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http://creativecommons.org/licenses/by/4.0/ The mathematical structure represented by algebra of quaternions [1] [2] and oc-

tonions [3] [4] has become of great importance in some physical and engineering
applications, so it is useful to develop mathematical methods or formulas to sim-
plify the algebraic operations on these numbers such as computing the powers
and roots.

It is well known that Euler’s and De Moivre’s formulas are used to compute
powers and roots of quaternions and octonions numbers [5] [6] as they avoid the
complicated multiplication of these numbers. Our work presents a new and un-
conventional method to find powers and roots of these numbers; the method in-
volves constructing specific matrices for representing octonions and quaternions
and deriving algebraic formulas for their powers and roots.

To find the roots, our algebraic formulas give equations for real and imaginary
parts, the real part equation can be solved numerically using any of numerical
methods used to find polynomials roots such as the Newton-Raphson method,

and the imaginary part is subsequently determined.
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For a quaternion number x = x, +x,i, + x,i, + x;i;, where x,,x,,x,,x, are real
numbers and i,i,,i; are imaginary units satisfy the multiplication rule shown
in Table 1, we can create 4(4!) distinct real matrices to represent x [7], one

of these matrices is:

Xo X X TN
X, X, —X, X
1 ) 3 2
X = (1)
Xy X3 X TN
X3 X X Xo

For an octonion number  y =y, + v/, + ¥, /5 + V3 )5 + VaJy + VsJs + VeJs T V)7
where y,,,,---,y, arereal numbersand j,j,,---,j, areimaginary units sat-
isfy the multiplication rule shown in Table 2, we can create 4(8!) distinct real

matrices to represent y , one of these matrices [8] is:

R T U DR R DR W
N e Vs Yo Vs Vs V7 Vs
Yoo Vs Vo TN Ve Vi Vs Vs

Vi =V, N Yo V7o Ve Vs Iy

Yo Vs Vs Vi Vo TV TV TN
Vs Vs Vi Ve N Vo Vs I
Yo =V Vs Vs Vo Vi Vo 0N

Y Ve Vs Vs N3 Yoo =N Vo |

2

Table 2. Multiplication rule for imaginary units of octonions.

x Ji Ja J3 Ja Js Je Ja
Ji -1 J3 —Ja Js —Ja —Js Je
Ja —J -1 Ji Js Ja —Ja —Js
J3 Ja = -1 Ja —Js Js —Ja
Ja —Js —Js —J7 -1 Ji Ja J3
Js Ja —J7 Js — -1 —J J2
Jo Ja Ja —Js —Ja Js -1 —
Ja —Je Js Ja —J3 —J> Ji -1

To obtain our goal, we will take the following steps: First, we derive an algebraic
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formula for computing y", (where n is a positive integer). Then, we use it to

form equations for real and imaginary parts of y"". Next, we solve the equation

of the real part using Newton-Raphson method. Finally, we substitute this solu-

tion into imaginary part equation, and thus we can obtain y"".

2. Computing Powers

In this section and the next, we will derive algebraic formulas to comput y", y™

and ",

For x,we can use the same formulas with the following slight change:

o

To find y", we can multiply Y

_J’O I T B
Mo Yo TV N
Yo Vs Yo =N
I R N R R
Yo Vs Vs
Vs =Vs Vg
Yo —V1 TN
LYV Ve Vs
_yo S T % T £
oy 00
v, 0y 0
_ » 0 0 Yo
v, O 0 0
y, 0 0 0
ve O 0 0
ly; 0 0 0
weuse Y  insteadof Y.
To find yz,
T (e P PR PR
N Yo 0 0 0 0
y, 0 Yo 0 0 0
y, 0 0 Yo 0
v, O 0 0 Yo 0
ys 0 0 0 0 Yo
ve O 0 0 0 0
ly; 0O 0 0 0 0
So,

x,, for0<k<3
0, ford<k<7

V4 Vs
Vs W
Ve Iz
Vi Vs
Yo =N
Yo
0
0
Vi Vs
Yo
0
0
Ve Vs 1
0 0
0 0
0 0
0 0
0 0
Yo 0
0 Yo |

Yo
N
W
Y3
Vs
Vs
s

L7 ]

byitself » times, and since

—Ys _y7_ _YO_
Vi TV || N
Yo o Vs || N2
Vs Vs || N5
V2 TV || Vs
Vi TV || Vs
Yo || Ve
0 Yo J1LV7 ]
Vs _J’7_ _J’o_
0 0 || »
0 0 ||y
0 0 V3 _ (Y*)Y
0 (UNIA
0 0 1 »s
Yoo O [y
0 Yo 11LV7 ]

vo— (3 + 3 +427)
2y,n
2yo),
2yoys
2004
2y, s
2y0¥s

20y,

3)

4)

©)
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Y=

y2:|:y§_(ylz+J’§+"'+y72):|+2y0(y1j1+y2j2+"'+y7j7) (6)
To find »’,
Vo 3 v v o s v vy |-y 4?)]
yo ¥ 0 0 0 0 0 2yo0,
y, 0 Yo 0 0 0 0 2900,
i 00 0 0 25,¥s
ye O 0 0 Yo 0 0 0 2¥0¥4
ys 0 0 0 0y 0 0 2y, Vs
Yo O 0 0 0 0y 0 290 Vs
ly; 0 0 0 0 0 0 Yo J|. 2yoy; i
=3y (] | -
n[3vs (0 32+ 3)]
»[3v - (3 03+ a?)]
|3 = (o 33 e 37|
[ (i)
ys[35 (3 03+ 32|
Yo 350 - (3 403+ 02)]
n (3507 #3307 |
So,
V= =3m (3 45344 07)] "
+|:3y§_(J’12+y22+"‘+y72):|(y1j1+Y2j2+'”+)’7j7)
To find y4,
-3y (i eed) ]
i T R R Ay | Y R S LR |
Yo 000000 Ty (52 a4 02)]
0 5% 0 0 0 0 0
00 0 o || %[ +rieil)] o
00 0 0 0 |y [Bry—(37 +33+427)]
0o 0 0 0 0 0
o o o )(/; w0 ¥ 30— (3 37+ 3)]
0 0 0 0 3y || ye[Br—(37 +33+427)]
a0 - (o 493 4407 ]|
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2

ve=632 (32 4yt et ) (3 4y e y2)

So,

y4=[y3—6y§(yf+y§+---+y72)+(yf+y§+--'+y72)2}

(10)
400 =4y, (37 02+ [ g+ o 4 )
By this way we will reach to the following general formulas:
nf2 n r
n _ n=2k | _ 2 2. 2
y _L;(n—ijyo [—(+22+ +y7)u
(11)
& n n-2k-1 2, 2 2\ T . . .
2|, g [0+ 03 e 3)] |+ 2+t 207
for n isan even number, and
(n-1)/2 n P
n __ n=2k| _ 2 2. 2
y —{ > (n_%]yo [-( 432+ }
(12)
-2 n n=2k-1 2, 2 N\ . . .
+ kZ:O n—2%k -1 Yo |:_(y1+Y2+"'+J’7):| (y1]1+y2]2+'”+J7J7)

for n isan odd number.

It is obvious that the real number y, has a major role in the result, let’s see
the result when we have a pure octonion number ( Vo = ()) .

The matrix ¥~ will be:

K Vo TVa TYs Vs Vs Vs _y7_
N
W
x| Vs
Vs
Vs
Yo
Y7

(13)

S O O O O o O
S O O O O o O
S O O O O o O
S O O O O o O
S O O O O o O
S O O O O o O
S O O O O o O

Then the formulas (11) and (12) become (14) and (15) respectively.
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y=[(ofri )] (14)

n (117])/2 . . .
y =[—(yf+y§+-~+y3)] (Vi + Yoty ++ Jrd7) (15)

To find y™, since

yi=—=—"0"05= (16)

_J/O W 7Yy Vs Vs TYVs T _y7_— Mo ] _yé_
v ¥ 0 0 0 0 0 0 (l-»| |y
vy 0y 0 0 0 0 0 fl-»| |y
Y3 0 0 Yo 0 0 0 0 ) _ y32 (17)
e 0 0 0 Mo 0 0 0 Vs yj
yo 00 0 0 y 0 0 |-y| |y
Y 0 0 0 0 Mo 0 |-y J’62
L V7 0 0 0 0 0 Yo JL™W7 y72_
So,
W=V 4V Y+t (18)
and to find (7)", the matrix ¥ will be:
(o oy v v s Ve i
-» »% 0 0 0 0 0 O
-y, 0 y, 0 0 0 O
. — 0 O 0 0 O
Y — y3 yO (19)
-y, 0 0 0 y, 0 0 O
-y 0 0 0 0 y, 0 O
-»% 0 0 0 0 0 y, O
-y, 0 0 0 0 0 0 y|
Similarly, we will find that, when # is an even number,
—n 1 n/2 n n—2i i
V| = HZ( _2.]%2[—(yf+y§+~~+yf)u
(v 37 +ys+eryy) Ll =2 (20)
”/2_1 n —2i-1 2 2 2 i
- ; (H—Zi—ljyg l |:_(y1 +y2+"'+y7):| (y1j1+)/2j2+"'+j7j7)
and when 7 isan odd number,
—-n 1 ("‘1)/2 n n—=2i i
V=l - H > e [0 + a3 +03)]
= \n—2i
(J’o"'yl +J’2+"'+y7) = (21)

e n n-2i-1 2, 2 N\ . . .
X, [=(37 + 32 22) | |0+ vads e+ )

i=0
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For a pure octonion, when # is an even number,

7n: 1 - 2 2 e 2 n/z
’ (v 42t +yi ) o) (22)

and when 7 isan odd number,

-1
(35 + 28 +33 +-+427)

(=2, . ..
A ) | i+ ) (23)

3. Computing Roots

For computing octonions roots, suppose that y,,»,,---,», are not all zero, and

set
. . . \l/n . . .
(yo TVt +"'+y7]7) =by+bj+b,j++b, ], (24)
For yl/2 , from (24) and (6) we find

. . . . . . \2
YotV tYolat -t Y1); :(bo+b1]1 +b,j, +"'+b7f7)

:[bj —(bf +b; +---+b72)J+2bO(b1j1 +b,j++b, ) )
which gives
Yo=by —(bl +b; +--+b]) and y, =2bb,,for 1<k<7. (26)
and therefore
VoW AV ety
= [bj (B +b} +---+b72)]2 +4by (b] +b5 +-++b]) (27)
=(b§ +b’ +b; +---+b72)2
From (26) and (27) we determine y, as
Yo =by —(B) 4B} +--+b7)
=by — (B +b; +-+b] )+ by —b;
(28)
=2b; —(b; +b] +b5 ++--+b7 )
2B (s 4yt i)
So, the equation of the real part b, is:
282 (8 4y 33+ 02) =3y =0 (29)
and the equation of the imaginary part b,,for k=1,2,---,7 is:
bkzzy—l;‘o,for 1<k<7 (30)
For yl/3 , from (24) and (8) we find
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y0+y1j1+y2j2+-~+y7j7=(b0+bljl+b2j+~-+b7j7)3
=[b§—3b0(b12+b22+---+b72)] (31)
[ 305 —(b7 #5457 ) [ (i + by oo+ By
which gives
Vo =by =3by (B +] +--+b7) and y, =[ 30 (B2 55 +--+b7 ) b, for 1<k<T (32)
and therefore
VotV Y Aty
=[5~ 3b, (b + b7 44 82) ]
+[363 (B2 452 4ot 82) [ (B2 452 404 2) )
=(b§+bf+b§+---+b72)3
From (32) and (33) we determine y, as
Yo =by =3by (b +b; +--+b7)
=By =3by (B +b3 +---+b] )+3b; —3b;
(34)
= 4b; = 3b, (b; + b} +b3 +---+b] )
— 4By =30, (30 437 + 32 44 y2)
So, the equation of the real part b, is:

4B ~3b, (32 +yi + yi 4 32) =y, =0 (35)

Tofind b,,for 1<k<7

B 403 +e+ b7 )+ B = B] b,

(36)
by + b7 +b] +--+b7) |b,

So, the equation of the imaginary part b, is:

Yk
b, = ,for 1<k<7 (37)
R )

For yl/4, from (24) into (10) we find
. . . ) . . \4
Yot tVada 205 :(b0+b1]1 +sz+"'+b7J7)
=[b5‘ 602 (B2 + 2 4+ b )+ (b 4 12 +---+b72)2} (38)

+[4b§ —4b, (b +b} +---+b72)}(b,jl +byjy+-+b, Jy)

which gives
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Vo= bt~ 60 (B2 483 4o+ 52 ) + (b7 +2 4+ 87) and

(39)
ve =[ 485 ab, (b2 + 83 +-+82) |, for1<k<T
and therefore
R I GRS o
:[bg—&;g (bf+b22+...+b72)+(b12+b22+...+b72>2}2
+[ 40— ab (7 + 83 +---452) [ (67 + 63 +---+2)
=b§—12b§(b12+b22+---+b72)+36b5‘(b12+b22+...+b72)2
$2BS (B2 4+ 42 128 (B 48 4o 4 82 ) o
(B2 02 4t 02) 168 (F 40 oo+ 12
3208 (B2 02 4 02 ) 1607 (B 407 4o+ 1)
=b§+4bg(bf+b§+---+b§)+6bg(bf+b§+...+b7z)2
AR (B2 402 4 02) 4 (B2 402 4k 02)
:(bo2 +b +b; +-~-+b72)4
From (39) and (40) we determine y, as
v, =bi —6b] (bf+b22+-..+b72)+(b12+b22+...+b72)2
= bt —6b] (blz+b22+...+b72)+(b12+b22+...+b72)2
+8b; (B +55 +--+b7 ) =8b; (B +b5 +-+-+b7 )
(41)

=[50+ (07 403+ 407 ) | =80 (B + 3 4 b2 ) + 80 85

=[B2 07 03 452 | =807 (B 407 403 4+ b2 ) +8b]

/4 12
=8B, 8y (yo + 37 +y3+-+¥]) 400 +37 + 33 +4)7)

So, the equation of the real part 5, is:
1/4 12
8by —8b; (y5 +37 +3 +-+37) +(+) +¥3 - 437) =3 =0 (42)
To find b,,for 1<k<7

Vi =] 4B —aby (7 + +---+57) |b,
4

(
=[ 4] — by (B + B3+ +b7 ) +-4b —4b) |,
=[[865 —ab, (g +67 +5] +--+8) |, @
- [8173 —4b, (i + 7+ Y5+t )ﬂbk
So, the equation of the imaginary part b, is:
b 2k for 1<k<7 (44)

4 >

k:
8y —4by (y5 + 37 + 35+ + 7 )

DOI: 10.4236/jamp.2025.136117 2105 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.136117

W. E. Ahmed, N. M. Ahmed

Proceeding as before, the equation of the real part 5, will be:

2

1/n
2 2B (3 et y2)

+n(n2—!_3)2”’5bo”'4(y§ by vy yt)

——n(n_?!(n_s)Z“bSG(yé bytayiaeryl))

+n(n_s)(n4;6)(n_7)2”‘917(?‘8(y§ vy ey nt)” (45)
_”(”—6)("—75)!("—8)('1—9)2nub(;,1o(y02+ylz+y§+m+y7z)sxn
+n(n—7)(11—8)(116—!9)(11—10)(11—11)2"13bg12(y§+y12+y22+_“+y72)6/n
_n(n—8)(n—9)(n—710)(n—11)(n—12)Zn_lsbg_H(yg+y12+y22+m+y72)7/n+m_yo i

and the equation of the imaginary part b, will be:

I/n

b, =y, {(21)0)"‘1 —(n=2)(26,)" (3o + 37 + 33+ +7)

+(n—3)(n—4)(2

o By) (500 403 443

= a)(n-5)(1-6)

31 o) (8 ]

(1=5)(n=6)(n=7)(2=8) (v
41 ’

_(1=0)(1=7)(1=8)(n-9)(n-10) .,

o o) (Vs 7 s ]

(n_7)(n_s)(n_é)(n_1o)(n_11)(n_12)(2b0),,13

6!

_(n—8)(n—9)(n—10)(n—11)(n—12)(n—13) (25 )H5
7! 0

2/n

3/n

+

4/n
(o + 37 +33 +-+37) (46)

5/n

+

6/n
(yo+37 + 23 ++7)

-1
7/n
(35 + 37 +23 +-4+37) +}

Let’s write (45) and (46) in another form.
If n isan even number greater than 2, then the real part equation will be:

n n— I/n
(26,)" =n(26,) (y5 + 37 + 33+ +37)

n/2| | 2i-1 _11' o i i " (47)
+Z[[H<n—f>}( U o 2 (5437 32 432 }zyo

i=2| | j=i+l
and the imaginary part equation will be:
. -1
n—1 n2 z . (_1)[ n—=2i-1 2 2 2 2 ifn
b=y, | (26,) +X || [T (n—-)) T(2b0) (y0+yl+y2+...+y7) (48)

i=1 | | j=i+l

If n isan odd number greater than 3, then the real part equation will be:
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n n— l/n
(2b,)" =n(2b,)" (v + 37 +33 +++37)

n-1)/2 1 -1 i n=2i [ 2 2 2 2\iln (49)
+Z[ﬁl< ﬂ(j”@%>(%+%+h+mwﬁqzbb

J=i+l

and the equation of the imaginary part will be:

-1

@:%% ) +MWHFMn]ﬂ(DY%Y”(%+ﬁ+ﬁ+m+ﬁyﬂ]<w>

i=1 Jj=i+l

4. Newton-Raphson Method

In this section, we apply one of the more popular methods for finding roots of
non-linear algebraic equations, this method is called Newton-Raphson, named af-
ter Isaac Newton (1643-1727) and Joseph Raphson (1648-1715).

Starting with initial guess z,, the iterated formula of Newton-Raphson to de-

termine approximation to an exact root is:

Z/c+1=zk—J{,((ZZk)), k=0,1,2, (51)

From the previous algebraic formulas (47) and (49), we can form the function

f(z) bysetting z=b,, A=y;+y +y;++y;,and B=y,, (see Table 3).

Table 3. Form functions from the real part equations.

n f(2) n f(2)

2 22— 4 B 3 4z’ -3(4V)z-

4 8z' —8(4")* + 47 - B 5 162° =20(4"*)2* +5(47°)z- B

6 322° 748(/1‘/“)24 +18(A2/") -4 -B 7 64z —1 12(A‘/7)zS +56(477) 2 77(A3/7)27B

Now, how do we select z,?

Of course, a proper initial guess is critical to approximate an exact root, as a
general way, we begin from a value between « and g,such f(a)-f(8)<0,
this definitely ensures that thereisaroot between o and g, then we can take
=22L.

To get the approximate root z~ , we use (51) with the following constraints:

- |z - z*| <e,where € isthe error tolerance; that means, we want to obtain the
root with an error of at most of €.
- Or, the iterated reaches the maximum iterated we want.
Once we found z*, we move on to find another root by replacing f(z) with

FE)(=2) and £(z) with [(2=5)7(2)= £ (2)]/(z==) , and choos-
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ing an appropriate value for z,, and so on until we find all 7 roots.

5. Examples

To verify the practical effectiveness of our technique in computing powers and
roots of quaternions and octonions numbers, we will take examples solved using
Euler’s and De Moivre’s formulas by some authors in [9] and [10] respectively.

Example 5.1

. . 1
Given the quaternion x= E(1 +i,+i, +1; ) , we want to find X" Jx,and .

For x" ,use (11) for an even number, and (12) for an odd number,

X = [:/ZZ(—I)k (n ! ij@"“ Gﬂ
LRI RN RG] R
e f”;‘l”(—n" L5 Gﬂ

Let’s find the pattern of the powers.
1 L 2 1 2-2k 3 k 1 ' . '
x2 :|:;)(—l) (z_zk][gj Z + E(ll‘f'lz +13)
L. ..
= —E-FE(ZI +12 +l3)

:%(—Hl} +iy+iy )
i {g(_l)k [3 —32kj@32k Gﬂ
B o
-1

=[é<—l>k(4f2kj@““eﬂ
R O )

1
:—5—2(11+12+z3)
=—%(1+i1+i2+i3)

We notice that
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2108 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.136117

W. E. Ahmed, N. M. Ahmed

4 10 . . .
x=—x'=x"==x"" == —(1+i +i, +i;)
xzz_x5:x8:—x“: :—(—1+i]+i2+i3)

X=xf=x == =1

To find v/x , use (29) and (30),
262 -(1)" —%:o—wo =+

b =+-k for 1<k<3

3

N
Therefore, ~x =+ —+——(i +i, +i,)|.
erefore, ~/x {2 2\/5(11 I +1y)

To find </x , first, determine the real part equation from (49),

<2b0>5—s(sz@)”ﬂi[ﬁ<s—f>}(‘l.—)"5<zbo>5”(1)5}:1

i=2| | j=itl i!
(2b,) =5(2b,) +5(25,) =1
Then, take f(z)=32z"—-40z’ +10z—1, and find its roots by using (51), (see
Table 4).

Table 4. Newton-Raphson method to determine the roots of f(z)= 32z° —402° +10z 1.

Function (0!,,3) Zy z
£(2)=1(2) (-1,-0.9) -0.95 -0.913545 at 4 iterations
f(z2)= A(2) (-0.8,-0.6) -0.7 —0.669131 at 3 iterations
z+0.913545
fi(2) __ 56 (0,0.1) 0.05 0.104528 at 21 iterations
‘ z+0.669131
£:(2) —_—
Z) = (0.4, 0.6) 0.5 0.5 at 0 iteration
£i(2) z-0.104528
fi(z)= LOZZ_ 0.9, 1) 0.95 0.978148 at 82 iterations
z—V.

Next, determine the imaginary part from (50).

b, =a, [(22)4+§2:Hﬁ(5—j)}(_?i(2z)4‘2"(1)"/sﬂ , for1<k<3

i=1 | | j=i+l L
= a, (162* 1222 1)

Finally, determine the roots of Jx from:

z+(1624 ~1222 11) B(i] i, +i3)}
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The first root is 0.104528+0.574187 (i, +i, +1; ) -
The second root is 0.104528+0.574187 (i, +i, +1;) -
The third rootis 0.104528+0.574187 (i, +i, +i; ) .
The fourth rootis 0.104528+0.574187 (i, +i, +1i; ) .
The fifth root is 0.104528+0.574187 (i, +i, +1,) .
Example 5.2

Given the octonion y =1+ j, + j, + j, , we want to find %/;
First, determine the real part equation from (49),

(26,) -3(4)" b, =2

Then, take [(z)=4z"- 3(4)1/3 z—1, and find its roots by using (51), (see Ta-
ble 5).

Table 5. Newton-Raphson method to determine the roots of f(z)=4z"— 3(4)1/3 z-1.

Function (a, /] ) z, z
£(2)=1(2) (-1,-0.9) -0.95 -0.965156 at 3 iterations
fi(z)= _AE) (-0.3,-0.2) -0.25 —0.218783 at 3 iterations
z+0.965156
£i(2) __ 5 (1.1,1.2) 1.15 1.183939 at 543 iteration
z+0.218783

Next, determine the imaginary part from (50),

b=a,](26,) —(4)‘/3]1 , for1<k<7

=a,[(22) -(4)" ]
Finally, determine the roots of 3/y from

2+ [(22) ~(9)"] Gt st ).
The first root is: —0.965156+0.467573( j, + j, + j¢ )-

The second root is: —0.218783—0.716365( j, + j, + js ) -
The third root is: 1.183939—0.248791(J, + j, + ji ) -

6. Conclusion

The foregoing algebraic formulas give powers and roots of octonions and quater-
nions numbers. For the roots, the equation of the real part can be solved numeri-
cally using a numerical method such as Newton-Raphson method, therefore, we
can find the powers and roots of these numbers without using Euler’s or De Moi-

vre’s formulas.
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Appendix

Python code 1: To find powers for an octonion/quaternion number.

import math
a,b,c,d,e,f,g,h=input("Please insert the number as y(0) y(1) y(2) y(3) y(4) y(5) y(6) y(7): ").split()
a=float(a); b=float(b); c=float(c); d=float(d); c=float(c); d=float(d); e=float(e); f=float(f); g=float(g); h=float(h)
A=b¥*2+ct*2+d 2+ 2+ 442+ g**2+h**2
n=int(input("Please insert n: "))
if n<0:
m=-n
else:
m=n
realpart=0; imaginarypart=0
if m%2==0:
for i in range(0,m//2+1):
realpart=realpart+((-A)**i)*(a**(m-2*i))*(math.factorial(m))/((math.factorial(m-2*i))*(math.factorial (2*i)))
for j in range(0,m//2):
imaginarypart=imaginarypart+((-A)**j)*(a**(m-2%*j-1))*(math.factorial(m))/((math.factorial(m-2*j-1))*(math.facto-
rial(2*j+1)))
else:
for i in range(0,(m-1)//2+1):
realpart=realpart+((-A)**i)*(a**(m-2*i))*(math.factorial(m))/((math.factorial(m-2*i))*(math.factorial (2*i)))
for j in range(0,(m-1)//2+1):
imaginarypart=imaginarypart+((-A)**j)*(a**(m-2%*j-1))*(math.factorial(m))/((math.factorial (m-2*j-1))*(math.facto-
rial(2%j+1)))
if n<0:
print("The power is: %f -(%f)(%fi(1)+%fi(2)+%fi(3)+%f£i(4)+%fi(5)+%fi(6)+%fi(7))" %(realpart/(a**2+A)**m,imagi-
narypart/(a**2+A)**m,b,c,d,e,f,g,h))
else:
print("The power is: %f +(%f) (%£i(1)+%fi(2)+%f£i(3)+%fi(4)+%fi(5)+%fi(6)+%fi(7))" %(realpart,imagi-
narypart,b,c,d,e,f,g,h))

Python code 2: To find the real part of an octonion/quaternion root by using
Newton-Raphson method.

f=lambda z:
fprime=lambda z:
z=float(input("Insert an initial guess: "))
def newtonraphson(f1,fprimel,z,tol=0.000000001,maxitereation=10001):
for i in range(maxitereation):
znew=z-f1(z)/fprimel(z)
if abs(znew-z)<tol:break
Z=Znew

O 0 N N Ul W DN

return znew,i

—
o

z,m=newtonraphson(f,fprime,z)
print("The real part is: %f at %d iterations. "%(z,m))

—
—
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