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Abstract 
The asymptotic behavior for a sequence of integrals  

( ) ( )d , , , as ,
b

a
f x g nx x a b n∈ →∞∫   

is investigated, where f  is continuous differentiable function and g  is a 
continuous and periodic function. The first two terms asymptotic estimates 
have been given by [D. Andrica, M. Piticari. Intern. Conf. on Theory and Appl. 
of Math. and Inf. Thessaloniki, Acta Universitatis Apulensis, 2004(8), 26-39.] 
with some different assumptions. This paper obtains the complete asymptotic 
expansions. Some examples are provided. 
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1. Introduction 

Let ( ) 1n n
a

≥
 be a sequence of real numbers. If for each integer 0k ≥ , 

0

1 , as ,
k

j
n j k

j

b
a o n

n n=

 = + →∞ 
 

∑  

then the series 0
j
jj

b
n

∞

=∑  is called Poincaré asymptotic expansion (or asymptotic 

power series) of the sequence ( ) 1n n
a

≥
, which is convergent or divergent [1]. 

One of the well-known results of asymptotic analysis of integrals is the Rie-
mann-Lebesque lemma [2], which is widely used, it can be used to prove the ef-
fectiveness of integral asymptotic approximations, and to study the asymptotic 
expansion of the Fourier integral [3]. The classic Riemann-Lebesgue lemma [4] 
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states that 

( ) [ ]i 1lim e d 0, , ,
b nt
an

f t t f L a b−

→∞
= ∈∫  

i.e., 

( ) ( ) ( ) ( )lim sin d 0 and lim cos d 0.
b b

a an n
f x nx x f x nx x

→∞ →∞
= =∫ ∫  

A finer result is given by Andrica and Piticari ([5], Corollary 3.2), who showed 
that for k∈  

 ( )( ) ( ) ( )( )2 1

2

2 2 1 1sin d ,
k

k

f k f k
f x nx x o n

n n
+ π

π

π − + π  = + →∞ 
 ∫  (1.1) 

where [ )1 0,f C∈ ∞ . A generalization of this lemma is given by Kahane [6], who 
showed that 

( ) ( ) ( ) ( ) [ ) [ )1
0 0 0

1lim d lim d d , 0, , 0, .
n

T

T
f t g nt t g t t f t t f L g L

T
∞

→∞ ∞

∞

→

∞  = ∈ ∞ ∈ ∞ 
 ∫ ∫ ∫  

When [ ],f C a b∈  and [ )0,g C∈ ∞  is a T -periodic function, the generali-
zation above is rewritten by Siretki [7], who proved 

( ) ( ) ( ) ( )
0

1lim d d d .
Tb b

a an
f x g nx x g x x f x x

T→∞
=∫ ∫ ∫  

In particular, if 1T = , then it can be traced back to [8]. The further generali-
zation is obtained by Andrica and Piticari [5], who gave the first two terms of the 

asymptotic expansion of the sequence of integrals ( ) ( )db

a
f x g nx x∫ . When g  

has a continuous derivative on [ ]0,T , then 

( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )( )0 0

d

1 1d d 0 d

1 , as ,

b

a

b

a

T T

f x g nx x

g x x f x x f T f G T G x x
T nT

o n
n

= + − −

 + →∞ 
 

∫

∫ ∫ ∫  

where ( ) ( )
0

d
x

G x g t t= ∫ . 

For the sequence of integrals ( ) ( )db

a
f x g nx x∫ , the classic Riemann-Lebesque 

lemma gives the first asymptotic estimate, and the paper [5] gives the first two 
asymptotic estimates. Thus, when ( ) ( )sing nx nx=  or ( )cos nx , it is very com-
mon in signal processing. For example, such integrals are needed in the calcula-
tion of Fourier coefficients to decompose the frequency components of the signal. 
To the best of our knowledge, no one has yet given a complete asymptotic expan-
sion of this sequence of integrals. However, the efficacy of the asymptotic expan-
sion in estimating the integral is contingent upon the number of terms in the ex-
pansion, i.e. the order of the asymptotic analysis. It is evident that the higher the 
order, the more effective the expansion. Inspired by this, the aim of this paper is 

to obtain the complete asymptotic expansion of ( ) ( )sin d
b

a
f x nx x∫  and  
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( ) ( )cos d
b

a
f x nx x∫ , then extend it to a more general case whereby the integral is 

defined as follows: ( ) ( )db

a
f x g nx x∫ . 

2. Main Results 

In this section, the asymptotic expansions of ( ) ( )sin d
b

a
f x nx x∫  and  

( ) ( )cos d
b

a
f x nx x∫  are given, respectively. Then we obtain the asymptotic expan-

sion of ( ) ( )db

a
f x g nx x∫ , which is a new extension of the Riemann-Lebesgue 

lemma. 
Denote the rth order derivative of ( )f x  by ( ) ( )rf x  for 1,2,r =  , and 
( ) ( ) ( )0f x f x= . 
First, we give a generalisation of Equation (1.1). 
Theorem 2.1 Let k∈  and r∈  be given. Suppose  

( )2 1 2 , 2 1rf C k k+∈ π + π   . Then, for 0,1, ,m r=  , the following holds:  

( ) ( ) ( ) ( ) ( )( ) ( ) ( )2 1 2 1 2 1
2 1 2 12 2

0

1
sin d cos d ,

mmk k mi
i mk k

i

af x nx x f x nx x
n n

+ π + π +
+ +π π

=

−
= +∑∫ ∫  

where ( ) ( ) ( )( ) ( ) ( )( )1 2 21 2 1 2i i i
ia f k f k+= − + π − π , 0,1, ,i m=  . 

Proof. We use induction on m . Using the integration by parts, the integral is 
expressed as 

( ) ( ) ( ) ( ) ( ) ( )( )

( )( ) ( )( ) ( ) ( ) ( )

2 1 2 1

2 2

2 1

2

1sin d d cos

1 12 1 2 cos d .

k k

k k

k

k

f x nx x f x nx
n

f k f k f x nx x
n n

+ π + π

π π

+ π

π

= −

′= − + π − π +

∫ ∫

∫
 

It shows that the theorem is true for 0m = . 
Assume that Theorem 2.1 holds for m s= , where 0 s r≤ < . We shall prove it 

is also true for 1m s= + . Then 

 
( ) ( ) ( ) ( ) ( )( ) ( ) ( )2 1 2 1 2 1

2 1 2 12 2
0

1
sin d cos d .

ssk k si
i sk k

i

af x nx x f x nx x
n n

+ π + π +
+ +π π

=

−
= +∑∫ ∫  (2.1) 

Thus, using the integration by parts twice, we have 

( )( ) ( ) ( )

( ) ( ) ( )
( )

( )( ) ( ) ( )

( ) ( ) ( )
( )

( )( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )

2 1 2 1

2

2 1
2 12 1 2 2

2
2

2 1
2 12 2 2 3

2 2 2
2

2 12 2 2 2 2 3
2 2 2

cos d

1 1sin sin d

1 1cos cos d

1 12 1 2 cos d ,

k s

k

k
ks s

k
k

k
ks s

k
k

ks s s

k

f x nx x

f x nx f x nx x
n n

f x nx f x nx x
n n

f k f k f x nx x
n n

+ π +

π

+ π
+ π+ +

π
π

+ π
+ π+ +

π
π

+ π+ + +

π

= −

= −

= + π − π −

∫

∫

∫

∫

 

Substituting the above result into Equation (2.1), we obtain 
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( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )

2 1

2

2 2 2 2
2 1 2 3

0
1

2 1 2 3
2 3 2

11 2 1 2 3
2 1 2 3 2

0

sin d

1
2 1 2

1
cos d

1
cos d .

k

k
ss

s si
i s

i
s

k s
s k

ss k si
i s k

i

f x nx x

a f k f k
n n

f x nx x
n
a f x nx x

n n

+ π

π

+ +
+ +

=

+
+ π +

+ π

++ + π +
+ + π

=

−
= + + π − π

−
+

−
= +

∫

∑

∫

∑ ∫

 

Therefore the theorem is true for 1m s= + . This completes the proof. 
□ 

Theorem 2.2 Let k∈  and r∈  be given. Let ( )2 1 2 , 2 1rf C k k+∈ π + π   . 
Then, for 0,1, ,m r=  , the following holds: 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )
1

2 1 2 1 2 1
2 2 12 2

1

1
cos d sin d ,

mmk k mi
i mk k

i

af x nx x f x nx x
n n

+
+ π + π +

+π π
=

−
= +∑∫ ∫  

where ( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 11 2 1 2i i i
ia f k f k+ − −= − + π − π , 1,2, ,i m=  .  

Proof. The proof is similar to Theorem 2.1. 
□ 

And then, we recall the following lemma, which states that the antiderivative of 
a periodic function can be expressed as the sum of a periodic function and a linear 
function.  

Lemma 2.1 ([5], Lemma 2.2) Let :f →   be a continuous, non-constant, 
and T -periodic function. If F  is an antiderivative of f , then 

( ) ( ) ( )
0

1 d ,
T

F x f t t x g x
T
 = + 
 ∫  

where :g →   is some T -periodic function. 
For [ )0,g C∈ ∞  and every k∈ , define the following recurrence relations. 

( ) ( )

( ) ( ) ( )(
( ) ( )
( ) ( )

( )( )

1
1

1

1 1 1

1

1 d , (2.2a)

d , , 1 , (2.2b)

, for 2,3, (2.2c)

d , for 2,3, (2.2d)

1 1 , for 2,3, (2.2e)

k T

kT

x

kT

j j j
x

j jkT

j j

M g t t
T

G x g t t x kT k T

h x G x M x j

G x h t t j

M G k T j
T

+

− − −

−

 =

 = ∈ +  = − ⋅ =


= =

 = + =

∫

∫

∫







 

We see that jh  is continuous, T -periodic, and 

( )( ) ( )1 , for 1,2,3, .j j jh k T h kT kTM j+ = = − =   

The following is our main result, which gives the asymptotic expansion of 

( ) ( )db

a
f x g nx x∫ . 

Theorem 2.3 Let k∈  and r∈  be given. Suppose  
( )1 , 1rf C kT k T+∈ +   , and [ )0,g C∈ ∞  be T -periodic. Then, for  
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0,1, ,m r=  , the following holds: 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )
1

1 1 1
11

0

1
d d ,

mmk T k T mi
mi mkT kT

i

cf x g nx x f x h nx x
n n

+
+ + +

++
=

−
= +∑∫ ∫  (2.3) 

where 
( ) ( )1

0 1 d
k T

kT
c M f x x

+
= ∫ , and for 1,2, ,i m=   

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )11 1
11 1 1 d .

k Ti ii i i
i i i kT

c kTM f k T f kT M f x x
+− −

+
 = − + − + −  ∫  

Proof. For 0,1, ,i m=  , we aim to show 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )
1

1 1 1
11 1

0 0

1
d d ,

mm mk T k Tj mi
mi j mkT kT

i j

baf x g nx x f x h nx x
n n n

+
+ + +

++ +
= =

−
= + +∑ ∑∫ ∫  

where 

( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) ( )1 1
1 11 d , 1 1 .

k Ti ii i i
i i i ikT

b M f x x a kTM f k T f kT
+ +

+ +
 = − = − + − ∫  

We use induction on m . According to (2.2b) and (2.2c), using integration by 
parts, we have  

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( ) ( ) ( )

1

11
1 1

1 1 1
1 1 1 1

1 1
1 1 1

d

d

d d

1 d d .

k T

kT

k Tk T

kT kT

k T k T k T

kT kTkT

k T k T

kT kT

n f x g nx x

f x G nx f x G nx x

f x M nx h nx nM xf x x f x h nx x

kTM f k T f kT nM f x x f x h nx x

+

++

+ + +

+ +

′−

′ ′⋅ + − −

  ′− + − + −

=

=

=  

∫

∫

∫ ∫

∫ ∫

 

Thus 

( ) ( ) ( ) ( ) ( ) ( )1 10
0 1

1d d .
k T k T

kT kT

af x g nx x b f x h nx x
n n

+ +
′= + −∫ ∫  

Therefore the theorem is true for 0m = . 
Assume that Equation (2.3) holds for m s= , 0 s r≤ < . We shall prove it is 

also true for 1m s= + . Then 

 

( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

1

1
1 1

11 1
0 0

d

1
d .

k T

kT
ss s k Tj si

si j s kT
i j

f x g nx x

ba n f x h nx x
n n n

+

+
+ +

++ +
= =

−
= + +

∫

∑ ∑ ∫
 (2.4) 

Using (2.2c) and (2.2d), we have 

( )( ) ( ) ( )
( )( ) ( ) ( )( )

( ) ( ) ( )( ) ( )

( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( ) ( )( ) ( )
( )( ) ( ) ( )

1 1
1

1 1
2

11
2 2

1 2
2 2

11 1 1
2 2

1 2
2

d

d

d

1 d

d .

k T s
skT

k T s
skT

k Ts
s s kT

k T s
s skT

k Ts s s
s s kT

k T s
skT

n f x h nx x

f x G nx

f x M nx h nx

M nx h nx f x x

kTM f k T f kT nM f x x

f x h nx x

+ +
+

+ +
+

++
+ +

+ +
+ +

++ + +
+ +

+ +
+

⋅ +

− ⋅ +

− + − +

−

=

=

=

∫

∫

∫

∫

∫
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Substituting the above result into the third term on the right-hand side of Equa-
tion (2.4), we obtain 

( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )

1

2
1 1

21 2
0 0

1 1
1 11 2

2 21 2

21 1 1 2
21 2

0 0

d

1
1

1 1
d d

1
d .

k T

kT
ss s

j s si
si j s

i j

s s
k T k Ts s

s ss skT kT

ss s k Tj si
si j s kT

i j

f x g nx x

ba kTM f k T f kT
n n n

M f x x f x h nx x
n n

ba f x h nx x
n n n

+

+
+ +

++ +
= =

+ +
+ ++ +

+ ++ +

++ + + +
++ +

= =

−
= + + + −

− −
+ −

−
= + +

∫

∑ ∑

∫ ∫

∑ ∑ ∫

 

Therefore the theorem is true for 1m s= + . This completes the proof. 
□ 

Letting 0k =  and m r=  in Theorem 2.3, we have the following corollary. 
Corollary 2.1 Let r∈  be given. Let [ ]1 0,rf C T+∈ , and [ )0,g C∈ ∞  be 

T -periodic. Then 

( ) ( ) ( ) ( ) ( ) ( )
1

1
110 0

0

1
d d ,

rrT T ri
ri r

i

bf x g nx x f x h nx x
n n

+
+

++
=

−
= +∑∫ ∫  

where ( ) ( ) ( )1 0
1 di

Ti i
ib M f x x+= − ∫  for 0,1, ,i r=  .  

3. Examples 

The main results not only have important applications in integral calculations in-
volved in mathematics, but also can be applied to the calculation of high-fre-
quency Fourier coefficients of continuous functions involved in physics and engi-
neering. This section gives the applications of our theorem in two examples. 

Example 3.1 Consider the asymptotic estimate of 
4

22

sin d , as .n
nxJ x n

x
π

π
= →∞∫  

Let ( ) 2
1f x
x

= , 1k = . Then, by Theorem 4.1, we obtain  

4

2 2 4 3 6 5 8 7 72

sin 3 1 45 1 315 1 80325 1 1d .
16 128 512 4096

nx x o
nx n n n n

π

π

 = ⋅ − ⋅ + ⋅ − ⋅ +  π π π π  ∫  

 

Table 1. Asymptotic analysis of , 1 2 10
r i

n r ii

aJ
n+ +=

= ∑ . 

n  ( )410nJ −  ( )4
,1 10nJ −  ( )4

,2 10nJ −  ( )4
,3 10nJ −  ( )4

,4 10nJ −  

 1.8997361038 1.89977 1.899736101 1.899736102589 1.899736102589 

 0.189977183239 0.1899772 0.18997718323804 0.18997718323805 0.18997718323805 

 
Table 1 confirms that as n  increases and more terms are included, the ap-

proximation , 1n rJ +  converges to the exact value nJ , validating the asymptotic 
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expansion’s accuracy. 
Example 3.2 ([7], Problem 9.2) Consider the asymptotic estimate of 

20

sin d , as .
1 cosn

xI x n
nx

π
= →∞

+∫  

Let ( ) sinf x x=  and ( ) 2
1

1 cos
g x

x
=

+
. By Corollary 2.1, we have 

1 0 120 0

1 1 2d , sin d 2,
21 cos

M x a M x x
x

π π
= = = =
π +∫ ∫  

and 
( ) ( )2 1

2 1 2 2 2 20 0
d cos d 0, 0,1, 2, ,i

i i ia M f x x M x x i
π π+

+ + += − = − = =∫ ∫   

( )( ) ( )2 2 20 0

2
220 0 0 0

1 d sin d

2 1 2d d d d 0.1165,
21 cos

x y

a G x M x x x x

t y x x x M
t

π π

π π

= − ⋅ −
π

= − + + π ≈
π π+

∫ ∫

∫ ∫ ∫ ∫
 

since 

( )( )2 1 1 20 0 0

1 1 1 2d d d 0.
41 cos

x
M G t M t t t x

t
π π π

= − ⋅ = − =
π π +∫ ∫ ∫  

Therefore, 

2
2 2 30

sin 1d 2 ,
1 cos

ax x o
nx n n

π  = + +  +  ∫  

where 2 0.1165a ≈ . 
We can continue this process and obtain the other terms of the asymptotic ex-

pansion. 
Example 3.3 Vibration analysis considering high-order polynomial external 

forces. For the mechanical system subjected to the external force ( ) 5f x x= , the 
high-frequency attenuation characteristics of its Fourier coefficients are analyzed 
on the interval [ ]0,2π . 

Apply the Theorem 2.1, we have 
5 3

0 1 232 , 160 , 240 .a a a= − π = π = − π  

Then 

( ) ( ) ( )
5 32 25 5

3 5 50 0

32 160 240 1sin d sin d .x nx x f x nx x
n n n n

π ππ π π
= − + − +∫ ∫  

The following is the processing of the remaining items 

( ) ( ) ( ) 2
2 5

5 50
0

sin1 120sin d 0.
nx

f x nx x
nn n

π
π

= =∫  

Therefore 

( )
5 32 5

3 50

32 160 240sin d ~ .x nx x
n n n

π π π π
− + −∫  

This asymptotic expansion can well analyze the suppression effect of the high-
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order changes of external forces on the high-frequency vibration mode. The orig-
inally complex high-frequency oscillation integral is transformed into an asymp-
totic expansion form that is easy to analyze, simplifying the solution process of 
the physical model. 

4. Conclusion 

We extend Andrica and Piticari’s first two terms of asymptotic expansions of 

( ) ( )sin d
b

a
f x nx x∫  to complete asymptotic expansions. Furthermore, a new 

extension of the Riemann-Lebesgue lemma is obtained by generalising their first 
two terms of asymptotic expansions to complete asymptotic expansions of 

( ) ( )db

a
f x g nx x∫ . Through the study of this type of integral sequence, it can be 

directly applied to the integral examples in practical applications, avoiding repet-
itive integration by parts during calculation, and the attenuation rate dependent 
on n can be explicitly displayed. 
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