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Abstract

This paper presents an advanced mathematical framework for modeling com-
bat dynamics between two opposing forces using nonlinear reaction-diffusion
equations. Extending classical Lanchester models, we incorporate spatially de-
pendent diffusion coefficients to capture modern battlefield complexities. A
robust numerical scheme based on the Alternating Direction Implicit (ADI)
method is developed, ensuring stability and second-order accuracy in spatio-
temporal discretization. The model integrates logistic growth, combat attri-
tion, and tactical diffusion processes, validated through analytical bench-
marks. Simulations reveal intricate pattern formation, transient dynamics,
and boundary adherence, demonstrating applicability to military strategy op-
timization. The complete formulation and numerical implementation are
thoroughly discussed, providing insights into nonlinear system behavior un-
der varying tactical conditions.
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1. Introduction

This paper develops a mathematical model for combat operations between two
military groups using nonlinear diffusion-reaction equations. The system extends
classical Lanchester-type models [1]-[3] by incorporating spatial dynamics through

nonlinear diffusion terms dependent on troop concentrations:
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aa—lt]=C0mbatterms+V'(k(UaV)VU) W

where diffusion coefficients k(U,V) depend nonlinearly on troop density
U (x, y,t) and V(x, y,t). Key challenges include handling nonlinear diffusion
and ensuring numerical stability—issues resolved through our ADI-based ap-
proach [4] [5].

The model captures essential battlefield phenomena: troop movements, en-
gagement dynamics, and force depletion [6] [7]. Key challenges include handling
the nonlinear diffusion coefficients and developing stable numerical solutions.

We present an efficient numerical solver for reaction-diffusion systems using
the Alternating Direction Implicit (ADI) method, achieving second-order accu-
racy in both space and time [8]. This approach maintains computational tracta-

bility while capturing complex nonlinear interactions.

2. Mathematical Model

The combat dynamics between two military groups is described by a system of

nonlinear diffusion-type partial differential equations [9] [10]:

a—i]:aU(al —b]U—C]V)_dlUV+/11V'(k1 (U’V)VU)’

)
%—It/ =PV (a, bV —c,U)=d, VU + w,V-(k, (U,V)VV),

where U = U(x,y,t) and V = V(x,y,t) represent the troop density of the first
and second groups at point (x,y) and time ¢. The system is solved in the spa-

tial-temporal domain:

max

D=D, x(0<t<T, )={(X,<x<X))x(Y, <y<Y)}x(0<r<T,), )

which can be simplified to a unit square without loss of generality.
The diffusion operator has the standard divergence form:

v.(kyF):i(ksa—F}i kga—F , s=12. (4)
' Ox ox) oy\ "oy

The nonlinearity of the system arises from the dependence of diffusion coeffi-
cients k (U,V) and k,(U,V) on the unknown functions, which may be spec-

ified by power-law relations [11]:
kK (UV)=KUV, ke (U7) =KUY, (5)

where kl(o),kgo),cl,z,é‘l’z are appropriately chosen constants.

The system is complemented by initial conditions:

{U(x,y,O) =U, (x,y),

V(X,y,O)ZVO(x,y), (x,y)e(O,l)x(Ojl), (6)

We consider a reaction-diffusion system of equations in a square domain
Q=[0,L]x[0,L] with boundary 0Q . For the components U(x,y,t) and

V(x,y,t), homogeneous Dirichlet boundary conditions are imposed, where zero
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values are maintained on all domain boundaries [12]:

U(0,5,¢)=U(L,y,1)=0, ye[0,L],¢20

U(x,O,t)zU(x,L,t)zO, xe[O,L],tZO @
V(O,y,t)zV(L,y,t)zO, ye[O,L],l‘ZO
V(x,O,t)zV(x,L,t)zO, xe[O,L],tZO

3. Numerical Methodology

The ADI method decomposes the spatial operator into directional components [5]:
L=L+L, (8)

where the directional operators for group Uare defined as:

k'+ i Uin+ i _Uin' _ki— j Uin‘ - i’i j
ﬁxU _ i kl (U,V)a—U o 1/2,j ( Lj 2 ) , 1/2,j ( W L./) 9)
Ox Ox h;
ki j+ Uin j+ _Uin' _ki j— Uin' _Uin j—
r Uzi kl(U,V)a—U ) 1/2( JH ,./) : 2 1/2( 2 W 1) (10)
oy oy h,
The diffusion coefficients at half-points are averaged using:
1 n n n n
ki+1/2,j = E(kl (Ui+1,_j ’ Vi+l,/ ) + kl (Ui,j ’ Vi,j )) (11)
3.1. Temporal Discretization
The ADI scheme employs the following fractional steps [8]:
/2 _prn
Y U rumreru +r(U ) (12)
/2 4
n+l n+l/2
U U — £XUn+l/2 +£yUn+l + R(Un+l/2’Vn) (13)
7/2
where R contains all reaction terms. The matrix form for Step 12 becomes:
I-Za lum?=\1+La U+ IR (14)
2 2 2

with A4, , A, being tridiagonal matrices representing £ , L, respectively.

3.2. Nonlinear Treatment

For nonlinear terms, we employ Picard iteration [4]:
1: Initialize U" =U";
2ifor k=12 until U -U*Y]<10 dos
3: Update diffusion coefficients kl(k) =k (U (H),V") ;
4: Solve tridiagonal systems for U )
5: end for.

>

3.3. Stability Analysis

The scheme is unconditionally stable when linearized. For constant £, , the am-

plification factor G satisfies:
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-1

2
G|= 1—%(1x+/1y)+%,1xzy <1 (15)

where A, A, areeigenvalues of A , A, respectively. The stability region is

shown in Figure 1. The local truncation error is [8]:

2
T 3 2
oot _T(cxcy ~LL)U+0(7 + 1) (16)
ADI Stability Region
— = Explicit Euler Boundary
2
1 =TT =<l
/’, S
Conditiogally N
stabjé R

! \
3 /]
= 0
€ -
= \ Unconditiopally

\ stable

. U
N ’
< ’
\\ ,/
_1 - \\~ _____ —”’
_2 4
3 -2 -1 0 1
Re(AAt)

Figure 1. Stability region of the ADI scheme (shaded) compared to explicit Euler (dashed
line).

4. Model Verification

4.1. Analytical Benchmarks

To validate our numerical implementation, we conduct verification against two

classes of exact solutions:

4.1.1. Traveling Wave Solution (Fisher-KPP Type)
For constant diffusion k; =, and V =0, the system reduces to [11]:

aa_UZO“J(l—U)szU (17)
! Logistic growth Diffusion

The exact traveling wave solution U (x,f)=¢(x—ct) satisfies:

—y1¢"+c¢'+a¢(1—¢):0 (18)

5
For wave speed ¢ = % , the solution has implicit form:
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g d
[ s (19)
l//\/l 4 +i;1nl//
ac

Numerical implementation uses the asymptotic approximation:
-1
¢(§)z(l+e§/“6"'/"’) , E=x—ct (20)
4.1.2. Self-Similar Blow-Up Solution

For power-law diffusion k, =U° with o =2 and cubic reaction -U’, the so-
lution exhibits finite-time blow-up [9] [13]:

12 P’ 1
U(r0)=(T=0)" | gy ) 1+Q[1n(1/(T—t))J -

The scaling law for L” norm is:

||U('=t)||Lw ~(T=0)", t>T" (22)

Results are shown in Figure 2.

—@— Numerical error
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(b) Self-similar blow-up profiles

Figure 2. Analytical benchmark verification.
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4.2. Grid Convergence Study
Temporal (#=0.01,0.005,0.0025) and spatial (7 =0.1,0.05,0.025) refinements

confirm second-order convergence [8]. The Richardson extrapolation error esti-

mate satisfies (Figure 3):

exact

Jo...-v.

5 o h? +72 (23)

A —— Analytical solution
0.8 A == Numerical solution

o
5
)

o
EN
L

Troop density U(x,t)

0 2 4 6 8 10
Spatial coordinate x

(a) Traveling wave solution comparison

—@— Numerical error
—==- 0O(h?) reference

L2 error norm

10—5 4

3x1073 4x1073 6x1073 102
Spatial step size h

(b) Spatiotemporal convergence rates
Figure 3. Verification results: (a) Analytical vs numerical wavefronts; (b) L2-error vs grid
resolution.

5. Results of Numerical Modeling

The numerical simulations of the reaction-diffusion system reveal complex spati-

otemporal dynamics between the two interacting components U(x,y,r) and
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V(x, y,t) . The implemented ADI (Alternating Direction Implicit) method with
Q('r2 + h2) accuracy successfully captures the evolution of the system, demon-
strating stable behavior even for the strongly nonlinear case [5] [8].

Key observations from the simulations include:

o Formation of distinct spatial patterns in Uwith amplitude modulation reach-
ing |Umax| ~2.0, while V shows more subdued dynamics with |Vmax| = 0.5
[12];

¢ Emergence of transient structures during the initial phase (¢<0.27, ) fol-
lowed by stabilization [10];

o Effective temporal modulation of reaction coefficients through the
a(l—sin(nt))(t/Tmax + ) term [14];

e Preservation of boundary conditions (U |r = V|F =0) throughout the simula-
tion [12].
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Figure 4. Evolution of U(x,y,r) showing pattern formation stages.

The visualizations in Figure 4 clearly show the competition between diffusion
processes (controlled by 4z =0.1, x, =0.2) and nonlinear reaction terms, re-
sulting in complex but stable pattern formation [9]. The numerical scheme proves
robust for this class of problems, handling both the stiff diffusion terms and non-

linear couplings effectively [8].

6. Conclusions and Suggestions

The numerical implementation of the coupled reaction-diffusion system using the
ADI method with temporal parameter modulation has yielded several significant
computational insights. The solver effectively captures the evolving spatiotem-
poral patterns of the interacting components U (x, y,t) and V(x, y,t) , with
U showing amplified patterns (peak magnitude =2.0) compared to V' (peak
magnitude =1.0), consistent with the designed initial conditions and parameter
choices (o, =1.0, £, =-0.3) [12].

Figure 5 demonstrates the localized spatial patterns of force concentrations,
where subfigure (a) shows the primary group’s density distribution with distinct
peak formations, while subfigure (b) reveals the opposing group’s more dispersed
configuration. These visualizations confirm the model’s capability to capture both
concentrated and diffuse combat scenarios.

The power-law form of diffusion coefficients in Equation (5) is justified by the
following military considerations:

Nonlinear Mobility Effects
e o, >0: Enhanced troop mobility at high friendly density (e.g., concentrated

logistics support).
e J, <0:Restricted movement due to enemy presence (area denial effects).

e 0, =0, =0:Reduces to classical Lanchester models.
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Figure 5. Spatial force distribution showing localization effects.

Tactical Scenarios Modeled

Blitzkrieg: o, > 1,6, = 0 (Fast advance at high concentration);
Defensive: 0, 0,6, <0 (Enemy slows movement);

Guerilla: o, <0 (Dispersion at high density).

Mathematical Advantages

e Preserves scaling invariance for analytical solutions;

e Accommodates bifurcation analysis (0,0 as critical parameters);
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e Captures threshold effects (e.g., minimal U for offensive).

This formulation provides a parsimonious yet flexible representation of mod-
ern combat dynamics where troop mobility depends nonlinearly on both friendly
and enemy force distributions.

The temporal modulation scheme a(l - sin(nt))(t/ T +B) successfully in-
troduces controlled non-stationary behavior while preserving numerical stability,
with default modulation parameters «,,=0.5 and g, ,=0.2 [14]. The
method maintains strict Dirichlet boundary conditions (U =V =0 at bounda-
ries) throughout simulations and handles the nonlinear coupling terms ( a,,UV
and a,,UV) robustly, with diffusion coefficients g, =0.05 and u, =0.1 pro-
ducing physically meaningful gradient evolution [9].

The implementation shows particular promise for modeling systems with:

e Effective handling of asymmetric initial conditions (2:1 amplitude ratio be-
tween Uand V) [12].

e Robust temporal parameter modulation without stability constraints [14].

e Accurate treatment of nonlinear reaction terms (quadratic self-interaction and
cross-component coupling) [10].

e Efficient solution of implicit systems through sparse matrix algebra [8].

The simulated spatiotemporal dynamics of troop concentrations U (x, y,t)
and ¥ (x,y,t) exhibit mathematically predictable pattern formation with direct
military applications. The characteristic length scale of emerging combat patterns

is determined by the critical engagement distance:

PR =t

a
where 4 representsforce mobilityand o the engagement intensity. This fun-
damental scale suggests that in typical combat scenarios with z; =0.1 km?hr
and a~0.05 hr!, the natural operational separation between units should not
exceed 4, =14 km to maintain effective mutual support. Regions exhibiting
high Laplacian values VU correspond to optimal kill zones for indirect fire sys-

tems, while gradient fields VJV reveal probable enemy lines of advance.

Future extensions could explore adaptive time-stepping and three-dimensional
implementations while maintaining the current scheme’s Q(z’2 +h ) accuracy

and stability properties [15].
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