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1. Introduction

Sign-changing solutions of nonlinear elliptic equations have received increasing
attention in recent years. Such a topic can be traced back to some earlier works
concerning the existence of sign-changing solutions of the semilinear elliptic equa-

tions

—Au-i—V(x)uzf(x,u), xeQ, (1)

where Q isadomain of R" . See, for example, [1]-[6] and the references therein.
In Particular, in [1], a least energy nodal solution of (1) was obtained, and the au-
thors also showed that the energy of any sign-changing solution is larger than two
times the ground state energy, this property is called energy doubling by Weth in

[7]. Chang and Wang [8] considered a fractional Laplacian equation in a bounded
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domain and obtained the multiplicity of sign-changing solutions by applying the
Caffarelli-Silvestre extension method. In [9] [10], a least energy sign-changing so-
lution and infinitely many sign-changing solutions were obtained for nonlocal el-
liptic equations set on a bounded domain.

It should be point out that, almost all of the above-mentioned papers consid-

ered the case that f (x, u) is superlinear with respect to u at infinity, that is

T G50 N,

U—>0 u

and the (AR) superlinear condition ([11]) was imposed. However, the study of many
practical problems, such as the self-trapping of an electromagnetic wave, leads to
some problems related to (1), in which f'(x,u) is not superlinear but asymptot-
ically linear with respect to u at infinity, such typical models can be found in
[12] [13].

In this paper, we consider the following nonlocal Schrédinger equation

—Leu+V (x)u=f(x,u), xeR", (2)

where f is asymptotically linear at infinity, £, is an integro-differential op-
erator with the kernel K which is a measurable function with the properties that
(K,) there is >0 and se(0,1) such that K(x)>0x""™ for any

xeRY \{0} i
(K,) mKelL (RN),where m(x):= min{|x|2 ,1}.

Different from the above results, we shall study the existence of the least energy
sign-changing solution of (2), which has the least energy among all sign-changing
solutions. To the best of our knowledge, only few works concerning this case up
to now. Chang [14] obtained a ground state solution for a fractional Laplacian equa-
tion on a bounded domain. Based on the inspiration from the aforementioned
articles, we now consider the study of the least energy sign-changing solution
within the context of nonlocal Schrédinger equations, and investigate the energy
doubling property, namely, the energy of the least energy sign-changing solution
is strictly greater than twice the energy of the ground state solution. Another
aim of this paper is to show the energy doubling property, which was not found
in [9].

The above equation appears widely in describing several different physical phe-
nomena. For instance, in the context of materials science, it models the dynamics
of the dislocation of atoms in crystals [15]. Here, the nonlocal nature of the oper-
ator —L, captures the long-range interactions between dislocations, which are
crucial for understanding the material’s mechanical properties and deformation
mechanisms. The existence of a least energy sign-changing solution may corre-
spond to stable or metastable states in the dislocation system, providing insights
into the material’s stability and deformation behavior. Furthermore, the equation
is also relevant to the study of anomalous diffusion [16]. In such processes, the
nonlocal interactions described by the integral-differential operator —£, playa

key role in capturing the anomalous spreading of particles or energy. The least
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energy solution can be interpreted as an optimal distribution in the context of
anomalous diffusion, offering a theoretical framework for understanding and pre-
dicting such non-classical diffusion behaviors. When K (x)=|x| ", then £,
reduce to the fractional Laplacian operator (—A)’, for more details we refer to
the readers to [17] [18]. Different from the operator —A, the integro-differential
operator L, is nonlocal, which brings us some difficulties in applying varia-
tional methods. For the variational setting and the existence of nontrivial solu-
tions of such problems, we refer the reader to see [19] and [20].

To state our main results, we need the following assumptions on ¥ (x) and
f.

n) ve C(RN,R) satisfies ¥, := inf V' (x)>0;

xeRY

(V,) Forany M >0, thereexists >0 such that
mes({xeBr(y):V(x)SM})—)O as |y|—>oo,

where mes denotes for the Lebesgue measure and B, (x) denotes any open
ball of R" centeredat x and of radius R>0.
(f) feC(RNxR,R) and f(x,u)=o(ju[) as u—0 uniformlyin x;

(fz) There is a constant a € (0,+oo) such that f(x,u)ufl —>a as u—>wo
uniformly in x and
a> infO'(—CK + V(x)),
where o-(—ﬁK + V(x)) denotes the spectrum of the operator —L; +V (x);

(f}) f(x,u)

[
Recall the Nehari manifold N associated with (2) is
N = {u 1S E\{O}:<\P'(u),u> = 0},

is a increasing function of u#0.

and denote the energy of ground state by

¢y = inf ¥ (u), 3)

where W is the energy functional corresponding to (2)(see §2). Now, the main

results in this paper can be stated as follows.
Theorem 1. If (¥,),(V,) and (/;)-(f;) hold, then (2) possesses a least en-

ergy sign-changing solution u,.Inaddition, ¢, canbe achieved either by a pos-
itive or a negative function and W (u,)> 2c, .

Remark. Condition (7,), which is weaker than the coercive assumption:
V(x)—> o as |x| — o0, was firstly introduced by Bartsch and Wang in [2] to
overcome the lack of compactness.

Throughout this paper, we denote |-|p the usual norm of the space I (]RN) >
1<p<o, u,—u and u, >u mean the weak and strong convergence, re-
spectively, as n—>o. C or Ci(i:1,2,---) denote some positive constants

many change from line to line.
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2. Proof of Main Results

To state our main results, we first recall the variational setting corresponding to
(2). Forany se (0,1) , we define X° (RN) as

X (RN) = {u :R" — R |uis Lebesgue measurable, u € I’ (RN) and the mapping
() )T 2 (3 27)

where thekernel K satisfies (K,) and (K,).Themore properties of X° (RN )

can be found in [17] [20]. With the presence of potential function V , we will
work in the following subspace E of X° (RN )

E:= {u eX® (RN) : J.]R"V V(x)uldx < +oo},
which is a Hilbert space equipped with the inner product
.[RN.[RN )—u(y) ( (x)- v(y)) (x—y dxdy+j x)uvdx.

Thenormon E induced by the above inner product denoted by ||u ,

energy functional associated with (2) is
1 2
2 J S (u () =u () K (= ) dxdy
1
+EJ.RN V(x)uzdx—IRN F(x,u)dx,2 €E.

where F (x,u) = .f: f (x,s)ds . Under our assumptions, it is standard to check

that Y eC' (E,R) and for ve FE, there holds

(¥ (1)) = [ oo () =) ((6) = () K (- ) sy
[V (x)uvde [ f (u) v,

To obtain the least energy sign-changing solution in Theorem 1, we will follow

[4] [7] and seek the minimizer of the energy functional W restricted to the set
Mz{ueE:uii0,<‘P'(u),u+>=<‘1”(u),u’>:0}, (4)
which contains all sign-changing solutions. Recall that
u” (x)=max{u(x),0} and u” (x)=min{u(x),0}.

We will show that the minimizer is actually a sign-changing solution of (2).

By direct computations, one has

\}’(u)z ‘P(u*)+‘P(u’)+(u+,u’),<‘1"(u),ui>:<‘I"(ui),ui>+(u+,u’), (5)

where
(u*,u’) = _IRN IRN [u+ (x)u (y)+u (x)u” (y)JK(x —y)dxdy 0. (6)
Firstly, to overcome the difficulties brought by the nonlocal feature of operator
L, , we need the following embedding result.
Theorem 2. If (V}) and (V;) hold, then the embeddings E < L (RN ) are

2N
N-=2s

continuous for p e [2, 22] and compact for pe [2, 2:) , where 2 = is
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the fractional Sobolev critical exponent.
Proof:By (V}) weknow that E < X* (RN ) is continuous, from the [17] and

(K,) we obtain X° (]RN)‘%L” (RN) for p 6[2,22:|, then Eo 7 (RN) for
pPE [2, 21] .

Next we show that E © 7 (RN) is compact for pe[2, 2y) . In fact, let
{u,} < E be abounded sequence of E, going if necessary to a subsequence we
have u,—~u in E and u,—>u in Lf;C(RN) , pe[Z,ZZ) and
"un (x)||+||u(x)||$5 , where C is a positive constant. We first prove that

u, >u in I’ (RN ) , it suffices to prove

un2—>|u|2.

Fix M >0 and set AM(y)::{xeRN:V(x)SM}mB,,(y),where r>0 is
given by (V). When p=2, u,>u in I

loc

(RN ) implies that u, »>u in

LZ(BR) forany R >0.Now, we choose {yn}CRN such that RNCOB,(y,.)

i=l1
and each xeR" is covered by at most 2" balls. Denote the set
Cy(»)= {xeRN :V(x)>M}mBr(yl.),we have

[yi[2R-r
_ Z (oo () =u ()] .

Using the definition of C,,(y,) and Hélder inequality we obtain

J.CM()’,')
1

J-AM(y,»)|u” (x) —u (x)|2 dx < (IA u, (x) —u (x) u dx); (J-AM(%_) 1" )?

1
1, (0) =0 (), (s (7))

2
u, (x)—u(x)| dx + Ay (54)

u, (x)—u(x)|2 dx < %J'Br(yl_)V(xﬂun (x)—u(x)|2 dx,

M(/Vi)

where te(l, N
N

j and lJrlzl.Hence,
—2s t
IRN\BR

u, (x)—u(x)|2 dx

w(-u(f acs 3 (G, v

M

1
+ sup (mesdy, (3,))" |u, (x)-u (X)EZ‘(AM(%‘))]

bifR-r

< %J‘RN\BR% V(x)u, (x)—u(x)|2 dx

+2YC; sup (meSAM (v, ))tl "un (x) —u (x)"2

|yil>R=r
N ~2 _ 1
< 2}; +2" (CZC)2 sup (mesAM (yl.))f' ,

‘yi‘>R7r
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where C, >0 is the embedding constant. Now, for any &£>0 we choose
M >0 solarge that
2N+162
M
For fixed M >0 ,thereexists R,, >0 such that

<eé. (7)

N (CZE)2 sup (mesAM (yl))ll <eg, (8)
‘Yi‘>RM —-r
since

1

sup (mesA,, (y,)) =0 as R > .

‘yi‘ZRfr

For such R,,, by (7) and (8) we have

o gy, e () () e <
Hence,
Joo s ()= (o)
= JB(O,RM) u, (x)- “(x)|2 dx + IRN\BRM Ju, (x)—u (x)|2 dx < 2¢, ©)
this prove [u,[, = [u[, in ’(R"). Finally, by the Interpolation inequality we

have (up to renaming C)

0
u, —u|p < C|un —u|2

|1—0
u,—u 2

<Clu, —u|§ e, —u"H} (10)
)
< Clu, —ufy (o |+ ) ™"
1 6 1-0 . .
where —=E+ 7 and 96(0,1). Hence the right hand of (10) is small
p s

enough, therefore,A u, >u in ¥ (RN) for pe (2,2:).

Since f satisfies asymptotically linear growth condition, the order of the non-
linearity term is the same as the nonlocal term, it is rather difficult to show the

sign-changing Nehari manifold is nonempty. Therefore, we need to rely on the

2

< O}.
2
Lemma 3. Suppose (f,) and (f;) hold,then Mc®.

Proof: 1t is derived from (f,) and (f,),forany ueE\{0} and £>0, we
know that

following set

+

u

2
@::{ueE:ui ;tO,"ui" —a

f(x,u)

u

<a+e. (11)

Thus, when u € M, we can deduce from (8) and (11) that

+(u+,u_)=J-Rlvf(x,ui)uidx<(a+£)|ui|§,

£ 12
u
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which implying ||in||2 —a|ui|z <0 for & small enough.

Remark. Due to the inequality (11), when ueE with u*#0 and
<‘I"(u),ui>ﬁ0,wehave ue®.

With the help of ®, we have successfully proved the following Lemma.
Lemma 4. Suppose (¥;),(V,) and (f;)-(f;) hold,if u€®, then there ex-

ists a unique pair of positive numbers (s,,,) such that su” +7u” e M.
Proof. It is derived from assumptions (f;)-(f;) that, for any &>0, there
exists C. >0 such that

|f (x,u)| < efu + C, [ (12)
And so, we have
|F (xou)| < eu + C,Ju|", (13)
where pe(2,2]) . For fixed ueE with u*#0 , (sf)e x" and
*:=(0,+), we denote
Iy (5,0) = (2 (s + ), 507 ),y (5,0) = (W' (s 40 ) 00). (1)

Then su”+m €M ifandonlyif h(s,t)=0 and h,(s,z)=0.Itis not dif-
ficult to see that

+

+
Su

e 9

tu

I (s,0)> ¢ {||u||2 )y dx} (16

(12), (15) and (16) imply A (s,£)>0 for s>0 small enough and
hy(s,t)>0 for ¢>0 small enough. In addition, it is easy to see that
h(0,6)=h,(5,0)=0 . Thus there exists r>0 small enough such that
h(r,r)>0, hy(r,r)>0. For any fixed r<s, (11) allows us to apply Lebesgue

dominated convergence theorem to get

, h(s,t) . 2 ¢ Slxsu®) e
hmsupﬁzhmsup u* +—(u*,u’)—.|' N(’—Jr) ut| dx
S—>+0 S S—>+0 S R Su
2 2
=|u*|| —alu’
2
<0,

which implying that % (R,R-1)<0 for R>0 large enough . Similarly, we
know that %, (R—1,R) <0 . Because the functions 7 (s,7) isincreasing with re-
spect to ¢ and h,(s,t) is increasing with respect to s, where s,feR", we

know for all s,z¢ [r,R —1] , the following hold
b (r,t)>0, h(R,t)<0, h,(s,r)>0, h,(s,R)<O0. (17)
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It has been shown in Miranda’s theorem [21] that there exist two positive con-
stants s,,, €[r,R—1] such that A (s,,7,)=0 and h(s,,z,)=0, which im-
plies that s u” +tu” e M.

Next, we will show that the uniqueness of (s,,?, ),and we divide the argument

into two cases.
Case 1. u € M. By the definition of M we know that

<‘P'(u),u+>=<‘1"(u),u’>:0,1'.e,,
=P +(u+,u_)=J.RNf(x,ui)uidx. (18)

u
To complete the proof, we only have to show that (s t ) = (1, 1) is the unique

usu

pair of positive numbers such that su”+¢u” € M. Suppose, for contradic-
tion,that (5,7)#(1,1) such that 5u”+7u" e M. Without loss of generality, we

suppose 5 >7 >0, then
<, Vo, =2 +2 ==, .- =2 2 =2 + -
IRNf(x,su )su =3 "u " + 5t (u U )Ss +75 (u U ),

[ s (o )ar = fu [ 457 (w )2 [+ 7% ()

u+

(19)

By (18) and (19), we have

0<|,

this implies ¥ <1. Similarly, we have 7 >1. Consequently, 5=7 =1.

Case 2. u¢ M . We know that there exists (s,,7,)eR"xR" such that
su" +tu e M . Suppose that there exists another pair of numbers
(s,,5,)eR"xR"  satisfies s,u”+t,u €M . Denote u :=su’+tu~ and

— + -
u, =S,u" +t,u ,then

- N t - N t -
u, =s,u" +tu =2 lsu+| 2 |tu =] 2 |u +| 2 |u, e M.
S 4 S 4

Due to the fact that u, € M , repeating the proof of the case 1 we have
t

2o [—2 =1. Thus, we assert that (s,,7,) is the unique pair of positive numbers
S b
such that s u” +tu e M.

Lemma 5. If (f;) - (f;) hold, assume that u€ E with u* #0 such that
B (1,1)<0 and h,(1,1)<0O, where h(s,t),h,(s,t) are given in (14). Then the
unique pair (su,tu) of positive numbers obtained in Lemma 4 satisfies
0<s,,t, <1.

Proof. Since su”+tu € M, without loss of generality, we suppose that
s,2t,>0 and obtain the following inequality

+ + 42
J-Rh,f(x,suu )suu dx =5,

By £,(1,1)<0, we have

+

+
u

2
+8t (u+,u_)ﬁsj u

uu

’ +50 (zf,u_). (20)
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u

+(u+,u_)SIRNf(x,u+)u+dx. (21)

We know from (20) and (21) that

fRN{f(x’Suf)_f(x’”+)](u+)2dxso,

+ +
s,u u

which implies that s, <1.Then, 0<s,,z, <1.
In the sequel, we consider the following minimization problem
m:inf{‘P(u):ueM}. (22)

Lemma 6. If (¥;),(V,) and (f,)-(f;) hold, then m>0 can be achieved.

Proof. We first show that m > 0. By the definition of M and N , we obtain
Mc N, hence we only need to show ¢, >0 which is given in (3). Let

d=d (u) = ||u|| . By (13) we know there exists C >0 such that

1
()=l -] F ()

1
> - (el .

u|p)dx
>d? G— Cye— cpcgdp'zj,

where 2<p<2. and C,,C , are the embedding constants. Now, we choose d
and & small enough such that

1 P!

E_CZS_Cngdp Zg (23)

We take ue N and A>0 small enough such that d(/lu) satisfies (23).
We can easily to know W(u)= max‘}’(su+ +tu’) from [22], then

5,20
‘I’(u)z‘l’(/lu)zédz >0, hence ¢,>0,and m>0.

Next, we prove that m can be achieved. By Lemma 4, there exists a minimiz-
ing sequence {u,} = M suchthat ¥(u,)— m>0.Based on the work of Lions
[23] on the concentration compactness principle, as shown in [24], we can prove
that {u,} isboundedin E.Hence there exists u, € E suchthat u, —u; in
E and u, >u, in L’ (RN) for p e(Z,Zi) .Inaddition, {u,} <M implies
that u; #0 and

<‘I”(un),u;>=<‘P'(un),u;>=0. (24)

By (12), (24) and the boundedness of u, , there exists C, >0 such that

’ S”uf"z +(u;,u;)=J'RNf(x,uf)u:deJ.RN (6‘ p)dx.

+

u

2
C’O < n + Cg

+
un

+
un

When &>0 small enough, we get

I RrRY

"de&
2C

&

+ *
un uO

>0,

v Sosg and |,
2C, R
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which implies that u; # 0 . By the Lebesgue dominated convergence theorem, we

have
fim [ (o = [ 1 (0 25)
ll_r)?o RNF(x,u,f)dx = IRNF(x,ué)dx,

and

lim (s, ) = tim {=[_ [ [ (), () +2, () ()] K (= ») decy}

T ) 2
By the weak semicontinuity of norm and (24) - (26), we obtain
i () < e+ o)
= liminf jRN J(x,u; Ju;dx (27)
= [ f (v g,

which implies % (1,1)<0 and A, (1,1)<0. Thus, u,€®. By Lemma 4 and 5,

there exists a unique pair of (Su[, ot ) €(0,1]x(0,1] such that

o -
dy =5, Uy +1, U, € M.

It from (f;) that f(x,¢)t—2F(x,t) is increasingin 7>0 and decreasing

in ¢<0, then we have

L (@),

ms‘{l(ﬁo):qj(ﬁo)_z

- %LRN ( (085 ) 885 —2F (5,17 )
# 2 o (F (ot 5 =28 (1,5 ) o
< % oo ( (oot )ty =2F (1, b (28)
<liminf B [ (f (e, )u, —2F (x,u, ))dx}
= lir}gi;lf{‘l’(un)—%(‘P'(un),unﬂ

=m.

Therefore, W(if,)=m , and from the proof of (28), we have S, =, =1-
Hence, ‘I—’(uo) =m.

Lemma 7. Assume that (¥;),(V,) and (f;)-(f;) hold, if u,eM and
W (uy)=m,then u, isa critical pointof ¥.

Proof. Suppose by contradiction that W'(u,)#0, then there exist §>0 and
a >0 such that

¥'(u)>a forall ue{uek :|u—u| <35}

Define the map w(s,t):=su, +tu,, (s,¢)e D, where
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D:=(1-6,1+6)x(1-8,1+65). By the similar argument as [25], we know that

¥ (u) =max ‘I’(su+ + tu’), YueM, (29)
5,120
which implies that
my = max Yow<m. (30)
(s,t)eBD

We take z:=min{(m—-m,)/3,a6/8} and S,:={veE:|v—u<s}, it fol-
lows from [26] that there exists a deformation 7 e C([O,l]x EE ) such that
o n(Lu)=u if ugW ' ([m-2e,m+2¢])NS,,;
o (LY"INS; )
e W(n(.u)) isnonincreasing forall uek .
It follows from (iii) and (29) that
¥ (n(Lw(s.1))) <P (w(s.1)) < ¥ (uy)=m forall(s,) €D with (s,r) = (1,1).
When (s,£)=(1,1),by u,eS;N¥"* and (ii), we know
¥ (7(1w(1,1)))<m—z<m. So,

max‘P(n(l,w(s,t)))<m. (31)

(s.t)eD
Next, we claim that 7(1,w(s,z))\M =@ by the degree theory. Let us define
W(s,t)=n (1, w(s, t)) and the following vectors

W, (s,1):= (‘I”(w(s,t))ug,‘P'(W(S,t))u(;),
¥, (5.6) = Gqﬂ(w(s,t))w(s,f)* ,%‘P’(W(s,t))W(s,t)j.

Obviously, we have
f(x,0)e = f(x,8)t>0 fort+0, (32)

where f’ denotes the partial derivatives with respect to ¢. By (32) and
u, € M, we have

RGO B T e R Gy (O
—J.va(x,ug)ugdx
:IRN LRN [ug (x)uy (¥)+uy (x)uy (y)]K(x—y)dxdy
<0,
%(‘I—"(w(s,t))uo) _.[]R\ .[RV [uo x)uy () +uy (x)ug (y)]K(x—y)dxdy.
Similarly
%(‘I"(Vt/(s,l‘))uo)(1 ; Z_IRN J.]RN [ug (x)uy (¥)+uy (x)uy (y)]K(x—y)dxdy,
%(‘P'(W(s ) ) <jwj [ (x)ty () +5 ()5 ()] K (= ) dedy <.
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Therefore

2 (wls0))

(11)

0 (g .
E(T (W(S’t))uo )(1,1)
J\PO (1,1) =

O [y . 9 (g -
g(‘l’ (w(s,t))uo )(1’1) 5(\{] (W(S,t))uo )(1,1)

> (.[RN J.]RN [ug (x)ug (¥)+uy (x)ug (y)]K(x—y)dxdy)2
(Jon Jo [0 () (7)+ g (65 ()] K () dacy)

=0.

It follows from the degree theory that deg(¥,,D,0)=1. On the other hand,
we obtain from (30) and (i) that w=W on 0OU . Thus, we have
deg(W¥,,D,0)=deg(¥,,D,0)=1. There exists a pair of (s,,f,)€D such that
¥, (s.2y) = 0, therefore 77(1,w(s,.4,)) =W (s,.1,) € M, which contradicts (31),

hence, W’'(u,)=0.From above, we know that (2) has a least energy sign-chang-
ing solution u, .

Proof of Theorem 1. In the sequel, we just need to establish that its energy is
strictly larger than twice that of least energy solutions. We are going to prove that

forany u e M, there exists a unique pair of (s, t) eR"xR" suchthat su"e N

and " e N .Infact, su” e N ifand only if <‘I"(su*),su*> =0 . For the sake

of convenience, we let go(s) = <‘I”(su+ ),su+> , by (12), we have

2
p(s)=s|u" —J'RNf(x,sM)su*dx
2 2 _ P
Zsz( | —¢ 2 u'| dx-C.s” QJ.RN u* dx)
2 2 _ V2
Zsz( u| —eC,lut|l —C,Cos" 7 |u* )

On the other hand, for any u € M, it follows from Lemma 3 that

limsup K;) =
S+ N

2 2
u'| —a u+2<0.

Choosing ¢ small enough, there exists s, >0 small enough such that
¢(s;)>0 and s5,>1 large enough such that ¢(s,)<0. According to the con-
tinuity of ¢(s), we can obtain there existsa s, >0 such that ¢(s,)=0.Next,
let us prove the uniqueness of s, . Suppose there exists another positive number
5, #s, suchthat ¢(5,)=0, then

LR

u

(D(Su):sz —J-RNf(x,sou')sou'dx:O, (33)

+

| —_[RN f(x,@u*)iu*dx =0. (34)

o(5,)=5
Combining (33) and (34), we have

0= f(x,?l,u*)_f(x,suu*) (u+)2 i (35)

RY <t
S, U s,u
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Suppose s, >s,, then the right of the equality (35) is positive, this is impossi-

ble. Similarly, there is a unique ¢, >0 suchthat zu~ € N'. From (29), we have

m="Y(u,)= Igazlgg‘lj(sug +tu(])
> (s, g+, )
=W (5,15 )+ W (1,10 )+ (5,2 -, 1 )
> \P(suoug)+ ‘P(tuoug)

= 2c¢,.

This completes the proof.
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