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Abstract 
This note describes optimally matching the seminal Fano Load using Central 
Force Optimization with Negative Gravity. This approach improves the best 
fitness by more than eighteen percent and suggests that some measure of Neg-
ative Gravity should be used in all CFO runs. CFO is a deterministic Global 
Search and Optimization metaheuristic based on an analogy to gravitational 
kinematics, the motion of bodies moving under the influence of gravity. Pos-
itive gravity causes objects to move towards each other, whereas negative grav-
ity causes them to fly apart. A small amount of negative gravity in CFO im-
proves the algorithm’s exploration of the decision space by sampling regions 
that have been under-sampled or perhaps not sampled at all. The Fano Load 
problem illustrates this effect. While the possibility of Negative Gravity was 
mentioned in the original CFO paper, it was not used until recently when it 
was injected into optimization runs for Yagi-Uda antenna arrays. The results 
were compelling and led to the Fano Load problem being revisited. 
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1. Introduction 

The seminal Fano Load was used as an example in the original Central Force Op-
timization (CFO) paper [1] in which CFO’s results were compared to those from 
several other optimization algorithms. This note updates that discussion by ap-
plying CFO with negative gravity. CFO is a deterministic Global Search and Op-
timization (GSO) metaheuristic that searches a decision space (DS) by “flying” 
probes that sample its objective function’s topology, which is unknown or un-
knowable. CFO locates local and global maxima, not minima as do most GSO’s. 
It is based on an analogy to gravitational kinematics. With positive gravity, as in 
the real Universe, CFO’s probes coalesce on the objective function’s greatest fit-
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ness(es), whereas negative gravity causes probes to fly apart [2], presumably into 
regions of DS that have been under-explored or perhaps not explored at all. 

CFO has been applied to a wide variety of optimization problems, ranging from 
extensive benchmark suites [3] to, as examples, training neural networks [4], iris 
recognition [5], robot gait modeling [6], brain imaging [7], satellite imaging [8], 
arid region water distribution [9], UAV flight path calculation [10], creating Ar-
tificial Intelligence neural network ensembles [11], and a plethora of antenna and 
electromagnetic problems too extensive to list in this short note. 

2. Matching the Fano Load 

Figure 1 shows the network under consideration. The Fano Load is matched to a 
generator with internal resistance Rg = 2.205 Ω by the three-element equalizer (C1, 
L2, C3). The load comprises series inductor Lfano = 2.3 Hy (Henry) in series with 
the parallel combination of Rfano = 1 Ω (Ohm) and Cfano = 1.2 Fd (Farad). Addi-
tional details are available in Figure 2 in [12] and in Section 3A in [13]. The classic 
Fano Load has been used extensively in research on broad-band matching. As ex-
amples, in their work on optimizing broad-band matching Carlin and Amstutz 
[14] discuss three test cases that utilize the original Fano Load parameters. Dedieu 
et al. [15] propose a new method for broad-band matching using LC ladder equal-
izers based on Fano’s original gain-bandwidth formulas that were published in his 
1947 doctoral thesis [16]. More recently, Schwartz and Allen [17] present the first 
Helton approach to broad-band impedance matching using the Fano Load as a 
test case. The optimization objective is to maximize the power delivered to the 
load at all frequencies in the radian frequency range 0 ≤ ω ≤ 1. It is measured by 
the Transducer Power Gain (TPG), defined as the fraction of the maximum avail-
able power that is actually delivered to the load (0 ≤ TPG ≤ 1). 
 

 
Figure 1. Fano Load problem. 

 

CFO is a deterministic algorithm that maximizes the objective (fitness) func-
tion, unlike most algorithms that minimize it. If true randomness is not added, 
then every CFO run with the same setup produces exactly the same results. Mul-
tiple runs are not required to build statistics to measure the algorithm’s perfor-
mance. Nevertheless, if desired some measure of “randomness” can be introduced 
into CFO using pseudorandom variables (prv’s). They can be injected into CFO 
in such a way as to preserve its determinism while providing some degree of ran-
domness. A prv’s value can be specified by enumeration or by calculation or by a 
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combination of both. True random variables by contrast must be calculated from 
a probability distribution and are consequently unknowable a priori. One prv enu-
meration approach is to use π-fractions [18]-[23], which is what was done here. 
π-fractions were used to inject negative gravity into CFO on a probe-by-probe 
basis at each step in the optimization run. For example, a run employing 150 
probes at each of 100 steps with 15% negative gravity would ideally contain a total 
of 2250 π-fraction-assigned probes with G < 0, computed as 15% of the probe-step 
product of 15,000. G is CFO’s “gravitational constant”. 
 

 
Figure 2. Fano Load π-fraction IPD, all runs. 

 

The CFO runs reported here all consisted of 30 steps using 150 probes. The 
target values of G < 0 were 0%, 1%…, 45%, 50%, and 80%, with CFO setup pa-
rameters G = ±2, α = 2, β = 2, Δt = 1 in a [0-10]3 decision space. The same three-
dimensional 150-probe π-fraction Initial Probe Distribution (IPD at step #0) was 
used for each CFO run as shown in Figure 2. Using this approach, the actual per-
centage of negative gravity versus the target value is plotted in Figure 3 which 
reflects how uniformly distributed the π-fractions are on [0,1]. 
 

 
Figure 3. Actual G < 0 vs. Target G < 0. 
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Figure 4 plots the best fitness vs. the actual amount of negative gravity injected 
into CFO. The fitness (objective) function was the average value of TPG in 0 ≤ ω 
≤ 1.8 whereas in [1] a different fitness function was used, viz. maximizing 
Min(TPG) over 0 ≤ ω ≤ 1. The fitness here is remarkably consistent as G < 0 in-
creases from 3.4% all the way to 36.9% with an average value of 0.826. At 0% the 
best fitness is 0.721537. It increases to 0.853245 at 28.98% actual G < 0, a very 
substantial improvement of 18.25%. At 42% G < 0 the fitness drops back to its 
initial value of 0.721537, where it remains through 80% negative gravity (and pre-
sumably beyond). 

The degree of fitness consistency over such a wide range of negative gravity 
values is rather surprising. In [18], for example, the beneficial range of G < 0 was 
much smaller, about 6% - 10%, for optimizing a six-element Yagi-Uda antenna 
array. The array problem, which is discussed in detail in [18], is another compel-
ling example of the efficacy of adding a small amount of negative gravity to CFO. 
What is clear from these Fano Load data is that there is no way of knowing in 
advance how much negative gravity should be used in any given problem. Fortu-
nately CFO’s determinism and likewise pseudorandom π-fractions’ or other prvs’ 
make it relatively easy to quickly run test cases to answer this question. Another 
advantage is that the effects of using different objective functions can be seen by 
making only two CFO runs. Stochastic algorithms, on the other hand, make this 
very difficult if not, as a practical matter, impossible. 
 

 
Figure 4. Best Fitness vs. Actual G < 0. 

 
Figures 5-7 plot the CFO-optimized values for the equalizer components. In-

spection of the TPG curves (not individually plotted because of their large num-
ber) shows that, arguably, the best performance is achieved at 33% target negative 
gravity (even though a very slightly higher fitness occurs at 30%). At 33% CFO-
NG (name given the CFO algorithm with negative gravity) returned a best fitness 
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of 0.852765, and the corresponding optimized values for the equalizer compo-
nents are C1 = 0.527 Fd, L2 = 2.731 Hy, and C3 = 1.053 Fd. 
 

 
Figure 5. Equalizer component Capacitor C1. 

 

 
Figure 6. Equalizer component Inductor L2. 

 

 
Figure 7. Equalizer component Capacitor C3. 
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Figure 8 plots TPG using these component values. It is evident that the CFO-
NG optimized equalizer does a very good job of transferring power to the Fano 
Load. Also plotted in the figure are the results from the four other optimizers dis-
cussed below. 

The original Fano Load CFO implementation (“CFO2007”) was compared to 
three other algorithms: i) GA-Simplex, ii) RFT (Real Frequency Technique), and 
iii) RSE (Recursive Stochastic Optimization) [12]-[17]. The optimized equalizer 
component values using these methods are summarized in Table 1 along with the 
original CFO2007 and this paper’s CFO-NG results. All five methods converge on 
similar solutions. Figure 8 plots TPG for each set of component values. These 
results clearly show that CFO-NG solves the Fano load equalizer problem at least 
as well as other recognized optimization methods. 

CFO-NG also compares favorably in terms of computational efficiency and rate 
of convergence. CFO-NG required 4,500 function evaluations to reach conver-
gence in thirty steps. The GA-Simplex method employed a genetic algorithm with 
100 individuals evolved for 100 generations, followed by a Nelder-Mead Simplex 
algorithm that ran for an additional 100 iterations using 170 function calls. GA-
Simplex thus required a total of 10,170 function evaluations. RSE also comprised 
two calculation steps: 2000 iterations using a stochastic Gauss-Newton optimi-
zation routine to locate an approximate solution which was then refined using 
a 20,000 iteration random search algorithm. RSE thus required 22,000 function 
evaluations. The literature does not report run times or rates of convergence for 
GA-Simplex or RSE so that a direct comparison in that regard cannot be made to 
CFO-NG. As to RFT, it is not an evolutionary optimization algorithm. RFT is a 
quasi-analytical/graphical method in which the equalizer’s resistance vs. fre-
quency curve is approximated using piece-wise linear segments. RFT therefore 
cannot be described in terms of computational efficiency as measured by the num-
ber of required function calls. It is included because it specifically addresses the 
Fano Load problem and permits another comparison of the final results. Perhaps 
the single most useful measure of algorithmic efficiency is the total number of 
required function evaluations, and by that measure CFO-NG’s performance is 
quite good.  
 
Table 1. Comparison, Algorithms Solving the Fano Load. 

---- RFT RSE GA-Simplex CFO2007 CFO-NG 

C1 (Fd) 0.352 0.409 0.386 0.460 0.527 

L2 (Hy) 2.909 3.054 2.976 2.988 2.731 

C3 (Fd) 0.922 0.974 0.951 1.006 1.053 

 
The evolution of CFO-NG’s fitness appears in Figure 9. Note that 80 steps were 

used to provide a better resolution of the best fitness curve. CFO often converges 
very quickly [24], and this characteristic is quite apparent in Figure 9. Davg, which 
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measures of how well CFO’s probes have coalesced, is plotted in Figure 10. It 
shows that essentially all of CFO’s 150 probes have converged on the optimal so-
lution. 
 

 
(a)                                                    (b) 

Figure 8. (a) TPG at 33% Target G < 0, 32.46% Actual. (b) TPG at 33% Target G < 0, 32.46% Actual. 
 

 
Figure 9. Fitness evolution at 33% Target G < 0, 32.46% Actual. 
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Figure 10. Davg at 33% Target G < 0, 32.46% Actual. 

3. Basic CFO Theory & Pseudocode  

Central Force Optimization is a deterministic gradient-like GSO metaheuristic 
based on an analogy to gravitational kinematics. In the real Universe all material 
objects are attracted to each other by the force of gravity whose magnitude is [25]. 

 1 2
2

m mF
r

γ=  (1), 

in which 0γ >  is the “gravitational constant” and the mi are the masses of the 
attracting objects. Gravity acts along the line connecting the masses’ centers, mak-
ing it by definition a central force. Hence, Central Force Optimization to describe 
this GSO. 

CFO is a conceptual algorithmic framework for solving the following problem: 
In a DS defined by min max

i i ix x x≤ ≤ , 1, , di N=  , the ix  being decision varia-
bles, determine the locations of the global maxima of an objective function 

( )1 2, , ,
dNf x x x . The value of ( )f x  at each point x  is referred to as its “fit-

ness.” The objective function’s topology is unknown or unknowable. It may be 
continuous or discontinuous, highly multimodal or unimodal, convex or non-
convex, with one or more objectives, and possibly subject to constraints among 
the decision variables. 

CFO is based on the metaphor of gravitational kinematics, the branch of physics 
that describes the behavior of masses moving solely under the influence of the 
force of gravity. The gravitational field is a conservative, linear, vector force field 
derivable from a scalar potential function. The “action at a distance” force of grav-
ity thus may be computed directly as a vector quantity from Newton’s universal 
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law of gravitation, or, alternatively, as the negative gradient of a scalar gravita-
tional potential function. These distinct approaches highlight different conceptual 
aspects of the CFO analogy. 

Gravity always attracts masses toward each other. Unlike the Coulomb electric 
force, which may be attractive or repulsive depending on the signs of the charges, 
real gravity never is repulsive. In the real Universe, gravity always accelerates 
masses toward each other. The vector acceleration experienced by mass 1m  due 
to mass 2m  is given by Newton’s second law of motion as [25]. 

 2
1 2

ˆm ra
r

γ= −
  (2), 

where r̂  is a unit vector pointing towards mass 1m  from mass 2m  along the 
line joining 1m  and 2m . 

A constant acceleration applied during the time interval t  to t t+ ∆  changes 
a mass’s location in three-dimensional space as follows (see Brand’s detailed dis-
cussion in [26]) 

 ( ) 2
0 0

1
2

R t t R V t a t+ ∆ = + ∆ + ∆
  

  (3). 

The mass’s position is ( )R t t+ ∆


 at time t t+ ∆ , where 0R


 and 0V


, respec-
tively, are the position and velocity vectors at time t . In a standard right-handed 
3-D Cartesian coordinate system, the position vector is given by ˆˆ ˆR xi yj zk= + +



, 
where î , ĵ , k̂ , are the unit vectors along the ,x y  and z  axes, respectively, 
as traditionally denoted in classical physics. 

Equation (2) and Equation (3) are referred to as the equations of motion. CFO 
generalizes them from 3 to dN  dimensions because CFO searches dN -dimen-
sional spaces for the extrema of an objective function to be maximized. Neverthe-
less, for the purpose of explaining the CFO analogy, the 3-dimensional decision 
space in Figure 11 will be used to provide a concrete visualization. 

CFO “flies” a group of probes through the decision space along trajectories de-
termined by the generalized equations of motion at a set of discrete time steps. In 
this example, the position of each probe at each step is specified its position vector  

p
jR


, where the indices p  and j  are the probe number and time step number, 

respectively. Probe p  moves from position 1
p
jR −



 at time step 1j −  to position 
p
jR


 at time step j , with the “time” interval between steps 1j −  and j  being 
t∆ . In an dN -dimensional decision space, the generalized position vector is 

,

1
ˆ

dN
p p j
j k k

k
R x e

=

= ∑


, where the ,p j
kx  are probe p ’s coordinates at time step j , and 

ˆke  is the unit vector along the kx  axis. 
The objective function to be maximized is defined on the dN -dimensional de-

cision space. The value of the objective function at each point along a probe’s tra-
jectory is the “fitness” at that point. At time step 1j −  at probe p ’s location, for 

example, the fitness is given by ( ), 1 , 1 , 1
1 1 2, , ,

d

p p j p j p j
j NM f x x x− − −
− =  . Every other 
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probe also has a fitness 1, 1, , 1, 1, ,k
j pM k p p N− = − +  , associated with it, where 

pN  is the total number of probes. In Figure 11 the fitness at each probe’s location 
is represented by the size of the blackened circle at the tip of the position vector, 
the metaphorical correspondence being to the size of a “planet” in space. Ranked 
from largest to smallest, the fitnesses in Figure 11 are located at 1

s
jR −



, p
jR


, 1
n
jR −



, 

and 1
p
jR −



, respectively, the ranking being reflected in the relative size of the circles 
at the tip of each position vector. The probe number is 1 pp N≤ ≤ , while the time 

step number is 0 tj N≤ ≤ , where tN  is the total number of time steps. 
 

 
Figure 11. Typical 3D CFO decision space. 

 
As time progresses the probes fly through the decision space along trajectories 

governed by the equations of motion. The force of gravity in CFO is created by a 
mass that is a user-defined function of the fitness at each of the other probes’ lo-
cations. It is important to note that the symbol k

jM  used for probe k ’s fitness 
at time step j  must not be confused with “mass” in CFO. While larger circles in 
Figure 11 do indeed correspond to greater fitness values, CFO’s “mass” is not the 
same as the fitness for reasons discussed below. 

How probe p  moves from position 1
p
jR −



 to p
jR


 is determined by its initial 
position and by the total acceleration produced by the “masses” created by the 
user-defined function of the fitnesses at each of the other probes’ locations. 

The “acceleration” experienced by probe p  due to probe n  for the CFO im-
plementation described here is given by 

( ) ( ) ( )1 1 1 1 1 1

1 1

n p n p n p
j j j j j j

n p
j j

G U M M M M R R

R R

α

β

− − − − − −

− −

⋅ − ⋅ − ⋅ −

−

 

 

 

Similarly, probe p  is subject to an acceleration due to probe s  that is given by 

( ) ( ) ( )1 1 1 1 1 1

1 1

s p s p s p
j j j j j j

s p
j j

G U M M M M R R

R R

α

β

− − − − − −

− −

⋅ − ⋅ − ⋅ −

−

 

 

. 
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Following standard notation, the vertical bars denote vector magnitude, 
1
2

2

1

dN

i
i

A a
=

 
=  
 
∑



 where the ia  are the scalar components of vector A


. 

G  is a very important CFO parameter. It is CFO’s “gravitational constant” 
(corresponding to γ  in Equation (1) [note that the minus sign in Equation (2) 
has been absorbed into the order in which the differences in the acceleration ex-
pressions are taken]. Of course, most of the time 0G > , and masses are attracted 
towards each other as they are in the real Universe. But G can be less than zero, 
which is “negative gravity,” and then masses repel, they are driven away from each 
other. Of course, the very point of this paper is to investigate the effect of adding 
a small amount of negative gravity to CFO, and the results show that it can be 
quite beneficial if not overdone. 

Note that the terms in the numerator in the acceleration equation containing  

the objective function fitnesses, for example, ( )1 1
s p
j jM M

α

− −− , correspond loosely 

to the mass in (2). CFO’s acceleration expression is quite different from what it is 
in physical space in three important ways: i) the definition of mass; ii) inclusion 
of the exponents 0α > , 0β > ; and iii) inclusion of the unit step ( )U ⋅ . 

In this particular CFO implementation, the user-defined function that is CFO’s 
“mass” begins with the difference of fitnesses, not the fitnesses values themselves. 
The algorithm designer is free to choose any function of the fitnesses, and differ-
ent definitions may result in better performance against certain objective func-
tions. One possibility, for example, might be a ratio of fitnesses or their differ-
ences, a notion reminiscent of the “reduced mass” concept in gravitational kine-
matics. But for this description of CFO theory only the difference of fitnesses def-
inition will be used. 

The use of the fitness difference 1 1
s p
j jM M− −−  here is intended to avoid exces-

sive gravitational “pull” by other very close probes. It is likely that nearby probes 
in DS have similar fitness values, which may lead to an excessive gravitational 
force on the subject probe. The difference of fitnesses intuitively seems to be a 
better measure of how much gravitational influence there should be by the probe 
with a greater fitness on the probe with a smaller one. 

The second difference is including the exponents α  and β  which in physi-
cal space take on the specific values 1 and 3, respectively [note that the CFO nu-
merator does not contain a unit vector like Equation (2)]. The variation of gravi-
tational acceleration with mass and distance in the Universe follows an immutable 
law. But in metaphorical “CFO space” the algorithm designer is free to assign a 
completely different variation with mass and distance, and the consequences can 
be quite dramatic. This flexibility is included in the free parameters α  and β . 
CFO test runs reveal that the algorithm’s convergence is sensitive to the exponent 
values, and that some values of these exponents are better than others. 

The third difference is the inclusion of the unit step function  

( )
1, 0
0, otherwise

z
U z

≥
= 


. Because CFO space is metaphorical, it can be a strange  
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place in which physically unrealizable objects exist. Real mass must be positive, 
but not so mass in CFO space. In this CFO implementation, if the Unit Step were 
not included, then mass could be positive or negative depending on which fitness 
is greater in computing the fitness difference. The Unit Step function eliminates 
the possibility of “negative” mass by creating only positive masses. This attribute 
is quite important in any CFO implementation, because only positive mass is at-
tractive in nature. If CFO is implemented with the possibility of negative mass, 
the corresponding accelerations are repulsive instead of attractive. The effect of a 
repulsive gravitational force is to fly probes away from large fitness values instead 
of toward them, just the opposite of what the algorithm is intended to do. 

The expressions above are the accelerations experienced by probe p  due only 
to the two probes n  and s . But in fact probe p ’s trajectory is determined by 
the gravitational influence of all the other probes. The total acceleration experi-
enced by p  as it “flies” from position 1

p
jR −



 to p
jR


 thus is given by summing 
over all other probes: 

 ( ) ( ) ( )1 1
1 1 1 1 1

1
1 1

p
k pN
j jp k p k p

j j j j j
k pk
j jk p

R R
a G U M M M M

R R

α

β

− −
− − − − −

=
− −≠

−
= − ⋅ − ×

−
∑

 



 

 (4) 

The new position vector for probe p  at time step j  therefore becomes:  

 2
1 1

1 , 1
2

p p p
j j jR R a t j− −= + ∆ ≥
 



 (5) 

(4) is analogous to (2), while (5) is analogous to (3). These four equations em-
brace the gravitational kinematics metaphor on which CFO is based. 

Note that Equation (5) in [1] contains a “velocity” term 1
p

jV −



 that intentionally 
has been omitted from (5) above. The reason for this change is that numerical 
experiments performed after that paper was published revealed that including the 
velocity term as written appeared to actually impeded CFO’s convergence. This 
behavior is suspected to be a result of the difference between straight-line and 
curvilinear acceleration in the real world. For example, while the velocity vector 
of a point mass in circular motion is tangent to the circle, its acceleration vector 
is orthogonal and directed along the radius toward the circle’s center. In reference 
[1] the velocity term already had been set to zero as a matter of convenience. 
Consequently the term 1

p
jV −



 has been dropped from (5) in this formulation of 
CFO theory, which is an important change. Note, too, that in the velocity term, the  

coefficient 
1
2

, and t∆  in Equation (5) of [1] were retained only to preserve the 

analogy to gravitational kinematics. None of these variables is required (of course, 

t∆  cannot be zero). A constant value of t∆  and the factor 
1
2

 simply should be  

absorbed into the gravitational constant G . Varying t∆ , which changes the in-
terval at which probes “report” their positions, likely will influence how CFO con-
verges, but to the author’s knowledge t∆ ’s influence has not been investigated 
and consequently remains an open question. 
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The formulation of CFO theory presented here is based on the vector model of 
the gravitational force field. Another approach would be to compute the force of 
gravity as the negative gradient of a scalar gravitational potential see, for example 
[25] or [27] for an in-depth discussion. While the results are the same as the vector 
model, the gravitational potential approach emphasizes a different aspect of the CFO 
gravitational metaphor. Because the gradient is the derivative (slope) of the gravita-
tional equipotential surface in the direction of maximum rate of change, conceptually 
CFO may be thought of as a form of deterministic gradient-based search.  

In the implementation described here, for example, the factor 
( )1 1

1 1

s p
j j

s p
j j

M M

R R

α

β

− −

− −

−

−
 

  

looks very much like a directional derivative (difference of fitnesses divided by 
distance between evaluation points). But because α  and β  can take on any 
value assigned by the user, this ratio perhaps is best described as a “generalized 
directional derivative.” Interpreting CFO as a generalized gradient-like method-
ology may be helpful in suggesting potentially useful analytical approaches and 
also for understanding how CFO works. This conceptual framework may be at-
tractive to researchers more accustomed to thinking in terms of derivatives.  

The CFO algorithm essentially comprises Equations (4) and (5). It is simple and 
easily implemented in a compact computer program. The basic pseudocode is: 

i) compute initial probe positions, the corresponding objective function fit-
nesses, and assign initial accelerations. 

ii) successively compute each probe’s new position using (5) based on previ-
ously computed accelerations using (4). 

iii) verify that each probe is located inside the decision space, making correc-
tions as required. 

iv) update the fitness at each new probe position. 
v) compute accelerations for the next time step based on the new positions. 
vi) loop over all time steps or until some termination criterion has been met. 
Note that because CFO may “fly” a probe outside the DS domain into regions 

of unallowable solutions, such errant probes should be returned to the decision 
space or discarded. There are many possible retrieval schemes as discussed in the 
CFO references. 

4. Conclusion 

The Fano Load data illustrate the benefit of injecting some measure of negative 
gravity into the CFO algorithm, ostensibly because it improves CFO’s ability to 
explore under-sampled regions of the decision space, regions that may contain 
important solutions [28]. It appears that any CFO run might benefit, possibly sub-
stantially, by injecting some measure of negative gravity. This is strongly recom-
mended based on these results and other examples discussed in the references. 
One simple approach is to use π-fractions, which are available online along with 
Fano Load data [29]. 
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