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Abstract 
In this paper, we are concerned with the following nonlocal Schrödinger equa-
tions  

( ) ( ), , ,N
K u V x u f x u x− + = ∈   

where K−  is an integro-differential operator of fractional Laplacian type 
and V  is coercive at infinity. Combining the Nehari manifold and the quan-
titative deformation lemma, a least energy sign-changing solution was ob-
tained, and the energy doubling phenomenon was also found. 
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1. Introduction 

Sign-changing solutions of nonlinear elliptic equations have received increasing 
attention in recent years. Such a topic can be traced back to some earlier works 
concerning the existence of sign-changing solutions of the semilinear elliptic equa-
tions  

 ( ) ( ), , ,u V x u f x u x−∆ + = ∈Ω  (1) 

where Ω  is a domain of N . See, for example, [1]-[6] and the references therein. 
In Particular, in [1], a least energy nodal solution of (1) was obtained, and the au-
thors also showed that the energy of any sign-changing solution is larger than two 
times the ground state energy, this property is called energy doubling by Weth in 
[7]. Chang and Wang [8] considered a fractional Laplacian equation in a bounded 
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domain and obtained the multiplicity of sign-changing solutions by applying the 
Caffarelli-Silvestre extension method. In [9] [10], a least energy sign-changing so-
lution and infinitely many sign-changing solutions were obtained for nonlocal el-
liptic equations set on a bounded domain.  

It should be point out that, almost all of the above-mentioned papers consid-
ered the case that ( ),f x u  is superlinear with respect to u  at infinity, that is  

( ),
lim ,
u

f x u
u→∞

= +∞  

and the (AR) superlinear condition ([11]) was imposed. However, the study of many 
practical problems, such as the self-trapping of an electromagnetic wave, leads to 
some problems related to (1), in which ( ),f x u  is not superlinear but asymptot-
ically linear with respect to u  at infinity, such typical models can be found in 
[12] [13].  

In this paper, we consider the following nonlocal Schrödinger equation  

 ( ) ( ), , ,N
Ku V x u f x u x− + = ∈  (2) 

where f  is asymptotically linear at infinity, K  is an integro-differential op-
erator with the kernel K  which is a measurable function with the properties that  

( )1K  there is 0θ >  and ( )0,1s∈  such that ( ) ( )2N sK x xθ − +≥  for any 

{ }\ 0Nx∈ ;  

( )2K  ( )1 NmK L∈  , where ( ) { }2: min ,1m x x= .  

Different from the above results, we shall study the existence of the least energy 
sign-changing solution of (2), which has the least energy among all sign-changing 
solutions. To the best of our knowledge, only few works concerning this case up 
to now. Chang [14] obtained a ground state solution for a fractional Laplacian equa-
tion on a bounded domain. Based on the inspiration from the aforementioned 
articles, we now consider the study of the least energy sign-changing solution 
within the context of nonlocal Schrödinger equations, and investigate the energy 
doubling property, namely, the energy of the least energy sign-changing solution 
is strictly greater than twice the energy of the ground state solution. Another 
aim of this paper is to show the energy doubling property, which was not found 
in [9]. 

The above equation appears widely in describing several different physical phe-
nomena. For instance, in the context of materials science, it models the dynamics 
of the dislocation of atoms in crystals [15]. Here, the nonlocal nature of the oper-
ator K−  captures the long-range interactions between dislocations, which are 
crucial for understanding the material’s mechanical properties and deformation 
mechanisms. The existence of a least energy sign-changing solution may corre-
spond to stable or metastable states in the dislocation system, providing insights 
into the material’s stability and deformation behavior. Furthermore, the equation 
is also relevant to the study of anomalous diffusion [16]. In such processes, the 
nonlocal interactions described by the integral-differential operator K−  play a 
key role in capturing the anomalous spreading of particles or energy. The least 
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energy solution can be interpreted as an optimal distribution in the context of 
anomalous diffusion, offering a theoretical framework for understanding and pre-
dicting such non-classical diffusion behaviors. When ( ) 2N sK x x − −= , then K−  
reduce to the fractional Laplacian operator ( )Δ s− , for more details we refer to 
the readers to [17] [18]. Different from the operator Δ− , the integro-differential 
operator K  is nonlocal, which brings us some difficulties in applying varia-
tional methods. For the variational setting and the existence of nontrivial solu-
tions of such problems, we refer the reader to see [19] and [20].  

To state our main results, we need the following assumptions on ( )V x  and 
f . 
( )1V  ( ),NV C R∈   satisfies ( )0 : inf 0

Nx
V V x

∈
= >


;  

( )2V  For any 0M > , there exists 0r >  such that  

( ) ( ){ }( ): 0 as ,rmes x B y V x M y∈ ≤ → →∞  

where mes  denotes for the Lebesgue measure and ( )RB x  denotes any open 
ball of N  centered at x  and of radius 0R > . 

( )1f  ( ),Nf C R R∈ ×  and ( ) ( ),f x u o u=  as 0u →  uniformly in x ;  

( )2f  There is a constant ( )0,a∈ +∞  such that ( ) 1,f x u u a− →  as u →∞  
uniformly in x  and  

( )( )inf ,Ka V xσ> − +  

where ( )( )K V xσ − +  denotes the spectrum of the operator ( )K V x− + ;  

( )3f  ( ),f x u
u

 is a increasing function of 0u ≠ .  

Recall the Nehari manifold   associated with (2) is 

{ } ( ){ }\ 0 : , 0 ,u E u u′= ∈ Ψ =  

and denote the energy of ground state by  

 ( )0 inf ,
u

c u
∈

= Ψ


 (3) 

where Ψ  is the energy functional corresponding to (2)(see §2). Now, the main 
results in this paper can be stated as follows.  

Theorem 1. If ( ) ( )1 2,V V  and ( )1f - ( )3f  hold, then (2) possesses a least en-
ergy sign-changing solution 0u . In addition, 0c  can be achieved either by a pos-
itive or a negative function and ( )0 02u cΨ > .  

Remark. Condition ( )2V , which is weaker than the coercive assumption: 

( )V x →∞  as x →∞ , was firstly introduced by Bartsch and Wang in [2] to 
overcome the lack of compactness.  

Throughout this paper, we denote 
p⋅  the usual norm of the space ( )p NL  , 

1 p≤ < ∞ , nu u  and nu u→  mean the weak and strong convergence, re-
spectively, as n →∞ . C  or ( )1,2,iC i =   denote some positive constants 
many change from line to line. 
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2. Proof of Main Results 
To state our main results, we first recall the variational setting corresponding to 
(2). For any ( )0,1s∈ , we define ( )s NX   as  

( ) ( ){
( ) ( ) ( )( ) ( ) ( )}

2

2

: | is Lebesgue measurable, and the mapping

, ,

s N N N

N N

X u u u L

x y u x u y K x y L

= → ∈

− − ∈ ×

   

 
 

where the kernel K  satisfies ( )1K  and ( )2K . The more properties of ( )s NX   

can be found in [17] [20]. With the presence of potential function V , we will 
work in the following subspace E  of ( )s NX   

( ) ( ){ }2: : d ,N
s NE u X V x u x= ∈ < +∞∫  

which is a Hilbert space equipped with the inner product  

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ), d d d .N N Nu v u x u y v x v y K x y x y V x uv x= − − − +∫ ∫ ∫  
 

The norm on E  induced by the above inner product denoted by u , and the 
energy functional associated with (2) is  

( ) ( ) ( )( ) ( )

( ) ( )

2

2

1 d d
2

1 d , d ,? .
2

N N

N N

u u x u y K x y x y

V x u x F x u x u E

Ψ = − −

+ − ∈

∫ ∫

∫ ∫

 

 

 

where ( ) ( )
0

, , d
u

F x u f x s s= ∫ . Under our assumptions, it is standard to check 

that ( )1 ,C EΨ∈   and for v E∈ , there holds  

( ) ( ) ( )( ) ( ) ( )( ) ( )
( ) ( )

, d d

d , d .

N N

N N

u v u x u y v x v y K x y x y

V x uv x f x u v x

′Ψ = − − −

+ −

∫ ∫
∫ ∫
 

 

 

To obtain the least energy sign-changing solution in Theorem 1, we will follow 
[4] [7] and seek the minimizer of the energy functional Ψ  restricted to the set  

 ( ) ( ){ }: 0, , , 0 ,u E u u u u u± + −= ∈ ≠ Ψ = Ψ′ =′  (4) 

which contains all sign-changing solutions. Recall that  

( ) ( ){ } ( ) ( ){ }max ,0 and min ,0 .u x u x u x u x+ −= =  

We will show that the minimizer is actually a sign-changing solution of (2). 
By direct computations, one has  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , , , ,u u u u u u u u u u u+ − + − ± ± ± + −Ψ = Ψ +Ψ + Ψ = Ψ +′ ′  (5) 

where  

 ( ) ( ) ( ) ( ) ( ) ( ), d d 0.N Nu u u x u y u x u y K x y x y+ − + − − + = − + − ≥ ∫ ∫ 
 (6) 

Firstly, to overcome the difficulties brought by the nonlocal feature of operator 

K , we need the following embedding result.  
Theorem 2. If ( )1V  and ( )2V  hold, then the embeddings E ↪ ( )p NL   are 

continuous for *2, 2sp  ∈    and compact for )*2, 2sp ∈  , where * 22
2s

N
N s

=
−

 is 
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the fractional Sobolev critical exponent.  
Proof. By ( )1V  we know that E ↪ ( )s NX   is continuous, from the [17] and 

( )1K  we obtain ( )s NX  ↪ ( )p NL   for *2, 2 ,sp  ∈    then E ↪ ( )p NL   for 
*2, 2sp  ∈   . 

Next we show that E  ↪ ( )p NL   is compact for )*2, 2sp ∈  . In fact, let 

{ }nu E⊂  be a bounded sequence of E , going if necessary to a subsequence we 

have nu u  in E  and nu u→  in ( )p N
locL  , )*2, 2sp ∈   and 

( ) ( )nu x u x C+ ≤ , where C  is a positive constant. We first prove that 

nu u→  in ( )2 NL  , it suffices to prove 2 2nu u→ . 

Fix 0M >  and set ( ) ( ){ } ( ): :N
M rA y x V x M B y= ∈ ≤ ∩ , where 0r >  is 

given by ( )2V . When 2p = , nu u→  in ( )2 N
locL   implies that nu u→  in 

( )2
RL B  for any 0R > . Now, we choose { } N

ny ⊂   such that ( )
1

N
r i

i
B y

∞

=

⊂


  

and each Nx∈  is covered by at most 2N  balls. Denote the set 
( ) ( ){ } ( ): :N

M i r iC y x V x M B y= ∈ > ∩ , we have  

( ) ( )

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )( )

2

\

2

2 2

d

d

d d .

N
R

r i
i

M i M i
i

nB

nB y
y R r

n nC y A y
y R r

u x u x x

u x u x x

u x u x x u x u x x

∞

≥ −

∞

≥ −

−

≤ −

= − + −

∫

∑ ∫

∑ ∫ ∫



 

Using the definition of ( )M iC y  and Hölder inequality we obtain  

( ) ( )
( ) ( )

( ) ( ) ( )2 21d d ,
M i r i

n nC y B y
u x u x x V x u x u x x

M
− ≤ −∫ ∫  

( ) ( )
( )

( ) ( )
( )( ) ( )( )
( ) ( ) ( )( ) ( )( )2

1 1
2 2

12

d d 1

,

M i M i M i

t
M i

t t tt
n nA y A y A y

t
n M iL A y

u x u x x u x u x x

u x u x mesA y

′′

′

− ≤ −

= −

∫ ∫ ∫
 

where 1,
2

Nt
N s

 ∈ − 
 and 1 1 1

t t
+

′
= . Hence,  

( ) ( ) ( ) ( ) ( )( )

( )( ) ( ) ( ) ( )( )

( ) ( ) ( )

( )( ) ( ) ( )

( ) ( )( )

2

2

2 2

\

1 2

2

\

1 22
2

2 12
2

1d d

sup

2 d

2 sup

2 2 sup ,

N
R r i

i

t
M i

i

N
R r

i

i

n nB B y
y R r

t
M i n L A yy R r

N

nB

N t
M i n

y R r

N
N t

M i
y R r

u x u x x V x u x u x x
M

mesA y u x u x

V x u x u x x
M

C mesA y u x u x

C C C mesA y
M

−

′

′

> −

> −

> −

> −

′




− ≤ −


+ −

≤ −

+ −

≤ +



∑∫ ∫

∫




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where 2 0C >  is the embedding constant. Now, for any 0ε >  we choose 
0M >  so large that  

 
1 22 .

N C
M

ε
+

<  (7) 

For fixed 0M >  , there exists 0MR >  such that  

 ( ) ( )( )
121

22 sup ,
i M

N t
M i

y R r
C C mesA y ε+ ′

> −
<  (8) 

since  

( )( )
1

sup 0 as .
i

t
M i

y R r
mesA y R′

≥ −
→ →∞  

For such MR , by (7) and (8) we have  

( ) ( ) 2

\
d .N

RM
nB

u x u x x ε− ≤∫  

Hence,  

 
( ) ( )

( ) ( )
( )

( ) ( )

2

2 2

0, \

d

d d 2 ,

N

N
M RM

n

n nB R B

u x u x x

u x u x x u x u x x ε

−

= − + − ≤

∫
∫ ∫





 (9) 

this prove 2 2nu u→  in ( )2 NL  . Finally, by the Interpolation inequality we 

have (up to renaming C) 

 

( )

*
1

2 2

1
2

1

2 ,

sn n np

n n

n n

u u C u u u u

C u u u u

C u u u u

θ θ

θ θ

θθ

−

−

−

− ≤ − −

≤ − −

≤ − +

 (10) 

where *
1 1

2 2sp
θ θ−

= +  and ( )0,1θ ∈ . Hence the right hand of (10) is small 

enough, therefore, nu u→  in ( )p NL   for ( )*2, 2sp∈ . 

Since f  satisfies asymptotically linear growth condition, the order of the non-
linearity term is the same as the nonlocal term, it is rather difficult to show the 
sign-changing Nehari manifold is nonempty. Therefore, we need to rely on the 
following set  

{ }2 2

2
Θ : : 0, 0 .u E u u a u± ± ±= ∈ ≠ − <  

Lemma 3. Suppose ( )2f  and ( )3f  hold, then ⊂ Θ .  

Proof. It is derived from ( )2f  and ( )3f , for any { }\ 0u E∈  and 0ε > , we 
know that  

 
( ),

.
f x u

a
u

ε< +  (11) 

Thus, when u∈ , we can deduce from (8) and (11) that  

( ) ( ) ( )
2 2

2
, , d ,Nu u u f x u u x a uε± + − ± ± ±+ = < +∫  
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which implying 
2 2

2
0u a u± ±− <  for ε  small enough. 

Remark. Due to the inequality (11), when u E∈  with 0u± ≠  and 
( ) , 0u u±′Ψ ≤ , we have u∈Θ .  

With the help of Θ , we have successfully proved the following Lemma.  
Lemma 4. Suppose ( ) ( )1 2,V V  and ( )1f - ( )3f  hold, if u∈Θ , then there ex-

ists a unique pair of positive numbers ( ),u us t  such that u us u t u+ −+ ∈ .  

Proof. It is derived from assumptions ( )1f - ( )3f  that, for any 0ε > , there 
exists 0Cε >  such that  

 ( ) 1, .pf x u u C uεε −≤ +  (12) 

And so, we have  

 ( ) 2, ,pF x u u C uεε≤ +  (13) 

where ( )*2, 2sp∈ . For fixed u E∈  with 0u± ≠ , ( ),s t + +∈ ×  and 

( )  : 0,+ = +∞ , we denote  

 ( ) ( ) ( ) ( )1 2, , , , , .h s t su tu su h s t su tu tu+ − + + − −= Ψ + = Ψ +′ ′  (14) 

Then su tu+ −+ ∈  if and only if ( )1 , 0h s t =  and ( )2 , 0h s t = . It is not dif-
ficult to see that 

 ( ) ( ) ( )2 22
1

,
, d ,N

f x su
h s t s u u x

su

+
+ +

+

 
 ≥ −
 
 

∫  (15) 

 ( ) ( ) ( )2 22
2

,
, d .N

f x tu
h s t t u u x

tu

−
− −

−

 
 ≥ −
 
 

∫  (16) 

(12), (15) and (16) imply ( )1 , 0h s t >  for 0s >  small enough and 

( )2 , 0h s t >  for 0t >  small enough. In addition, it is easy to see that 

( ) ( )1 20, ,0 0h t h s= = . Thus there exists 0r >  small enough such that 

( )1 , 0h r r > , ( )2 , 0h r r > . For any fixed t s< , (11) allows us to apply Lebesgue 
dominated convergence theorem to get  

( ) ( ) ( )2 21
2

2 2

2

,,
limsup limsup , d

0,

N
s s

f x suh s t tu u u u x
s s su

u a u

+
+ + − +

+
→+∞ →+∞

+ +

 
 = + −
 
 

= −

<

∫

 

which implying that ( )1 , 1 0h R R − <  for 0R >  large enough . Similarly, we 

know that ( )2 1, 0h R R− < . Because the functions ( )1 ,h s t  is increasing with re-

spect to t  and ( )2 ,h s t  is increasing with respect to s , where ,s t +∈ , we 

know for all [ ], , 1s t r R∈ − , the following hold  

 ( ) ( ) ( ) ( )1 1 2 2, 0, , 0, , 0, , 0.h r t h R t h s r h s R> < > <  (17) 
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It has been shown in Miranda’s theorem [21] that there exist two positive con-
stants [ ], , 1u us t r R∈ −  such that ( )1 , 0u uh s t =  and ( )2 , 0u uh s t = , which im-

plies that u us u t u+ −+ ∈ . 
Next, we will show that the uniqueness of ( ),u us t , and we divide the argument 

into two cases. 
Case 1. u∈ . By the definition of   we know that  
( ) ( ), , 0u u u u+ −′ ′Ψ = Ψ = , i.e.,  

 ( ) ( )2
, , d .Nu u u f x u u x± + − ± ±+ = ∫  (18) 

To complete the proof, we only have to show that ( ) ( ), 1,1u us t =  is the unique 

pair of positive numbers such that u us u t u+ −+ ∈ . Suppose, for contradic-

tion,that ( ) ( ), 1,1s t ≠  such that su tu+ −+ ∈ . Without loss of generality, we 
suppose 0s t≥ > , then  

 
( ) ( ) ( )
( ) ( ) ( )

2 22 2 2

2 22 2 2

, , , ,

, , , .

N

N

f x su su s u st u u s u s u u

f x tu tu t u st u u t u t u u

+ + + + − + + −

− − − + − − + −

 = + ≤ +

 = + ≥ +

∫

∫




 (19) 

By (18) and (19), we have  

( ) ( ) ( )2, ,
0 d ,N

f x u f x su
u x

u su

+ +
+

+ +

 
 ≤ −
 
 

∫  

this implies 1s ≤ . Similarly, we have 1t ≥ . Consequently, 1s t= = . 
Case 2. u∉ . We know that there exists ( )1 1,s t + +∈ ×   such that 

1 1s u t u+ −+ ∈ . Suppose that there exists another pair of numbers 

( )2 2,s t + +∈ ×   satisfies 2 2s u t u+ −+ ∈ . Denote 1 1 1:u s u t u+ −= +  and 

2 2 2:u s u t u+ −= + , then  

2 2 2 2
2 2 2 1 1 1 1

1 1 1 1

.s t s tu s u t u s u t u u u
s t s t

+ − + − + −       
= + = + = + ∈       

       
  

Due to the fact that 1u ∈ , repeating the proof of the case 1 we have 

2 2

1 1

1s t
s t
= = . Thus, we assert that ( ),u us t  is the unique pair of positive numbers 

such that u us u t u+ −+ ∈ . 

Lemma 5. If ( )1f  - ( )3f  hold, assume that u E∈  with 0u± ≠  such that 

( )1 1,1 0h ≤  and ( )2 1,1 0h ≤ , where ( ) ( )1 2, , ,h s t h s t  are given in (14). Then the 

unique pair ( ),u us t  of positive numbers obtained in Lemma 4 satisfies 
0 , 1u us t< ≤ .  

Proof. Since u us u t u+ −+ ∈ , without loss of generality, we suppose that 
0u us t≥ >  and obtain the following inequality  

 ( ) ( ) ( )2 22 2 2, d , , .N u u u u u u uf x s u s u x s u s t u u s u s u u+ + + + − + + −= + ≤ +∫  (20) 

By ( )1 1,1 0h ≤ , we have  
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 ( ) ( )2
, , d .Nu u u f x u u x+ + − + ++ ≤ ∫  (21) 

We know from (20) and (21) that  

( ) ( ) ( )2, ,
d 0,N

u

u

f x s u f x u
u x

s u u

+ +
+

+ +

 
 − ≤
 
 

∫  

which implies that 1us ≤ . Then, 0 , 1u us t< ≤ . 

In the sequel, we consider the following minimization problem  

 ( ){ }inf : .m u u= Ψ ∈  (22) 

Lemma 6. If ( ) ( )1 2,V V  and ( )1f - ( )3f  hold, then 0m >  can be achieved.  
Proof. We first show that 0m > . By the definition of   and  , we obtain 
⊂  , hence we only need to show 0 0c >  which is given in (3). Let 

( )d d u u= = . By (13) we know there exists 0C >  such that  

( ) ( )

( )

2

2 2

2 2
2

1 , d
2
1 d
2

1 ,
2

N

N

p

p
p

u u F x u x

u u C u x

d C C C d

ε

ε

ε

ε −

Ψ = −

≥ − +

 ≥ − − 
 

∫

∫




 

where *2 2sp≤ <  and 2 , pC C  are the embedding constants. Now, we choose d  
and ε  small enough such that  

 2
2

1 1 .
2 8

p
pC C C dεε −− − ≥  (23) 

We take u∈  and 0λ >  small enough such that ( )d uλ  satisfies (23). 

We can easily to know ( ) ( )
, 0

max
s t

u su tu+ −

≥
Ψ = Ψ +  from [22], then 

( ) ( ) 21 0
8

u u dλΨ ≥ Ψ ≥ > , hence 0 0c > , and 0m > .  

Next, we prove that m  can be achieved. By Lemma 4, there exists a minimiz-
ing sequence { }nu ⊂  such that ( ) 0nu mΨ → > . Based on the work of Lions 
[23] on the concentration compactness principle, as shown in [24], we can prove 
that { }nu  is bounded in E . Hence there exists 0u E∈  such that 0nu u± ±

  in 

E  and 0nu u± ±→  in ( )p NL   for ( )*2, 2sp∈ . In addition, { }nu ⊂  implies 

that 0nu± ≠  and  

 ( ) ( ), , 0.n n n nu u u u+ −Ψ = Ψ =′ ′  (24) 

By (12), (24) and the boundedness of nu , there exists 0 0C >  such that  

( ) ( ) ( )2 2 2
0 , , d d .N N

p
n n n n n n n nC u u u u f x u u x u C u xεε± ± + − ± ± ± ±≤ ≤ + = ≤ +∫ ∫ 

 

When 0ε >  small enough, we get  

0 0
0d 0 and d 0,

2 2N N

p p
n

C Cu x u x
C Cε ε

± ±≥ > ≥ >∫ ∫ 
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which implies that 0 0u± ≠ . By the Lebesgue dominated convergence theorem, we 
have  

 
( ) ( )
( ) ( )

0 0

0

lim , d , d ,

lim , d , d ,

N N

N N

n nn

nn

f x u u x f x u u x

F x u x F x u x

± ± ± ±

→∞

± ±

→∞

=

=

∫ ∫
∫ ∫
 

 

 (25) 

and  

 
( ) ( ) ( ) ( ) ( ) ( ){ }

( )0 0

lim , lim d d

, .

N Nn n n n n nn n
u u u x u y u x u y K x y x y

u u

+ − + − − +

→∞ →∞

+ −

 = − + − 

=

∫ ∫   (26) 

By the weak semicontinuity of norm and (24) - (26), we obtain  

 

( ) ( )( )
( )

( )

2 2
0 0 0

0 0

, lim inf ,

lim inf , d

, d ,

N

N

n n nn

n nn

u u u u u u

f x u u x

f x u u x

± + − ± + −

→∞

± ±

→∞

± ±

+ ≤ +

=

=

∫
∫





 (27) 

which implies ( )1 1,1 0h ≤  and ( )2 1,1 0h ≤ . Thus, 0u ∈Θ . By Lemma 4 and 5, 

there exists a unique pair of ( ) ( ] ( ]0 0
, 0,1 0,1u us t ∈ ×  such that  

0 00 0 0: .u uu s u t u+ −= + ∈   

It from ( )3f  that ( ) ( ), 2 ,f x t t F x t−  is increasing in 0t >  and decreasing 
in 0t < , then we have  

 

( ) ( ) ( )

( ) ( )( )
( ) ( )( )

( ) ( )( )

( ) ( )( )

( ) ( )

0 0 0

0 0 0

0 0 0 0

0 0 0

0 0 0

0 0 0

1 ,
2

1 , 2 , d
2

1  , 2 , d
2

1 , 2 , d
2

1liminf , 2 , d
2

1liminf ,
2

.

N

N

N

N

u u u

u u u

n n nn

n n nn

m u u u u

f x s u s u F x s u x

f x t u t u F x t u x

f x u u F x u x

f x u u F x u x

u u u

m

+ + +

− − −

→∞

→∞

≤ Ψ = Ψ − Ψ

= −

+ −

≤ −

 ≤ −  
 = Ψ − Ψ  

′

=

′

∫

∫

∫

∫









   

 (28) 

Therefore, ( )0Ψ u m= , and from the proof of (28), we have 
0 0

1u us t= = . 

Hence, ( )0u mΨ = . 

Lemma 7. Assume that ( ) ( )1 2,V V  and ( )1f - ( )3f  hold, if 0u ∈  and 

( )0u mΨ = , then 0u  is a critical point of Ψ .  

Proof. Suppose by contradiction that ( )0 0u′Ψ ≠ , then there exist 0δ >  and 
0α >  such that  

( ) { }0for all : 3 .u u u E u uα δΨ ≥ ∈ ∈ − ≤′  

Define the map ( ) 0 0, :w s t su tu+ −= + , ( ),s t D∈ , where  
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( ) ( ): 1 ,1 1 ,1D δ δ δ δ= − + × − + . By the similar argument as [25], we know that  

 ( ) ( )
, 0

max , ,
s t

u su tu u+ −

≥
Ψ = Ψ + ∀ ∈  (29) 

which implies that  
 

( )0 ,
: max .

s t D
m w m

∈∂
= Ψ <  (30) 

We take ( ){ }0: min 3, 8m mε αδ= −  and { }0: :S v E v uδ δ= ∈ − ≤ , it fol-

lows from [26] that there exists a deformation [ ]( )0,1 ,C E Eη∈ ×  such that 

• ( )1,u uη =  if [ ]( )1
22 , 2u m m S δε ε−∉Ψ − +  ;  

• ( )1, m mSε ε
δη + −Ψ ⊂ Ψ ;  

• ( )( ).,uηΨ  is nonincreasing for all u E∈ .  

It follows from (iii) and (29) that  

 ( )( )( ) ( )( ) ( ) ( ) ( ) ( )0Ψ 1, , Ψ , Ψ for all , with , 1,1 .w s t w s t u m s t D s tη ≤ < = ∈ ≠  

When ( ) ( ), 1,1s t = , by 0
mu S ε

δ
+∈ Ψ  and (ii), we know  

( )( )( )1, 1,1 .w m mη εΨ ≤ − <  So,  

 
( )

( )( )( )
,

max 1, , .
s t D

w s t mη
∈
Ψ <  (31) 

Next, we claim that ( )( )1, ,w s tη ≠∅  by the degree theory. Let us define 

( ) ( )( ), : 1, ,W s t w s tη=  and the following vectors 

( ) ( )( ) ( )( )( )0 0 0, : , , , ,s t w s t u w s t u+ −Ψ = Ψ′ Ψ′  

( ) ( )( ) ( ) ( )( ) ( )1
1 1, : , , , , , .s t W s t W s t W s t W s t
s t

+ − Ψ = Ψ Ψ


′ 


′  

Obviously, we have  

 ( ) ( )2, , 0 for 0,f x t t f x t t t> ≠′ −  (32) 

where f ′  denotes the partial derivatives with respect to t . By (32) and 

0u ∈ , we have  

( )( )( )
( )

( ) ( )

( )
( ) ( ) ( ) ( ) ( )

2 2
0 0 0 0

1,1

2
0 0 0

0 0 0 0

, , d

, d

d d

0,

N

N

N N

w s t u u f x u u x
s

u f x u u x

u x u y u x u y K x y x y

+ + + +

+ + +

+ − − +

∂
Ψ = −

∂

< −

 = + −

′ ′


<

∫

∫
∫ ∫





 

 

( )( )( )
( )

( ) ( ) ( ) ( ) ( )0 0 0 0 0
1,1

, d d .N Nw s t u u x u y u x u y K x y x y
t

+ + − − +∂  Ψ = − + −∂
′ ∫ ∫ 

 

Similarly 

( )( )( )
( )

( ) ( ) ( ) ( ) ( )0 0 0 0 0
1,1

, d d ,N Nw s t u u x u y u x u y K x y x y
s

− + − − +∂  Ψ = − + −∂
′ ∫ ∫ 

 

( )( )( )
( )

( ) ( ) ( ) ( ) ( )0 0 0 0 0
1,1

, d d 0.N Nw s t u u x u y u x u y K x y x y
t

− + − − +∂  Ψ < + − < ′
∂ ∫ ∫

 
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Therefore  

( )
( )( )( )

( )
( )( )( )

( )

( )( )( )
( )

( )( )( )
( )

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

0

0 0
1,1 1,1

0 0
1,1 1,1

2

0 0 0 0

2

0 0 0 0

, ,

1,1
, ,

d d

d d

0.

N N

N N

w s t u w s t u
s t

J
w s t u w s t u

s t

u x u y u x u y K x y x y

u x u y u x u y K x y x y

+ +

Ψ
− −

+ − − +

+ − − +

∂ ∂
Ψ Ψ

∂ ∂
=

∂ ∂
Ψ Ψ

∂ ∂

 + − 

 − +

′

− 
=

′

′ ′

> ∫ ∫

∫ ∫

 

 

 

It follows from the degree theory that ( )0deg , ,0 1DΨ = . On the other hand, 
we obtain from (30) and (i) that w W=  on U∂ . Thus, we have 

( ) ( )0 1deg , ,0 deg , ,0 1D DΨ = Ψ = . There exists a pair of ( )0 0,s t D∈  such that 

( )1 0 0, 0s tΨ = , therefore ( )( ) ( )0 0 0 01, , ,w s t W s tη = ∈ , which contradicts (31), 

hence, ( )0 0u′Ψ = . From above, we know that (2) has a least energy sign-chang-
ing solution 0u .  

Proof of Theorem 1. In the sequel, we just need to establish that its energy is 
strictly larger than twice that of least energy solutions. We are going to prove that 
for any u∈ , there exists a unique pair of ( ),s t + +∈ ×   such that su+ ∈  

and tu− ∈ . In fact, su+ ∈  if and only if ( ) , 0su su+ +′Ψ = . For the sake 

of convenience, we let ( ) ( ): ,s su suϕ + += ′Ψ , by (12), we have  

( ) ( )
( )
( )

22

2 22 2

2 22 2
2

, d

d d

.

N

N N

pp

pp
p

s s u f x su su x

s u u x C s u x

s u C u C C s u

ε

ε

ϕ

ε

ε

+ + +

+ + − +

+ + − +

= −

≥ − −

≥ − −

∫

∫ ∫


 
 

On the other hand, for any u∈ , it follows from Lemma 3 that  

( ) 2 2

2 2
limsup 0.

s

s
u a u

s
ϕ + +

→+∞
= − <  

Choosing ε  small enough, there exists 1 0s >  small enough such that 

( )1 0sϕ >  and 2 1s >  large enough such that ( )2 0sϕ < . According to the con-

tinuity of ( )sϕ , we can obtain there exists a 0us >  such that ( ) 0usϕ = . Next, 
let us prove the uniqueness of us . Suppose there exists another positive number 

u us s≠  such that ( ) 0usϕ = , then  

 ( ) ( )22 , d 0,Nu u u us s u f x s u s u xϕ + + += − =∫  (33) 

 ( ) ( )22 , d 0.Nu u u us s u f x s u s u xϕ + + += − =∫  (34) 

Combining (33) and (34), we have  

 
( ) ( ) ( )2, ,

0 d .N

u u

u u

f x s u f x s u
u x

s u s u

+ +
+

+ +

 
 = −
 
 

∫  (35) 
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Suppose u us s> , then the right of the equality (35) is positive, this is impossi-
ble. Similarly, there is a unique 0ut >  such that ut u− ∈ . From (29), we have  

( ) ( )
( )
( ) ( ) ( )
( ) ( )

0 0

0 0 0 0

0 0

0 0 0, 0

0 0

0 0 0 0

0 0

0

max

,

2 .

s t

u u

u u u u

u u

m u su tu

s u t u

s u t u s u t u

s u t u

c

+ −

≥

+ −

+ − + −

+ −

= Ψ = Ψ +

≥ Ψ +

= Ψ +Ψ +

> Ψ +Ψ

≥

 

This completes the proof. 
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