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Abstract

In this review a detailed treatment of the dynamics of an accreting raindrop
falling through stationary mist under the action of gravity and air resistance,
is presented. There are two contributions to the air resistance: one term pro-
portional to the velocity and one proportional to the square of the velocity. It
is discussed when it is a good approximation to neglect one of these terms.
Also, a new form of the solution of the equation of motion is presented when
accretion is neglected, but both the linear and quadratic contributions to the
air resistance are present. The paper is written in a style making it useful in
the teaching of classical dynamics, including in between calculations and
providing several examples where the equation of motion of the drop, and the
equation for the change of the droplet’s mass due to accretion, can be solved
analytically in terms of elementary functions.
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1. Introduction

There have been many experimental investigations of falling droplets [1]-[3] and
further references are found in these articles. Analytical solutions to the motion
of a falling droplet acted upon by the usual friction terms in the equation of mo-
tion, that are respectively linear and quadratic in the velocity, have been published
[4]-[10], but a review article on this topic does not seem to exist. Also, the treat-
ment of several proportionality constants and the published form of the solutions
of the equation of motion for different cases can be improved. A presentation of
theoretical aspects of this topic, where different cases are treated with a unified

notation, is the main object of the present review.
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Some of the articles [4]-[10] are concerned with a mass-collecting raindrop fall-
ing through a mist, neglecting air resistance. In order to give a useful update for
students I will here give a review where the main results in these articles are de-
duced in a rather detailed way.

Then a new form of the equation of motion of a non-accreting raindrop falling
under the action of gravity and air resistance will be deduced. Earlier results of
different cases are reviewed in a unified way, and some new forms of the solution
of the equation of motion of falling droplets are presented. The formulae are il-
lustrated graphically and compared to observed data.

In the present article it is assumed that the droplets are spherical during the
motion.

The paper is organised with the following main topics.

e Accretion without resistance—raindrops falling through a mist. This section
contains a detailed discussion of how the velocity and acceleration of the drop
depends upon time under different assumptions for the rate of accretion. Some
new expressions for the velocity are found. The section contains several exam-
ples suitable for teaching of classical dynamics.

e How the terminal velocity of a falling droplet depends upon its radius. Here
the main focus is upon how the mass of the drop depends upon time during
the motion. Also the terminal velocity of the drop is discussed, and different
models are compared with earlier published results of measurements.

® Resistance without accretion—slowly falling droplet with linear air resistance.
The velocity as a function of the height the droplet has fallen, is calculated by
integrating Newton’s 2. Law. Then the velocity, as found in this way, of a water
droplet with radius 0.35 mm, is compared with the results of measurements
performed by W. Ji ef al [2]. There is good agreement for the droplet with
radius 0.35 mm.

e Rapidly falling droplet—quadratic air resistance. Again the velocity is calcu-
lated as a function of the height the droplet has fallen, by integrating Newton’s
2. Law. This time the calculated velocity is larger than the corresponding ve-
locity measured by W. Ji et al [2].

e Droplet falling with both linear and quadratic air resistance. Here a new form
of the solution of Newton’s 2. Law is deduced, and a height-velocity relation-
ship is deduced. There is reasonably good agreement with the results obtained
in the measurements performed by W. Ji ef al [2], although not as good as
with only the contribution to the air resistance which is linear in velocity.

e Effect of variation of air density with height upon the motion of a droplet. Her
two cases are considered: A droplet falling in an isothermal atmosphere, and a
droplet falling in an adiabatic atmosphere.

e Effects of vertical motion of the air upon the motion of a droplet.

e Accretion and resistance. This section gives the most general treatment includ-
ing both accretion and air resistance. A general formula for the acceleration is

deduced, and the acceleration is constant for a drop which falls from an initial
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position where the velocity and mass of the droplet vanish.

o Energy considerations. A general formula for the rate of change of the me-
chanical energy of an accreting drop falling under the action of air resistance,
is deduced.

Index-notation:
v ¢ Free fall motion.
1+p)a : DrOp falling with accretion. The index f means that the rate of mass

accretion, m is proportional to the f -power of the velocity, 7 cc v(i A+ Then

the accretion causes a friction-like term in the equation of motion which is pro-

ki

+8
14B)A *

The index A means that accretion of mass from mist is taken into account.

portional to v, and hence to v(]

Vy(irp)a : Drop falling with accretion. Here 72 oc mv’ (1+4)a » and hence the “ac-

1+f3)
cretion term” in the equation of motion of the droplet is proportional to
a_ l+p
M Voiipa -

vz : Drop falling without accretion with air resistance proportional to the ve-
locity. The index R means that air resistance is taken into account.

v, : Drop falling without accretion with resistance proportional to the square
of the velocity.

Vior : Drop falling without accretion. Resistance depending linearly on velocity
and velocity squared.

v ar : Drop falling with both accretion and air resistance.

v  : Terminal velocity.

2. Accretion without Resistance—Raindrops Falling
Through Mist

We are going to compare several cases of falling droplets with accretion of matter
from the mist they fall through and air resistance. In some cases, it turns out that
the motion of the droplets are close to the motion of a freely falling object, with a

velocity falling distance-relationship

Ver =~/28h (1)

The different cases will be compared by calculating the velocities when the drop-
lets have fallen 1 m and 10 m. Inserting g =9.81m/s’> we have
Ve (1)=4.43m/s’ and v, (10)=14.0m/s’.

As noted by K. K. Krane [4] the point of departure for analysing the motion of
a raindrop collecting matter while falling through a mist, is the general version of

Newton’s 2. Law valid for a body with a mass which varies during the motion,

F, =(mv,) =mv, +vm. (2)

ext

Here we have used the notation that a dot represents differentiation with respect
to time. The mechanism of accretion is inelastic collisions of very small mist-par-
ticles with the drop.

Neglecting air resistance and the buoyancy due to the upward force on the

droplet by the surrounding air, Newton’s 2. Law applied to the droplet takes the
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form
mv, +v,m=mg, (3)

where the acceleration of gravity is assumed to be constant during the considered
motion.

The acceleration, a, =V, , of the droplet is
7
ay=8——V,, (4)
m

We see that the mass accretion acts against gravity as a resistance to the motion.
Hence in some cases the acceleration will decrease with increasing velocity, and
the droplet will reach a terminal velocity v, . In the cases with air resistance and
vanishing accretion one defines the terminal velocity by the condition that the
acceleration of the droplet vanishes, a,, =0. With vanishing air resistance and

non-vanishing accretion this gives a terminal velocity

_ms (5)

Here a problem appears. In the general case with accretion, m/m is not constant.
For example with a constant rate of mass increase, 71 =constant, m increases
with time, and hence v,,, increases with time. This means that with accretion,
putting a,, =0 in the equation of motion is not a valid procedure for finding
the terminal velocity. The equation of motion has to be solved, and if the velocity
approaches a constant velocity, this is the terminal velocity. This will be illustrated
below.

Krane [4] considered several cases. One was that the accreted mass is propor-
tional to the height, 4, which the droplet has fallen. A droplet falling from an initial
state with vanishing velocity, and with m, =0 (ie. with an initial mass which is
so small that it can be neglected in the equation of motion of the droplet) then has

the mass

m=Ayh, (6)
where A4, is a positive constant measured in kg/m. The index 0 means that the
rate of accretion, 1, is independent of the mass of the droplet, and the index 2
means that the rate of accretion is proportional to the velocity of the droplet, so
that it gives rise to a term in the equation of motion of the droplet, which is pro-
portional to the square of the velocity. Since the droplet’s mass comes from accre-

tion, A, isthe accreted mass per unit distance which the droplet falls. Hence
1= Agyh = Aoy, - (7)
In this case Equation (3) takes the form
Wi+ =gh, ie. (hh) =gh or hh(hh) =gh’h. (8)

Note that the motion of the drop does not depend upon the constant A4, . Inte-
gration with the initial condition h(O) =0 gives
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1o\ g3 -127 2g
—(hh) ==k or h h:‘/—. 9
2( ) 3 3 ©)

New integration with the initial condition %(0)=0 leads to

g _g , _& 12
hzgtz, va:h:§t, Gp =V =3 Via = ggh. (10)

In this case, with constant acceleration, there is no terminal velocity. Also, it fol-
lows from Equations (7) and (10) that in this case the rate of accretion of mass
upon the droplet is a linear function of time, which gives a constant acceleration
of the droplet. In may be noted that in this case the velocity at a given height is
Vop =0.58 V.

Adawi [5] followed up Krane’s article and tried to integrate the equation of mo-

tion for a drop where the rate of increase of mass due to accretion was given by
m=A,mv, . (11)

where 1, is measured in kg'“/m, and @ isa dimensionless constant with
value a <1. The case considered by Krane [4] has o =0. The general solution
of Equation (2) with the rate of mass accretion given in Equation (10) required
numerical integration.
Inserting v,,, =/ into Equation (10) and integrating with the initial condi-
tion m(0)=m, gives
L
m=[my“+A,(1-a)h]=, a=l, (12)
In the case @ =1 Equation (11) takes the form
= Aymv,, = Amh. (13)
Integration of Equation (13) with the initial condition m(0)=m, gives
Aioh

m=mye"?", (14)

where 4, hasdimension m™. The physical meaning of 7, isthat A, =In2/h,,
where £, is the height that the droplet must fall to double its mass, m(h,)=2m, .
Hence Equation (14) can be written

m:2h/h2m0. (15)
In this case Equation (4) takes the form

Visa +A’12v122A =g. (16)

The solution of this equation with the initial condition v,, (0)=0 is

g
Viaa = Viaar tanh(\/llzg t), Vizar = ,/'L_ . (17)

12

Thevalueof 4, iscalculated in Equation (28) with theresult 4, =2.1x10° m™,
giving v,,,; =69 m/s. Equation (16) shows that the velocity of the droplet ap-
proaches the value v,,;, but does not reach v,,; in a finite time. In this case

Voar as given in Equation (17) is an asymptotic terminal velocity of the droplet.
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With /(0)=h, the position of the droplet as a function of time is

hzlilncosh(‘/llzgt). (18)

12

It follows from Equations (16) and (17) that the velocity of the droplet as a func-
tion of the height it has fallen is

Visa :vnATxll—e'“‘zh . (19)

For h<10m the exponent in Equation (19) obeys 24,4 <4.2x10~. Hence in
this region the expression (19) for the velocity can with good approximation be
represented by a series expansion to 2. order in A,4. Using Equation (1) this

gives
1
Vioa = Vrr (I_Eﬂﬂzh) (20)

Equation (20) shows that in this region the motion of the droplet is very close to
free fall motion. Here the velocities used in our comparison are
Vioa (1)=4.425m/s and v,, =13.86 m/s , very close to the free fall velocities
vee (1)=4.43m/s’ and v, (10)=14.0m/s’.

Inserting the expression (17) for the velocity of the droplet and performing the

integration with the initial condition m(0)=m, gives the mass as a function of

m=m, cosh(@t). (21)

B. G. Dick [6] gave a further development of the same problem. The mass of

time and falling height,

the droplet and its rate of change is

m:?npwr:;) m:4npwr2’;’ (22)

where p, is the density of water. Assuming that the rate of mass accretion is
proportional to the mass of mist that the droplet passes through per second, i.e.
the product of the cross section area, velocity and density of the mist, p_.. , we
have

m=mnp, . rh. (23)
It follows from Equations (22) and (23) that

izyoﬁ, 7/0:@, (24)

4p

w

Integration of this equation with the initial condition r(0)=r, gives

r=r+yh. (25)

Note that Equation (22) corresponds to the case « =2/3 in Equation (11). Then
Equation (12) takes the form

m= [m(lf +(/”L(2/3)2/3)h}

Putting m in Equations (11) and (23) equal to each other and inserting y,

3

(26)
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from Equation (24), lead to
/3
2(2/3)2 =7 (367pr ) > (27)

For a typical value of the mist in a cloud y, =2.5x10" and
Az =6x107kg'® /m.
We shall need the value of 4,, in Equation (20).Itis related to y, by means

of Equations (11) with « =1, together with Equations (22) and (24) with h=v,

n'1=immv:ﬂn%pwr%=4Tcpwr2i’=4npwr2y0ft. (28)
It follows that
3
Iy =T (29)

For a droplet with radius »=0.35mm this gives A, =2.1x10"m™".
Inserting Equations (22)-(24) into Equation (3) gives the equation of motion of

the radius of the drop

FF 4302 =y,8r. (30)
Using that
ri + 37 =l(r3r')', (31)
n
Equation (30) can be written as
(rSf)' = yogrS. (32)

Multiplying by 77 this equation takes the form

3

r }*(r3f)' =y,8r°r . (33)

It follows from Equation (11) that #=0 for r=0.Hence we integrate Equation
(33) with the initial condition #(0)=0 and get

2 1
7= /7}/0g r2. (34)

Integrating this equation with (0)=0 gives

r:%azz, F=at, a="g. (35)

7

in agreement with a result noted by Dick [6]. Hence

m= %pwa3t6 , m= npwa3t5 . (36)

Inserting this into Equation (2) gives the equation of motion of the droplet
h+ gh =g. (37)

The solution of this equation with the initial condition h(O) =0 is that the ve-

locity and acceleration of the droplet are
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h=5: h=%. (38)
7 7

The motion here is similar to that considered in Equation (10), with constant ac-
celeration in both cases, although the rate of accretion is different. In the case
considered in Equation (10) the mass is a linear function of the height which the
droplet has fallen, and the acceleration of the dropletis g/3, while in the present
case the radius of the droplet is a linear function of the height, and the acceleration
is g/7.

The study of falling, accreting droplets was followed up by B. F. Edwards, J. W.
Wilder and E. E. Scime in 2001 in an article [8] with title “Dynamics of falling
raindrops”, where they considered a raindrop which grows in size as it falls
through a mist of suspended water droplets. Assuming that the rate of increase of
the radius is proportional to the velocity of the droplet as in Equation (20) they
wrote the equation of motion of the droplet in the form

y AR 28 o0 (39)

drr r
They discussed the velocity radius-relationship of the droplets, but did not solve
Equation (39). Introducing y=/4%/r and the boundary condition h(rl) =V,

}'z:\/vl2 (%) +%(r—rl). (40)
0

Differentiation with respect to time and use of Equation (23) gives the acceleration

one finds the solution

as a function of the radius

26
h=§+@%¥L. (41)
The droplet approaches a motion with a constant terminal acceleration f.t.t =g/7.
The authors confined their attention to spherical drops with radii 0.4 mm < r<
1.0 mm. Then, unless ris extremely close to 7, the velocity of the drop is of the
order hi~.[g/7y, =56 m/s which is an unreasonably large velocity. Hence the
approximation of neglecting air resistance is not realistic.
In 2019 A. D. Sokal [9] revisited the problem of giving a description of falling
raindrops accreting mass during the motion. He assumed that the rate of accretion

is given by the general relationship

= iaﬁmavf(l+ﬂ)A , o summation, (42)
where «, 8 are dimensionless constants, and 4, is measured in
kg™ -m'”.s”? For f=2 we have Aup =2y Where 4, is given in Equa-
tion (11).

It may be noted [9] that « =2/3, f=1 corresponds to growth of the raindrop

proportional to the surface area, and that « =2/3, =2 corresponds to growth
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of the raindrop proportional to the volume swept out by the drop along the path,
which was considered above in Equations (25)-(33), leading to a constant acceler-
ation g/7 for the drop.

It may be noted from Equation (5) that the requirement that a vanishing accel-
eration shall lead to a constant terminal velocity is that m/m = constant , which
corresponds to the case (a, ) =(1,0) . Putting

m=A,m (43)
Into Equation (5) gives the terminal velocity

Vitar = 7 (44)

11
The value of 4, can be estimated by assuming that the rate of change of the
droplet’s mass due to accretion with Equation (43) is equal to the rate with Equa-

tion (13) for a certain velocity v,,,,. Then Equation (11) gives
Ay = AV - (45)

With the value 4, =2.1x10” m™", and for a typical droplet velocity a hundred
meters below its starting point, v,,, =30m/s, this gives 4, =6.3x107s™" and
V) ar =156 m/s.

Solving Equation (42) gives an exponential increase of the mass of the drop,

t

m=2Em . T, =2 _Viar o (46)
0 2 /1 g
11

where m,=m(0),and 7, isthe time taken to double the mass of the drop. This
rate of accretion can only be realized under very special circumstances for a brief
time ¢<T,.Putting Equation (43) into the equation of motion (4) of the droplet
gives

Via =&~ AiViia - (47)
Solving this with the initial condition v, (0)=0 gives

Viia = Viiar (l_e_l”t)- (48)

where v,,,; isgiven in Equation (44). This shows that the velocity v,,,. isonly
obtained as a limit in the far future. Using Equation (44) and that v, =/, ,and
integrating Equation (48) with the initial condition 4, (0)=0, we get

2
hia :—v‘;T (r+e-1). (49)

Equations (48) and (49) gives the height-velocity relation

2
B __Vuar { Viia +ln{l— Viia ﬂ (50)

g [ Vuar Vi1AT

This is plotted with v,,, asa function of /#,, in Figure 1.
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01 02 03 04 05 06 07 o8 ,eq1 09 1

Figure 1. In the upper part of the figure the velocity v,,, given in Equation (48) plotted
as a function of 4, . The lower figure shows a magnified part of the curve in order to read
off v, (1)=4.36m/s with sufficient accuracy to make a comparison with the free fall ve-

locity v(1)=4.43m/s.

It may be noted that in this case the motion is close to free fall, where
vir =+[2gh , whichgives v(1)=4.43m/s and v(10)=14.0, while it is seen from
the graph in Figure 1 that v,,, (1)=4.36m/s and v,,, (10)=12.1m/s . The rea-
son for this is that in this region A,v,,, < g in Equation (45) because the veloc-
ity is much smaller than the terminal velocity, 156 m/s.

Let us look at the motion during the first moments when v,,, <v,,,; . Making

a series expansion of the expression (50) to 2. order in v, , /v,y and using

Viia z\/2ﬂ11V11ATh =2gh =vg, (51)

corresponding to free fall motion with constant acceleration g; as is also seen from

Equation (42) gives

Equation (47) in this approximation.
We now go back to the general case with unspecified values of ¢ and £ in

Equation (42). Using the chain rule for differentiation,

dv
. aBA .
Voga =——11, (52)
PA dm
Sokal [8] noted that Equation (2) with the assumption (42) takes the form
dv Ve
S (53)
dm m A,
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Making the substitution w= vf/; A the equation takes the form

d—w+£w:&m’”. (54)
dm m Aap

He solved this first order linear differential equation for v,,, (m) with the initial

condition that v,, (m,)=0 and found

==

_ ]_7“ _ 1+f-a % _ Li
Vapa = Km [1 (my/m) J, K {1+ﬂ—0!/1aﬂJ . (55)

Differentiating this expression for the velocity with respect to time and using

Equation (40) gives the acceleration

1 mo 1+f-a
aaﬂm _Hﬂ——a[l_a—i_ﬂ(;j :|g . (56)

If the initial mass of the drop is so small that it can be neglected, m, =0, the
droplet has a constant acceleration
l-a

=——% 57
Papa 1+ﬁ—ag 57)

It may be noted that in this case there will be a terminal velocity with vanishing
acceleration only if a =1 which was described in Equations (12)-(20) for the
case S =2 and Equations (43)-(51) for f=1.

Inserting « =2/3, =1 into Equations (55) and (56) give respectively

3( L om¥? g m, \"? g
Viesna :Z(m3 _ﬁ 2 T 1+3 ?0 i (58)
)

(2/3

In this case Equation (42) gives
ﬂ, 3
m= (m(l,“ +—(23/3)1 t] : (59)

and hence,

3my?
(2/3)1 (60)
ﬂ =5
g (2/3)1
a ==+g|1+ t| o, my#0.
(2/3na =y ( 3m(l)/3 J
With m, =0 Equations (59) and (60) give
p) 3
(2/3)1 g g

m :(TIJ > Vospa :Zta Fa3)im :Z : (61)

Inserting « =2/3, f=2 into Equations (55) and (56) gives

T " m\" |g
v = m3 ——L , a =|1+6] —2 &, (62)
(2/3)2A 7 1(2/3)2 [ m> j (2/3)2A l: ( m j :|7
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In this case Equation (42) takes the form

1= Ao Vo (63)

Inserting the expression (62) for the velocity gives a differential equation which
cannot be solved analytically in terms of elementary functions. However, with

m, =0 in Equation (62), integration of Equation (63) gives

A8 ’
m=| B2 e (64)
42
and then the expressions (60) for the velocity and acceleration of the droplet re-
duce to
g g
Vioppea = 7t’ Goppa = 7" (65)

Similar results were obtained by C. E. Mungan [10] by using the momentum of
the droplet as a dependent variable.
Finally in the case a =1, f=1 Equations (55) and (56) take the form
i( —ﬂj, a”m:ﬂg. (66)
m

V =
11m j'll m

Russell Herman has written a very nice chapter on the fall of raindrops [11],
developing further the results in [8] and [9], taking air drag into consideration.
Herman suggested that it is more natural to make the radius the dynamic vari-
able than the mass, and assumed the accretion rate to take the form
7= 7/‘”/}’”\};(

l+v)a > NO summation (67)

It follows from Equations (40) and (65) that

) o 4 “ e
1= ATP, 1 15 Vi gy = A Vg = A (?pwj a V{Lﬂ)m > (68)

showing that 4 =3a-2,or
a=5(u+2). (69)

This means that if the first lower index of the velocity is taken from Equation (67),

one must use the prescript

r= yyvrﬂVE(I/S)(‘quZ)](HV)A > (70)

in order to have a notation consistent with that used in connection with Equation

(53X42) Hence, for exam-

(42), and meaning that 7 ocr* corresponds to 7 ocm
ple @=2/3 and x=0 represent the same physical situation, which is also the

casefor =1 and p=1.Furthermore Equation (68) gives

PN )
=3 —= . 71
ﬂE(hﬂ)}ﬂ ( 3 pwj Vs (71)

For p=1 thisrelationship takes the form
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Aip =314 (72)

Note also the similarity of the relationship (71) for =0 and that in Equation
(27).
This shows that with the assumption (65) the two cases considered above take
the following forms:
e Rate of increase of the radius of the raindrop proportional to the surface area:
u=0,v=0.
¢ Growth of the raindrop is proportional to the volume swept out along the path:
u=0,v=1.
Herman further noted that with the accretion formula (67), the equation of mo-
tion (3) of a spherical accreting droplet falling without air resistance, takes the

form
‘;Ya(l+v)A =8 _37/ﬂvr”v;ll/+v)A > (73)

where ¢ is given in Equation (69). He then considered the case p=v=0.
Then 7 =y,,, which gives
F=Ty 4 Yool » (74)

where 7, isthe initial radius of the droplet. In this case Equation (73) reduces to

Vessna +37%%2/3)1/% =g (75)
Using that
Foyama = oo (dv(2 ia /dr) , (76)
this equation takes the form
Since
Wegsya 3 1d;
a3 Ve =g (e ) (78)
Equation (77) can be written in the form
)= 2

Integration with v, (7,)=0 gives

4

g 0
=5 -] | 80
AETIN 4700{ (rj} (80)

Inserting this into Equation (75) gives the acceleration

4
. g 1
=2|1+3] =+ . 81
Viospa 4{ (rj} (81)

Hence the acceleration approaches a constant “terminal acceleration” a, = g/4.
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Inserting Equation (74) into Equation (80) gives the velocity as a function of

time

4
g U
v =——(7+Yt) 1— . (82)
(2/3)1A 4700( 0T 700 ){ [’”o““ﬂ/oof] ]

Due to the relationship (72) with S =0 this expression is identical to Equation
(60).

We shall now consider the case that the accretion is proportional to the volume
of mist swept out by the raindrop during the motion, a=2/3,8=1 or
H#=0,v=1. In this case the equation of motion, Equation (73), of the droplet

takes the form

) 301 2
Viosypa +¢V(z/3)1A =g (83)
Since
dv dv
. BTN VN (2/3)1a
Voppa =7 dr =Yooy T4 (84)
Equation (83) takes the form
dv
(a3 5 g
v +=v == (85)
R g, (2/3)1a N
Using that
dv,
a3, 1 dyg,
Viaana dr + ;v(2/3)1A = Fa(r Vap)a ) > (86)
Equation (83) can be written as
d (6> 2g &
—(7ry, =—r". (87)
dr ( (2/3)1A ) 7/01

Integration with v, (7,)=0 gives

Viesna = 7}/01r - 7 :

Inserting this into Equation (73) gives the acceleration

7
. g 7
Veppa = 7{1 + 6(7()) } . (89)

In this case there is no terminal velocity since the motion approaches a state with

constant “terminal acceleration” a, =g/7.

Inserting Equation (25) into Equation (87) leads to the velocity-height relation

2g1, -7 7oh
Vv, = 1+x)|1-(1+x , Xx="—", (90)
N A L

where y,=2.5x10"". A typical initial mass of a raindrop is 7, =2x10"m.

Hence for h<r,/y,=80m we can approximate the expression by a series ex-
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pansion to 2. order in x. This gives

3y.h
Vosana = Ver [1 _EL] > (91)

T

which leads to v, (1)=4.37m/s and v, (10)=11.4m/s, showing again
that accretion causes only a very small deviation from free fall motion during the
first ten meters that the droplet falls, but with increasing deviation from free fall,
the larger the falling distance, and hence the velocity, is.

Since v,, =h Equation (80) is a differential equation whose solution gives the

position of the droplet as a function of time. The solution involves an integral of

dx
the fa
e form Im

For later comparison we also consider the two cases (x,v)=(1,0) and

which cannot be expressed in terms of elementary functions.

( ,u,v) = (1,1) . In the first case Equation (70) shows then the rate of change of the
radius of the droplet is proportional to its radius, but independent of its velocity,
7=y, . Now Equation (72) gives A,, =3y,,, and the equation of motion Equa-
tion (73) takes the form

Via =& = 3%0Via - (92)

This has the same form as the equation of motion Equation (47) with solution
given in Equation (48). This equation of motion will be further discussed in sec-
tion 4 in connection with air resistance proportional to the velocity.

In the second case with (,u,v):(l,l) the rate of increase of the radius is
7 =y,,rv,, » Equation (72) gives 4, = 3y,,, and the equation of motion (73) takes
the form

Vs =& _37/|1V|22A . (93)

In this case there is a terminal velocity

Vigar = /% . (94)
11

The solution of Equation (84) will be given in section 5 where air resistance pro-

portional to the square of the velocity will be discussed.

3. How the Terminal Velocity of a Falling Droplet Depends
Upon Its Radius

In Equations (92)-(96) we shall not use indices on the velocity because the discus-
sion here is not related to a certain situation, but is valid generally. We now con-
sider a droplet with mass m falling vertically with a velocity v in air where the
vertical velocity of the air is so small that it can be neglected. The effects of the
vertical motion of the air is considered in section 7. The droplet is acted upon by
gravity, mg, and air resistance, often called drag. The air resistance is usually given
by a sum of two contributions, f,, and f,,. The term f, is linear in the ve-

locity of the droplet. It is given by Stokes’ law and is dominating at small velocities,
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so small that the shape of the drop can be assumed to be spherical.

<frl = _6n77airrv 4 (95)

where 177, is the viscosity of the air. Under usual atmospheric conditions
M =1.8x107 kg/s-m.

In this section we shall consider a droplet with radius r= 0.1 mm = 10* m. This
gives 6mr7,, =3.4x10"kg/s.

The mass of the droplet with radius r= 0.1 mm is
m=(4/3)np,r’ =42x10°kg or 4.2 micrograms. In order to perform a com-
parison with published measurements [2]. I shall also consider a droplet with ra-
dius 0.35 mm, which has the mass 180 microgram.

The other contribution to the air resistance is dominating at larger velocities
and is quadratic in the velocity, f., «cv},. In The Physics Hypertextbook [12]
Glenn Elert has argued for this in the following way. The point of departure is
Bernoullis principle which says that for an element of a fluid in a stationary flow

%pv2 + pgh+ p = constant . (96)

This is usually taken as an expression of energy conservation: The sum kinetic-,
potential- and pressure energy per volume is constant along a stream line of the
fluid. It is also formulated in terms of pressure: The sum of dynamic-, gravity- and
static pressure is constant. The dynamic pressure is the pressure due to the veloc-
ity of the fluid,

1
P=3pV, (97)

For a droplet moving fairly rapidly through air the main contribution to the air
resistance comes from the dynamic pressure. Since pressure is force per area this

gives

1
f;R = _pdA = _E;)air"‘lv2 4 (98)

where p,. isthe density of the air, and A is the effective cross section area of the
droplet normal to the direction of motion of the droplet. If one assumes that this
is equal to the geometric area, 4 =nr", where ris the radius of the droplet. Then

T
f‘ZR =_Epairr2v2 . (99)

We now go back to specific cases of falling droplet. In the next paragraphs we
shall neglect accretion, and hence A is not included among the indices of the ve-
locities. Let us consider a droplet with a velocity such that both f;, and f,;

should be taken into account. Hence the air resistance is
_ T 2.2
Sr =—611,, 7V 5, _Zpairr Vigr - (100)

We are considering a droplet falling a short distance so it is a good approxima-
tion to consider g as a constant during the motion. With the air resistance given

by Equation (97) Newton’s 2. Law applied to the droplet then takes the form
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mg — 61N, Ve _gpairrz‘}IZZR =mvyy - (101)

Consider a droplet falling from rest. Initially the air resistance is very small, and
the droplet accelerates. When the velocity increases the air resistance becomes
larger and eventually becomes equal to the weight of the droplet. Then the sum of
the forces upon the droplet is zero, and its velocity becomes constant. This is the
terminal velocity of the droplet.

The terminal velocity with only air resistance which is linear in the velocity, is

mg

= 102
67[ nairr ( )

VIRT

This is the maximal velocity of the droplet with only linear air resistance. It rep-
resents the strength of the linear resistance in an inverse way: The larger v, is,

the smaller is the linear air resistance. Inserting m=(4/ 3’)7:,0Wr3 gives
2

VIRT =_p_wg’”2 . (103)
For droplets with radius 7 =0.Imm and 0.35 mm this gives respectively
Virr =1.21m/s and 14.8 m/s. Including the buoyancy due to the air, this expres-
sion is generalized to
2 - p.
VirT == Lu Lok gr’ (104)

9 7Iair

A typical density of air in a cloud is p,, =1.2kg/m’® while the density of water
is p, =1.0x10°kg/m’ . Hence, p,, < p,, ,and therefore the buoyancy will be

neglected further on.

With only the quadratic term for the air resistance the terminal velocity is

2 1
VRt :—\/ e :4\/—p—wgr. (105)
r Tcpair 3 pair

For droplets with radius »=0.lmm and 0.35 mm this gives respectively

Vorr =2.7m/s and 3.9 m/s. This velocity represents the strength of the quadratic
air resistance: the larger v,., is, the smaller is the quadratic air resistance.
Expressed in terms of the terminal velocities (102) and (105) the equation of

motion, (101), of the droplet can be written
v v
Viar :_g[_lzm +—2 _1j. (106)
Vart  VIRrT

The two friction terms are equal for the velocity

— 24nair — vZZRT . (107)

veqR
pairr Vl RT

The equation of motion of the droplet can now be expressed in terms of v,

and v, asfollows,

. _ 8 2 2
VioR =773 (v12R T Vegr Vizr _VZRT)' (108)
2RT
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Focusing upon the radial dependence we may write

2
v = =oalhie 3959074 2 (109)
r pair §

For droplets with radius »=0.Imm and 0.35 mm this gives respectively
Ve =3-2m/s and v, =1.0m/s.
With both friction terms present in the equation of motion, (105), and using

Equation (108), Newton’s 1. Law gives for the terminal velocity,
2 2
Viart T VeqrVizrt ~ Vart = 0. (110)

The positive solution, meaning downwards velocity of the droplet, of this equation

1 2 2
VigrT = 5(\[ Ve T 4Vipr — Vear ) > (111)

or, by using Equation (104),

is

Vort

2
\%
Viowr == 1+{2vﬂj ~11. (112)

For the droplets with radius »=0.1mm and 0.35 mm Equation (112) gives the
terminal velocities v,,,r =0.93m/s and vz, =3.35m/s.

Stokes’ law is usually said to be valid for droplets with radii less than 0.1 mm
and small velocities when there is laminar flow of air at the surface of the droplet.
Then the drag force is dominated by friction. For greater velocities the flow of air
is non-laminar behind the droplet, and then the pressure behind the droplet be-
comes lower than at the front side of the droplet. This causes a pressure dominated
contribution to the air resistance which is quadratic in the velocity, often called
pressure drag.

In this connection J. van Boxel [13] writes that small droplets with diameter <
0.05 mm are spherical, and the flow around the drops can be considered to be
laminar. For these droplets the terminal velocity can be found from Stokes’ law.
Larger drops fall faster, and the flow around the drops becomes turbulent. There-
fore Stokes” law will fail for drops with diameter > 0.1 mm. The transition to a
turbulent flow regime is characterized by the dimensionless Reynolds number, Re,
which expresses (it is not equal to) the ratio between the air resistance with tur-

bulent and laminar air motion around the droplet,
20,
Re=Purl" (113)
i
where 7, =1.8x107 Pa-s is the dynamical viscosity of air at 20°C. It may be
noted that the Reynolds number can be expressed as

Re=24—"_. (114)

VeqR

The ratio of the quadratic and linear air resistance terms in Equation (98) are

Re/24 in agreement with the formulae in ref. [14], where the quadratic term of
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the air resistance is written as (neglecting the vertical velocity of the air),

1
f2R:_3 d

2
AyaPaicVior - (115)
Here A, isthe drag coefficient, and A4, is the surface area of a water droplet
in the direction of motion, A, =2m”. The authors further write that

/ldzg for Re<1, and /1d224

R—(1+o.14Re°-7) for Re>1.  (116)
c c

Let us consider how the terminal velocity of a droplet depends upon its radius.
Equations (103) and (105) can be written as

2p,8

_ 2 _=
ViRt = Crt?" > CrT =

=1.2x108L, (117)
S-m

air
and
m

S

VZRTZCZRT\/;a CZRT:4 p_w£:21><102

air

(118)

2
where Cypp / Crr = Cogr -
The expression (112) for the terminal velocity with both the linear and quad-

ratic term for the air resistance may now be written as

Cort

2
c
ViarT =_;q: 1+4(—CIRTJ =11 (119)

where ¢, is given in Equation (109). For a droplet with radius 0.1 mm
Vier =1.21m/s, v,pr =1.93m/s and v, =0.93 m/s . For a droplet with radius
0.35 mm these velocities are v,; =14.8 m/s, v, =3.9m/s and

Vi,rr = 3.0 m/s . Naturally the terminal velocity is smallest when both the friction
terms are present.

The terminal velocity, v,,,; ,as a function of the radius is plotted in Figure 2.

4

0 0.0001 0.0002 0.0003 0.0004 0.0005

Figure 2. The terminal velocity, V,,;, in m/s as given in Equation (119) as a function of

the radius in meter of the droplet for radii »<0.5mm .
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In [1] the terminal velocity of small droplet falling in air was measured and
plotted as a function of the masses of the droplets. In order to compare with their
result we therefore express the terminal velocity in Equation (119) in terms of the
mass of the droplets. Using that

P = im , (120)
m,

where 7 =10"m,and m, =4.2x107 kg = 4.2 microgram , we get
Vo =am ™ (VI+bm -1), (121)

where
C m1/3 m c ’ P
a=—R"1 _ 2.6—-micr0gram1/3 , b= 4(£j L =1.25 microgram ™. (122)

2rl S c2 RT ml

The terminal velocity (121) is plotted as a function of the mass of the droplet, as
measured in microgram, in Figure 3, while the curve found by measurements by

Ross Gunn and Gilbert D. Kinzer [1] is shown in Figure 4.

05 1 15 2 25 3 35 4 45 5

Figure 3. The terminal velocity in m/s as given in Equation (121) as a function of the mass
in micrograms of the droplet for masses m <4.5 micrograms.

10

N

TERMINAL VELOCITY OF WATER DROP - METERS PER
SEC AT 760mm 20°C., 50% R.H

01 2 3 4 5

LOG,,m (m = mass of water drop in micrograms)

Figure 4. Measured terminal velocity of droplets falling in air as function of the mass of
the droplets as measured in micrograms [1].
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The theoretical formula (121) gives a smaller velocity than the measured values
[1] of the terminal velocity. Adjusting the values of 2 and b by requiring the curve
in Figure 2 to coincide with that in Figure 3 at two points, vy,u; (m,)=Ver,»

Viarr (7, ) = Vpr, > leads to

/3
leTmll/s b A(Z—A)mz—(l—ZA)m1 A:(ﬂJ Vi (123)
Jl+bm, —1 (m1 —A’m, )2 m,

Vart

Inserting for illustration m, =1pg, m,=2ug, Vi =1m/s, v,er =2.35m/s

from Figure 4 gives a = 1.88 2. ug”, b=135ug™". Since the curves have dif-
s

ferent shapes other coincidence points will give other values of aand b.

Accretion increases the mass of the droplet and should therefor make the ter-
minal velocity greater. We shall now investigate the effect of accretion upon the
terminal velocity, or whether there will be any terminal velocity at all. Generaliz-
ing Equation (110) Newton’s 1. Law then takes the form

2

v

BRT |2 I

[1+ 2 jvuART + Ve Vizart ~ Varr =0 (124)
VaART

The positive solution of this equation is

2
ViRT VarT
1+ 4[1 +R -1
Veqr Veqr V2ART

V, =
12ART
2

(125)

2
%
2RT
I+
V2ART

It should be noted from Equation (16) that the limit with vanishing accretion cor-
responds to an infinitely large value of v, . Using Equations (120)-(122) to ex-

press V,,.gr as a function of the mass of the droplet Equation (125) takes the form

1+bm(1+clml/3)—l

Vizart =4 (1 remV? )m1/3 > (126)
1
Using Equations (16), (118) and (120) we obtain
16 p, n,
Cl = 1’12 ?p—m—}/} . (127)
air 1

A, =2.1x107°m™, p, /p, #2.5x10° ten kilometres above the surface of the
Earth, 7 =10"m and m =4.2x10"kg give ¢ =1.7x10*kg™*.
In the physically most interesting case, where the accretion is proportional to

the volume swept out by the falling droplet, a =2/3, giving

a 1Hb(1+ey,)m—1 (128)

1+, m'? ’

Vigrr =
with

Cypy = 4 Lmis (129)

air
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The density of air ten kilometres above the surface of the Earth is typically
P, =0.40kg/m’ . As noted in Equation (23)

P =4x2.5x107 p, =107 kg/m* . Hence, an order of magnitude value of Cys
is ¢y =4x 107, The small value of ¢y; means that the effect of accretion upon
the terminal velocity is negligibly small. The physical reason for this is that the
density of the mist is around 400 times smaller than the density of the air in a

cloud.

4. Resistance without Accretion—Slowly Falling Droplet
with Linear Air Resistance

We shall now calculate the falling velocity, v, (¢),asa function of time of a drop-
let falling so slowly, v, <V, that it is sufficient to include the linear term in

the expression for the air resistance. Then Newton’s 2. Law reduces to

D = g[l—“—‘*j, (130)
ViRt

where v, is given in Equation (102). The velocity and distance moved by the

droplet as a function of time and the velocity-height relationship for this case are

given in Equations (48)-(50) with v,,,. replaced by v,.;. The present case has

also been studied by J. van Boxel [13]. The velocity-height relationship is

2
B =—Vﬂ{“—“+ln(1—“—“ﬂ. (131)
g | Virr VIRT

The velocity is plotted from the relationship (131) as a function of the height in
Figure 5, which is similar to the initial part of Figure 1. Equation (131) gives
vir (1)=3.85m/s and v, (10)=10.0m/s.

0 02 04 06 0 1 B

Figure 5. The velocity measured in m/s as a function of height measured in m as given in
Equation (101) for a droplet with radius 0.10 mm to the left and radius 0.35 mm to the
right.
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Note that the equation of motion (130) has the same form as that in Equation
(47) with accretion given by Equation (43). Hence with both accretion propor-
tional to the mass and independent of the velocity, and resistance which is linear

in the velocity, the equation of motion takes the form

. 1 1
Viar =&|1- + ViR |- (132)
Viiar  VirT

Equation (132) shows that in this case accretion acts like air resistance. For a drop-

let with radius »=0.35mm the ratio accretion/resistance in the equation of mo-
tion is

accretion  vip;  14.8m/s

: =9.5%x1072. (133)
resistance v,y 156 m/s

Hence the effect of accretion upon the motion of the droplet is much less than the

effect of resistance. The main physical reason for this is that the density of the mist

in a typical cloud is much smaller than the density of air.

5. Rapidly Falling Droplet—Quadratic Air Resistance

This case was considered by G. Feinberg [15], ]. Lindemuth [16], G. W. Parker
[17], P. Timmermann and J. P. van der Weele [18] and by S. Dey and A. Gorai
[19]. We now assume that the velocity, v, (¢), is so large, v, >, , that the
resistance term which is quadratic in the velocity, dominates. This is not a good
approximation for the droplet with radius 0.1 mm, but for the sake of comparison
we shall nevertheless consider such a small droplet. Then the equation of motion
of the droplet reduces to

Var +2iv22R =8- (134)

2RT
where v, is given in Equation (105). This has the same form as Equation (16)
for an accreting droplet where air resistance is neglected. The only difference is
that v,,; =69 m/s in Equation (16) has been replaced by v,,; =3.9m/s fora
droplet with radius 0.35 mm in Equation (134). Hence, the friction term is
(Viaar/Varr )" =300 times larger in the case of air resistance than with only accre-
tion. So, as we have seen earlier, air resistance acts with a much stronger force
upon the droplet than the force-like action of accretion.
The solution of Equation (134) with the initial condition v,, (0)=0 is

Vyr = Vo tanh( £ t}. (135)
Vart
Integrating the equation v,, =dh,; /dr gives the height as a function of time
2
Iy =Vﬂlncosh[ £ t]. (136)
g Vart

It follows from Equations (135) and (136) that in this case the velocity of the drop-

let as a function of its height is
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Vop = Vapg V1 —e 8/l (137)

This is plotted in Figure 6. Equation (137) gives v, (1) = vy (10) & vypr =3.9m/s .

2
12
1.8
1.6 10
1.4
8
1.2
1
6
038
4
06
04
2
s eq1
eq 1
0 02 04 06 ols 1 0 2 4

Figure 6. The velocity in m/s as a function of height in m as given in Equation (108) for a
droplet with radius 0.10 mm to the left and radius 0.35 mm to the right.

The velocity as function of height for a water droplet with radius 0.35 mm as
measured by W. Ji et al. [2] is shown in Figure 7.

O8]

V(m/s)
PR RS B S U T ST U U S S U B SR Y

O D=0.70mm ---- C,=0.5
—C,=f,(Re) -—C,=0
: - = C,=f,(Re) - Eq. (8)

Ot Trr i’

T
0.0 0.2 0.4 0.6 0.8 1.0 12

Figure 7. The velocity as function of height for a water droplet with radius 0.35 mm as
measured and calculated by W. Ji et al [2] with quadratic air resistance. The dragging co-
efficient used by Jiis C, =24,, where A, is given in Equation (115). C, =0, the grey

curve, corresponds to free fall with v=/2gh .

The right hand graph in Figure 6 shows a larger velocity than by that of W. Ji
et al. [2], in Figure 7 for a droplet of the same size.
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Differentiating the expression (135) we find that the acceleration of the droplet

is
=L. (138)

arr
cosh’ [ g t]
Vort

Comparison with Equation (135) shows that this may be written as

yy :g[l—[VVA] ] . (139)

This shows how the acceleration decreases rapidly as the velocity approaches the

terminal velocity. As seen from Equation (137) and the graphs in Figure 7, the
velocity approaches very rapidly the terminal velocity and has then a very small

acceleration.

6. Droplet Falling with Both Linear and Quadratic Air
Resistance

This case has been considered by Jorge Andrade [20], although the expressions he
obtained for the velocity, acceleration and position of the droplet are much more
complicated than those obtained here. The equation of motion can now be written

in the form

dvip
2
v v
( 12Rj YR
VarT VIRT

Integrating this with the initial condition v,,,(0)=0 gives. (Two different

= —gdt . (140)

methods of solving this equation are shown in detail in the Appendices A and B.)

2
2 o
ViR = - Rt - , V= (—;R j + Vi - (141)
14+——coth [zgt]
VeqR VorT
Introducing
.t 2
f==, g ="ter (142)
4 kxg
and the constant
v
fy =2 (143)
veqR
the expression (141) for the velocity may be written as
2Vipr
Vipp = ——ART (144)
PR 14 ky coth?

Inserting v, =14.8m/s and vy, =3.9m/s gives k, =7.7 and ¢ =0.39s.
This is plotted in Figure 8.

DOI: 10.4236/jamp.2025.137142

2520 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.137142

@. G. Grgn

eql

0.5 1 135 2 2!5 3 35 4

Figure 8. The velocity of a droplet with radius 0.35 mm as function of / with both linear
and quadratic air resistance.

In the limit of large #we have an asymptotic terminal velocity

. 2
ViorT :}ggvlzk = 2l (145)

+ kg

where the last expression is obtained by using Equation (143) in combination with
Ve = Vit / Virr - However, as seen from the graph in Figure 8, the droplet arrives
at a practically constant velocity close to v,,,; already after 7 =2.5, ie. already
after about one second. Using Equation (107) and Equation (143) for &, the ex-

pression (145) for v,,,; may be written as

2
Ve 2 Ve
Viarr =5 1+[—“RT) 1= (ke - 1) (146)

VorT

in agreement with Equation (112) for the terminal velocity. It may also be noted

that in the case with only linear resistance v,y —> 0, and V — vy;, so that the

expression (146) reduces to (48), and in the case with only quadratic air resistance

v,, = @, the expression (146) reduces to (131), as shown in appendix A. For drop-

lets with radii 0.1mm and 0.35 mm the constant k&, has the values £, =1.60

and 7.7. For a droplet with radius 0.35 mm this gives v,,,; =3.4m/s.
Differentiation of the velocity (144) gives the acceleration

g :[k—R] g (147)

sinh7 + k, cosh?

Note that the acceleration decreases steadily from an initial value a,,, (0)=g to
an asymptotically vanishing value. With an initial value /,,, (0)=0 the height

h,r asafunction of time is

t
dr
h,. =2v _ (148)
1R lRT'({lJrkR coth?
giving
1+k, coth? V2
hyg =her | In s o | e = (149)
(cotht +1) 2kg (cotht —1) 2kg &
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It is shown in Appendix D that this expression can be given the simpler form

Pyypre = Moy {ln(coshf+kisinhfj—kif}. (150)

R R

This is plotted in Figure 9.

-eqd
| 05 1 15 2 2!5 3

Figure 9. The falling distance of a droplet with radius 0.35 mm in m as a function of 7
with both linear and quadratic air resistance. The straight part of the curve indicates a con-
stant velocity.

Andrade [20] also found expressions for the velocity, acceleration and position
of a body falling under both linear and quadratic resistance, but his expressions
are much more complicated than those deduced here. From Equation (144) we
get

~ 2
1+ kg coth 7 = =KL (151)
ViR
Inserting this into Equation (149) gives the velocity-height relationship
kg kg

Vg PR Vg |
g =gy In 1_(kR +1)2_ 1+(kR —1)2— . (152)

VIRT VIRT

This expression contains two singularities, at the velocities
2 I/IRT

2V
— — IRT
= and v, =

% . 153
PR 4k 1—ky (153)

For a droplet with radius 0.35 mm v, =148m/s and k; =7.7 . Hence
Viorra <0 which is not physically relevant without vertical air motion. Compar-
ing Equations (153) and (145) it is seen that v,,, =V, . This provides an expla-
nation for the singularity in the expression (152). The droplet uses an infinitely
long time to reach the velocity v,,y, . Therefore, it must fall an infinitely long dis-
tance in order to obtain this velocity, which is of course not physically possible.
The velocity v,,, as given in Equation (152) is plotted as function of #4,,; in

Figure 10 for a droplet with radius 0.35 mm.
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Figure 10. The velocity v,, in m/s as a function of height (positive in the downwards
direction) in m as given in Equation (151) for a droplet with radius 0.35 mm. It is seen that

the velocity approaches the asymptotic velocity v,,,; =3.4m/s already after having fallen
about 2.5 m. The following values have been used: v,,; =14.8m/s, v,,, =3.9m/s, and
k, =7.7 . This velocity is in good agreement with those measured by W. Ji and co-workers

[2] and shown in Figure 6.

We see from the graph that v,,, (1)=2.6 m/s. The graph shows that there is
reasonably good agreement with the results obtained in the measurements per-
formed by W. Ji et al [2], although not as good as with only the contribution to

the air resistance which is linear in velocity.

7. Effect of Variation of Air Density with Height Upon the
Motion of a Droplet

The density of the atmosphere usually decreases with height. Hence we shall now
focus upon the effect of increasing air density at the position of the droplet as it
falls downwards, upon the motion of the droplet. We shall consider two idealiza-
tions, an isothermal atmosphere and an atmosphere with an adiabatic tempera-

ture gradient.

7.1. Isothermal Atmosphere

This case has earlier been considered by P. Mohazzabi and J. H. Shea [21], and I
shall here review their analysis. In the case of an isothermal atmosphere the den-

sity decreases with height in an exponential way,

p= poeiz > (154)
where p, is the density at the sea level, and z, is the characteristic height of
the isothermal atmosphere,
kT

Mg (155)

Zr

Here R is the molar gas constant, 7"the absolute temperature and M the average

molar mass of the air molecules. Inserting the values A/= 0.0288 kg/mol and 7=
254 K gives z, =7.5km.

The velocity of a non-accreting droplet moving in this atmosphere under quad-
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ratic air resistance will be called v,, . We here introduce the height zwith posi-
tive z-direction pointing downwards, as a variable instead of # utilizing that
dz =v,,,d¢ . Then using Equations (105) and (154), the equation of motion, Equa-
tion (134), of the droplet may be written as

2 _z
dvziso . dv2isa — g[l— V2iso e zr J . (156)

This equation is solved in Appendix C. The solution with the initial condition
Vi (0)=0 s

Vaiso = VzRT\/pepeZ/ZT [Ei(_p)_Ei(_peiz/ZT )J » P= 2§ZT > (157)

VorT

where Eiis a function called the exponential integral. Inserting g~10m/s’,
z; =7.5x10°m and v,,; =3.9m/s for a droplet with radius 0.35 mm gives
p=10000.

7.2. Adiabatic Atmosphere

It is unusual that the atmosphere has the same temperature at different heights.
An adiabatic atmosphere is a better approximation to the real atmosphere. The

change of density with height of an adiabatic atmosphere is [22]

1

-1 -1

p(z):po[ _Lij ) (158)
Vo Zr

where y=1.4 for the standard atmosphere. The upper bound, z,, of the adia-

batic atmosphere is defined by p(z,)=0, giving

ZAz—y Zr. (159)
y—1

With y=14 and z. =7.5km thisgives z, ~26km.
In this case the equation of motion (134) is replaced by

1

2 2 _ oy
Voad B = l B =—g|1- v228d (1 - lin ' (160)
dz 2 dz Y Zp

VarT

The numerical solution of this is shown graphically in Figure 10. Comparing Fig-
ure 9 and Figure 10 it is seen that the velocities of the droplet in isothermal- and
adiabatic atmospheres are nearly equal to each other.

Introducing

14

-1z !
uzvjad/VZZRT’ x:[ _7 ij > (161)
Y o Zr

where 0<x<1, Equation (159) takes the form

du p
—+ pu=—-. (162)
dx X7
where pis given in Equation (157).
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With the initial condition v, (0)=0, Ze. u(1)=0, the solution of Equation
(161) takes the form

p je”
e lxl/;/

dx . (163)

u=

This can be expressed in terms of the T -function,

u= pl/Ve—px |:1-[7__1’ —pxj—r(y—_l, _pJ:| . (164)
e e
s . _ _ 1/2
Vaad = VZRszye 2 |:r(7713 _ij_l—{yTla _pj:| . (165)

One may wonder why the droplet falling in an adiabatic atmosphere from a

Hence

given height moves faster than a droplet falling from the same height in an iso-
thermal atmosphere. Introducing x =z/z, inEquations(154)and (158), and in-
serting the value ¥ =1.4, the ratios of the density of the adiabatic and isothermal

atmospheres at a height zis
2.5
&:(1_3,6] o (166)
Pr 7

This is plotted in Figure 11. We see from the graph that at a height above 13.5 km
the density of the adiabatic atmosphere is smaller than the density of the isothermal
atmosphere. Hence, starting above this height the droplets will fall with a greater

velocity in an adiabatic atmosphere than those in an isothermal atmosphere.

0.5

Figure 11. The ratio p,/p; as a function of the height measured in units of
z,=75km.

8. Effects of Vertical Motion of the Air Upon the Motion of a
Droplet

We now consider a droplet with mass m falling vertically with a velocity v, in
air with vertical speed (vs) in the upwards direction, v, <0, as is usual at several
places in a cumulus cloud, and acted upon by linear and quadratic air resistance.
Typical upwards velocities in a cumulus cloud are from v, =—3m/s to
v,, =—10m/s . The velocity of the droplet relative to the air is v,,p,, —v,, - Hence,

the frictional force is
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f; = _6nnairr(V12Rvs _vair ) _gpairr2 (v12RVS _vair )2 . (167)

Then Newton’s 2.law applied to a falling droplet takes the form

. _ 6 T 2.2 6 I 2
vaZRvs - mg+ Tcnairrvair _Zpairr vair - nnairr_zpairr vair VIZRVS

(168)
T 2.2
——p TV
4 pau' 12Rvs
Using Equations (105), (107) and (146) this equation may be written as
‘.}IZRvs = vzg |:v122vs _(2vair _VeqR )V12vs _v:ir +vequair + v22RT:| . (169)

2RT

Following the same procedure as in Appendix B and using Equation (107), we

find that the solution of this equation with the initial condition v, (0)=0 is

2 2
Z(VZRT-FV Vi —V, )

eqR “air air
Vi2Rvs = . > (170)
Veqg ~ ZVair T ZVcoth[ g;v t]
Vart
where V isgiven in Equation (141). Introducing
2
Virtvs = VIRT ™ Vair ~ Vair / VeqR (171)
and
2v.
k, =1-tir (172)
veqR
Equation (170) may be written
2
Viorys = ViRt (173)

k. +ky cothi’

where k; is given in Equation (143). Equation (171) has the same form as the
expression (144) for v,,, . Figure 12 shows v, as a function of time for a
droplet with radius 0.35 mm and with vertical wind speeds v,, =0, v,, =-3m/s

and v, =—6m/s.

Figure 12. v,,,,, asafunctionof 7=0.29¢ fora droplet with radius 0.35 mm for vertical
wind speeds v, =0 (upper curve), v, =-3m/s (grey curve) and v, =-6m/s

ai air

(curve below the x-axis). In the last case the droplet moves upwards due to the strong vertical
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wind.

Figure 13 shows v, asafunctionof v, for a droplet with radius 0.35 mm
for /=3 and =6,iefor t~ls and t~2s.

The velocity of the droplets vanishes, v, =0, when the vertical velocity of

the air obeys
2 2
vair + Vequair - v2RT =0 > (174)

with solutions

(175)

Using that v,; = Varr / virr and comparing with Equation (146) the positive

solution, meaning downwards air velocity, is v,

airl

=V,,xr » and the negative, mean-

ing upwards motion of the air, is
Vaira = _(VIZRT T Veqr ) . (176)

In Figure 13 we see that the graphs pass the x-axis (v, =0) at these two air-

velocities.

=5 -4 -3 -2 =1 0 1 2 3 4 5

-3

Figure 13. v, . as a function of v, for f=1s (green) and t~2s (grey). Positive
velocity is directed downwards and negative upwards. The physically relevant part of the
figure has upwards directed wind speeds. Ze. v, <0, and is the part of the graph in the

region —4.4m/s<v, <0.

Only the latter one is physically relevant, since the droplets cannot stay at rest
with downwards air velocity. Inserting v,,pr =3.4m/s and v, =1m/s we get
Vi = —4.4m/s . If the upwards wind is stronger, the droplets will move upwards,

and if it is weaker, they will move downwards.
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Equation (173) shows how the expression for v,,, must be generalized to in-
clude the effect of vertical motion of the air upon the motion of the droplets. In-

serting the values v, =14.8m/s, v

&

& =1.0m/s, v, =4m/s for a droplet
with radius 0.35 mm gives vz, =—5.2m/s.
The droplet with radius 0.35 mm moving in air with an upward velocity ap-

proaches an asymptotic terminal velocity

2v
1 _ 4Vt
Viortys = MMV e 0 = . (177)
= kair + kR

Inserting the values v,, =—6m/s , Vgp,=-303m/s, k, =13 and k, =7.7
gives v, ., =—1.5m/s, which is the velocity approached by the droplet, as we see
in the curve below the x-axis in Figure 11.

Integrating Equation (173) with the initial condition /. (0)=0, the veloc-
ity-height relationship for a droplet in a cumulus cloud with vertical motion of

the air, is found to have the form

_ kgip—kg
24
1_(kR +kair) Vi2Rvs R
B = b | Vi | (178)
l2rvs — Arr 1 _kyiethg [

2k

|:1 +(kR _kair) VIZRvs R

2ViR1vs |

where /i, is given in Equation (149), v, in (170), k, in Equation (143)
and k_ in Equation (173). Note that v, =0 gives k, =1. The details of the

deduction are found in Appendix D. There are two singularities, at the velocities,
2ViRTs ViRt

V = and v = .
12Rvsl 12Rvs2
W kg +k ok —ky

air air

(179)

The explanation is the same as for Equation (152); that v, is unphysical
(since a vertical air velocity with k, <k, means that v,. ., is oppositely di-
rected to v, ), and the droplet must fall an infinitely large distance to obtain
the asymptotic terminal velocity V) p. = Viarys -

The terminal velocity of the droplets with vertical wind is found by putting
V12, =0 in Equation (169). This gives the positive solution

|
VigysT = E( vezqR + 4V§RT _VeqR - 2vail') N (180)

Using Equation (146) this equation may be written
v12vsT :VIZRT _vair’ (181)

The decrease of the terminal velocity due to the vertical motion of the air, is equal

to the velocity of the air.

9, Accretion and Resistance

B. F. Edwards, J. W. Wilder and E. E. Scime [8] have given a fine analysis of ac-
creting droplets falling through mist and acted upon by gravity and air resistance

proportional to the square of the velocity. In this case the equation of motion takes
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the form
mv, =mg — A, mp,, r°v; —v,nt, (182)
where 4, isa dragintroduced in Equation (115), and the rate of mass accretion
is
M=Tp, IV, . (183)

This has the same form as Equation (42) with @ =2/3 and =1, which is also
the same as the assumption (23) ie. that the rate of mass accretion is equal to the
mass of mist that the droplet passes through per second. Hence, the equation of

motion takes the form
m‘}2 :mg_n(ﬂ’dpair +pmist)r2v22‘ (184)

The authors wrote that as raindrops grow in radius from r= 0.1 mm to r=1 mm
within a cloud, their drag coefficients decrease from about A, =5 to about
A, =0.5. They further wrote that air densities p, ~10” g-cm™ greatly exceed
the mist densities p,,, *10°g-cm™ typical of terrestrial rain clouds. Hence the
effect of accretion upon the motion of the droplet is much smaller than the effect
of air resistance.

M.H. Partovi and D.R. Aston [7] developed the study of the dynamics of falling
raindrops further in a very nice and comprehensive article. They took into account
both accretion, change of shape of the droplet during the fall, and air resistance.

The mass m of the raindrop is increasing with a rate given by Equation (42),

written in the form

m=p . Av, (185)

where A is the cross section area of the drop normal to the velocity.

The deviation from a spherical form increases with increasing velocity. Since
the mass increases with a rate proportional to the velocity Partovi and Aston chose
to represent the deviation in terms of the mass of the drop. For a spherical drop
the cross section area of the drop normal to the velocity is proportional to m?? .
Hence the deviation from spherical form may be represented by

2
“+e

A=ym® (186)

where the parameter =0 for a spherical droplet.
Equations (185) and (186) give a simple relationship between the height a drop
has fallen and its mass. Using that v=/ they lead to

2
m(E)m = 1ol (187)

Integration with m(h,)=m, gives

1-3¢ _ 13¢
m= {mO 5o+ ! 338 WPrise (h =y )} . (188)

If the droplets is created on a condensation nucleus with vanishing small mass,

m, =0, and this creation position is chosen as origin on the vertical axis, the ex-
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pression reduces to

3
m= (1_338 ;/pmisthjl_sg . (189)

Partovi and Aston [23] considered a droplet falling, with a velocity v>v, ,
where v, isgivenin Equation (107), so that the quadratic term in the expression
for the air resistance is dominating. Hence Newton’s 2. Law takes the form

(mv) =mg—%pairAv2. (190)

Inserting Equations (185) and (189) into Equation (190) gives the acceleration

. 1 o
v:g_}/(zpair +pmist\Jm 3V2 . (191)

Partovi and Aston [23] then defined the constant S = p, /4p,., > and showed
that the equation of motion of the droplet can be written in the form

(m3ﬁﬂ] = q(%—g + ,Bjm”ﬂ. (192)

Taking this as a point of departure they then made a thorough and fascinating
analysis of the motion of the droplet.

Mungan [10] has given a further development of the dynamics of a raindrop
when both accretion and air resistance are taken account of. He assumed that the
air resistance is given by a term 77,,m“v’ (no summation) so that the equation

of motion of the droplet takes the form
p=mg—1,smV. (193)

2. m' . The evolution of the mass of

The constant 7, has dimension kg"*-s
the droplet and its motion is now found by solving Equations (42) and (193) sim-
ultaneously. Note that it is assumed that the rate of accretion and the air resistance
are assumed to depend upon the same power of the mass, m” . Mungan gave the
following argument for this: “The same exponent « for m is used for the drag
and mass accretion terms because both effects are expected to scale similarly with
the size of the drop.”

We now follow Mungan’s way of solving the equations. Assuming that 4, # 0

we can divide Equation (193) by Equation (42), which gives

d_p+77ﬂ£:imﬁ*“plfﬂ. (194)

dm Az m A,
This shows that 77,;/4,, must be dimensionless. Inserting the dimensions of
M. and A, thenleadsto the requirement & = /3 .Equation (186) includes the
important special cases 0 =1, f=1 (linear drag with speed-independent mass
accretion) and 8 =2, f=2 (quadratic drag with linear speed accretion).
Noting that
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d_p+k1£:m*kli(mk1p)’ k, :nﬂ, (195)
dm m dm Aap

and putting the right hand sides of Equations (194) and (195) equal to each other

gives

pﬁd(mklp):imﬂ””k‘dm. (196)
aff

In order to have an integrable left hand side of this equation, the factor multiply-

ky

ing the differential of m" p have to be (m p)[H . Hence we must multiply each

side with m"”™), which gives

(mk‘p)/ﬁ1 d(mklp) =%mﬂ(”k‘)_a . (197)
ap

Integration of this equation with the initial condition p(m,)=0 and inserting

v=p/m gives

v =g —ga (ml’“ —m(l)’“). (198)
1+7+k1
With my =0 we have
y=Km", K:[g/(1+n+kl)]l/ﬂ, nzl_Ta. (199)

Differentiation of Equation (199) gives
v=nKm" i . (200)
Inserting Equation (42) for 1,

v =nKA,,m " (201)

Finally, inserting Equation (199) leads to

Aoy (1-)
V=
ﬂ’aﬁ (1+ﬁ_a)+ na(l+ﬂ)ﬂ

g, (202)

Hence the acceleration with m, =0 is constant. In the case of vanishing air re-

sistance, Noiop) = 0, this expression reduces to that in Equation (49). Equation

1+5)
(202) combines kinematical and dynamical factors. Those associated with Aup

are kinematical and due to the assumption of how the rate of mass accretion de-
pend upon the mass and velocity of the droplet, while that associated with Ma(isp)

is dynamical and relates to the air resistance. Greater value of 7, means

1+f)
greater air resistance and thus smaller acceleration. However greater value of

A

to the fact that greater acceleration gives greater velocity and thus faster mass ac-

, which means greater mass accretion, gives greater acceleration. This is due

cretion. This problem has recently been considered by S. Day and A. Gorai [24]
who solved the equation of motion numerically and found the terminal velocity
for several cases.

If there is no mass accretion, 4,,=0,and m is constant. Then the equation
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of motion reduces to
v=g-n,m"V. (203)

If we do not summarize over ¢ this equation can be integrated analytically in
terms of elementary functions for many integer values of J , including the phys-
ically most important ones, d =1 and 0 =2, which were considered above in
sections 3 and 4. Summarising over deltaupto 0 =2 leads to the result discussed
in section 5 with contributions to the air resistance both linear and quadratic in

the velocity.

10. Change of Mechanical Energy of Falling Droplets

We shall briefly consider the change of mechanical energy of the droplets during
their motion. As is well known the mechanical energy of a freely falling body is
conserved. But both accretion and air resistance cause a loss of mechanical energy
of the droplets.

In general the rate of loss of mechanical energy of a body of mass m falling with
velocity i =—v at a height A above the level of zero potential energy in a gravi-

tational field with acceleration of gravity gis

E"mech =Epm +E,, =(mgh)' +(%mv2j = ghm —m(g—\'))v. (204)

Newton’s 2. Law applied to an accreting, falling drop acted upon by air resistance

both linear and quadratic in the velocity takes the form

. v v )
mv:mg(l———z—]—vm. (205)
Vit Vart
Inserting this into Equation (204) gives the rate of loss of mechanical energy
: % v )
E, ., :mg(—+ - j+(gh—v)m. (206)
ViRt Varr

One of the cases considered by Krane [4] was that the accreted mass is propor-
tional to the height, A, which the droplet has fallen. Then the rate of mass accretion
is given by Equation (7), which gives

Emech :(E"'%zghjv"‘(g_ 02}‘}2 . (207)

IRT 2RT
This shows that if the rate of mass accretion is proportional to the velocity of the
droplet , accretion contributes to the loss of mechanical energy of the droplet by
two terms; a positive term proportional to the product of the distance the droplet
has fallen and its velocity, and a negative term proportional to the square of the

velocity. If the mass of the droplet is sufficiently small,
m< /102‘}§RT /g > (208)

The factor multiplying v* is negative. Using Equation (6) this condition takes

the form
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gh<Vigr, (209)

Furthermore using Equation (105) for v,,. this condition takes the form

h<ﬁpwater r. (210)
Pair

Using Equation (24) this may be written

3 p,
>——", 211
7716 P e
Since y,=2.5x10" andtypically p,, =4x107"p,_,..the condition (211) is not
fulfilled. This means that both the factors of v and v* in Equation (202) are
positive during all of the motion even if m(0)=0.The reason is that A, is pro-

portional to the mass of the droplet.

11. Conclusions

In this article I have given a detailed review of the dynamics of accreting droplets
falling under the action of gravity and air resistance, focusing on analytical calcu-
lations. In between calculations have been included to a degree which makes the
article readable by students, not only by experienced teachers and researchers.

In particular I have considered both very small and slowly falling droplets
where the contribution to the air resistance coming from Stokes’ law, linear in the
velocity, is dominating, and faster moving droplets where the contribution which
is quadratic in the velocity becomes important.

A new and nice form of the solution of the equation of motion for a non-ac-
creting, spherical droplet acted upon by the full expression for air resistance con-
taining both the linear and quadratic term in the velocity is deduced in section 5.
For pedagogical reasons the equation of motion of the droplet for this case has
been deduced in two different ways in the appendices A and B.

The treatment in section 6.2 of a droplet falling in an adiabatic atmosphere has
not earlier been published. Furthermore the content of sections 7 - 10 is new. Here
the effect of vertical motion of the air upon the motion of a droplet is considered.
Furthermore, there are detailed deductions of egs.

Also, in the treatment of several proportionality constants, where earlier treat-
ments did not care about the dimensions of the constants, I have presented a sys-
tematic approach where all the constants have correct dimensions. When teaching
physics this is an important point, both due to consistency, and the possibility for
the students to check the correctness of a calculation by considering the units of
their expressions.

Furthermore, the effect upon the motion of different physical assumptions con-
cerning the rate of accretion and how air resistance depends upon the velocity,
has been compared. It is found that air resistance is of greater significance for the
motion than accretion. In this connection new velocity—falling distance relation-

ships have been deduced including the effect of vertical motion of the air upon the

DOI: 10.4236/jamp.2025.137142

2533 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.137142

@. G. Grgn

motion of the droplet.

The physics of the topic can be extended, by including effects of for example
change of form of the droplets during the motion, turbulence and temperature
gradients, and different types of inhomogeneities in the cloud where the raindrops
fall. Such extensions will generally require numerical calculations, and are not the
topic of the present article.

The focus has been on analytical calculations with good physical motivations.
The article provides a systematic exposition of an interesting and easily under-
standable topic, which gives the students an opportunity of good physical and
mathematical training — and the pleasure of seeing how a calculation may increase

their physical understanding of a topic.
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Appendix A. Deduction of Equation (141)

Equation (140) may be written

Dize = dr (A1)

2 2 2
Vior T VegrVi2r ~ Vart VarT

Using either an integrator on internet, or an integral table, or performing the in-

tegral by means of the method with partial fractions, one ends up with an answer

of the form
v
1 Vi + 2=V
—In 2 __ %, c. (A2)
> Vi2r veiqR"'v Vo

where V is given in Equation (141). Using the formula

arcoth x = —llnx—_l R (A3)
2 x+l1
Equation (A2) can be written as
v
arcoth é Vor +—B | |=v ;g t+C|, (A4)
v 2 ViRt
or
— Vg — VeqR
Vip =Veoth) —=>—1+vC |——. (A5)
Vart 2

We consider a droplet falling from rest so that the initial condition is

Visr (0) =0, giving

2V oth(vC)=1. (A6)
VeqR
Hence
— VeqR
vC =arcoth——. (A7)
2v
Inserting this into Equation (A5) gives
Ve v \
Vg =V coth zg t +arcoth =& | - <& (A8)
ViRt 2v 2
Using that
thxcoth y+1
coth(x+y)=w, (A9)
cothx+coth y
we finally obtain
Vior = - Vi — > (A10)
1+vcoth( V‘zg t]
veqR V2RT

which is Equation (141) in the main text.

DOI: 10.4236/jamp.2025.137142

2536 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.137142

@. G. Grgn

With only linear air resistance v,p; =00 and V — vy . Using that

cothx=>"°_, (A1)
e’ —e
Equation (A1) then takes the form
_g,
Vig =Virr| 1—€ "% |, (A12)

which is Equation (48) in the main text.

With only quadratic air resistance vz; =0 . Then v >y, / 2. In this case
coth [(Vg / 2V2er )t} — 00, so the number 1 in the denominator of Equation (A10)
can be neglected. Equation (A10) then takes the form

v2R:v2RTtanh( £ tj, (A13)

Vart

which is Equation (135) in the main text.

Appendix B. Alternative Method for Integrating Equation
(141)

Since this review is meant to be of pedagogical value I also present a useful method
for integrating Equation (114) without using integral tables or integrators on in-

ternet. Equation (140) can be written

| dvizr —c--&4, (B1)

2 2 2
Vioar T VeqrVi2r ~ VarT VorT

where v, is given in Equation (107). With the formula

d
—artanhx = B2
dx —x? (B2)
in the mind we prepare for introducing a new variable by writing Equation (B1)
in the form
é-‘- v, =V(2it—CJ, (B3)
v Vit

Jar2)]

where V isgiven in Equation (141). Introducing the variable

Vior + Ve
X=—"T"5%, (B4)
v
Equation (B3) takes the form
| & o[ &l (B5)
1-x VirT

Integration by use of Equations (B2) and (B4) gives
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VeqR
Vigr > g
artanh ——=—=v| >—1-C |. (B6)
v VarT
Hence
v
Vir —
fz=tanh|:\7[ 2g t_C]:|) (B7)
v VorT
or
— — g VeqR
Vip =V tanh| V| 2>—1-C | |[-——. (B8)
VarT 2
The initial condition v(0)=0 gives
v
Vtanh[v.(-C)]=—& . B9
[7-(-0)]==5 (B9)
Hence
1 1
C=—:artanh—2. (B10)
v v
1+4 vzsz
eqR
Inserting this into Equation (B8) gives
_ 1 v,
Vg =V tanh ;ﬂt+artanh — |- R (B11)
VarT V.
1+4-2L
veqR
Using that
tanh(x+y): tanh x + tanh y (B12)

l1+tanhx-tanhy

inserting the expression for v from Equation (B3) and using Equation (82), we
get
2Vigr

1+ k, coth( keg tj

VIRT

(B13)

Vior =

where k; is defined in Equation (A4). This is identical to Equation (A10).

Appendix C. Solving Equation (156)

With the notation v =dv,, /dz and introducing y=v;_ Equation (154)
can be written in the form

z

2 P
y'+ 2g e Ty=2g. (C1)

2RT

This is a linear first order differential equation of the form
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y'+P(z)y=Q(z), (C2)
with
28
P(z):z—e T, Q(z):2g. (C3)
VarT
The general solution is
y(z)=e "] [o(z)e" ez 4 C ). (C4)
Inserting the functions (C3) gives
[P(z)dz= —vaieﬂ/“ : (C5)
2RT

It is useful here to introduce the dimensionless constant

29z
p:ﬁ‘ (C6)

2
Vart
The integral inside the bracket takes the form

[o(z)e™ M dz =g e " dz. (c7)

We here introduce a new variable u as follows

u=pe T, z=—z In(u/p), dz =T du (C8)
u
Hence
— ,e’Z/Z o . . —z/zr
Ie g sz:—zTIeru:—ZTEI(—u):—zTEz(—pe / ), (C9)

where Ei is the exponential integral function. Inserting Equation (C9) into

Equation (C7), and then Equation (C7) into Equation (C4) gives
y= e [—pvzszEi(—pe’z/zT )+ C} , (C10)

where Cis a constant of integration. The initial condition that the droplet falls

from rest, v, (0)=0,leads to
C = pvaeEi(p), (C11)
and hence,
y(2)= pVigre™ " [Ei(— p)—Ei(~pe )] . (C12)

Using that y =12 finally gives the solution of Equation (C1) with the initial

condition v, (0)=0,

Vaiso = VzRT\/l’e'DEZ/Tr I:Ei(_p)_Ei(_Peiz/zT ):| . (C13)

Appendix D. Deduction of Equation (178)

It follows from Equations (143) and (173) and v =h that the vertical distance a

droplet has moved is
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t
— _ 2
hlZRvs - lRTvs_([ ka" + k COtht ViRTvs = VIRT ™ Vair _vair/chR 4
(D1)
f:i, t, = 2Vipy ,
4 kxg
here £k, is given in Equation (172). Introducing
x=coth?, (D2)
Equation (D1) takes the form
2 T dx
By, = ViRTVIRTvs I . (D3)
kg o (1-3 ) (kex+ky, )

In order to perform the integration we can make a partial fraction decomposition,
for example in the form
1 _ 1 2ky ket ky =k, . (D4)
(1= (ke + k) 2(kg =k ) x+ kg ke x+1 x—1
Using Equation (144) for k, , Equation (172) for k, and Equation (173) for

vl RTvs we get

k2 — k2, = IRTv

air

(D5)

Inserting this into Equation (D4), integrating, inserting x =coth/ and using that
Ver = Vit / Virr gives the position of the position as a function of time as given in
Equations (D1) and (D3),

1+ % tanh?
h’lZRTvs = hRT In kR+kal; - (D6)

kR —kair

(1 + tanhf)% (1 - tanhf) 2y

where /i, =vi; /g . Using that

kR +hgi kR —kair _ "
(1+tanhf) 2ky (l—tanhf) 2y = l—tanh2fi?i;1{, (D7)
+tanh ¢

together with the identities

- 1, l+tanhf .
V1-tanh’*7 = ! — and —lnLntA:t, (D8)

cosht 2 1-—tanht

the expression for the falling distance as a function of time can be written in the

form

R R

Bogres = Per {ln[coshf+%sinh f] —%f} . (D9)

The case with vanishing vertical air velocity, v,
kair =1.

It turns out to be advantageous to go back to the expression (D6) in order to

=0, is obtained by putting

obtain a simplest possible velocity-falling distance relationship. From Equation
(173) we have
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ki Viorys

- A ~ 1+ (ky -k,
1+@tanhz=—1 , l+tanht:—( R alr)’
kR 1-— kairVIZRVS 1— kairVIZRvs
ViRt ViRt (D10)
~ 1=(k, +k,
1—tanh{ = M
1- kairVIZRvs
ViRt
by thy b=k

Since the sum of the exponents in Equation (D6) is o air T“: 1, the

R R

cancels. Hence inserting the expressions (D10) into Equation
VirTvs

(D6) finally gives

_ kair kg
, {1—(kR +kair)2v‘1)2¢ i
P =~ In Rl —t, (D11)
1RTvs |
which is Equation (178).
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