solution of the form eiSψ =  , we compute the derivative of ψ : 

 ( ) .i Sµ µψ ψ∂ = ∂


 (29) 

Thus, 

 ( ) .i Sµ µ
µ µγ ψ γ ψ∂ = ∂



 (30) 

Substituting back into the Dirac equation: 

 Γ ,mµ µ
µ µγ ψ γ ψ ψ′∂ + =  (31) 

we have: 

 ( ) Γ .i S mµ µ
µ µγ ψ γ ψ ψ′∂ + =



 (32) 

Dividing both sides by ψ : 

 ( ) Γ .i S mµ µ
µ µγ γ ′∂ + =



 (33) 

Rewriting the equation, we obtain: 

 ( ) ( )Γ .S m
l

µ µ
µ µγ γ′∂ = −

  (34) 

Dividing both sides by ψ : 

 Γ .miµ
µ µ

ψ
γ

ψ
∂ ′ = − + 

 

 (35) 

Integrating, we find: 

 ln Γ d const.mi x xµ µ
µ µψ γ

′ = − + + 
  ∫


 (36) 

Exponentiating both sides: 

 ( )exp exp Γ d .mi x xµ µ
µ µψ γ

′ ∝ − 
  ∫



 (37) 

In the context of the Feynman path integral, the wavefunction can be expressed 
as: 

 exp ,
S x

x i
µ

µψ
     =    
 

∫


  (38) 

where S xµ    is the action along the path ( )xµ τ , including contributions from 
curvature and spin connection. 

In curved spacetime, the action incorporates the metric and can be written as: 

 d Γ d ,S x m c s xµ µ
µ  ′= −  ∫ ∫  (39) 

where ds  is the line element. 
Applying this to phenomena like the double-slit experiment, the spin connec-

tion term ( )exp Γ d ‍xµ
µ−∫  can act as a filter or selector for allowable paths. 
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For instance, paths that pass through the slits contribute to the integral, while 
those blocked by a barrier do not, effectively encoding boundary conditions: 

 
paths through slits

exp .
S x

x i
µ

µψ
     =    
 

∫


  (40) 

Therefore, for a double-slit setup, the total wavefunction is the sum of contri-
butions from each slit: 

 1 2 slit 1 slit 2
e e .

iS x iS x
x x

µ µ
µ µψ ψ ψ

   
      = + = +   ∫ ∫

 

   (41) 

This results in an interference pattern, as the probabilities involve cross terms 
due to the superposition of 1ψ  and 2ψ . 

By starting from Einstein’s field equations and incorporating quantum me-
chanical principles through the Dirac equation and the path integral formulation, 
we bridge general relativity and quantum mechanics, illustrating how curvature 
and quantum interference phenomena are interconnected. 

3.2. From Einstein’s Field Equations and Path Integral to  
Black Holes 

Consider a black hole described by the Schwarzschild metric: 

 
1

2 2 2 2 2 2 2 2 2d 1 d 1 d d sin d ,s sr rs c t r r r
r r

θ θ φ
−

   = − − − − −   
   

 (42) 

where 2
2

s
GMr
c

=  is the Schwarzschild radius. 

The determinant of the metric tensor gµν  is: 

 ( ) 2 4 2det sin .g g c rµν θ= = −  (43) 

The contracted Christoffel symbol is given by: 

 Γ ln .gµ
µν ν= ∂ −  (44) 

Integrating, we find: 

 Γ d ln constant.x gµ ν
µν = − +∫  (45) 

Therefore, we can define the function ( )f r  as: 

 ( ) Γ d constante e .xf r g
µ ν
µν∫= = − ×  (46) 

Substituting 2 sing cr θ− = , we get: 

 ( ) 2 constantsin e .f r cr θ= ×  (47) 

Since the constant can be absorbed into the definition of ( )f r , we focus on 
the dependence on r  and θ . 

This result shows that ( )f r  is proportional to 2 sinr θ . 
In the context of the path integral formulation, the determinant of the metric 

tensor appears in the measure of the path integral in curved spacetime. Therefore, 
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the function ( )f r  encapsulates the geometrical contribution of the black hole 
spacetime to the path integral. 

This analysis demonstrates how the properties of a black hole, as described by 
the Schwarzschild metric, influence the behavior of fields and particles via the 
path integral approach, connecting general relativity and quantum mechanics. 

4. Results and Discussion 
4.1. Non-Rotating Black Hole 

Plotting ( )f r , we obtain Figure 1. 
 

 

Figure 1. Plot of ( )f r  versus r . 

 
From the path integral formulation in curved spacetime, the wavefunction is 

given by: 

 [ ] [ ]e ,iS rr gψ = −∫   (48) 

where ( )g f r− =  represents the square root of the negative determinant of the 
metric tensor, contributing to the measure of the path integral. 

Near the Schwarzschild radius sr , ( )f r  approaches zero because the deter-
minant g  becomes zero at the event horizon. This implies that the contribution 
to the path integral from paths near sr  vanishes, effectively encoding infor-
mation on the event horizon’s surface. According to the holographic principle, the 
information content (or entropy) of a black hole is proportional to the area of its 
event horizon. 

The Bekenstein-Hawking entropy is given by: 

 
3

2 ,
4 4 p

kc A kAS
G l

= =


 (49) 

where 24 sA r= π  is the area of the event horizon, and 3p
Gl
c

=
  is the Planck 
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length. 
Substituting A  and simplifying: 

 
2

2 .s

p

k rS
l
π

=  (50) 

This expression shows that the entropy is proportional to the area of the event 
horizon measured in Planck units, indicating the number of degrees of freedom 
(or microstates) associated with the black hole. 

Near 0r = , ( )f r  diverges because the determinant g  becomes large due 
to the singularity in the Schwarzschild metric. This divergence suggests that con-
tributions to the path integral from paths near 0r =  are significant, potentially 
leading to mass generation or particle creation. This behavior is analogous to the 
conditions present at the Big Bang, where a hot, dense state gives rise to the uni-
verse. 

In conclusion, the analysis of the Feynman path integral in the context of a black 
hole suggests a possible connection between black hole interiors and the emer-
gence of new universes or white holes, where mass and energy are generated in a 
manner similar to the Big Bang. 

4.2. Rotating Black Hole 

The Kerr metric describes the geometry around a rotating black hole. In Boyer-
Lindquist coordinates, the line element is given by: 

 

2
2 2 2

2 3

2 2
2 2 2 2 2 2

4

2 4 sind 1 d d d

2 sind d sin d ,

GMr GMars c t c t
c c

GMa rr r a
c

θ φ

θθ θ φ

 = − − − Σ Σ 
 Σ

+ +Σ + + + ∆ Σ 

 (51) 

where  

 2 2 2cos ,r a θΣ = +  (52) 

 2 2
2

2Δ ,GMrr a
c

= − +  (53) 

and Ja
Mc

=  is the specific angular momentum of the black hole. 

In the context of the path integral formalism, we consider the determinant of 
the metric tensor g , whose square root g−  contributes to the measure of the 
path integral. However, due to the complexity of the Kerr metric, an exact expres-
sion for g−  is cumbersome. 

For an approximate analysis, we focus on the equatorial plane (
2

θ π
= ) and 

consider regions far from the black hole where sr r  and a r , allowing us 
to simplify the metric components: 

 2
21 ,tt
GMg
c r

 ≈ − − 
 

 (54) 
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1

2
21 .rr
GMg
c r

−
 ≈ − 
 

 (55) 

Using these approximations, we define a function ( )f r  analogous to the 
non-rotating case: 

 ( ) 2 sin ,f r g r θ= − =  (56) 

which, in the equatorial plane, simplifies to: 

 ( ) 2.f r r=  (57) 

Plotting ( )f r  yields Figure 2. 
 

 
Figure 2. Plot of ( )f r  versus r  for a rotating black hole. 

 
The Kerr metric introduces the concept of an ergosphere, defined by the surface 

where 0ttg = , occurring at: 

 
2 2

erg 2 2 cos .GM GM Jr
Mcc c

θ   = + −   
   

 (58) 

At the event horizons, r± , we have: 

 
2

2
2 2 .GM GMr a

c c±
 = ± − 
 

 (59) 

Quantum tunneling processes near the event horizon can lead to interesting 
phenomena. In particular, when the black hole is extremal (maximum angular 

momentum), the event horizons coincide at Jr r r a
Mc+ −= = = = . 

Some theoretical models suggest that rotating black holes might be traversable 
due to the properties of the Kerr geometry, potentially allowing passage through 

the ring singularity at 0r =  and 
2

θ π
= . However, classical general relativity 

predicts that such a journey would encounter regions of infinite curvature, mak-
ing it physically problematic without quantum gravitational effects. 

Figure 3 illustrates the relationship between the spin parameter a  and the 
black hole mass M . 
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Figure 3. Relationship between the spin parameter ( )a J Mc=  and the black hole mass 

M . 
 
Therefore, under certain theoretical frameworks, quantum effects might allow 

tunneling at Jr a
Mc

= =  without annihilation. This suggests that a rotating black 

hole could be traversable, with paths extending through the black hole interior, 
although this remains a topic of ongoing research. 

5. Conclusions 

In this paper, we explore the intersection of general relativity and quantum me-
chanics by applying the Feynman path integral approach to black hole physics. 
Starting from Einstein’s field equations, we derive the Dirac equation in curved 
spacetime and connect it to the Feynman path integral formulation. We analyze 
the behavior of quantum fields in the presence of Schwarzschild and Kerr black 
holes, considering the effects of spacetime curvature on the path integral measure. 

Our analysis showed that near the event horizon of a Schwarzschild black hole, 
the determinant of the metric tensor vanishes, causing the contributions to the 
path integral from these regions to diminish. This is consistent with the holo-
graphic principle, where the information content of a black hole is proportional 
to the area of its event horizon. We also found that near the singularity at 0r = , 
the determinant diverges, indicating significant contributions to the path integral, 
which may be analogous to conditions in the early universe. 

For rotating black holes described by the Kerr metric, we discussed how the 
spacetime geometry affects the path integral and the potential implications for 
quantum tunneling processes. While classical general relativity predicts singular-
ities and non-traversable regions, our study suggests that quantum effects could 
influence these predictions, although a full understanding requires a quantum 
theory of gravity. 

Our findings are consistent with established theoretical frameworks, such as 
black hole thermodynamics and the holographic principle. By incorporating 
spacetime curvature into the path integral formalism, we gained insights into the 
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quantum aspects of black holes and the interplay between general relativity and 
quantum mechanics. 

Future work could involve exploring the implications of these results within a 
full theory of quantum gravity and investigating potential observational conse-
quences. Our approach contributes to the ongoing effort to understand the quan-
tum nature of black holes and the unification of quantum mechanics and general 
relativity. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this paper. 

References 
[1] Einstein, A. (1916). Relativity: The Special and General Theory. Methuen & Co.  

https://doi.org/10.4324/9780203198711 

[2] Dirac, P.A.M. (1928) The Quantum Theory of the Electron. Proceedings of the Royal 
Society A: Mathematical, Physical and Engineering Sciences, 117, 610-624. 

[3] Hawking, S.W. (1974) Black Hole Explosions? Nature, 248, 30-31.  
https://doi.org/10.1038/248030a0  

[4] Penrose, R. (1965) Gravitational Collapse and Space-Time Singularities. Physical Re-
view Letters, 14, 57-59. https://doi.org/10.1103/physrevlett.14.57 

[5] Hawking, S.W. (1976) Breakdown of Predictability in Gravitational Collapse. Physi-
cal Review D, 14, 2460-2473. https://doi.org/10.1103/physrevd.14.2460 

[6] Preskill, J. (1992) Do Black Holes Destroy Information? International Journal of 
Modern Physics D, 6, 461-467. 

[7] Feynman, R.P. and Hibbs, A.R. (1965) Quantum Mechanics and Path Integrals. 
McGraw-Hill. 

[8] Penrose, R. (2011) Cycles of Time: An Extraordinary New View of the Universe. Bod-
ley Head. 

[9] Bekenstein, J.D. (1973) Black Holes and Entropy. Physical Review D, 7, 2333-2346.  
https://doi.org/10.1103/physrevd.7.2333 

[10] Jacobson, T. and Myers, R.C. (1993) Black Hole Entropy and Higher Curvature In-
teractions. Physical Review Letters, 70, 3684-3687.  
https://doi.org/10.1103/physrevlett.70.3684 

[11] Strominger, A. and Vafa, C. (1996) Microscopic Origin of the Bekenstein-Hawking 
Entropy. Physics Letters B, 379, 99-104.  
https://doi.org/10.1016/0370-2693(96)00345-0 

[12] Sen, A. (1995) Extremal Black Holes and Elementary String States. Modern Physics 
Letters A, 10, 2081-2093. https://doi.org/10.1142/s0217732395002234 

[13] Ashtekar, A. and Bojowald, M. (2005) Quantum Geometry and the Schwarzschild 
Singularity. Classical and Quantum Gravity, 23, 391-411.  
https://doi.org/10.1088/0264-9381/23/2/008 

[14] Bojowald, M. (2009) Black Hole Models in Loop Quantum Gravity. Classical and 
Quantum Gravity, 26, Article ID: 075020. 

[15] Rovelli, C. (1998) Loop Quantum Gravity. Living Reviews in Relativity, 1, Article No. 1.  
https://doi.org/10.12942/lrr-1998-1 

https://doi.org/10.4236/jamp.2025.139167
https://doi.org/10.4324/9780203198711
https://doi.org/10.1038/248030a0
https://doi.org/10.1103/physrevlett.14.57
https://doi.org/10.1103/physrevd.14.2460
https://doi.org/10.1103/physrevd.7.2333
https://doi.org/10.1103/physrevlett.70.3684
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1142/s0217732395002234
https://doi.org/10.1088/0264-9381/23/2/008
https://doi.org/10.12942/lrr-1998-1


A. D. Cheok et al. 
 

 

DOI: 10.4236/jamp.2025.139167 2927 Journal of Applied Mathematics and Physics 
 

[16] Kanti, P., Pappas, T. and Pappas, N. (2016) Hawking Radiation from a (4 + n)-Di-
mensional Black Hole: Exact Results for the Schwarzschild Phase. Physical Review D, 
94, Article ID: 024035. 

[17] Kosowsky, A. and Turner, M.S. (1995) CBR Anisotropy and the Running of the Scalar 
Spectral Index. Physical Review D, 52, R1739-R1743.  
https://doi.org/10.1103/physrevd.52.r1739 

[18] Ade, P., Aghanim, N., et al. (2016) Planck 2015 Results. XIII. Cosmological Parame-
ters. Astronomy & Astrophysics, 594, A13. 

[19] Birrell, N.D. and Davies, P.C.W. (1982) Quantum Fields in Curved Space. Cambridge 
University Press. https://doi.org/10.1017/cbo9780511622632 

 
 
 
 
 
  

https://doi.org/10.4236/jamp.2025.139167
https://doi.org/10.1103/physrevd.52.r1739
https://doi.org/10.1017/cbo9780511622632


A. D. Cheok et al. 
 

 

DOI: 10.4236/jamp.2025.139167 2928 Journal of Applied Mathematics and Physics 
 

Appendix 
A. Appendix Information 
A.1. Modified Heisenberg Uncertainty Relation 
In the presence of spacetime curvature, the Heisenberg uncertainty principle may 
be modified to account for gravitational effects. The curvature of spacetime can 
influence the measurement of position and momentum, leading to a generalized 
uncertainty principle (GUP). 

The standard Heisenberg uncertainty principle is given by: 

 Δ Δ .
2

x p ≥   (60) 

In regions of strong gravitational fields, such as near a black hole, it is suggested 
that the uncertainty principle is modified to include terms dependent on the cur-
vature or gravitational effects. One proposed form of the generalized uncertainty 
principle is: 

 ( )( )2Δ Δ 1 Δ ,
2

x p pβ≥ +
  (61) 

where β  is a small positive parameter related to the Planck length pl : 

 
2

0
2 ,plβ

β =


 (62) 

with 0β  being a dimensionless constant of order one, and 3p
Gl

c
=

  is the 

Planck length. 
Alternatively, considering the effects of spacetime curvature directly, the pres-

ence of gravity modifies the commutation relations between position and momen-
tum operators. In a curved spacetime, the momentum operator involves covariant 
derivatives, and the uncertainty in momentum may receive contributions from 
the gravitational field. 

However, deriving an explicit modified uncertainty principle due to curvature 
requires a consistent theory of quantum gravity, which is beyond the scope of this 
discussion. Nonetheless, it is qualitatively suggested that in regions of strong cur-
vature (e.g., inside a black hole), the minimal measurable length becomes signifi-
cant, leading to an effective minimal uncertainty in position measurements. 

As a result, inside the black hole, quantum fluctuations may be suppressed due 
to the intense gravitational field. This implies that the uncertainty in position and 
momentum measurements is affected by the spacetime curvature, potentially 
leading to a decrease in quantum fluctuations in such extreme environments. 

A.2. The Last Parsec Problem 
In astrophysics, the “last parsec problem” refers to the theoretical challenge of 
bringing two supermassive black holes close enough to merge within a reasonable 
timescale. As two black holes in a galactic nucleus spiral towards each other due 
to dynamical friction, their separation decreases. However, when the distance be-
tween them reaches approximately one parsec, dynamical friction becomes inef-
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ficient, and the timescale for gravitational wave emission to cause the black holes 
to merge can exceed the age of the universe. 

The orbital velocity v  of two black holes of masses 1M  and 2M  in a circu-
lar orbit with separation R  is given by: 

 ( )1 2 .
G M M

v
R
+

=  (63) 

The corresponding Lorentz factor γ  is: 

 
2

1 .

1 v
c

γ =
 −  
 

 (64) 

As R  decreases, v  increases, but always remains less than c , so γ  re-
mains real and finite. 

The gravitational wave emission timescale GWt  for the inspiral due to gravita-
tional radiation is: 

 
( )

5 4

GW 3
1 2 1 2

5 .
256

c Rt
G M M M M

=
+

 (65) 

At separations of about one parsec, GWt  can be longer than the Hubble time, 
preventing the black holes from merging within the current age of the universe. 

Various mechanisms have been proposed to solve the last parsec problem by 
facilitating further energy and angular momentum loss, such as: 

• Interactions with surrounding stars in a dense stellar environment.  
• Gas dynamics involving accretion disks that can transfer angular momentum.  
• Triaxial or non-axisymmetric potentials in galaxies that can alter orbital dy-

namics.  
These processes can help bridge the gap and allow the black holes to coalesce. 
In summary, the last parsec problem highlights the difficulty in merging super-

massive black holes due to the inefficiency of dynamical friction at small separa-
tions and the need for additional mechanisms to enable their inspiral and eventual 
merger. 

A.3. Authors’ Note on Figures 
All figures in this manuscript have been thoroughly checked for accuracy and con-
sistency with the mathematical derivations presented in the main text. Each figure 
is referenced at the appropriate point in the narrative and is accompanied by a 
qualitative or quantitative explanation of its content. The graphical representa-
tions are intended to aid in the conceptual understanding of path integrals in 
curved space-time, black hole tunnelling amplitudes, and Penrose’s conformal cy-
clic cosmology. No extraneous or unreferenced visuals have been included. 
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