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Abstract

In spite of their speculative nature, traversable wormbholes are a topic of inter-
est that started with the Einstein-Rosen bridge in 1935 and became a major
research area with the introduction of the Morris-Thorne wormbhole in 1988.
It also became apparent in time that such wormbholes are likely to be compact
stellar objects, akin to neutron stars. Although widely discussed, wormholes
having a low energy density may therefore not be massive enough to exist on
a macroscopic scale. Important examples are wormholes based on a noncom-
mutative geometry background and wormholes supported by the negative en-
ergy density sourced by the Casimir effect. The main goal of this paper is to
invoke f(Q) modified gravity to provide the extra degrees of freedom to

help overcome these obstacles.
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1. Introduction

Wormbholes are handles or tunnels in spacetime connecting widely separated re-
gions of our Universe or different universes altogether. While wormholes may be
as good a prediction of Einstein’s theory as black holes, they are subject to severe
restrictions from quantum field theory, calling for the existence of “exotic matter”
[1]. This violation is more of a practical than conceptual problem, as illustrated
by the Casimir effect [2]: exotic matter can be made in the laboratory. Being a
rather small effect, the practical challenge lies in generating and sustaining a neg-
ative energy density of sufficient magnitude and volume to support a macroscopic
object. In this paper we discuss the more general problem of wormholes having a
low energy density by invoking f(Q) gravity, a fairly recent modification of
Einstein’s theory.
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2. Background
2.1. Morris-Thorne Wormholes
In 1988, Morris and Thorne [1] proposed the following static and spherically sym-

metric line element for a wormhole spacetime, possibly motivated by the original

Schwarzschild solution:
_
1-b ( r) / r

using units in which ¢=G=1. Here ®=®(r) is called the redshift function,

ds? = -2 g2 4 +r2(d6” +sin® 0dg?), M

which must be finite everywhere to prevent the occurrence of an event horizon.
The function b= b(r) is called the shape function since it determines the spatial
shape of the wormhole when viewed, for example, in an embedding diagram. The
spherical surface r =7, is called the throat of the wormhole. According to Ref.
(1], at the throat, b=>b(r) must satisfy the following conditions: b(r,)=r,,
b(r)<r for r>r, and b'(ry)<1, called the flare-out condition. This condi-
tion can only be met by violating the null energy condition (NEC), which states
that

T ,kk" 20 )

for all null vectors k“,where T, is the energy momentum tensor. Matter that vi-
olates the NEC is called “exotic” in Ref. [1]. In particular, for the radial outgoing null
vector (1,1,0,0), the violation reads 7,,k“k” = p+p, <0.Here T',=—p(r) is
the energy density, 7", = p,(r) is the radial pressure, and 7%, = T¢¢ =p,(r) is
the lateral (transverse) pressure. Our final requirement is asymptotic flatness:
lim_,, ®(r)=0 and lim,_, b(r)/r=0.

For later reference, we now state the Einstein field equations:

1 v
) =g ©
1 b b\
p’“‘&{‘?”(“?)?} @

and

b b @ Breb
p’(r)_Sn(l J{CD 2r(r—b)q)+(®)+ } ®

2.2. Wormholes with Low Energy Density

As noted in the Abstract, wormholes are likely to be compact stellar objects, but
the original formulation of Morris-Thorne wormholes [1] does not call for any
such requirement. To appreciate the problem, let us recall that noncommutative
geometry, an offshoot of string theory, can in principle support traversable worm-
holes. This is based on the realization that coordinates may become noncommu-
tative operators on a D-brane [3] [4]. A critical feature based on the uncertainty

principle is that noncommutativity replaces point-like particles by smeared ob-
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jects [5]-[7]. The idea is to eliminate the divergences that normally occur in gen-
eral relativity. As discussed in Ref. [6], this objective can be met by showing that
spacetime can be encoded in the commutator [x",xv] =i0"" , where 6" isan
antisymmetric matrix that determines the fundamental cell discretization of
spacetime in the same sense that Planck’s constant 7 discretizes phase space.
According to Refs. [8] [9], a relatively simple way to model the smearing is by
means of the so-called Lorentzian distribution of minimal length \/; instead of
the commonly employed Dirac delta function, Ze., we replace the point-like Dirac
delta function by the following smooth distribution: the energy density of a static

and spherically symmetric and particle-like gravitational source is given by

m—\/; (6)

ﬂz(l"z-'r]/)z.

The usual interpretation is that the gravitational source causes the mass m of

p(r)=

a particle to be diffused throughout the region of linear dimension \/; due to
the uncertainty.

Based on these considerations, it is not immediately obvious how one can
determine the size and mass of the wormbhole. So we first need to lay the ground-

work by following Ref. [6]. Here it is pointed out that it is possible to implement
8nG

4
[

the noncommutative effects in the Einstein field equations G, = T, by

modifying only the energy momentum tensor, while leaving the Einstein tensor
G,, intact.Itis emphasized in Ref. [6] that the noncommutative-geometry back-
ground is an intrinsic property of spacetime rather than some kind of superim-
posed structure. So this has a direct effect on the mass-energy and momentum
distributions. The concomitant determination of the spacetime curvature then ex-
plains why the Einstein tensor can be left unchanged. As a consequence, when
describing a wormhole, both the length scales and mass can be macroscopic, to be
confirmed in Section 3. Moreover, noncommutative-geometry wormholes based
on the Casimir effect are discussed in Ref. [10]. Both are examples of wormholes

with a low energy density.

2.3. f(Q) Gravity

Attempts to overcome the theoretical and practical problems confronting Morris-
Thorne wormholes have relied heavily on various modified gravitational theories.
A recently proposed modified theory, called f(Q) gravity, is due to Jimenez, et
al [11]. Here Q isthe non-metricity scalar from the field of differential geome-

try. The action for this gravitational theory is
1
S:J.Ef(Q)1/—gd4x+J.£m1/—gdx4, )

where f(Q) is an arbitrary function of Q, £, is the Lagrangian density of
matter, and g is the determinant of the metric tensor g, . Even thoughitisa

fairly new theory, numerous applications have already been found; see, for exam-
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ple, Refs. [11]-[20]. This topic will be discussed further in Section 5.

3. Throat Size and Mass

In this section, we will determine both the throat size and mass of the wormhole.
So our first task is to obtain the shape function from Equations (3) and (6), previ-

ously discussed in Ref. [21].
.[ 875 dr +17

4m r
= tan = -y = ——tan " L4 (8)
{ - \/;r o JFN}

4m 1 oo 1 o
=——|rtan —— y——rtan —+
l: \/; s t+y \/7 \/7”0 +7:|

r) / r=0; to ensure asymptotic flatness, we retain the

Observe that lim_,
assumption lim,_, d)(r) =0. Here we can simply let B = b/ \/; be the form of
the shape function even though B(r,)#r,. The reason is that B can be rewrit-
ten as a function of r/ \/; :

_ 1 4—’"(—7/} tan L——z——tan 9)
N R PR
4
To
}/(ro J +l }/
4

Observe that

B(r_o}r_o, -
Jr) \r
the analogue of b(r,)=r,.Since B isafunctionof r,wemay consider theline

element

2
ds? = =g 970 (d0° +sin® 0dg* ). (11)

_B(r/\/;)
Ny

It now becomes apparent that in view of Equation (10), this line element repre-
sents a wormhole with throat radius 7 / \/; , while retaining asymptotic flatness.
It is shown in Ref. [21] that the flare-out condition is met. Given that y isasmall
constant, it also follows that 7, / \/; is macroscopic. Similar comments can be

made about wormholes whose energy violation is due to the Casimir effect, whose
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energy density is given by —fcn’ / 720r" .
We are now in a position to estimate the mass m(r) of the wormhole. From

Equation (6),
m(r) = J: p(r')4n(r’)2 dr’

:2_m tan'lL—};i—tan"]r—O+rg—\/; . 12
T \/; Py \/; ry

Since m in Equation (6) represents the mass of a particle, we conclude that
the mass m(r) cannot be very large. It has been shown, however, that Morris-
Thorne wormholes are actually compact stellar objects [22]. The implication is
that noncommutative-geometry inspired and Casimir wormholes are likely to be

microscopic after all. This will be discussed further in the next two sections.

4. Inflating Lorentzian Wormholes

Before continuing, let us briefly consider the question of inflating Lorentzian
wormholes. It has been suggested that wormholes of the Morris-Thorne type may
actually exist on microscopic scales and that a sufficiently far advanced civilization
may therefore be able to enlarge such a wormhole to macroscopic size. This pos-
sibility was explored in Ref. [23] by assuming that the wormhole is embedded in
a flat de Sitter space. Assuming that ®'(r)=0, the time-dependent inflationary
background is given by

dr?
l—b(r)/r

where y=./A/3 and A is the cosmological constant. Suppose we now have

ds? = —df? + +77(d6? +sin® 0dg) |, (13)

two observers situated on opposite sides of the wormhole throat and separated by
an initial proper distance [, at 1=0.1If /(T) is the separation at the end of
inflation at ¢=T, then, according to Ref. [23],

(14)

This yields /, <10™" cm <107 cm , the Planck length. Since the Planck length
is usually regarded as the smallest distance that makes physical sense, Condition
(14) cannot be met. Similarly, an initially Planck-sized wormhole would be en-
larged enormously and could even exceed our present cosmological horizon. So

inflation alone could not give rise to macroscopic wormholes.

5. Wormholesin f(Q) Gravity

Following the discussion in Ref. [16], the non-metricity scalar Q for line ele-

ment (1) is given by

b| rb'-b
0= | ——+¢ (15)
r r(r—b)
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and the field equations are

87tp(r) = 21?(1 —%j{b’fQQQ'%

(16)
2r—b)(rb'-b r
+fg[%(2+r¢')+( (r)—(b)2 )Jﬂf”_b}
1 b b
8mp, (r)= _ﬁ(l_ﬂ[zrfwg r=b (17)

+fg(%[2+rf bb+r¢j 2r¢']+fr%b},

)

87p, (r) L( —é}{ 2r¢' fp00' +fg(

rb' b ( 2r +r¢ 2’"¢"J
—b)\r
f(Q
Q

where f = f( ) (Q),and Joo = )

4 . To keep the analysis trac-

table, we will again follow Ref. [16] and assume that ¢'(r) =0, also called the
“zero-tidel-force solution”.

Our next step is to check the null energy condition given the f(Q)-gravity
background. Using Equations (16) and (17), we get

p(0)+ (7)== foz[#'(5) 1] <0 (19)

due to the flare-out condition. So the NEC is indeed violated, as long as fQ is
positive.

Since we are primarily interested in qualitative results, our focus is necessarily
more narrow. Returning to the non-metricity scalar Q, it was noted after Equa-
tion (7) that f ( Q) is an arbitrary function of Q. This gives us considerable lee-
way in choosing f (Q) , starting with the highly idealized form f (Q) =aQ+pf
[12], where « and B constants, also discussed in Ref. [21]. This form has one
serious drawback however: since f "(Q) =0 and f '(Q) = aconstant, this pro-
duces the Einstein field equations with a cosmological constant [20]. Since [ (Q)
is arbitrary, we could simply choose f(Q)=aQ" +f, 0<e<1. This form is
arbitrarily close to  f(Q)=aQ+ 8, while avoiding the above drawbacks. In other
words, we can view f ( Q) =aQ+ f asaconvenient approximation that is suffi-
cient for our purposes, as we will confirm below. (From now on, we assume that
a is positive to ensure that f,, is also positive.)

A preferred approach, proposed in this paper, is to use the form
f (Q) =cQ+de”® . Here a>0 isassumed to be sufficiently small for the form
f(0)= cQ+de“® to become an adequate approximation for the linear form
f(Q)=cQ+d . This will also allow us to use the simpler form

f(0)=de*, (20)
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as can be readily shown: returning to Equation (16) with ®’(r)=0, we obtain

1 , b
87'C,D(V)=F(I’—b)|:2}’fQQQE
+fg[ 2b +(2r—b)(b'r—b)}rf » ] o

-b (r—b)2 r=>b

=%{MQQQ%#Q[2b+—(2"b)(b'r'b)}fﬁ},
:

r—>b

where f,=d ae” and Joo=d a’e® . Observe that near the throat, where
b(r,)=r, , the fractional part of the second term on the right-hand side dominates,

making the other terms negligible. As a result,

1 (2r=b)(b'r-b)
8 r—r G R A . 22
np(r) >3 (dae ) s (22)

Solving for b'(r), we get

1 2r* r—b b
b (r)=—(8 23
()= BmP() g =5 (23)

and
L N2 b ()

=— . 24
b(r) aL)(Sn)p(r) pRzg 2r’—bdr +Ir0 r' dr'+r, (24)

We saw earlier that the energy density p(7) can be quite small, based on our
discussion of noncommutative-geometry and Casimir wormholes. To see the sig-
nificance of using a small positive « , let us return to the linear form
f (Q) =aQ+ f . Itis shown in Ref. [21] that for the noncommutative-geometry
case, Equation (6), the linear form  f(Q)=aQ+ S, with =0, yields

1

T _
tan

tan ——
b(r)—lmﬁ Jr__r Jr,_n (25)

a 2\/; _2(r2+7)_ 2\/; +2(r02+7/) o

Thanks to the free parameter o from f(Q) gravity, the mass of the worm-
r ' 2 r_ l : -
hole, m(r)= J.ro p(r)an(r') dr' = 5 b(r) from Equation (3) can now be macro

scopic. The point is that this conclusion is also valid for the general case, Equation
(24), due to the assumption that « is sufficiently small. So by invoking f(Q)
modified gravity, we have shown that low energy-density wormholes can be mac-

roscopic.

6. Summary

This paper discusses viable models for macroscopic wormholes characterized by
a low energy density. Such wormholes may not have a sufficiently large mass to
exist on a macroscopic scale. However, Morris-Thorne wormholes are likely to be

compact stellar objects, akin to neutron stars, and would normally be quite mas-
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sive. By invoking f(Q) modified gravity, it is shown that the resulting extra de-

grees of freedom enable us to overcome these obstacles, thereby allowing certain

wormbholes to be sufficiently massive despite the low energy densities. Particular

attention is paid to two important special cases, wormholes based on a noncom-

mutative geometry background and wormholes whose energy violation is due to

the Casimir effect.
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