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Abstract

This paper investigates the chaotic behavior of an electrodynamic tethered sat-
ellite system (ETSS) orbiting Earth in an inclined elliptical orbit. The system
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is modelled using a dumbbell model. The presence of chaos is established
through the computation of transversal heteroclinic orbits, and the correspond-

ing parameter domain for chaotic motion is determined using the Melnikov
function. A tether length control strategy based on sliding mode control is
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proposed to suppress the chaotic motion. Finally, numerical simulations are
presented to validate the occurrence of chaos within the identified parameter
domain and its control.
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1. Introduction

A tethered satellite system (TSS) consists of a satellite connected to its host space-
craft by a strong cable or tether. Due to their vast potential for applications in
space, Tethered Satellite Systems (TSSs) have attracted significant attention over
the past few decades [1]-[4]. One of these applications is space debris removal [5]-
[7]. Recently, the amount of debris has noticeably risen due to the growing num-
ber of satellites being launched [8] [9]. To ensure the safety of future satellite mis-
sions, it is crucial to eliminate this debris to stop its accumulation[10]-[14]. Re-

searchers have shown significant interest in nonlinear features like bifurcation
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and chaos [15]-[17]. Yu et al. [18] described the chaotic behavior of an in-plane
TSS induced by atmospheric drag and Earth’s oblateness. The presence of chaos
is identified through transversal heteroclinic orbits, and the parameter domain for
chaos to occur is determined using the Melnikov function. Additionally, a tether
length control method based on a sliding-mode controller is proposed to suppress
the chaotic motion to an assigned motion. Salazar [19] derived the attitude equa-
tions of a T'SS and analyzed chaotic motion in both planar and coupled motion in
a circular orbit. He proposed a tether length control scheme that extends the tether
to a maximum length by varying the tension in the tether. Tong and Rimrott [20]
investigated numerically using Poincaré maps and analytically using the Melnikov
method the planar motion of satellites in elliptical orbits with different eccentri-
cities and different inertia moment ratios, showing that there exist chaotic regions.
Karasopoulos and Richardson [21] studied the nonlinear dynamics of the pitch
equation of motion for a gravity-gradient satellite in an elliptical orbit about a
central body. Bifurcation plots, Poincaré maps, and Lyapunov exponents were nu-
merically calculated. It was found that the instability of the pitch angle for a grav-
ity-gradient satellite generally increases with increasing values of orbit eccentricity.
Fujii and Ichiki [22] analyzed the nonlinear dynamics of the TSS with a constant
natural tether length by considering the complex effects of two system parameters:
the orbital eccentricity of the Shuttle and the longitudinal rigidity of the tether.
When either of these parameters is considered, the motion of the TSS becomes
chaotic, depending on the system parameters and initial conditions. Misra et al.
[23] derived three-dimensional motion equations for a two-body TSS and ana-
lyzed them numerically using methods such as phase portraits, spectral analysis,
Poincaré sections, and Lyapunov exponents. Both planar and coupled motion in
circular and elliptical orbits were studied, concluding that the size of the chaotic
region increases with eccentricity. Peldez and Lara [24] introduced an algorithm
based on the Poincaré method of continuation of periodic orbits for ETSS in in-
clined orbits, which led to unstable periodic solutions unsuitable for the operation
of an electrodynamic tether. Kojima and Sugimoto [25] analyzed the stability of
in-plane and out-of-plane motions of three-mass electrodynamic tether (EDT)
systems in elliptical and inclined orbits. The occurrence of chaos is demonstrated
using numerical simulations. It is found that delayed feedback control cannot sta-
bilize the librational motion of an EDT in such orbits with high eccentricity.

In this paper, we investigate the chaotic behavior and its control of the TSS,
which is modelled as a dumbbell in the station-keeping phase, orbiting Earth in
an inclined elliptical orbit. The system is influenced by the Lorentz force resulting
from the current flowing through the tether and the Earth’s magnetic field. Addi-
tionally, the system is affected by the orbit’s elliptical nature. The Melnikov func-
tion is used to derive the necessary conditions for chaos to occur. Tether length
control based on sliding mode control is derived to control the chaotic system to
either a desired trajectory or to guide the chaotic motion to a desired equilibrium

point. Numerical simulations based on the Tether Physics and Survivability Ex-
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periment mission were conducted to verify the occurrence of chaotic motion and

to ensure the ability of the controller.

2. Mathematical Model

X

Figure 1. Tethered satellite system.

The TSS is modelled as a two-mass system, where m, and m, represent the
mother satellite and subsatellite, respectively. These masses are connected by a
tether of maximum length | with a mass of m,. We consider an inertial frame
centered at the center of the Earth (X Y, Z ) , The X -axis is oriented toward the
vernal equinox, the Z -axis aligns with Earth’s rotation axis, and the Y-axis lies
within Earth’s equatorial plane, maintaining a right-handed coordinate system.
Additionally, there is a rotating frame situated at a position I, relative to the
inertial frame, which is the center mass of the system (CMS). It comprises three
mutually orthogonal unit vectors, where the e, is oriented along the velocity di-
rection perpendicular to €, which points radially outward, opposite to Earth’s
center of mass, and €, completes the right-handed coordinate triad. The relative
position vectors p, and p, represent the positions of the mother satellite and
subsatellite, respectively, relative to the system’s center of mass. The variable 6
represents the in-plane angle, ¢, is the out of plane angle, while | denotes the
tether length at any given time. The system moves in an elliptical plane orbit
around the Earth (Figure 1).

Libration Equations of Motion

To construct the Lagrangian of the system, we need a suitable expression for both
kinetic and potential energies. To determine the total kinetic energy of a TSS with
a continuous tether, we employ a combined approach: calculate the kinetic ener-
gies of the two end bodies (mother and subsatellite) and integrate the kinetic en-

ergy over the tether’s length [26].

T=%m|‘c-fc+%ye(l'2+lz(9'+1))2), (1)
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where m=m, +m,+m, isa total mass,
p, =(m +m/2)(m, +m /2)/(m +m, +m )-m/6 is a reduced mass, and v is
the true anomaly.

The potential energy of the TSS in a terrestrial gravitational field is the sum of

the potential energies of the system’s elements:

W __ MMy um,  pm
h r, o

)

where 4 is Earth’s gravitational strength constant. r, and r, are the radius
vectors of particles m;, and m,. After some calculations and noticing that the
tether length is at least 10 times less than the radius vector of the centre of masses,

we can write the potential energy in the form

2
W :_ﬂ—@(%osze—l). 3)
r. 213

With the kinetic and potential energies in Equations (1) and (3), we may now
construct the Lagrangian function, £=T —W . The Lagrange equation has the
form

aa—qi—a—qizQi’ (4)

where ¢, =8, | isgeneralized coordinates,and Q, isnot potential generalized
forces.

The equations of motion in an elliptical orbit are

o' 2esinv (9,+1)+2(9,+1)L+3COS€SIn9: ng.2 5)
1+ecosv L 1+ecosv pl%v
. 2,
L 2esinv L L (9,+1)2_3cos 0-1 _ Ql-z' ©6)
1+ecosv 1+ecosv HV

here, the accent means a derivative with respect to variable v,L=I/I,
3

V2 = uk*/a’ (1— ez) , a isapogeeradius, € isan eccentricity, and

k=1+ecosv.

The components of the non-tilted dipole model within the orbital coordinate sys-

tem are denotedas B, ,B, and B,, respectively, can be determined as follows [27]:

B, :—Zﬂ—gnsinvsini, (7)
c
B, =ﬂ—3”,‘cosvsini, (8)
C
B, :'u—;”cosi, 9)
r

c
where i is an orbital inclination and 4, is the magnitude diploe of Earth =
7.85 x 10" N/A m?.
When an electric current traverses the conducting tether wire amidst a mag-

netic field, a force arises in a direction perpendicular to both the local magnetic
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field lines and the direction of the current. The Lorenz force acting on the differ-

ential length element ds of the tether is expressed as:

dF = 1(txB)ds, (10)

here, | denotes the current flowing through the tether, t represents the unit
vector tangent to the tether line in the direction of S,and B isthe geomagnetic
field vector measured at the system’s centre of mass. Although the tether length
potentially extends over several kilometres, it is markedly small compared to the
orbital radius. Consequently, it is assumed that the geomagnetic field vector re-
mains constant along the entire length of the tether, consistent with its value at
the system’s centre of mass.

Following the principle of virtual work, the generalized electromagnetic torques

can be determined as:

R
Q, =[" dF- I (txB)-——ds,

oR =J-pz (11)
-p aq]

o,

where R is the inertial vector to the line of action of the force dF acting on
the position of ds. For the case of constant current value in the tether and inte-
grating Equation (11), leads to the generalized torques Q,,Q, where the out-of-

plane angle equals zero in our planar motion

n?(m,—m)
:——B s
Q 2(m +m,+m) "

Q =0.

Substituting Equation (12) into Equations (5)-(6) with r, = a(l—e2 ) / k, we
can write the equations of motion of the system

(12)

0" 2esinv (9,+1)+2(9,+1)L+30056’sm6:_ c | (13)
1+ecosv L 1+ecosv 1+ecosv
H 2
Lr_ 2esinv UL (0,+1)2_3cos 6-1 —0, (14)
1+ecosv l+ecosv
I(mz_m1) Hm

where c= cosi .

2(m+m, +m,) g,
To obtain a deeper understanding of the system’s nonlinear dynamics, the in-

plane pitch motion during the station-keeping phase is first examined, wherein
Equation (13) yields

(15)

o 2esinv (9,+1)+3cos¢95in9:_ c ,
1+ecosv 1+ecosv 1+ecosv
Equation (15) is a nonlinear and non-autonomous differential equation de-
scribing the in plane motion of tethered satellite system orbits Earth in an inclined
elliptical orbit under the influence of Lorenz force. It is evident that as € in-
creases, the damping force weakens, the restoring force becomes less effective, and
the external force becomes more pronounced at certain phases of v . This com-

bination of effects leads to a system that is increasingly sensitive to initial condi-
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tions, which can trigger sudden shifts in its dynamics. Consequently, small varia-
tionsin € or v can result in large, unpredictable changes in the system’s be-

havior, marking the transition from periodic motion to a chaotic motion.

3. Melnikov Analysis

For small € and C, we introduce a dimensionless small parameter &
(0<e<1l)suchthat e=ee and C=e&C, . After omitting the terms higher than
the second order of &, Equation (15) under small perturbations becomes an in-

tegrable Hamiltonian system [28]

0" +3sin0cos @ = £[ 2¢;sinv (1+6')+ 3¢, cosvsinOcos O — ¢, |. (16)

If £=0 Equation (16) reduces to the unperturbed planar Hamiltonian system
on the form,
6" +3sindcosd =0, (17)

with first integral of motion gives
Lo243sin20-E, (18)
2 2

where E is a constant that denotes the total energy of the system. The phase
plane of the unperturbed system is depicted in Figure 2, contains two hyperbolic
saddle points, P, =($ / 2,0) , i=12. The unstable and stable manifolds of
these points together form heteroclinic orbits, as illustrated in Figure 3. The het-
eroclinic orbits are

24

NTAZ

-2.4
- -7l2 0 72 T

0

Figure 2. Phase portrait.

24

127¢

- -m/2 g 0 w2 ™

Figure 3. Heteroclinic orbits.
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(65 (v).6;(v))= (J_r arcsin (tanh («/gv)) ,++/3sech (\/§v)) (19)

For & =0, Equation (16) can be written in the form
X'=f(x)+eg(xv), (20)

where

g(xv)=

2esinv(1+ 6”)+e1§cosvsin 20—c¢

The perturbation vector ¢ (X,V) =g (X,V+ p) is of period p=2mn. After in-
troducing the perturbation term ¢ (X, V) , the heteroclinic orbits may divide into
stable and unstable manifolds. If these manifolds intersect transversally near the
heteroclinic points p, and p,, the perturbed Equation (16) will generate an in-
variant set where chaos is likely to occur, as described by the Smale horseshoe
theory. According to the Melnikov method, when a stable manifold and an unsta-
ble manifold intersect, the Melnikov function must have simple zeros. Melnikov

function is
Mi(vo)z.[j: f (xé)Ag(x§,v+v0)dv,

where A denotes the wedge product, which is a standard operation used to com-

pute the determinant formed by two vectors, yields

M, (V)= J' {Ze sm(v+v0)(1+60*'(v))+elgcos(v+vo)sin290+(v)—cl}eg'(v)dv.
(1)

Notice that the integral of an odd function over a symmetrical interval is zero.

Equation (21) can be simplified to

Mi(vo)z2elllsinv0+2ellzsinv0—elglgsinvo cl,, (22)
where
:f cosvé;’ (v)dv,
j cosvé;? (v)dv,
(23)

s=[sinvsin2g; (v) 6, (v)dv,

=" (v)av

After calculating integrals, Equation (23) gives
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T

23’ (24)

I, =mcsch

l,=%m

Therefore, Equation (22) becomes

T 1 T
M, (v,)=ne, | +2sech——=+—=csch——= [sinV, F nC,.
:(n) el( NP 2@) 0 F 7,
If both M, (VO) and M_ (VO) have simple zeros, then there exists a trans-
verse heteroclinic point in the Poincare’ map. Notice |sin v0| <1, thus, the trans-

verse heteroclinic point exists if,

<

e> , (25)

+2sech—— + 1 csch——

243 27 23

Equation (25) establishes the necessary condition under which chaotic behavior

may emerge within this system. From it, we can draw the following cases:

1)At e and |C| equal zero, this case refers to a tethered satellite system orbiting
Earth in a circular orbit, with no current flowing through the tether, representing
an unperturbed system. The dynamics of this system are illustrated in Figure 2.

2) At e#0 and |C| =0, this case involves a tethered satellite system orbiting
Earth in an elliptical orbit, with no current flowing through the tether. According
to Equation (25), the system exhibits chaotic motion as described numerically by
Misra [23].

3)At e=0 and |C| #0, in this case, the tethered satellite system orbits Earth
in a circular orbit with current flowing through the tether. Chaos does not arise
because Equation (25) is not satisfied.

4) At e=0 and |C| # 0, in this case, where the tethered satellite system orbits
Earth in an elliptical orbit with current flowing through the tether, chaos can be

estimated using Equation (25).

4. Tether Length Control

In this section, sliding mode control is used to achieve the chaos control men-
tioned above by tether length.

By defining the state vector as 6 =(6,,6, )T =(6, 9’)T , Equation (13) can be re-
written in the state-space form

6 =6,
i i (26)
o - 2esinv (92+l)_2(92+1)u_3coselsln01_ c 7
l+ecosv 1+ecosv 1+ecosv

where u=L'/L isthe control input that can be manipulated using a reel motor
on the mother satellite.

The sliding mode surface of the controlled system is defined as:

s=Ae' (27)

err

where A= [ai, az] is a constant vector with a,=1 and a >0, (Hurwitz con-
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dition).

The state vector of tracking error is

e e 6,-6
e;r:|: (jrr:|:|:2i|:{ 1 ld:| (28)
€err € Hz_ezd

where (6,,0,;) are the desired states.
To design the controller, U, the derivative of the sliding mode surface is cal-

culated as follows

s'=ae; +6e
=3, (6]~ 0,)+(0,-0;4) (29)
=a,(6/-6,)+F(6,v)-2(6,+1)u—06,,
where
F(6) :%( +1)- 3‘13(3:3:;;;”\/91 1+ e((::osv'

According to the constant rate reaching law, §'=-ksign (S) , k>0, substitut-
ing in Equation (29) yields
1 .
U=————|a,(6-64)+F(0,v)-6,, +ksign(s)|. 30
2(02+1)|:a1( 1 1d) ( ) 2d g ( ):I ( )
According to [29], if k is too small, the reaching time becomes excessively
long, which may degrade the controller’s performance. Conversely, a large k

may lead to chattering, which is undesirable in practical applications.
To ensure the stability of the controlled system, the positive definite Lyapunov

2

functionV = % s® is chosen. It follows that

V' =ss'=s(—ksign(s))=—k|s|<O0. (31)

One can see from Equation (31) that the Lyapunov function is negative definite;
therefore the controlled system in Equation (26) is asymptotically stable.

5. Numerical Results

Equation (25) indicates that, for small values of eccentricity € and the parameter
C, chaos may occur in the dynamical system if this necessary condition is satisfied.
From a different perspective, there exists a threshold value below which this con-
dition is not satisfied, and consequently, the system exhibits non-chaotic motion.
Tong and Rimrott, in their study of tethered satellites in elliptical orbits estab-
lished a necessary condition for chaos as e >0, [20]. From these findings, we con-
clude that the presence of the Lorentz force in the system enables satellites to orbit
in a more elliptical orbit without chaotic behavior and the need for active control.
To validate this conclusion, numerical simulations are performed. Initially, in
Figure 4, a bifurcation diagram of € is plotted at ¢ =0, where the vertical axis
variable € has been defined as the sampled values of the solution & over a
fixed range of the true anomaly Vv, to explicitly identify the threshold eccentricity

value at which chaos emerges. Subsequently, in Figure 5, a bifurcation diagram of
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C at e=0,is presented to illustrate the impact of varying C on system dynam-
ics and to define critical ranges of this parameter. Finally, Figure 6 presents a bi-
furcation diagram of € at |C| =0.25x10"°, demonstrated that increasing eccen-
tricity is possible while maintaining periodic motion due to the stabilizing influ-
ence of the Lorentz force. This observation is further clarified by Figure 7, which
shows a Poincaré section at ¢=0 and e=0.6x10"", clearly indicating chaotic
motion, as further clarified by Figure 8. However, when the parameter C is al-
tered to —0.25 x 107, the system exhibits periodic motion, as depicted in Figure 9
and Figure 10. It should be noted that the Melnikov analysis, which produced the
necessary condition described by Equation (25), relies on the assumption of small

values for both parameters € and C.

™ T :
w2 ‘
-l2
. 0.6 0.8

0 0.2 0.4

1
e x107

Figure 4. Bifurcation diagram of € at c¢=0.

™

w2
-ml2

-
-0.1 -0.05 0 0.05 0.1
c

Figure 5. Bifurcation diagram of ¢ at e=0.

™ T T T
2
B H““N“““M“N“‘||"HNN“H'NN“N|““
-7/2
| . 0.8 1

e %10

Figure 6. Bifurcation diagram of e at |c/=0.25 x107°,
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2.4

121 ]

= of ]

A2f 1
2.4 : : :

- -2 0 w2 n

[

Figure 7. Poincaré section at c= 0 and e= 0.6 x 10™.

il

0 257 507 757
v

Figure 8. Pitch angle versus v atc=0and e=0.6 x 10™.

24

-24

Figure 9. Poincaré section at c¢=-0.25 x 10 and e= 0.6 x 107

T2

-m/2

Figure 10. Pitch angle versus v at c=-0.25x 107 and e=0.6 x 107
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To demonstrate the chaotic behavior and its control, the TiPS (Tether Physics
and Survivability Experiment) mission is modelled. The TSS operated in a near-
circular orbit. Its primary focus was to analyze how the tether interacted with
Earth’s magnetic field and ionosphere. The mission was a success, demonstrating
stable tether behaviour and offering critical insights for the development of future
electrodynamic propulsion systems. Our study expands on the mission by explor-
ing the dynamics of the system in elliptical orbits, providing a broader under-
standing of tether performance under varied orbital conditions. The system con-
sisted of a mother satellite with a mass of approximately 1020 kg, connected to a
subsatellite with a mass of 70 kg. The two satellites were linked by a tether with a
length of 4 km and a mass of about 3.4 kg. The system operated at an altitude of
approximately 600 km, with an orbital inclination of 63°.

To gain a deeper insight into the chaotic motion of the electrodynamic tethered
satellite system in an inclined plane, we select e=0.6x10"° and 1=1mA,
which lie within the chaotic zone depending on Equation (25). Additionally, the
system is initialized with the states (6,6')=(—mn/2+n/100,0), where /100 is
a given perturbed angle, positioning the system near one of the unstable saddle
points (1 /2, 0) . Figure 11 illustrates that the pitch motion exhibits character-
istics of an irregular oscillator. Figure 12 presents the phase plane of the perturbed
system, with dots representing the Poincaré section. It indicates that the system
exhibits chaotic behavior. To provide further clarification, we focus on the saddle

point in Figure 13.

Figure 11. Pitch angle versus v e=0.6 x 10~ and /=1 mA.

24

24 . .
-7 -7l2 0 w2 T
0

Figure 12. Poincaré section at e= 0.6 x 107> and /=1 mA.
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15¢
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2 18 16 14 12 4

(4

Figure 13. Zoom in on saddle point.

In the absence of electromagnetic forces in circular orbit, for the unperturbed
motion, Figure 14 demonstrates that the pitch angle undergoes periodic oscilla-
tions with a period of 11.2155. Figure 15 presents the Poincaré section, which
shows that the Poincaré points converge to a single point, indicating that the mo-
tion is periodic. This result demonstrates that the chaotic motion arises as a result

of the combined effects of the elliptical orbit and electromagnetic forces.

T2 [

-7l2

0 257 507 757
v

Figure 14. Pitch angle versus v for the unperturbed system.

24

24 . . .
- -m/2 0 w2 ™
0

Figure 15. Poincaré section for the unperturbed system.

Furthermore, an additional case is conducted to verify the validity of the chaotic
zone, in which the orbital eccentricity is altered to 0.6 x 107, and current to be 10

mA, in this case, Equation (25) is not satisfied, meaning the parameters fall outside
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the chaotic zone. Figure 16 and Figure 17 demonstrate that the system exhibits

periodic motion with a period of 10.6814.

w2

-7l2

0 257 507 757
v

Figure 16. Pitch angle versus v at e=0.6 x 10™*and /= 10 mA.

24

24 . . .
- -7/2 0 72 ™
[4

Figure 17. Poincaré section at e= 0.6 x 10™* and /= 10 mA.

In the following, the effectiveness of tether length control using a sliding mode
controller is evaluated. This controller can be utilized to suppress the chaotic mo-
tion presented in Figure 11 and Figure 12, allowing the system to achieve either
a desired oscillatory behavior or even steer a chaotic motion toward a predefined
pitch angle through the proposed control law.

Figure 18 and Figure 19 indicate the controller’s capability to stabilize the sys-
tem into a desired oscillatory state. As shown, the controlled system exhibits pe-

riodic behavior, as the unperturbed system, with a period of 11.2155.

™

w2 [

-ml2 [

0 57 107 157 207
v

Figure 18. Pitch angle versus v for the controlled system achieving periodic motion.
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24

24 . . .
- -m/2 0 w2 m
0

Figure 19. Poincaré section for the controlled system achieving periodic motion.

Figure 20 and Figure 21 demonstrate that the controller successfully guides
chaotic motion toward the desired equilibrium point (—7/2,0), starting from the
initial condition (—TE/ 3, 0) . Figure 20 depicts the pitch angle as a function of the
true anomaly, Vv, clearlyillustrating convergence toward the desired equilibrium.
Furthermore, the Poincaré section, Figure 21, clearly illustrates convergence to-

ward the desired equilibrium point (-7/2,0).

s

w2

-T2 |

0 57 107 157 207
v

Figure 20. Pitch angle versus v for the controlled system reaching the desired point.

24
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> 0 -
121
24 . \ .
-7 -7l2 0 w2 T

0
Figure 21. Poincaré section for the controlled system reaching the desired point.
6. Conclusion

The tethered satellite system is modelled as two masses connected by a tether, or-

biting Earth in an inclined elliptical orbit and influenced by the Lorentz force re-
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sulting from the current flowing through the tether and Earth’s magnetic field.
The attitude equations are derived using the Lagrangian method. Chaos is demon-
strated through transversal heteroclinic orbits, and the parameter domain for
chaos occurrence is identified using the necessary condition resulting from the
Melnikov function. This indicates that for small values of eccentricity and the pa-
rameter representing the Lorenz force, an electrodynamic tethered satellite system
can achieve a more elliptical orbit around the Earth than a traditional tethered
satellite system without exhibiting chaotic behavior. The sliding mode control
strategy can effectively regulate the chaotic motion, guiding it toward a desired
trajectory through controlled deployment and retrieval of the tether. This study is
limited to theoretical modeling and numerical simulations; future work should
include experimental validation and high-fidelity simulations to assess the control
strategy’s practical feasibility. Investigating tether flexibility and alternative con-

trol methods may also advance research in this field.
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