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® Open Access We consider, for a bounded domain Q= R", N >2 with smooth boundary,
Y
the following problem
—Apu+|u|p72u =0 in Q,
Pre —2 Ou
( N ) |Vu|” 26_ =Af(xu)+g(x) onoQ,
v

where A u:= div(|Vu|p_2 Vu) is the p-laplacian operator, 1< p <+, S—M
14

represents an exterior normal derivative of u and f and g are given
functions satisfying some conditions which will be specified later on. In this paper,
we focus on the existence of a set of eigenvalues of the problem (7, ), i.e. in the

case g=0 givenby
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—Au+ |u|1’72 u=0 in Q,

(7)1-) p*Za_u

|Vu| 8szlf(x,u) on 0Q,

and existence of positive solution (maximum principle) of (R g) .

Obviously, the problem (7,) is not a typical eigenvalue problem since it does

not have a homogenous structure. The usually eigenvalue problem is obtained if
fxt)=[d" "t

It can also be considered with a weighted function and in that case the problem

is given by
—A u +|u|p72 u=0 inQ,
(1)
|Vu|‘k2 2—” = /?un(x)|u|IF2 u onoQ.
v

It is well known that the eigenvalue problem (1) has a sequence of positive
eigenvalues A , such that 4 — +oo when »n-— +oo and the first eigenvalue
2,(m) is defined by

Ay (m)= inf{J’Q (|Vu|p +|u|p),u ew"r (Q),_[mm|u|" = 1}. 2)
For those results, see [1] [2] for m=1, [3] for m indefinite weight with

m*#0, melL”(0Q), for a>N_l if 1<p<N and a>1 if p>N and

[4]-[6] for more general problem. In [5], the authors proved that the first

eigenvalue A, (m) is simple, isolated and principal, that is, every eigenfunction
associated to the first eigenvalue 4, (m) has a constant sign. They also proved
that 4 (m) is the only principal eigenvalue of (1) and given a definition of the

second positive eigenvalue of (1) as the following

ﬂ,z(m)zmin{/ieR;ﬁis an eigenvalue andﬁ>/?1(m)}. (3)

Recently, some authors have been attracted by the similar eigenvalue problems
to (P,): in [7], the authors consider the Laplacian, Le. p=2, with Dirichlet
boundary condition in a bounded domain, in [8] the author consider the p-
Laplace operator in exterior domain and the work [9] consider the fractional (s,p)-
Laplacian case. Under different formes given above, the authors proved that the
problem (7,) possesses a continuous family of eigenvalues plus an isolated
eigenvalue.

In case of f(x,t) = m(x)|u|p72 u , the maximum principle for problem (7)1,g)
has been considered in [10] with m =1 and [11] with an indefinite weight m
and reference therein.

Motived by results proved in [7]-[9] in one hand, we will analyse the eigenvalue
problem (7P;) with nonlinear boundary condition in a bounded domain Q of
R" . On another hand, we consider a new problem involving the p-Laplacian by

adding a function source given by (73“) in order to study the existence of
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positive solution (maximum principle) for some values of parameter A. Until
now, no work has considered this last problem.

This paper is organized as follows: In Section 2, we recall some basic
definitions and we review some properties of the principal eigenvalues of the p-
Laplacian under Steklov boundary conditions and give the hypothesis on the
functions m, f/ and g . We prove in Section 3 the existence of a continuous
family of eigenvalues plus an isolated eigenvalue for (7,) in Theorem 3. At
the end, we prove in Section 4 some results concerning the maximum principle
and existence of solutions for problem (R g) in Theorem 9 and Theorem 10

respectively.

2. Notations and Preliminaries

Throughout this paper, Q will be a smooth bounded domain in R", N>2
with smooth boundary 0Q, v itsouter normal vector defined every where. The
real-valued functions m and g will always be assumed to belongin C” (0Q),
for some 0<r<1 and the real-valued function f 1is defined as follows
f:0QxR —> R such that

h(x,s) ifs>0 @

xX,8)= i
f(s) m(x)|s|p ’s if s <0,
with m:0Q —(0,+0) and /h:0Qx[0,4+0] >R is a Caratheodory function,

thatis, /# is measurablein xeQ forall seR and continuousin seR;and
h satisfying the following hypothesis:
(H) o there exists a positive constant Ke(O,l) such that

|h(x,s)|£1(m(x)sp’1 forany s>0 anda.e. xeQ;
(H,)e there exists s,>0 such that H(x,so):= L)soh(x,t)dt>0 , for a.e.
xeQ;

h
(H3) o lim (x,s) =0, uniformly in x.

§—>+0 —1
S[’

Throughout this work, we denote by W' (Q),1< p <, the classical Sobolev

space endowed with its natural norm

ol = ([l k)

The Lebesgue norm of Z”(€) will be denoted by "",, , and the one of
L’ (eQ) by |

oo forany pefl4w]. If SR is measurable set, |S|

denotes the Lebesgue measure of S. Let u € W'” (Q), we denote by
u'(x):=max {u(x),0}, u (x)=max{-u(x),0}, VxeQ;

Q" =0QN{u>0}, 0Q =0Qn{u<0}.

* N
Here we willdenoteby p = N—p)+ the classical critical Sobolev's exponent
-p
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and by p,.:= the critical Sobolev's exponent for the trace inclusion.

(N - 1) D
(N-p)
We are interested in the weak solutions of (ﬂ . ) , Le, functions uew"” (Q)

such that
J‘Q|Vu|%2 VuVv+ J.Q|u|pf2 uv = ﬂjagf(x,u)v+ J;ng

holds forall ve W'’ (Q).

The following proposition give results on regularity of weak solutions of
(P.)-

Proposition 1. Let u €W’ (Q) be a solution of problem (73“) . Then

i) uel” (Q) ;

ii) ueC"(Q), for some a<(0,1) and there exists a constant C>0,

depending on "””1,; ||m||w,p,Q such that ||u| L <C

Proof. Using hypothesis (H;) on % and assumptions on m and f, the
results follow [12] [13]. One can also see [14] [15]. |
The following are results for the strong maximum principle.

Proposition 2. Let u e’ (Q) be a weak solution of (P“) such that
u>0 with g>0, g#0.Then u>0 in Q.
Proof. Let u be a solution of (73

2.8
Theorems 5, 6 in [16] and by Hopf maximum principle, see [17], it follows that

u>0 aein Q. O

) with u >0 . By the Harnack’s inequality,

3. On Existence of Eigenvalues

In this section, we consider the eigenvalue-type problem involving the p-

Laplacian (PM) with g=0 given by

-A u+|u|p_2u =0 inQ,

()

pZau

IVu|""—=Af(x,u) onéQ,

ov

By définition, a real value 1 is said to be an eigenvalue of problem (P,) if

there exists u e W"”(Q)\{0} such that
JAQ|Vu|p72 VuVv+ JAQ|u|1F2 uy = ﬂjagf(x,u)v, YyeW"? (Q). (5)

Then u from above equation will be called an eigenfunction corresponding to
the eigenvalue A .

Using the definition (4) of function f , problem (73,1) is equivalent to
—-Au +|u| =0 in Q
v W” [( Jem()(w) | onen,

We say that a real value A is an eigenvalue of problem (7,) or equivalent

(6)
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version (6) if
_[Q|Vu|p_2 VuVv + _[Q|u|p_2 uv = ﬂjml:h (x, u* ) -m (u' )pil } v, YveWw"r (Q) (7)
Moreover, u from equation (7) will be called an eigenfunction corresponding

to the eigenvalue A.
Let uew"? (Q) , we know by Lemma B.2 in [2] that u*,u’,|u| are in

W' (Q) and

. |Vu ifu>0,

Vu" = .
0 ifu<0,
0 ifu=>0,

Vu = .
Vu ifu<0,
Vu ifu>0,
V|u| =10 ifu=0,
—Vu ifu<0.

Furthermore, (”LQ )+ =u" ., and <u|m )_ =u| -

Consequently, the weak formulation (7) of problem (6) can be reformulated as
follows: a real number A is an eigenvalue of (6) if and only if there exists
ueW"” (Q)\{0} such that

Lz(|Vu+ 2 |Vz[|pi2)Vqu+.|.Q[(u+ )p_z +<u’)p_2}uv
- AIQ[h (x,u")=m(u )”’1}, el (Q).

The following theorem is the main result of this section.

(8)

Theorem 3. Let meC"(0Q), for some 0<r<1, f be the function given
by (4)and h satisfying the assumptions (H,)-(Hs). Then A (m) defined by (2)
is an isolated eigenvalue of (7,). Moreover any A& (0,4 (m)) is not an
eigenvalue of (P,) but there exists A, (m)>4(m) such that any
A€(A,(m),+x) isan eigenvalue of (7).

Theoreom 3 will be proved using Lemmas 4 - 8.

Lemma 4. No real number A& (0,4 (m)) is an eigenvalue of problem (7,)
(which is equivalent to problem (6)).

Proof. Assume, by contradiction, that A with 1&(0,4(m)) is an
eigenvalue of problem (6). Thus, by choosing v=u" and v=u" in (8), we get

the following equalities

Lo(jver

p+(u+)p):ﬂjagh<x,u+)u+; 9)

and

IQ(|V”7|p +(”7)p) =Af gm(u ). (10)
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Using (H,), the definition (2) of 4 (m) and relation (9), we get
) (o) 90+ )= Af s Yo < 2] () 0

Similary, using definition (2) of 4 (m) and relation (10), we get
A ) <[ vl )= 2Ly a2

Since A4 is an eigenvalue for problem (6), then u# must not vanish
everywhere in Q. We have, either, u* #0,0r u~ #0.With (11) and (12),if A

is an eigenvalue of (6), then we must have A >, (m). And the result follows. [

Lemma 5. The real value 4 (m) is an eigenvalue of problem (7;) (or
equivalent problem (6)).
Proof. Since 4, (m) is the first positive eigenvalue of (1) with m(x) >0 for

any x €0C, then it is simple and principal, and the eigenfunction associated to

A(m) does not change his sign over Q, see [3] [5] [6]. Then there exists a
function @eW'”(Q),with ¢(x)<0 forany xeQ such that

J‘Q|V¢|p72 VoVv+ _[Q|(/J|]F2 pv=21 (m)'fagm|go|p72 pv,Yve W' (Q);
which is equivalent to
e Sovee Lo vl oven @)

We deduce from the last equation that the relation (8) holds thrue with u=¢
and A=21,(m). Consequently, A (m) isan eigenvalue of problem (6) and the
result follows. O

Lemma 6. 4 (m) is an isolated eigenvalue of problem (P,) or equivalent
problem (6).

Proof. By Lemma 4, ﬂj(m) is isolated to the left. It remains to show that
2 (m) is isolated to the right. Let take A >4 (m) be an eigenvalue of (6) and

ueW'"(Q) its corresponding eigenfunction. We assume that »* does not

vanish everywhere in Q . Then using (H,), (2) and relation (9), we get

A(m) [l ) < I jv

Using the fact that x e(0,1), we realize that 4 (m)<A in case u" #0.1t

g +(u+)p)=ﬂ 6Qh(x,u+)u+ <Kl mm(if)p.

follows that for e (/ll (m),MJ is an eigenvalue of (6) if u* =0.And then
K

if 1e (ll (m),M] is an eigenvalue of (6), is also an eigenvalue of (1) with
K

corresponding eigenfunction negative in Q. But it well know that A, (m) is the
only principal eigenvalue of problem (1), and there exists 6 >0 such that the

interval (4 (m),4 (m)+3) can not contain an eigenvalue of (1). And so, any

Ae(4(m),4(m)+5) can not be an eigenvalue of problem (6) with
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5=min{@—ﬂ1(m),/lz(m)—ﬂ1(m)} , where A,(m) is the second

eigenvalue of (1) given by (3). O
In the following, we consider the eigenvalue problem given by
-A u+|u|p_2u:0 inQ,
(13)
a2 S, =h(xu’) onoQ.

By définition, A is said to be an eigenvalue of (13) if and only if there exists
ueW" (Q)\{0} such that

J.Q|Vu|pf2 VuVy+ J.Q|u|pf2 uy = lfmh(x,bf)v, Vvew' (Q). (14)

Moreover, u from the above relation will be called an eigenfunction
associated to the eigenvalue A .

Observely, A is greather than 4 (m). We notice thatif A is an eigenvalue
of (13), the associated eigenfunction u is positive. Indeed, take v=u" in (14), we

have:

o[ ()" )= =Af ()
And then, one has

P -
bl ==k (v Ju =0.

We deduce u~ =0 and thus u>0 . Consequently, we conclude that the
eigenvalues of problem (13) admits nonnegative corresponding eigenfunctions.
According to the above discussion one get that an eigenvalue of problem (13) is
also an eigenvalue of problem (6).

For each 1> 0, the energy functional associated to the problem (13) is given

by
@, () = [Vl ") 2] 1 ().

with H xs J.h xt d¢ . It well-known that @, eC](W”’( ),R) and its

derivative is given by
<(1)' > I |Vu|ﬂ 2Vqu+'[ |up 2uv /I'f ( +)v,‘v’ver’p(Q).

Then A>0 isan eigenvalue of problem (13) if and only if the corresponding
eigenfunction u e W"” (Q) is a critical nontrivial point of functional @, .
In order to show the existence of solution, we prove the following lemma
Lemma 7. @, isbounded below and coercive.
Proof. From assumption (Hs), we deduce that
i H(x,s)
s+ (x) st

=0, uniformly in Q.

Then, for fixed A >0, there exists a positive constant C, such that
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lH(x,s)S ﬂqz(m)m(x)s"+Cim(x), Vs>0 ae xeQ.
p

Here A (m) is given by (2). Consequently, for each ueW"”(Q) we get

from (2) and the above relation that:

_Alm)

2 Immup —Cl_fmm

1 ,
2 Jo(Iv” )=, [y

2 lull, =€ m, o

OSSN (ZETY

where f= L . The last relation show that @, isbounded below and coercive. [

2p
The proof of the following lemma follows the proof of Lemma 5. in [7].

Lemma 8. There exists a real value A, >0 such that, assumming 1> A, we

have

inf @, <0.

whr (@)
Proof. The hypothesis (H,) affirms that there exists s,>0 such that
H(x,5,)>0 . Let 0Q, be a compact subset of OQ large enough and

uyeC'(Q)c W' (Q) such that u (x)=s, for any xeoQ, and
0<u,(x)<s, forany xedQ where 0Qf =0Q\oQ,. We have
J'aQH(x, uo) > -LQ, H(x,s0 ) - .[aQ,C Kmuf
> [ H (x.50)=Cs¢ loaf | >0,
with C = K||m||w . Then, we infer that

1 »
@, ()<l _1( o H (35,) = s |an|)<0

as soon as
L

b,
(-[91 H(x,so)—Csop |6Q1C|)

We deduce the existence of a positive constant A, >0 such that for any
D, <0. g

A>

A>A, wehave mfwu,(g)

Lemma 7 and Lemma 8 show that for 4 >0 sufficiently large, the functional
@, possesses a negative global minimum and thus forany 1> A, it attains its
infimumin W'”(Q), (see [18], Theorem 1.2). Consequently, we deduce that any
A>0 large enough is an eigenvalue of problem (13) and consequently of
problem (6). Joining that result and Lemmas 4, 5, 6, we conclude the proof of

Theorem 3.

4. On Maximum Principle-Type

This section treats the existence of positive solution of the problem
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—A u+ |u|IF2 u=0 in Q,

(%)

|Vu|pi2 2—?/ =Af(xu)+g(x) onoQ,

which is equivalent to
A u+ |u|p = in Q,

(P |Vu|” ? au |: u’)p_1]+g(x) on 8Q).

Solutions of problem (ﬂ g) are understood in weak sens, ie, function

ueW"(Q) isa solution of (PM) if it satisfies
J'Q|Vu|pf2 VuVy+ fﬁ|u|p72 uy = /IJ.an(x,u)v+ LQ gv, Vel (Q), (15)

or equivalent

J.Q|Vu|pf2 VuVv + J.Q|u|1F2 uv

- (16)
=1 aQ|:h()c,Lﬁ)—m(L[) :|v+jmgv, ‘v’ver”’(Q).

In the following, we prove the main results of this section.
Theorem 9. Assume that g>0, g#0 and Ae (O, A (m)] . Then every

solution of problem (73)~ é) is positive (maximum principle).

Proof. Assume by contradiction that »~ #0 andtake v=u" as test function
n (P,g).Wehave

v+ )= A L))

\P _
=/7,Lgm<u ) Tl

We distinguish two cases:

In first time, we consider A e (O,ﬂ,l (m)) .

(17)

If J.mm<u7)p >0, then we deduce from definition 2 of A, (m) and relation
17 that

(A=)l =] <0
which implies that 4 (m)< A, a contradiction.

If jmm(uf)p <0, it follows from equality 17 that for any A e (O,ﬂ,l (m))

0< IQ(|Vu’|p +<u’)p) =1 éDm(u’)p —J'mgu’ <0.

And then, we deduce that »~ =0, a contradiction.
In the second time, we consider the case of ﬂ:ﬂl(m). It follows from
definition 2 of 4 (m) and relation 17 that

0< J.Q(|Vz[|p + (u’ )p ) -1 aQm(z[)p = —Imgu’ <0,
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which implies that J'ag gu =0 and consequently u~ is an eigenfunction

associated to 4, (m) andso u~ >0, a contradiction. Hence, in all cases, we get
that u >0 and the conclusion follows from the Proposition 2. ]
Theorem 10. Assume that g>0, g#0. Then the problem (73

g ) admits a

positive solution if 0<A< 4 (m).
Proof. In order to prove the existence of solution of (PLg) for

A e(O,il(m)] , we consider the energy functional ¢, associated to (73“,)
given by

R X T B R i o WU Y

with H(x,s)= J:h(x,t)dt. From Theorem 9 we know that every solution of
(7,

i.g

) with 1€(0,4(m)] is positive. Consequently, the above energy

functional ¢, isequivalentto ¥, given by
W)= [Vl il )AL ()<
It well know that ¥, e C'(W"”(Q),R) and its derivative is given by
(5 () )= [ [Vl Vuvw ] uv)
—Af h(xu)v=[ gv,vu,vew (Q).

Then, for each Ae (O,/i1 (m)] , uewh? (Q) is solution of problem (77“)
if and only if it is a nontrivial critical point of functional ¥, .

Let us prove that ¥, is coercive and weakly lower semicontinuous. From (2)
and (H;) one has

W ()= (Ve o )2 f 1 ()]

T B W I I

2 p oQ oQ

1,60

3
> — —
2 [uly, =€ |l 1o =gl Jul,,

where ¢ = ZL The last inequaly show that ¥, is coercive.
p

Since u h(.,u) , Uk J:Q mu? and ut> LQ gu are continuous, it follows
O O

from the weakly lower semicontinuity of u - JQ (|Vu|p +u’ ) that the functional

W, is weakly lower semicontinuous. And then, we get the existence of, at least,

one solution. |
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