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Abstract

This study is devoted to the global existence, blow-up and orbital stability of
standing waves for the Schrodinger equation with mixed nonlinearities.
Firstly, we derive some criteria for global existence and blow-up of the solu-
tions by making use of the ground state and scaling techniques. Secondly, by
taking advantage of the refined compactness argument, scaling techniques and

the variational characterization of ground state solutions, we explore the I’ -
concentration phenomenon and limiting behavior of blow-up solutions in the

I’ -critical case with g==*1 and 1<g<p= l+%. Finally, we research the
orbital stability of standing waves in the cases with g =-1, I<g<p< 1+%

4 N+2
or u=1, 1+ N =p<g< N2’ by combining the variational methods, pro-
file decomposition and the arguments of concentration compactness. Our
study complements the conclusions of some known works.
Keywords

Nonlinear Schrédinger Equation, Mixed Nonlinearities, Blow-Up, Global
Existence, Orbital Stability of Standing Waves

1. Introduction

In the current paper, we undertake a comprehensive investigation of the Cauchy
problem of the following Schrédinger equation with mixed power-type nonline-

arities

DOI: 10.4236/jamp.2025.138155 Aug. 25, 2025 2712 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2025.138155
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2025.138155
http://creativecommons.org/licenses/by/4.0/

H. Jian et al.

iu, +Au = —|u|’PH u -i—,u|u|fr1 u, (1,x)e[0,T)xRY

u(O,x)=uoeH'(RN), xeRY W

where u(t,x):[O,T)XRN —C is a complex valued function, 0<7 <o ,

N >3 is the space dimension, g#€R, l<p,q<]]:]]+2.

It is widely acknowledged that the model (1) with double power-type nonlinear-
ities has a wide range of applications in various physical settings. For example, this
equation is regarded as a simplified model that extends the nonlinear Schrédinger
equation into a saturated nonlinearity, which is related to describing the Bose su-
perfluids at zero temperature, as detailed in [1] [2]. The double power-type non-

linearities can be regarded as a multi-body correction of the mean field interaction

in Bose-Einstein condensates (BEC): when g=-1 and 1<g<p =1+% ,

-1 . . . p—1 .
|u|q u provides a focused three body attraction, while |u|1 u gives a satura-

, then the competitive nonlinear-

4 N+2
tioneffect. If #=1 and p=1+—<g<
H p N q N

ities can describe the synergistic competitive mechanism of Kerr effect (p-term)
and higher-order nonlinearity (q-term) in nonlinear optics. Furthermore, it also
appears as the leading-order model for propagation of intense laser beams in an
isotropic bulk medium, see Section 1.2 in [3] for instance. The extensive applica-
bility of model (1) has attracted more and more attention in both practical appli-
cations and theoretical research.

Our main goal of this paper is to investigate the criterion of global existence
versus blow-up, the dynamical properties of blow-up solutions and the stability of
standing waves for Equation (1).

To this end, we first review some remarkable results about the classical Schro-

dinger equation with single power nonlinearity
iu, +Au+|u|]}71u =0, (1,x)€[0,T)xR". (2)

It was proved in [4] that the blow-up solutions to Equation (2) exist in the radial
case without the restriction |x| u, € I’ . Hmidi and Keraani [5] put forward a re-
fined compactness argument by utilizing the profile decomposition, which pro-
vides a novel method on the study of the dynamical properties of blow-up solutions

in the I’ -critical case. In [6], Berestycki and Cazenave showed the instability of
standing waves in the case p= 1+%. Moreover, based on the concentration
compactness principle, Cazenave and Lions [7] proved the orbital stability of
standing waves in the L’ -subcritical case 1< p<1 +%. This idea has been ex-

tensively exploited and further developed in the research of other kinds of non-
linear Schrodinger equations, offering an alternative perspective on the stability
analysis of standing waves for Equation (1). For further details regarding Equation
(2), we refer to the works [4] [7]-[10].

Inspired by the aforementioned literatures, numerous scholars have further re-
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searched the Schrodinger equation with mixed power-type nonlinearities, partic-
ularly yielding a series of significant results in areas such as local and global exist-

ence as well as blow-up, see [11]-[16] for example. In the case u=1, p=1 +%

and l<g< 1+% , Le Coz et al. [13] investigated the existence of a new class of

minimal blow up solutions of Equation (1) and discovered that the blow-up rate of
blow-up solutions is significantly influenced by the double power nonlinearities.
Feng [12] verified the sharp threshold mass of global existence versus blow-up and
dynamics of blow-up solutions for Equation (1) by making full use of the scaling
arguments, the best constant of Gagliardo-Nirenberg inequality, the refined com-

pactness argument and the variational characterization of the ground state solution

to Equation (8). However, as far as we know, when u=-1, l<g<p< 1+% or

u=1 1+i— < <N+
> N p<q N

i , the criterion of blow-up and global existence for

Equation (1) has not been discussed clearly yet. In what follows, we shall prove
the existence of blow-up solutions and then give the sufficient conditions of global
existence and blow-up in these cases. Moreover, we will investigate some dynam-
ical properties of blow-up solutions to Equation (1), including L -concentration

and limiting profile.

To this purpose, for g#=-1 and 1<q<p:1+%, by using the sharp

Gagliardo-Nirenberg inequality, Young’s inequality together with scaling tech-
niques, we first obtain the condition for global existence to Equation (1). Mean-
while, the key to determining the threshold of global existence versus blow-up for
Equation (1) in the mass-critical setting lies in proving the existence of blow-up
solutions. Nevertheless, it’s not easy to choose E (uo) to ensure the second-
order derivative J "(t) <—C<0 (see (6)). To overcome this obstacle, we show
the existence of blow-up solutions by contradiction, together with some scaling
arguments. It is worth emphasizing that the scaling invariance plays a key role in
studying the dynamics of blow-up solutions. However, the presence of combined
nonlinearities strongly influences the variational structure of corresponding en-
ergy functional, leading to the loss of scaling invariance of Equation (1). Following
the clues of [12] [14] [15], we shall apply the ground state solution of Equation
(8) with L’ ~critical nonlinearity to describe the limiting behaviours of blow-up
solutions at blow-up time. This approach can effectively overcome the difficulty
of lacking scaling invariance of Equation (1). On the other hand, when #=-1,
1<q<p<l+% or u=1, 1+%:p<q<%, the global existence of solu-
tions to Equation (1) can be easily demonstrated by taking advantage of interpo-
lation inequality and Young’s inequality.

We are also deeply interested in the orbital stability of standing waves for Equa-
tion (1). As we know, the instability or stability of standing waves for Equation (1)

attracts increasing attention. Soave [17] obtained several results concerning the
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existence or non-existence and stability or instability of ground states with pre-
scribed L’ -norm in the Sobolev critical case by taking advantage of variational
ideas. In [18], the author pointed that the concentration-compactness principle

established in [19] [20] can be applied to derive the stability of standing waves for

Equation (1) with #=-1 and l<g<p< 1+%, but the complete proof were

not given. In the case g =-1 and l<g<p= 1+%, Bai and Zhang [21] estab-

lished a new compactness principle, based on the technique of Schwartz symme-
trization, to show the orbital stability of small solitons to Equation (1). In addition,
Fukaya and Hayashi [22] studied the strong instability for all frequencies when
1+ i <g< N+2

N N-2

In particular, they were the first to give the results on stability properties of alge-

and the instability for small frequencies when 1< ¢ <1 +% .

braic standing waves. Whereafter, Jeanjean and Le [23] proved that there exist
standing waves which are located at a mountain-pass level of the energy functional.
Werefer the readers to [21] [24]-[29] (see also the references therein) for the Schro-
dinger equation with combined nonlinearities. It is worth to point out that the sta-

bility of standing waves for Equation (1) in the aforementioned works are also of
N+2
N-2’
the orbital stability of standing waves of Equation (1) with competitive nonline-

significant value in physics. Nevertheless, for ¢ =1 and 1+% =p<g<

arities is still left open.

It is worth noting that, to prove the stability of standing waves for Equation (1),
one may encounter two main challenges. One comes from the combined nonlin-
ear terms, which cause the lack of scaling invariance and change the variational
structure of energy functional. The other one is the loss of compactness. To get
across the obstacles, we shall take advantage of the profile decomposition and con-

centration-compactness principle and scaling techniques. More precisely, in the
4
case y4=-1 and l<g<p SH—W , we shall demonstrate that the standing

waves of Equation (1) are orbitally stable by using the profile decomposition,
which is different from the ideas used in [18] [21]. While for u=1,
+2
-2
issues of standing waves for fractional Schrodinger equation with mixed power-

1+% =p<g< x , greatly inspired by Feng and Zhu [30], where the stability

type nonlinearities were studied, we utilize the arguments of concentration-com-
pactness to show the orbital stability of standing waves for Equation (1) with com-
petitive nonlinearities.

This paper is structured as below. In section 2, some preliminaries are given. In
section 3, the criterion for global existence versus blow-up is established. In sec-
tion 4, we focus on the dynamics of blow-up solutions. In section 5, we address
the stability of standing waves.

Notations. Throughout this manuscript, to simplify the marks, we abbreviate

IRN-dx by I-dx and use ||||H1 to denote "'"H‘(R”) and replace ||-||L2(]RN) by
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||||2 . Meanwhile, we utilize C to represent a positive constant that may be dif-
ferent from line to line. X:= {u eHl(RN>;xu el (RN)} denotes the energy

space equipped with the norm ||g], == (||u||21 +||xu||z )5 .

2. Preliminaries

In this section, we recall some crucial preliminary results that will be used later.
In order to study the global existence versus blow-up as well as the stability of
standing waves, we require the well-posedness of solution to Equation (1). Based

on [16] [31], we first have the following local well-posedness of Equation (1).
Then

Proposition 1. [16] [31] Let uoeH' H#eR and 1<p, q<x i

there exists T=T ("”0" Hl) such that Equation (1) admits a unique solution

u(t,x)e C([O,T),Hl) . Assume that [0,7) is the maximal time interval such

that the solution u(t,x) is well-defined. If T <o, then linT1||u (t,x)"H1 =00
t—>

(blow-up). Moreover, for any ¢ € [O,T ), the following conservation laws of mass

and energy hold
3)
E(u(t,x))=E(u0), (4)
where the energy functional is defined by
E(u(t.x))= —IIV -~ || 75+ Sl
- _1+ 2
Especially when p=1+ N
1 2 ol Y7, +1
E(ufe )= 51—l ®

Next, by some simple calculations, we are able to derive the second-order de-
rivative of virial quantity for the Cauchy problem (1), which plays a crucial role in
the analysis of the existence of blow-up solutions.

and u(l,x) be a solu-

Proposition 2. Let u, X, ueR, 1<p,q<]]zJr2

tion of problem (1) in C([O,T);Hl) Set J(t j|x| |u (t,x | dx, then we get
that

+ 4,UN +l
J" (1) = 8[|Vl dx— " dx ‘
v as- 2220 g g S
4
ially wh =l+—,
Especially when p 1+N
2 16 z+i 4,uN A
t)=8.“Vu| dx—z—i”u N dx vy “ |q
N (6)
4 N -16 +
=16F (u,)+ == Bl
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Now we recall some useful lemmas.
Lemma 3. [32] [33] Let u € X, then one has that

Illdx<—(I|V|dx) (Illlldx) %

5 Then for any ueHl(RN), we

Lemma 4. [32] Let N>2, O<oc<N4

have the sharp Gagliardo-Nirenberg inequality

Tl e ™ ol
where C,, = ;”;"i d O(x) is the ground state solution of the elliptic
equation 2
—Ap+p=|g|" p. (8)
In particular, in the L -critical case a:%, then C, =2 +2||Q|| ¥ and

the following Pohozaev identity holds

Vol =5 flof¥

—+2

€

3. Global Existence and Blow-Up

As we know, it is crucial in physics to determine the conditions under which the
condensate becomes unstable and collapses (blow-up) or exists for all time (global
existence). Therefore, we are concerned with the criterion of global existence and
blow-up for Equation (1). For the I’ -critical Schrédinger equation with defocus-
ing I? -subcritical perturbation, the sharp threshold mass of blow-up and global
existence for Equation (1) has been obtained in [12]. Now, for the focusing -
subcritical case, it is of particular interest whether there exists a sharp threshold of
blow-up and global existence for Equation (1). To solve this problem, there exists
a major difficulty that the second-order derivative of J _“x| | (t, x | dx is
the following form:

16— 4N

J7(£)=16E (1) + q+1

|| (e
16—4N(q—1)
q+1

Since ||u||Z: >0, it is hard to choose E (uo) to ensure the ex-

istence of blow-up solutions. In the following, we will argue the sharp criterion of
global existence and blow-up for Equation (1) by contradiction together with scal-
ing techniques.

It is worth mentioning that for the next Theorem 5, the conclusions on the
global existence and blow-up of Equation (1) in the case of g =1 have been
proven in Feng [12]. However, there are few literatures discussing the case of

M =—1.1In Theorem 5, we will consider these two cases and provide a proof for

u=-1.
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Theorem 5. Assume that uoeHl, u=x1, p=1+% and 1<q<1+%.

Then we have the following facts hold:

1) Global existence: If ||u0||2 < ||Q||2 , then the solution u (t,x) of Equation (1)
exists globally in 7 €[0,+). N

2) Blow-up: If the initial data u,=cp2Q(px) satisfies |x| u, € L’ , where the
constant ¢ satisfying |c| >1, and the real number p > 0. Then the correspond-
ing solution u (t,x) of the Cauchy problem (1) blows up in finite time.

Proof. 1) Firstly, from (3) - (5) and combining Lemma 4, we have the following

estimate

E(uy) = E(u(?))

1 2"'1 1 +
B s -
4
ST - 0o
- q+
2lols
1 u N N(g-1)
Ll - g o
2 )l
when a:i, Con 2+N"Q" ~, we have
N
I =l N<“N"”" .
¥ ols
N
and
Ay - L
2+N 2 2+* N 2"Q"N

N(g-1
Since l<g< 1+% , then % <2 . Hence, we deduce Young’s inequality

1 .
that, forany 0<e&< > there exists a constant C(&,M) such that

(a-1)

N(g-1)
1_
q+ 5

C”u() 2

< e|vul; +C (e, ).
Thus, combining (10), one obtains that

E(uy) = E(u(1))> [1 Il ]nv [-c(eul,).

2ol

which means

E(uy) +C (2. u,) > [1M ]uv I

2lolly

2
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Let & be small enough and by the fact ||uo||2 < ||Q||2 , then we conclude that
||Vu||z is uniformly bounded for all 7€ [0, +oo) . Therefore, we have that the so-
lution u (t,x) of Equation (1) exists globally.

2) Assume by contradiction that the corresponding solution u(#,x) exists
globally with 7 =+00 and there exists C >0 such that

sup "u " ,<C. (11)

te[0,4+%

N
Since u, =cp?Q(px) and using the Pohozaev identities (9), it follows that
g+1 Ma)

o K2t e e
4 ||Q|| T||Q||q+1

N (12)

)
2 2 4 g+l
o p°(, & o p .
- |2 (|C|N ‘1j||VQ||§‘||T"Q|Z+:'

Then by the conservation of mass and interpolating between I’ (RN ) and

E(uo | |

2N

L% (RN ), together with the Sobolev embedding H' (RN) S [N2 (RN) » we

have
2N—(N-2)(q+)
[, <, e ||
IN-(N-2)(g+1) N(q—l)

clul, =0 B
From (11) and ””o"z = |c| "Q

10

This together with (6) and (12), one has that

,» we get

2IN-(N-2)(g+1

. 2o
i =C(ellel)

g+1

, 16-4N (g .
r=168()+ Dy
. qul)
4 16|c"" p .
=—s|c|2p2(|c|~—1j||vg||z L2 "o,
(LoD
qg+1 q+1
. qul
4 16|c"" p .
<8l o -1 vl -2 oy
2N (N 2)(q+1)
+m(|¢|||Q|| )
16" p e | 2N~V -2)(g+)
q+
<2 jop 4 (o,

Now, taking o such that
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2N-(N-2)(¢q+1)

Yo Clelol,)
16l ]

q+1 2
g+l

then
J"(1)<-v <0,

for all 7€[0,+%) with some constant v >0. Thus there must exist finite time
T <+% such that

limJ(7)=0.

t>T

Then by Lemma 3, lim,_; ||u (t)"Hl =+ , which gives a contradiction to (11).
Thus, we conclude that the solution u(t,x) of Equation (1) blows up in finite
time.

Remark 1. In [12] (see Theorem 5), Feng demonstrated the sharp threshold of

global existence and blow-up for Equation (1) in the case u=1, p= 1+% and

4
l<g< 1+F , which infer that the critical mass about the initial data for global

existence and blow-up is the same in the two cases.

Theorem 6. Assume that u, e H', u=1, p=l+% and 1+i<q<N+2,

N-=-2

then the solution u (t,x) of Equation (1) exists globally.

Proof. Since 1+% <g< N+

i , using the interpolation inequality, for u e H',

2(q+1) <1 such that I _0 +1_6 and

there exists 0<9:m i_q+1 5
2+N

(e T (13)
Taking advantage of Young’s inequality, mass conservation and (13), for

O<e< . , there exists a constant C(g,q,N, ||u0|| ) >0 such that
g+l 2

1

q+1

4
gl ¥ <C(e.q. M), )+ el
— N

g+1"

This together with energy conservation, it follows that

Lo e 1 2wt ] “
E(uy) = E(u(t) = Z[Va, —“—i"”"%% +ﬁ||”||z+.

1 1 +
v o{ e ol - e k)
which means
1
)+ (e N ) 2 v

Thus, we obtain the boundedness of ||Vu||§ for te[O, +oo) , which implies
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that the solution u (t,x) to Equation (1) is global and bounded. This completes
the proof of Theorem 6.

Theorem 7. Assume that u,e H', u=-1 and 1< p,g< 1+% , then the so-
lution u (t,x) of Equation (1) exists globally.

Proof. We deduce by Young’s inequality that, for any 0<¢,¢, < %

p+1
Cluo];

‘< [Vull +C (e, ).
N(g-1)

o

q+l—
Clua];

<, [Vul+C (23], )

Then, we have

E(uo):E(”(t))

1 +1 +1

L e an ||:H

1 +

> [Vuly =yl Sl s
q+1—N(q_ L)

~Coluals™ > v, 2

1
2(3-a-2 Pk ~C(p.g.c0en bl ol )
from which we infer that

1
E(u)+C(pg.6is2nul J01,) 2| 5 =2 =2 |IVul:-
2

1 1
Since 0<g,¢, <Z, then PR >0, thus one can conclude that ||Vu||§

is uniformly bounded for all e [0, +oo) , which yields that the solution u(t,x)
of Equation (1) exists globally.

4. Dynamics of Blow-Up Solutions in the I’-Critical Case
In this section, we investigate the dynamical properties of blow-up solutions of
Equation (1) with g ==1, p=l+% and l<q<1+%. To this aim, we first

review a refined compactness conclusion established in Hmidi and Keraani [5].
Lemma 8. Let {v,]  beabounded sequencein H' (RN ) and satisfy

hm sup ||an ||2 <M, lim sup"vn ||2+i >m.
n—w0 N
Then, there exists { } V" such that, up to a subsequence,
v, (x+x )A V weakly in HI(RN)

with

N +1

M,2(555) 2 " rlol.
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where Q(x) is the ground state solution of Equation (8).
Using the refined compactness lemma, we are able to establish the following

concentration property of blow-up solutions to Equation (1).

Theorem 9. ( I’ -concentration) Let u, eH', pu=+=I1, p=1+% and

l<g< 1+% . Assume that u (t,x) be a corresponding solution of Equation (1)

which blows up in finite time T , and g(t):[O,T )|—>R be a real-valued
nonnegative function such that g(t)”Vu(t)"2 —>+0 as ¢ —> T . Then there ex-

ists a function x(t) eRY for t<T such that

.. 2 2
llltlllTnf ‘x7x(r)‘sg(t)|u (t,x)| dx2I|Q(x)| dx, (14)
where Q(x) is the ground state solution of (8).
Proof. Take
[val, 5
= d =p2 15
., "Vu ) 2 and v, (x)=p2u(z,, p,x), (15)

where {7,}” <[0,T) is an arbitrary time sequence and #, >7 as n—>o.
Then the following hold:

=), =Tl

o= pa|Vu ()], =V,

vn
(16)
||an

Next, we define the functional

R

1
¢

il
N

then

2+i

G(vn):%”an(x)rdx— 14 fv

L () d a7

1 2
=p;| =||Vu(t,,x) dx-

2.” u( x)| 2+i
N

g+1 dxj .
g+1
‘|

VoL [Ew) IveEIvuts ),
= 2 2
"Vu(tn) R "Vu(tn)

2
4 .
, >0 as N —>+o and 1<q<l+ﬁ,we can infer

_ H
=p; [E(u0)+—q+1”u(tn,x)
From Lemma 4, we found

) <22 JE L

Hence, from "Vu (¢,)
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that |G(v |—>0 as n — 40, which yields
[y, () Ndx—>(1+ )||VQ||2. (18)
4
Take M =|VQ|, and m™™ —(1+ ]||vg|| then

>
L4 2 m.

lim sup"an”2 <
By Lemma 8, there exist V e H' (RN ) and {x,},_ cR" such that, up to a

subsequence,
(19)

N
(+x,)=prult,,p, +x,) =V weaklyinHl(RN),

and
1”1, el (20)
Therefore, using the weakly lower semi-continuous of the L"-norm, one has

2

dx

the following inequality

t ,X+X ) Rp:’u(tn,pn(x+xn))

(21)

=liminf
n—o0

Il

liminf L‘ r

n—0

V|2 dx, forany R > 0.

>
MSR

By the assumption of Theorem 9, we have

tim &) _ i 805
noe o n—w ||Q||2

thus for sufficiently large 7, we get Rp, < g(#,). Combining (19) and (21), it

)l _

>

follows that
2
llInILIOIOlf sup .[‘X el | (¢ x)| dx
. . 2
> liminf R |u(tn,x)| dx

n—0

2
dx

(£, 20 (x+x,))

=liminf < oV lu

n—ow

|V| dx, for every R > 0.

‘x‘<R

This and (20) infer that
imintsup [ Jolo, 0f a2 [ a2l
Furthermore, owing to the arbitrariness of the sequence {z,} _ , one has that
liminf sup [ eago e () ax=[f- (22)

Forevery te [0 T), it is easy to show that the function
k(y) J-‘v e |u t x)|2dx is continuous and lim‘y‘%wk( ) 0. Thus, there ex-
ists a function x(7)eR" such that forany 7€[0,T)
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S0P [ b= () e

Hence, this together with (22) leads to (14).

Theorem 10. (limiting profile) Let u,eH', u=%1, p:l—f-% and

l<g< 1+%. Assume that ||u0||2 = ||Q||2 and u(t,x) be a corresponding solu-

tion of Equation (1) which blows up in finite time T . Then there exists a function
x(t)eR" and 6(r)e[0,2n) such that

p? (t)u (t,p(t)(- + x(t)))eia(’) — O stronglyin H', ast —> T, (23)
vo,
where p(t) = M .

Proof. According to Theorem 9, we get ||V||§ > ||Q||§ (see (20)), which together

with mass conservation (3) implies

lol: <|V[} < liminf |v, |} < liminf "u (t,)

n—0 n—>0

2 2 2
=l =l

Therefore, we have

lim

n—»x

.= =lel:- (24)

Vn
Combining with (19), we claim that v, ( + xn) is boundedin H' and
v, ( + x,,) —V stronglyin L’ asn — oo (25)

By Gagliardo-Nirenberg inequality (see Lemma 4), one has

4
2+§ < N+2
2+N N

%) o )
lo

<Cly, (-+5)-Vp -

”vn (-+xn)— 14

N (26)

2

Then, we deduce from (25) and (26) that
4
2+—
v,(-+x,)>V inL ¥ asn—>oo. (27)

Now, we will show that
v, (-+x,) >V stronglyin H' asn—>oo. (28)

On the one hand, from (18), (27) and Lemma 4, we can estimate as below

e =L

N 2
On the other hand, this together with (16), we have
,=[vol, <[v7],.

4
2 1|V 1
S W L. )
N

[V, <tliminf [V, (-+x,)

n—o0

which indicates (28) holds and
71, =10, -
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Hence, we get

G(V):%”VV(x)r dx—z%”V(x)
N

4
*V dx = 0.

Up to now, the properties of the profile ' can be summarized as below,
71, =12l Iv71, =[vel.. G(r)=0.
Therefore, the variational characterization of the ground state implies that there
exists #€[0,2n) and x,€R" such that
V(x) =e” (x+x0)
and

N
plu (tn,pn (-+x0)) —¢”Q(-+x,) stronglyin H' asn—> .

Since {tn}il is an arbitrary sequence, we claim that there exist two functions
6(t)e[0,2n) and x(r)eR" such that
N
pre’y (t, p(t)(x + x(t))) — O stronglyin H' ast—T.

Therefore, the conclusion (23) holds.
Remark 2. For #=1 and l<g<p= 1+% , Feng [12] obtained the dynamics
of blow-up solutions, including L’ -concentration, location of L’ -concentration

point, limiting profile and the blow-up rate. Our conclusions in Theorems 9 and

10 can be seen as complements to the corresponding ones in [12].

5. Orbital Stability of Standing Waves

In this part, we consider the orbital stability of standing waves of Equation (1). In

particular, the standing wave solutions to Equation (1) are solutions of the form

¢"'v(x),where weR isafrequencyand veH' isasolution to the stationary
equation

—AV+ WY — |v|p_I v—u |v|q_1 v=0. (30)

In addition, to research the orbital stability of standing waves, we first establish

the variational problem as follows:
d, ::inf{E(v);veS}, (31)
where
S =:{veH1;||v||§ =M}, for M > 0.
In what follows, we denote the set of whole minimizers to (31) by

S, :={veH1;E(v)=dM, v||§ =M},

which is also called the set of normalized ground states. Then, for any v(x) €S,
by the Euler-Lagrange theorem, we infer that there exists w>0 such that v(x)
is a solution of (30) and we generally call ¢"'v(x) as the orbit of v(x). On the

other hand, if veS,, , thatis, u is a minimizer of d,, , then e¢"'veS,,, ie,

DOI: 10.4236/jamp.2025.138155

2725 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.138155

H. Jian et al.

e"v is also a minimizer of d,, . Now, we give out the definition of orbital sta-
bility of the set S,

Definition 1. If for arbitrary &> 0, there exists 6 >0 such that for any u,
satisfying

vlgf ||u0 - v" <0,

the corresponding solution u (t x) of (1) satisfies

inf” tx " <g, Vit>0,

veSyy
then the set §,, is called orbitally stable.
In order to investigate the compactness of any minimizing sequence for (31),
we introduce the corresponding profile decomposition of bounded sequences in
Hl
4
Lemma 11. [5] Let N>2, 1<p<l+N

and {vn} be a bounded se-

quencein H'.Then, there exists a subsequence of {vn} (still denoted by {vn} )

a family {x,{}wl of sequences in R" and a sequence {V"}%1 in H' such
n= Jj=

that

1) for every m# j, |x —x|—>+oo as n—>oo;

2) forevery />1 andevery xeR", v, (x) can be decomposed as
!
v, (x)=ZVj (x—x,{)+rﬂl(x), (32)
J=1

— o forevery ge [2,%) . Moreover,

with limsup, ., (7!
q

Z||V’| (33)

| =Z||VV‘f||§+||VFJ§ (1), (34)
=)

vlhi= Z|| A o), (35)

where o(1)=0,(1)>0 as n—o.

The main result of this section is the following orbital stability of standing waves for
N+2
N-2"

Theorem 12. Let N>2 and O be the ground state solution of the L’-
critical elliptic Equation (8), then the set §,, is not empty, and it is orbitally sta-

Equation (1) with u=-1, 1<q<p§1+% or u=1, 1+%=p<q<

ble in the following cases:

4
1) u=-1, 1<q<p=1+ﬁ and Me(O,"Q"§)>

2) u=-1, l<p,q<l+% andany M >0;

4 N+2
3) u=l1, 1+N=p<q<N_ and MG(HQHE"’O)'
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To prove Theorem 12, we first apply the profile decomposition and concentra-
tion-compactness principle to derive the key conclusion as below.

Proposition 13. Let N>2 and @ be the ground state solution of elliptic
equation (8), if one of the following conditions hold:

4
1) u=-1, 1<q<p:1+ﬁ and ME(QHQ";);

2) u=-1, 1<p,q<l+% andany M >0;

4 N+2
3 =1, l+—=p<g<
) U NPy

== and Me(|of} ),
then there exists v, € H' suchthat d, =E (vo) .

Proof. We first show the part 1) and 2) of Proposition 13. The main argument
is to prove that the variational problem (31) is well-defined and every minimizing
sequence for (31) is bounded in H '. For case 3), inject the Gagliardo-Nirenberg
inequality (see Lemma 4) into the energy functional E (v) , one has the following

estimate

q+1

1 1 nto ]
E(v)=2 " ‘2+—i||v||2% —EHV"‘,H
N

(36)

4
1 N _N(q-1)
o LM Noup e, b ol

2 4
2Jofy

N(q-1)
2 .

2

< 2. It follows from Young’s inequality

N(g-1)
2

Since 1<q<l+%, we get

that forany 0<e< % , there exists a constant C(g,"Q"2 ,M) such that

N(g-1) N(g-1)

N\

q+1—
quN "v"2

<[+ (el M),
this together with (36), which implies
4
1 vilY
ez LI v —c(efol, ).

2[ofly

Therefore, combining the hypothesis ||v||§ =M < ||Q||§ , we infer
E(v)z=C (o], M)-

Regarding case 2), similarly, one can discover that for any 0<g,¢, <% and

M >0
1
£0)2(§-6-5 ] -clrc.c ol

> —C(P,‘Isgngz’M"'Q"z)'

which means that E(v) has a finite lower bound and the variational problem
(31) is well-defined.

Secondly, we shall show that every minimizing sequence of (31) is bounded in
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H'.Let {v,}” bethe minimizing sequence of the variational problem (31) such
that

E(v,)—>d,, v"||§—>M as n — . (37)

It follows from (37) that for » large enough, E(vn) <d,, +1.Thus, in case 1),

4
N
2
4

2loly

forall O<e< , we have

4

Ll

[5 || "2 5J||w||§ <d, +1+C(z]0],.M).
2|ofly

In terms of case 2), forall 0<g,¢, < % , we have
1 2
(5“91 _gzjuwuz <dy +14C(pog.es MO, ).

This implies that {v,} * isboundedin H'.Now,let ve H' bea fixed func-

N
tion. Set v, =v2v(vx). We get

w[; =[vf; =M
and
1 2 1 +1 1 +1
E(Vv)=§||vvv LA Zﬁ—m o
s N(p-1) Ng-1)
v v 2 + v 2 +
L e 0
For cases 1) and 2), that is 1<p£1+% and 1<q<1+%,since N(q—1)<2)

one can choose a sufficiently small v >0 such that

N(q—l)
Vv 2
<o

VZ
Zf-

which means £ (vv) <0. Therefore, we get d,, <0.For n large enough, there

exists a small 6 >0 such that

1
1||V’1
p+

p+l 1
g+l

>5-d,,

g+1

n

1
£ ()

g+1

which implies for » large enough, there exists a constant C, >0 such that

p+l 1

g+1
p+l +
qg+1

>C,. (38)

v, Vall 2

p+1

Thirdly, based on the above conclusions, we apply Lemma 11 to the minimizing

+00
sequence {vn}ﬂ:1 . Up to a subsequence, v, (x) can be decomposed as
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v, (x):iijV/(x)+r;, (39)

with limsup, , "rnl " ;20 as [oow for every qe {1,%). It follows from
q+

(39) and (33) - (35) that

E(v,)= ZE(V’)+E( H)+o(1), asn— o and [ > co. (40)

Jj=1

Using the scaling transform Vﬂf; (x)= lej (x) with A= ﬁ >1. For every
1 (1 <j< l) , it’s clear that

12 min -
Vi =M and APt -1 20t 12 tpai=t_p. (41)

Then, inject Vj ( )=AV’ ( ) into energy functional E (sz. )

. o AT +
(1) =2{wr - pﬂ ;i-qHIIV””
S -1, et A (A1)
- sze(r) et A
N
which means that
N EW) art- A1y g
5r)- 2;% e 7 R
Similarly, for the term E (rnl ) , we get the estimate as below
il
1
2 IIJ :
s() L ILE[" i ] A
li -
d +
L) o )
ZME[\/IMQ’J+O(I).
!

2

12 M
From (41), we obtain HV/{/ ”2 =M = Trnl . By the definition of d,, , onehas

E(v/)=d, and E[ﬁr;]z%. (44)
iz

112
Since le_:l"Vf "2 is convergent, there exists j, >1 such that
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min{p,q}-1
inf APt = g e =[ M ] : (45)
j=1 0 ||V]0
2
It follows from (40) - (45) that
(E(r) 2 AL -
E > — 144 144
(vrl) ; 2’,2 te p+1 || p+l+ q+1 || g+1
r ’ \/7
i E{ M r1]+0(1)
M o
2
/ A1 d o+
>3 Dty [z"w ’ 1}
A A 2 p+l I e (46)
+inf L —— 4 Z"V’ ! ” )1||2 —2d, +o(
Jj=1 q+1
Ld, r,f 2
> 27+ dy, +o(1)
J=1 7Y
+inf</1‘.m“{p"’}_l—l) L v [
I\ p+11e g les )

Let n—>o and /— o in (46), combining (38) and (45), one has that

min{p,q}-1
d,>d, +C, [ u J 1),

||Vjo
which yields
[l = .
2
.12
But from (33), we have |V’° <M . Hence, there exists only one term

V% 20 in (39) such that "Vle z = M . Moreover, we infer from (33) - (35) that
E (V’b ) =d,, , which indicates that the infimum of the variational problem (31) is

attained at ¥° . Thus the cases 1) and 2) of Proposition 33 are proved.
In what follows, we use the arguments of concentration-compactness to

demonstrate the part 3) of Proposition 33. We shall divide the proof into three

steps.
2 . . 4 N+2
Step 1. —wo<d,, <0 forall Me ("Q"2 ,oo) . Firstly, since 1+N <q< N2’
from the interpolation inequality, for ve H', there exists
2 1 -
0<6:&<1 such that L _ 0 +1 0 and
(NV+2)(g-1) e gl 2
N

-0 4
P
24— 2 g+l
N

From ||v||§ =M and Young inequality, for arbitrary &, there exists a con-
stant C(s,q,N,M) >0 such that
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1

4
MY <Cep VM)
N

Take 0<¢g<

, one has that

p+l1
1 2** +1
E0) =3P b
(47)
- +(——ej||v||z:: (s o)
Thus, forany M >0, wehave d,, >—o.Next, we show the following inequal-
ities hold
dy, =0, forall M <(0,o[; | (48)
and
dy, <0, forall M & (O]}, +). (49)

By the Lemma 4 and """2 =M< ||Q||z , we can easily get

B) = - L+
4
z[gﬂﬂnwnz )
2ol
>0.
Thus, we infer that (48) holds. v

On the other hand, for M > ||Q||§ , taking v* = 22v(Ax), it follows that

N(q—l)

22 22 2t 2 2 .
B(v) =S - bl AL
N( (51)
1 1 2t .
=4 5||Vv||§——|| .5 - q+1 || -

2
"g[”zJ >1 such that ||v||§ — M . There-
2

fore, we deduce from the PohozZaev identities (9) that

Moreover, we set v=p0 and p =[

2-¢-i

IIVQIIZ IIQII
2 +

P ionitlr v
=7||VQ||2[1—pNj

<0.

2+7

1
SV -——2 M, 3
2 2 i 4 2+
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This together with (51) implies that E(v*)<0 for sufficiently small A>0.

Then, we infer from ”v’l”z = ||v||§ =M that (49) holds.
Step 2. In the following, we will show that every minimizing sequence for (31)

i 00
is bounded in H' and bounded from below in L ¥ . Let {vn }":1 be the mini-

mizing sequence, then j =M , combining (47), we have {vn} that is bounded

v

in H'.In addition, since d,, <0, we have E(vn)S%dM for n large enough.
Furthermore, together with (47), we obtain

1 -
—~dy <=E(v,) s——|m |} (52)
24— W

4

Therefore, {v} isboundedin H' and bounded from below in LZW.

n

Step 3. The compactness of minimizing sequence {vn} occurs. Let {vn }:: be

the minimizing sequence for (31). Firstly, we deduce from (49) that there exists
&>0 such that ||an||2 > & | If overwise, then

||an

2—)0 as n — oo, (53)

From the Gagliardo-Nirenberg inequality (see Lemma 4), we deduce from (50)

that
“
1 vy
E_—zi [V, isE(vn)
2|elly
_ 1 2 1 2+i 1 g+l
=5Ivvl; ] v, 2+%+ﬁ||vn -
1 1 .
<+l
(4-1)
S%"an > +C(q.N,M)|Vv, jgl

This together with (53), we infer that
E(v,)—>0 asn— o,

which is a contradiction with

E(v,)—>d, <0 asn—> .
Therefore, S can be rewritten as
s={ven P =m v, 22},
then,
dy =inf{E(v):veS}.

1

In addition, take V:v(y_NxJ and u>1, we have "‘7"2 :y"v"i =uM .
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Thus, we note
S,={ve i b = bt [¥5], =)
and

S={ven [ =um,

v, > ﬂg}.
It’s clear that
YveSoveScs,.

Therefore,

combining ||an , 2 &, one has that

17N

_ ;Ll 2 /»l 2+i ’L[
) =5 b
+ N

q+1

q+1

- (o) - o
S,uE(v)—%[#_#le< HE (V).

Taking the infimum, for all M > ||Q||§ , #>1, we deduce from (54) that
d,y <inf{E(V):veS}<uinf{E(v):veS}=ud,. (55)

. M B
In fact, if f>[of, and 0<M-p<|of,, then Z2>1 and 721,

Moreover, together with (55), we have
dy=d, <Mdﬁ =d, +M—"ﬁdﬂ
P B
M=By

s ),
B gt

-d (56)

<dﬂ +dM7ﬁ.

Now, let us apply the concentration compactness principlein H' (see Lemma
IIL.1 in [19]) to the minimizing sequence {vn} . Firstly, we infer that vanishing
cannot occur. If not, v, -0 strongly in L, re (2,2*) (see [20], Lemma I.1),

it follows that £ (vn ) >0 which contradicts to (52).
Next, we show dichotomy cannot occur. Assume by contradiction that there

exists a constant 77 E(O,M ) , a subsequence, still denoted by {vn} and two

bounded sequences {v,ll} , {vj} — H' suchthat n— o

1 2 *
vn—vn—vn"r—)O, for2<r<2,
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1
vV

n

2 2
2—)77, v,

timint (|7, - [,

n—0

2 2 2
[l )o
2 2

These imply that

which means that

Therefore, we obtain

timsup(£(v, )+ (v} )) < lim E(v,) =d,,.

n—o n—ow

On the other hand, combining (57), it is easy to get

liminf £(v})>d, and liminf £(v})>d,, .

n—»o0 n—w
Thus, we derive

d,+d,, , <liminf E(v})+liminf £(v})

n—ow n—om

< 1iminf(E(v3,)+E(Vn2))

n—o

< limsup(E(vl)ﬁ-E(vj))SdM,

z > M -n, dist(supp v, supp vf) — o0,

(57)

which is a contradiction with (56). Therefore, using the facts that both vanishing

and dichotomy cannot occur, then we conclude that compactness holds. Thus, we

deduce that there exist {y,} < RY, ¥ =v, ( + yn) and some ve H' such that

7, —7 stronglyin L.

For 2<r<2", combining with the Hlder and Sobolev inequality, we have

r o~ ~p2-a) .~ e
A A N e

|9, - ¥

<C

v, —17"2(1 — 0 for some a €(0,1).

Thus, together with the weak lower semicontinuity of the H' norm and defi-

nition of d,, , we get

dy, <E(¥)<lim,, E(¥,)=lim,  E(v,)=d,,

which means F (\7)=dM . In particular, E (17”) —>F (\7) , which implies

||V\7" ||2 —>||V\7||2. Hence, we conclude that ¥, — 7 strong in H'. This shows

that any minimizing sequence for d,, have the relative compactness.

In the final, we show the orbital stability of standing waves to Equation (1) in

terms of Proposition 13.

Proof of Theorem 12. According to Theorem 6, we know that the correspond-

ing solution u(#,x) of Equation (1) exists globally under the assumptions. We

argue by contradiction. Assume that there exist &, and a sequence {uo’n}oil

such that
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inf [y, =], <~ (58)

Sy n
and there also exists a time sequence {tn}:: such that the solution sequence
{un (1, )}w_l of Equation (1) satisfies

inf "un (t,,)—v"H1 >g,. (59)

veSyy

1

Owing to (58) and Lemma 13, we thereby discover

[l (5,)

“dv=[Juy, [ de o [pf de=m (60)

and
E(un(tn))—>E(v):dM. (61)

It follows from (60), (61) and conservation laws that {un (z, )}: is a minimiz-
ing sequence of the variational problem (31). Therefore, combining the argument

of Proposition 13, there exists v, € §,, such that

”un (tn ) - vO"Hl —0, asn— .
which contradicts with (59). Then we derive the desired result.
Remark 3. In [18], Soave not only proved the existence of the normalized
ground state for Equation (1), but also demonstrated the relative compactness of

all the minimizing sequences for d,, by using Lions’ concentration-compact-

ness principle [19] [20], as well as the validity of the strict sub-additivity for
Md, . As aresult, when g=-1 and l<gqg <p=1+%, they obtained the

same conclusion of part 1) of Theorem 12 by taking advantage of the relative com-

pactness of minimizing sequences in H' up to translations, according to the
classical Cazenave-Lions’ argument [7]. Our approach differs from theirs.

Remark 4. For u=-1 and l<g<p= 1+%, Soave [18] mentioned that the

orbital stability of standing waves to Equation (1) can be proved by using concen-
tration-compactness principle. In [21], Bai and Zhang established a new frame-
work and constructed a novel compactness lemma to prove the stability of small
solitons of Equation (1). While in this study, we show that the standing waves are
orbitally stable by making use of profile decomposition technique.
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