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Abstract

The aim of this research article is to apply topological optimization gradient
algorithm applied to 1D and 2D photonic charged slabs. We compute the top-

Photonic Crystals. Journal of Applied Math-
ematics and Physics, 13, 2395-2417.
https://doi.org/10.4236/jamp.2025.137137

ological gradient using min max method. We use an iterative algorithm for
descending the topological gradient and with steps as the radius of circular

holes, implemented under FreeFEM with the finite elements’ method.
Received: May 28, 2025
Accepted: July 26, 2025
Published: July 29, 2025

Keywords

Photonic Crystals, Band Gap, Topological Optimization, Min-Max Principle,
Copyright © 2025 by author(s) and
Scientific Research Publishing Inc.

Electromagnetic, Elastic and Acoustic Waves, Topological Derivatives, Finite
Elements, FreeFEM

This work is licensed under the Creative

Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Introduction

The year 1987 marked the discovery of periodic structures capable of trapping,
confining, and guiding electromagnetic waves. Professors E. Yablonovitch [1] and
S. John [2], through their respective works, independently concluded that in pe-
riodically structured media, there exist forbidden and allowed bands for electro-
magnetic waves. This breakthrough revolutionized technology has led to major
innovations in optical fibers, compact discs, and telecommunications. This has led
to a growing interest in photonic, which represents a major breakthrough in
emerging technologies and information science [3]-[6].

Recent years have seen significant progress in the field of photonic crystal op-

timization, with a wide range of methodologies developed to tackle both structural
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and functional objectives. Among the most prominent approaches are level-set
methods [7] [8], phase-field formulations [9] [10], and density-based techniques
such as SIMP [11]. These methods have proven effective in generating complex
dielectric patterns that enhance photonic performance, including band gap for-
mation and wave guiding.

Despite these advances, most existing studies primarily focus on passive struc-
tures without accounting for the influence of external charges or electric field-
induced phenomena. Furthermore, the role of boundary conditions Dirichlet vs.
Neumann has rarely been explored in a comparative optimization framework.

In this work, we propose a novel perspective by investigating the topological
optimization of charged photonic crystals using topological derivatives within a
Mumford-Shah-type variational framework. Our approach addresses both Di-
richlet and Neumann boundary conditions systematically, offering new insight
into their respective impacts on algorithmic convergence and structural for-
mation. To the best of our knowledge, such a dual-boundary analysis in the con-
text of charged photonic systems remains largely unexplored, and we believe it
provides valuable guidance for the design of efficient photonic structures.

Topological optimization provides an opportunity to obtain important infor-
mation on the topology of the considered domain to optimize at least one crite-
rion. Domain optimization is used today in many industrial environments, such
as Airbus for the reduction of structures, the improvement of resistance to vibra-
tions and many other areas of physics [12]-[14]. This gives us the idea of looking
at the topological derivative, but this time using the recent work of [15]-[17].
Therefore, we study the topological derivative using the min-max method. for
more information on this method the reader can consult the work of [18]. For
more practical cases the reader can also consult the paper by [19], where the top-
ological derivative of a functional linked to a linear thermoplastic problem was
calculated. on the other hand in the paper by [17] the author established a practical
case of the topological derivative linked to Helmholtz problems. The main objec-
tive in this article is to determine the topological derivative of the functional
J(2,)=J(Q,,u,), where the perturbed domain Q  of € is defined by
Q,=T,(Q) or Q =Q\E, depending on the derivative to be calculated but
also to perform numerical simulations for both edge conditions.

The work program was as follows. Section 2 describes the modelization of pho-
tonic slabs. The application of topological derivatives to photonic slabs is de-
scribed in section 3. To do this, we first establish the topological derivative for a
Dirichlet condition and then for a Neumann condition using the minmax method.
Section 4 establishes the numerical simulations for both the above conditions and

Section 5 provides a conclusion and some possible extensions.

2. Model of Photonic Slabs

The modeling of photonic crystals aims to describe the propagation of electro-

magnetic waves in a medium with a periodically varying dielectric constant. Max-
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ell’s equations govern the behavior of these waves in such structured materials.

2.1. Maxwell’s Equations for an Anisotropic Medium

Maxwell’s equations were derived for anisotropic media. The equation governing

the electric field in domain € is given by:
V-(eE)=p, (1)

where E is the electric field, p represents the charge density, and ¢ denotes
the permittivity of the medium.
From Gauss’s theorem, we have:
1
¢ Eds =—[[ pdr. (2)

€

Maxwell-Thompson’s law states that the flux of the magnetic field across a

closed surface X, isalways zero.

”7:, BdS =0. (3)

Using the divergence theorem, this implies:

V-B=0 in Q. (4)

Because the magnetic field H is related to the magnetic induction field B
by B=uH , Maxwell-Faraday’s equation takes the following form.
VXE = —a—B. (5)
Ot
Maxwell-Ampere’s equation is given by:
VxB=pu(j+J,), (6)
where pu is the magnetic permeability, j represents the current density

I
(j=0.E,where o, isthe electrical conductivity),and J, = eaa— corresponds
t

to the displacement current.
Thus, we obtain the following system of Maxwell’s equations:
V-(eE)=p,
V-B=0,
OH

VXE=—pyu—, (7)
P

OE
VxH = +e— |.
cri=s{ 1+ 2)

2.2. Propagation of Electromagnetic Waves in a Good Conductor

In periodic structures such as photonic crystals, the medium is typically electri-
cally neutral (p=0) and has a periodic dielectric constant €=¢y, , where ¢,
and € are the permittivity of free space and the relative permittivity, respec-

tively. The magnetic permeability is given by u = g4, where g, isthe perme-
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ability of free space and y, is the relative permeability.

For a good conductor, Maxwell’s equations simplify to:

V-(&&E)=0,
V-B=0,
oH
VXE=-u—m, (8)
Mo
OE
VxH = +e— |
w7+
Using the identity:
Vx(VxE)=V(V-E)-V’E, 9)

and substituting into the above equations, we derive the wave equation:

0*E OE
— o, —=0. 10
% uo, o (10)

AE —eu

ilk-x-ar) , where k is the

Assuming a plane wave solution of the form E=FEge
wave vector, @ is the angular frequency, and E; is the wave amplitude, we re-
write the equation as:

2

AE+a)—y €E=0, (11)

2
c r
o
where €' =¢ +i—= and c=

1
e v Ho

This equation describes the propagation of electromagnetic waves in a conduct-

represents the speed of light.

ing photonic crystal, accounting for the dielectric and conductive properties of the

material.

2.3. Propagation of Electromagnetic Waves in a Periodic Medium
with Charge and Source

In an inhomogeneous medium with a source, we have p#0, e+#¢,, and the
magnetic permeability u satisfies u= gy u, .

In this case, Maxwell’s equations become:

div(e.E)=2,
&)
div(H)=0,
(12)
VxE = —a—H,
Ot
OE
VxH = +e— |
w1+
Using the vector calculus identity
Vx(VxE)=V(V-E)-AE, (13)

and combining it with (12), we obtain:
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0 (.+€6Ej 6( ean
VX(_B_sz_WxH:_ MU ) o)\
ot ot ot ot ot

Simplifying, this leads to:

o ui
aE-Lv oo W) \"a)_,
e ot ot
Finally, we obtain:
1 O’E OF
AE--V p—¢ — o, —=0. 14
¢ T GE O (14)

By considering a plane harmonic wave solution of (14) in the form
E= u(x)ei(kﬁw) , we obtain:

2

Au(x)+ s €u(x) = évxpe’i('“’”"t), (15)

ey
where €' =¢ +i—.
we,

Remark 1 For the case of a monochromatic wave, we have:

2

Au(x)+w—2,ure,u(x)=1prcos(—(kx—wt)), (16)
c €

2

w
where k*= — M,€, represents the dispersion relation of the crystal.
c

3. Application of the Topological Derivative to Charged
Photonic Slabs

In this section, we focus on the study of photonic crystals using topological opti-
mization methods. Topological optimization is a branch of shape optimization
that seeks an optimal shape by changing the topology of the initial domain. This
is a rapidly developing subject in several fields.

Our research follows the studies of crystals using topological optimization
methods by Ngom et al ([20]), where they minimized a least-squares type func-
tional and compliance for photonic and phononic crystals, respectively. Thus, in
our study, we considered a shape functional that combines the two functionals
used in ([20]).

Let QcR?* (or R’) be an open bounded domain and ug,, a function of

class C’. We define the boundary operator of domain Q as:

B,: Q—>0Q,
U,
r (17)
ug, = Byug, = or,
Oug,
on’
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and the partial differential equation:

2
Au(x) +£2,urqu(x) = lepcos(—(kx —wt)) inQ,
C €

(18)
Boug =0 on 0Q.
We then consider the functional J defined by:
J(Q)zj(ug)zajg|ug—u0|2dx+ﬂIQ|VuQ|2 dx, (19)

where u,, isthesolutionof (18),and «,f arereal numbers,and u, isa func-
tionin L’ (Q) .

Consider x,€Q and let » be a positive real number. We define
Q, :Q\E_r, where E, ={x,+rE,EcQ}.

Let u,, be the solution to the perturbed problem.

2
Au(x)+w—2,ureru(x) zlvxpcos(—(lcx— wt)) inQ,,
c €

Bou, =0 onoQ, (20)

By u, =0 on?E,

2 2
. 2 w 2 W

with k" =¢.—=n"—

c c

, where n is the refractive index of the periodic me-

dium.

We define the spaces H, and H, as follows:

H,={ueH'(Q,),Byu=00n0Q}, (21)
H, ={ueH, Bu=00n0E,}. (22)

Consequently, we express the functional defined in (19) in the perturbed do-

main as:
J(Q,)=j(ug )= Io, |uQ£ _ u0|2 de+ [)’J'Qr |qu11 |2 dx, (23)

where ug s the solution of (20) and @,/ are real constants.

Thus, we determine the topological derivative g(x,) by seeking the asymp-
totic expansion of functional (19) in the case of Dirichlet or Neumann boundary
conditions on the hole border.

In each case, we determine g(x,) and f(r) such that:
J(ua, )= i(ua) =1 (r)g(x)+o(f(r)): (24)

Remark 2 The expression of the topological gradient does not depend on the
condition imposed on the boundary of the domain Q) , but rather on the condi-
tion considered at the boundary of the hole.

In the following theorem N denotes the dimension of the workspace, d the
dimension of a subset £ of R", r is the radius of the ball, and a,_, is the

volume of the unit ball in R¥™ .
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3.1. Dirichlet Condition around the Hole

Let us associate with r, 0<r <R, the perturbed domain Q_ =Q\FE , where by
assumption, 6Q, =0QUOE,,and 0QNOE, =2 and OF, eC".
Let u, be the solution for the following system:

2
Aug (x) +vcv—2,ureruQr (x)= éprcos(—(kx— wt)) inQ,,

ug =0 onoQ, (25)

Ug = 0 onoE,,

which can be extented to ©Q by intoducing the solution E’ —R of the prob-

lem

2
Aug, (x) + W—Z,ureruﬂy (x)
¢ (26)

=1Vchos(—(kx—wt)) in E; and ug =u, ondE,.
€

We suppose that Q_ has two components Q" and Q. Q" is the compo-
nent of Q for which 0Q is part of its boundary. Q° is the blind component
of Q, whose boundary has an empty intersection with 0Q. The function u,

is distributed between the two components Q° and Q” as
Uy =Ug, 0 Q’ and
W2 1 . 0 - (27)
Aug (x)+— p,eu, (x)==V pcos(—(kx—wt)) in E. inQ,
r c r 6
ug =0 ondQ,
uy =0 onoQ NIE,,

Since OE, is made up of two disjoint boundary Q) and 0Q" NOE, , we

can construct an extension to Q by defining the solution E’ < R

2

Au,, (x)+w—2,ur6rug(x):lvvpcos(—(kx—wt)) in E° and
" c ’ €

ug, =g onoQ NaE, (28)

0 _ 0
Ug =ug onoLd,.

For simplicity, we assumed that Q° is empty.

In the following, we also consider the functional definedin Q_, by
2 2
J(Q,)=A], Vg, [ dx+ af, g, — | dx (29)

where u, be the solution to the following problem

2

Aug, (x) +zv—2y,e,ugr (x)= évxpcos(—(kx— wt)) inQ,,

u, =0 onoQ, (30)
u, =0 onoE,,
DOI: 10.4236/jamp.2025.137137 2401 Journal of Applied Mathematics and Physics
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Considering a shape function J defined by
J(Q):aJ.Q|uQ—u0|2dx+ﬂIQ|Vuﬂ|2dx (31)

where u,, € is solution to the variational problem

2
—J.QVuQ -Vvdx + Ig%vdx + W—z,u,,e, fQ ugvdx
= jQEVchos(—(kx —wt))vdx
The shape functional associated the perforated domain is given by
2 2
i (x))=7(2,)= aJ.Qr |”Q, —u0| dx+ ﬁj‘n, |Vugr| dx (33)
where u, is solution the variational problem
ou 2
—IQ Vug, -Vvdx+ IQ = vdx+w—2,u,er L} ug, vdx
r 1 r an C r (34)
= IQ,ZV“DCOS(_(IOC_ wt))vdx
We aim to compute the topological derivative of the functional J (Q,)
J(Q,)-J(Q
a7 =tim 72/ (2)
r—0 ay_,"
And for this purpose, we define the following set:
H, ={uq € H'(Q,):uq =00n 8Q, u, =0 on oF, | (35)
Our variational formulation (25) consists of finding u, € H, such that
BuQ W2
_-[ﬂr Vug, -Vvdx + Iﬂr F™ vdx + = M€, -[Qr ug vdx
| (36)
= Inr szp cos(—(kx - wt))vdx Vve H
By taking H, = H , we have
W2
—I Vu, -Vvdx+—2,u,‘erj' ug vdx
Q, r c Q, r
(37)

- J‘Qlévxpcos(—(kx— wt))vdx VveH,.
Thus, the Lagrangian dependent on » will be written in the form :
0
L(r,¢,®)= ,B.fnr Vo[ dx+ oejﬂr|¢—u0|2 dx—J.QrV¢~Vvdx+.[Qra—ﬁvdx
w’ 1
+ C—z,uyer .[Q, @vdx — JAOV Zpr cos(—(kx - wt))vdx

J(Q’, ) = inf sup L(r,¢,CD).

$et, pep,

From this, we can evaluate the derivative of the Lagrangian, dependent on r,

with respect to ¢@.
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LU 0.F)= [, 296§+ ], 2a(8-1) 60
-1, v¢'~Vchx+W—22yre,jQ ¢'- Ddx.
r C r

Subsequently, we obtained the variational formulation of the adjoint state equa-
tion given by d¢L(O,uQO ,p0,¢’) =0, where u, =u, for r=0.Find
p,eH, (Q) such that

[ 28Vug, -Vgdx+ | 2a(ug —u,)pde—[ V' Vp,dx
2 (38)
to e f, ¢ pude=0.

And we have

2

r ’ / W ’
[.|28Vuq, -V +2a(u90—u0)¢ —-V¢ -Vp0+c—2y,e,¢ -p [dx=0.  (39)

Next, we derive the Lagrangian with respectto @ .

dyL(r,9,0,@") :—jQI_v¢.vq>'dx—jﬂévxpcos(—(loc—wt))cb'dx

2

W ’
+ Io,c_z e d-Ddx.

The initial state u, =u, is a solution of dq,L(O,uQO,O,@'):O vV @' eH,
and in this case, we have:

1 1 1 Wz 1
_J'QVuQO VO dx—JQEprcos(—(loc— wt ) ) @'dx + Igc_zﬂreruoo ®'dx =0.
Then, we have:

;] W ,
jﬂ{—Vqu VO —Zprcos(—(kx—wt))d) +Z}—2,u,6,‘u90 O }dx:O.

The state u, forall >0 satisfies

2

J.Q {—VuQ -VCD'—lVchos(—(kx—wt))CD’+W—2/JreruQ_ -CD'}dx=O,V<I>’eH.
- " € c '

In the following, we aim to determine the derivative of the Lagrangian, with

respect to . To achieve this, let us first compute the quotient

L(r,4,®)~L(0,4,0)

N

L(r.g.®)~L(0.4.0)

2 2 I/V2
:ﬂ.[QV|V¢| dx+aJ.Qr|¢—u0| dx—IQrV¢-VCDdx+C—2/1rer.[QV¢CDdx
_J.Qrévxpcos(—(kx—wt))@dx—[ﬁjg|v¢|2dx+aIQ|¢—u0|2 dx}

_{_J.QV¢ -Vddx +zv—jyrerjg¢®dx - J.Qévxpcos(—(kx - wt))d)dx}
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L(e,4,®)—L(0,4,D)
:—{J-Erﬁ|V¢|2 +a|¢—u0|2 _V¢.Vq)—évxpcos( (fx— wt)) 2 ‘ur r¢(D}

For d=0, o={x}, Er={xeRN:|x—x0|£e}=]§(xo,r).

d,L(0,4,®)=1lim BV +alp—u,| -Ve- VO

1
=0 _m“}(w)

—lepcos(—(kx—wt))CD +M¢(D}dx

——,6’|V¢ Xo | _0‘|¢ x0)| +V(x,) VO (x,)

+éVchos(—(kx—wt))@(xo)—zv—zyrerqb(xo)<D(x0).

By evaluating the last equation at the point uq, , p,, we obtain:

d,L(0.ttg, py ) = ~B|Vute, (%) — et () ~ttg (3 ) + Vit (x,)- 9y (x,)
+ 1, peos(~(ke- 1)) p, (xo)ﬂc”_f tetio, (30) o ().

Hence, if 0<d <N -1, we have:

L(r,4,®)~L(0,4,®)

N

{j BV +alp—u,| -V¢- vcp—lv pcos(— (kx—wt))CD+w—22yrer¢(I>}dx
Cc

~E]

:_;MDE BIVH[ +alp—u,| —V¢~V<D—lVchos(—(kx—wt))CD:|dx
Oy_yT v €

1 w?
——Nd{IErC—Qu,erqﬁ@}dx

oy 4
1 2
- —DEﬁ|V¢|2 +a|¢—u0|2 -V¢-VO ——prcos(—(kx— wt))CD +W—2,urer¢CD}de
€ c
Therefore, taking the ast result at the point u, , p, becomes:

2
+a|u90 —u0| —Vug, -Vp,

dSL(O,uQO ,po) = —|:IEﬂ|VuQO ’
2

1
_Zpr cos(—(kx—wt))po +zv—zy,€rugopo}d}[d.

We now define R(r) as

r)= f;de[r,ugo + P (ug, — g, )»po,[ug’ ;uﬂ" j]d‘{'.

. , Ug TUg, Ug —Uq, . .. .
By substituting ¢'=———— and ¥ ZYT into the adjoint equation
r

for p,,we obtain:
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R(r)=], 2ﬁv(”"" ;u% )V[”"’ ;uQO de

U, +u U, —u
+ 2a|| 2—20 |- u, & 4y
@ 2 s

Ug —Uqg, w’ Ug —Ug,
_ QrV[ B j.vpodx-l-c—zﬂrgj.ﬂr[ S podx

o

Js |

2
[0, ~tin,|
+a| L 0 de

* §|:'.-Qr 2ﬂvugov(u9r - uQO ) +2a (uﬂr - uQO )(uﬁo —U ):| dx
2
_§|:JQ" \% (MQV —Ug, ) ‘Vp, - vcv—z,urer (”Qr —lg, ) ‘Do :| dx

Thus, for all u, €H, (1) (Q) , equation (38) becomes:

1 2
-[Qr (—Vugr .Vv—ZVJpcos(—(lcx - wt))v +Zv—2yr6ruﬂerdx

2
= _UE ~Vug Vv —%prcos(—(kx - wt))v} —{JErvcv—zure,uQ"v}dx

ou
=[ —2vdH"", Vve Hy(Q).
%, On

Now, considering the assumption about £, 0E, €C" and
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Oug,

Pl Vug, -nQ, ==Vu, -VdE onE,.
n

And in this case, we have:

2
I —Vu, Vv —lepcos(—(kx - wt))v+w—2,ureruQ v |dx
e g € c ’ (40)
=—[  Vug, -VdEvdH"",
oE, 0
Taking the difference between equation (38) and equation (40), we obtain

J‘Q‘ -V (uQr —ug, )Vv = IBE Vug, -VdEvdH N

The adjoint equation for =0 yields:

fg, 2BVu,, -V ¢'dx+ jgr Za(uQO —u0)¢’dx__|.grv¢"Vprdx
W2 (41)
+c_2/ur6r-l.gr ¢' ! prd‘x = 0

By taking ¢'=u, —u, inequation (41), we have:

L}r 2pVuq, -V(uQr —uQO)dx+L)r 20{<uQO —uo)(ugr —uQO)dx
—J.Qr V(ugr —ug, )-Vpr +2V—jyrerj'gr(ugr —uQO)-prdx =0.
J.Qr 2pVug, ~V(uQV —g, )+2a(u90 —uo)(ugy —ug, )dx

2
= J.Q’_V(ugr —ugo)-Vp, —2}—2/1,6, (uQV — g, )’prdx

2

The final equation for R(r) becomes:
2
U, —Ug,

1

N-1
+;[ Jroon, Vita, “Vdeop,dt de

+a dx

R(r):jQ p

”

2
_i.[ﬂrv(ugr _uﬂo).vpr _‘:_zlurer (uﬂr —MQO)'deX.

THEOREME Let 0<d <N, and s=a,_,+" . The topological derivative

exists if and only if the following limit is satisfied:

1:1ri_r>13(10(7”)+l1(”))’

V[ugggo J

§ 1
L e A

exists with
2

+a

I (r) = -[Qr B

and

_Z_jﬂrer (”Q,. “Ug, ) p,dx.
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Moreover, the topological derivative of the function is given by the expression:
J(9,)-J(2)

N-d

dJ =1lim

r—=0 aN—d 1d

=/- DEﬁ|VuQO |2 +a |uQO —u, |2 —Vug, -Vp,
1 w? d
—Zpr cos(—(kx—wt)) p, + C—z,urerugopo}dH :
where p,,u, are solutions of systems

’ ’ r W2 ’
J‘Q{ZﬂVuQO Vo +2oc(uQO —u0)¢ -V¢'-Vp, +c_2ﬂ"6r¢ P, |dx=0.

In particular for d =0,

2 2
s =1-B|Vug (x,)| = alug, (%) =ty ()| +Vitg, () Vo (%)
2

1
+2prcos(—(kx— wt)) po (%) —VCV—Z,ureruQO (x0) Po(x0)-

3.2. Neumann Condition

In this section, we consider the case of a Neumann condition, and the perturbed

problem thus becomes:
2

Aug, (x) +zv—2ﬂre,_u9r (x)= évxpcos(—(kx - wt)) inQ,,

Ug = 0 on 0Q), (42)
Ou
% —0 ondE,.
on

First of all, the calculations were the same. The changes were simply in the
spaces considered. The techniques for calculating the Lagrangian derivative with
respect to the variables remain the same. For this, we do not need to go into all
the details, as we did in the case of the Dirichlet condition. And we can be ex-
tendedto Q by introducing the solution E’ — R of the problem

2
w 1 . 0
Aug (x)+—peuy (x)==—V pcos(—(kx—wt)) in E. and
Qy() CZ'urV Qr() € P ( ( )) 7 (43)
up =g ondE,.

We suppose that Q_ has two components Q" and Q°. Q" isthe compo-
nentof Q  for which 0Q is part of its boundary. Q! is the blind component
of Q, whose boundary has an empty intersection with 0Q. The function u,
is distributed between the two components Q° and Q” as

Uug =t inQ) and

> (44)
Aug, (x)+vcv—2,urerugr (x)= éprcos(—(kx— wt)) in E! in Q'

u, =0 onoQ,
u, =0 on Q! NIk,
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Since OE, is made up of two disjoint boundary 6Q° and 0Q" NJE,, we
can construct an extension to by defining the solution E’ — R

2
Aug, (x)+vcv—2,u,eruﬂr (x) =évxpcos(—(kx—wt)) in E and

Uy =g onoQ) NoE, (45)

0 _ 0
Uy =i, onoQ,.

For simplicity, we assumed that Q) is empty. For this purpose, we define the

following set:

H, ={ug € H'(Q,):uq =0 0n 60} (46)

Our variational formulation (42) consists of finding u, €H, such that

Oug, Oug w?
—J VuQ_~Vvdx+J ’vd0'+_|. . vd0'+—2,urerj. ug vdx
o @, on % on c o, % (47)
= J.Q’%prcos(—(kx - wt))vdx VveH,
where 7, is define by
H, ={veH1(Qr):v:00nE}Q}:H,
And we have
2
_J.Q, Vi, -Vvdx + vcv—z,ure,, .[Q, ug vdx
(48)

= L}révxpcos(—(kx— wt))vdx VveH,.

Thus, the Lagrangian dependent on r defined from [0,R]xH, to values in

R will be written in the form:
0
L(r,4,®) :ﬂfnr|v¢|2 dx+afﬂr|¢—u0|2 dx—J.ng¢~Vvdx+.[gra—fvdx
2
1
+LV—2,uyer .[Q, ¢vdx—J‘Q’;prcos(—(kx—wt))vdx

The derivative of the Lagrangian, dependent on r, with respect to ¢ is given
by:
d,L(r,4,0,¢') = jn, 2ﬂV¢~V¢’dx+J.QV 20/(¢p—u,)p'dx

—IQrV¢'~VCDdx+::V—22 e, jﬂr ¢ - Ddx.

And the variational formulation of the adjoint state equation is given by: find
po € Hy(Q) such that

IQZﬂVuQO 'V¢’dx+L22a(uQO —u0)¢'dx—IQV¢'-Vpodx

2 (49)
+c—2ur6rfﬂ ¢’ pydx =0.

And we have

DOI: 10.4236/jamp.2025.137137 2408 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.137137

M. B. Dia et al.

2

’ ’ ’ W ’
J.Q{ZﬂVuQO~V¢ +2a(u90—u0)¢ V¢ ~vp0+c—2u,,e,¢ -p [dx=0.  (50)

The derive of the Lagrangian with respectto @ verifies:

2
w

! 1 ’ /_
J'Q{—Vugo Vb —ZVchos(—(kx—wt))CD 7 Mg, @' [dx =0.

The state u, forall r>0 satisfies
1 W : :
jﬂ[—wﬂr VO —;prcos(—(lcx—wt))q) +Z”—2y,,e,u9r D }dsz,V(D €H.
For d=0, o={x}, E, ={xeRN :|x—x0|£€}=§(x0,r).
. 1 2 2
dSL(0,¢,CD)_Egrg—m{h(w)ﬂ|v¢| +alp—u,| -Vg- VD
—lepcos(—(lcx—wt))(D+M¢(D}dx
€
=—ﬁ|V¢(x0)|2 —0(|¢(x0)—u0 (x0)|2 +Ve(x,) VO (x,)
1 2
+;vxpcos(_(kx_wt))q>(x0)_j—zy,e,qs(xo)qa(xo).
By evaluating the last equation at the point u,, , p,, we obtain:
2 2
dSL(O,MQO,pO) = —ﬂ|VuQO (x )| —0:|uQo (x) =1y (x, )| +Vug, (x0) Vo (%)

1 2
+ZVch0s(—(kx —wt)) p, (%) —vcv—z,ureruﬂo (x) P (x5)-

Hence, if 0<d <N -1, we have: Therefore, taking the ast result at the point

Ug,, P, becomes:

2 2
+0:|uQO —u0| —Vug, -Vp,

dsL(O»”QO apo) = _|:IEﬂ|V”QO

2

1
_Zpr cos(—(kx—wt))po +2V—2urerugopo}dyd.

Mo | gy,
S

We now define R(r) as

Ug

1
R(r) = ,[deL[”’”QO +‘I’(ugr —Ug, ),po,(
And the formulas of R(r) becomes:
Uy —Ug
\v4 r 0
=7

1 N-1
+§[ Joon, Vita, “Vdeop,dt }dx

2

+a

2

_%_[Qr \4 (”Q, —Ug, ) Vp, - :}—Z,U,E,. (Mﬂr —Ug, ) - p.dx.
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THEOREME Let 0<d <N, and s=a, ," . The topological derivative

exists if and only if the following limit is satisfied:
l= lriix(}(lo (r)+l1 (r)),

exists with
2 2
Ug —Ug

Js

0

"

+a

I (r)= Ia, B

o[tem]

A (r) = _Uan;r'maE, VuQO . Va’EpOdHN’l } dx _éj.ﬂ,- V(uﬂr —Ug, ) -Vp,

and

2

_vcv_zﬂrer (“Q, —Ug, )'prdx'

Moreover, the topological derivative of the function is given by the expression:

J(2)-J()

N-d

dJ =lim

r—=0 aN—d 1d

2 2
:l—DEﬁ|VuQO| -i—0(|uQO —u0| —Vug, -Vp,

2

1
_Zprcos(—(kx— wt))po +‘:—2,ur6rugop0:|d]—]d.

where p,,ug —are solutions of systems

2

’ ’ ’ w ’
J‘QP/}V%O V¢ +20¢(uQO —u0)¢ -V¢'-Vp, +c_2ﬂ"6r¢ -po}dx=0.

In particular for d =0,

2 2
dJ:l—ﬂ|Vqu (x0)| —oc|uQO (xo)—uo(x0)| +Vug (x,)-Vpe (%)
2

1
+;prcos(—(kx— wt)) po (%) —VCV—Z,u,,eruQO (x0) Po(x0)-

4. Numerical Simulations

In this section, we present the numerical results of the application of topological
optimization to one-dimensional and two-dimensional photonic crystal prob-
lems. This method seems to be suitable for such kind models [21] [22]. To achieve
this, we used the topological gradient descent method to minimize the functional
(19), with a=p=1.

Indeed, this is an optimization problem of functional ] under the constraint that
state u is the solution of the partial differential equation (18). The existence and
uniqueness of this minimization problem are ensured by the ellipticity of the bi-
linear form associated with the problem that corresponds to the Helmholtz equa-
tion with a source term.

Thus, we used the finite element method to solve the direct and adjoint states

involved in the partial differential equation.
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We then developed a topological gradient descent algorithm to obtain the op-
timal shape using FreeFEM ([23]).

The simulations were made under these data the light celerity ¢ =3x10"; the
pulsation w=8x10"*, the magnetic permeability is assumed to 4 =1; and the

time 7T =50. The charge distribution follows is supposed to be Gaussian and

givenby: p(x,y)= exp(—lOO-((x—O.S)2 +(y—0.5)2)) in 2D or

p(x,y,z)= exp(—lOO . ((x - 0.5)2 +(y —0.5)2 +(z— 0.5)2 )) in 3D.

( Algorithm Steps ]

Initialization:
¢ Choose initial domain €2
» Set initial hole radius &¢-
» Set target solution s
» Set iteration index j=0

]

Compute the direct state

i

Compute the adjoint state (if necessary)

i
Compute the topological derivative
Gi(x) Ve
i
Insert a hole B(z*,£9) using
a level-set where G (z*) < Gr, s

]

e N
Repeat until target is reached:

Solve the direct and adjoint problems on (};
Compute the topological derivative g(x)
Find x* = argmin(g(x) over {;

Define Qj,1=Q;\B(z*,€0)

Increment j «j +1

PaooTw

AN

4.1. Results in 1D Dimension Photonic Crystal with Charge

We consider an initial domain Q, =]-10;10[ x |-10;10[ . Photonic crystal in one
direction are characterized by a medium in which the permittivity varies periodi-
cally in one direction. In this section we assume that the permittivity function is
periodic in the x direction with a period of 2.

1, sixmod2<l1

Its expression is e(x,y):{18 , 125 VyeR with
, sixmod2>

e(x+2,y)=¢(x.y).
For this case, we have Figure 1, which shows the permittivity distribution in

both two-dimensional and three-dimensiosnal views. We observed the periodicity

of permittivity along the x-direction.
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ELEEED"

TRUELESETEEEEE

(b)

Figure 1. (a) permittivity in 1 dimension view; (b) permittivity in 3 dimensions view.

Using finite elements in FreeFEM and the above data values, Figure 2 repre-

sents the direct and adjoint states and the topological derivative with Dirichlet and
Neumann conditions.

— (b) e B (C) -— @

Figure 2. (a) Direct state; (b) Adjoint state; (c) Dirichlet topological derivative; (d) Neumann topological gradient.

In Figure 2, we observe the distributions of the topological gradient for both
Neumann and Dirichlet boundary conditions. These distributions provide insight
into the location of the gradient minima by examining the values indicated on the
color bar. Using the topological gradient descent algorithm, we identify the points
in Q, where the gradient reaches a minimum and insert a hole at those locations
in order to perturb the topology accordingly.

1) Case of Dirichlet condition around the hole.

Inserting circular holes B (x*,eo) in the initial domain where the topological

. . . o« e * .
derivatives admits a minimum global at x and iterate, we have

T I
HIH I

(a) - — 4 —— (b) ——— — (C)

Figure 3. (a) Dirichlet topological derivative; (b) After one iteration; (c) After 245 iterations; (d) After 246 iterations.
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Graphs (a) and (b) in Figure 3 illustrate the initial step of inserting a hole at the
point where the topological gradient reaches its most negative value. Thus, for a
Dirichlet boundary condition on the hole, we observe that after 246 iterations, the
distribution of the topological gradient is zero everywhere. The descent algorithm
converges, and the optimal topology of the domain is achieved, as shown in graph
(d).

2) Case of a Neumann condition around the hole.

For the Neumann boundary condition, graphs (a) and (b) of Figure 4 illustrate
the creation of a hole at the location where the topological gradient is the most

negative. This leads to a decrease in the gradient distribution, which progressively

approaches zero throughout the domain .

HHONHHTHTHT

Figure 4. (a) Neumann topological derivative after one iteration; (b) After two iterations; (c) After 443 iterations; (d) After 444
iterations. After 444 iterations, the algorithm converges. The topological gradient becomes nearly zero throughout the domain,
indicating that the optimal shape minimizing the objective function has been reached.

4.2. Results in 2D Dimension Photonic Crystal with Charge and
Height Near to Zero

Considering a initial domain Q= ]—l;l[x ]—l;l[ .
In this section we present a quasi two dimensional photonic crystal which is
characterized by a periodic permittivity &(x,y) inthe xand ydirections.

Thus the permittivity is shown by Figure 5

)

e

H

=R

(a

Figure 5. (a) Permittivity periodicity in 2 dimension; (b) Permittivity in 3 dimension view.

With this characteristic in the charged photonic medium, we have:
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HHIE

] ]
PRiEREEUTERbGE

Figure 6. (a) Direct state; (b) Adjoint state; (c) Dirichlet topological derivative; (d) Neumann topological gradient.

4

CRERETERiiEigiiiiEEG

For two-dimensional photonic crystals with charge sources and unit thickness,
Figure 6 shows the topological gradient plots under both Dirichlet and Neumann
boundary conditions, as well as the corresponding direct and adjoint states. From
these results, we observe that the location of the most negative values of the topo-
logical gradient indicates where the structure should be perturbed to improve the
objective functional. The direct state reflects the wave propagation in the current
structure, while the adjoint state captures the sensitivity of the objective to changes
in the domain. The comparison between the two boundary conditions also high-
lights the influence of the choice of boundary model on the resulting optimized
design.

1) Case of Dirichlet condition around the hole. Inserting circular hole
B(x*,eo) in the initial domain where the topological derivatives admits a mini-
mum global at x* and iterating we have the Figure 7 which shows the variation

of the gradient when perturbing the topology of the initial domain.

4

FEiEEEVE R EbEILREEES

(b) — —

Figure 7. (a) Dirichlet topological derivative after 1 iteration; (b) After 2 iteration; (c) After 88 iterations; (d) After 89 iterations.

Figure 7 shows that insertion a hole in the minium of the Dirichlet gradient
vanishes the gradient sited at neighborhood at this minimizer. Following the pro-
cedure of the algorithm, we see after 89 iterations or insertions of holes, the gra-
dient vanishes everywhere at the domain. We have convergence and the topolog-
ical optimal design in graph (d) of Figure 7.

2) Case of a Neumann condition around the hole.

For the Neumann boundary condition, after inserting one or two holes at the
points where the topological derivative reaches its minimum, we observe that the

gradient distribution approaches zero.
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Figure 8 shows that after 1241 iterations we get the optimal design.

PRRRRRRLEERR R ieiieis

Figure 8. (a) Neumann topological derivative after one iteration; (b) After two iterations; (c) After 1240 iterations; (d) After 1241

iterations.

5. Conclusions

The present work focuses on the topological optimization of one- and two-dimen-
sional charged photonic crystal problems. We first derive the topological deriva-
tive for Dirichlet boundary conditions, followed by the case of Neumann bound-
ary conditions. Numerical simulations are then performed and interpreted for
both types of boundary conditions. The application of the topological derivative
to charged photonic crystals appears to be well-suited, based on the convergence
results obtained for both Dirichlet and Neumann cases.

The results show that, for the same initial domain and simulation parameters,
the descent-gradient topological algorithm converges more rapidly under Di-
richlet conditions than under Neumann conditions.

This observation provides a useful recommendation for choosing boundary
conditions when aiming to efficiently design photonic crystals and save computa-
tional time.

In future work, we aim to couple shape and topological derivatives in the con-
text of photonic slabs. This combined algorithm will enable the search for an op-
timal topology without the need to add or remove material along the domain
boundary.

Finally, a comparative study between our proposed algorithm and one based on
the coupling of shape and topological gradients would be essential to evaluate the

practical relevance of these tools in mathematical and physical modeling.
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