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Abstract

For decades, engineers have utilized Petri nets to develop automated systems
with specific functional requirements or characteristics. Nonetheless, the ex-
isting formalism prevents the use of classic traversal techniques to examine
and analyze a system’s functional behavior. This paper provides a novel tech-
nique to represent Petri nets as directed Euler graphs. It enables design engi-
neers to examine and traverse the various states of a system utilizing the vari-
ous methodologies and traversal processes applicable to Euler graphs. In this
study, we present an iterative approach for determining an optimal path in
terms of the least number of edges (vertices) required to cover and contain the
system’s states, which are represented as Petri nets. The goal is to leave one
vertex and return to the same vertex of the graph in a finite number of steps.
This is a new method for determining the attribute of the system’s reset, which
is represented by Petri nets and allows the system to return to its starting state,
the resting state. The goal is to broaden the ontological basis of Petri nets by
displaying linkages or relationships between Petri nets that are akin to directed
Euler graphs.

Keywords

Petri Nets, Euler Graphs, Depth-First and Breadth-First Traversal Search,
Iterative Algorithm

1. Introduction

The goal of mathematically modeling a situation is to make it easier to manage

and thus analyze.
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The modeling of automated systems with Petri nets begins and is based on a
bipartite graph [1] [2]. Such a representation does not offer the possibility of trav-
ersing the system in order to optimize its multiple states. Current Petri net repre-
sentation models suffer from optimization challenges induced by the near-impos-
sibility of traversing the functional structure’s various states [1]. Furthermore, the
lack of iterative techniques for identifying the shortest path in terms of the num-
ber of vertexs in the Euler graph model demonstrates problem in determining the
ideal path.

In Petri nets, there are no techniques to traverse the states/nodes of the modeled
system. For this reason, we have established links between Petri nets and Euler
graphs, highlighting the pragmatism of duality and dualism between Petri nets
and unweighted directed Euler graphs. Establishing links between the above math-
ematical tools allows the use of classical graph algorithms in the study and pro-
cessing of Petri nets for modeling purposes. Thus, the developed iterative algo-
rithm helps in determining the shortest path required for the modeled system to
return to the initial state, the resting state.

This paper presents a new strategy based on Petri net representation models in
the form of Euler graphs. This type of schematization, both visual and structural,
tries to tackle the problem of the inability of traversing the various states of the
system that make up the structure of a Petri net as it is now represented [1]. In
this work, an iterative algorithm will be proposed for determining the minimum
number of vertexs that allow us to leave the top of the graph and return to the
same top. The algorithm will serve as a foundation for the study and analysis of
one of the modeled system’s behavioral properties—system reinitialization.

Designing an iterative approach based on the adjacency matrix produced from
directed Euler graphs would allow us to explore a comparable Petri net. The iterative
approach will assist us in determining the quickest path for the system to return to

the resting state, taking into account the number of edges in the Petri net.

2. Materials, Tools and Methods
2.1. Material and Tools

The work on this topic acts upon on a generalized Petri net and directed Euler
graph. Many of the techniques used for graph manipulation, such as Breadth First
Search (BFS) and/or Breadth First Search (DFS), will extend to Petri networks.
Based on the Petri net that models the processes of two users on an ATM, as
shown in Figure 1, we aim to express Petri nets in the form of Euler graphs using
oriented arrows. Graphs are excellent for representing natural conditions or
events. This representation allows you to browse and optimize the routes between
the many states of the represented system. The operations on graphs include, for
example, algorithms for exploring these structures by decreasing or maximizing the
number of edges or vertices. These processes include depth-first browsing, breadth-
first browsing, Eulerian browsing, and Hamiltonian browsing, which provide sup-

port for assessing behavioral aspects such as the system’s resting state [3] [4].
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2.2. Methods

The implementation of the new model of representing generalized Petri nets
using Euler graphs with oriented vertexs must be fixed and based on the con-
servation of the latter’s major properties. The current study aims to preserve the
formalisms provided by current tools and methods while proposing a set of cor-
rective and novel strategies, as well as an iterative algorithm, for traversing the
functional structure of a Petri net and hence the future system. As in the case of
Petri net models in the form of bipolar/bipartite Euler graphs, the systems of ma-
trix equations and linear algebras will be sought as techniques and materials for

determining the shortest path required that retains the considered property [5].

3. Results and Discussion

3.1. A Case Study on a Petri Net That Models Client Operations at
an ATM

Consider the Petri net below as a specific scenario for simulating the user experience
in an ATM (Figure 1). We handled the problem of two consumers using a single
ATM.

Figure 1. Petri nets modeling the journey of two customers at the ATM.

The ATM Petri Net model has two vertex categories or classes—places and
transitions. As shown in Table 1 below, there are six (6) places and eight (8) tran-

sitions which model the ATM functional processes.

Table 1. Places and transitions modeling respectively the objects and events of Figure 1.

Description of the

Places role played in the T::::lt Description of the role played in the model
model
Two customers
P,  waiting to enter the T, Customer entry at the ATM.
ATM.
R ATM availability. T Insertion of the credit card by a customer into

the ATM and entry of identification parameters.
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Continued

A customer enters the

P, T, Credit card acceptance and sufficient balance.
ATM.
Number of attempts
to insert card or enter
P, o T, Operation completed successfully.
authentication
parameters.
P Credit card inserted T Card refusal or error entering authentication
*  into ATM. *  parameters or insufficient balance.
Cancellation of a customer’s presence at the
Client successfully counter when the number of attempts given to a
P, completed the T;  customer has been exhausted or a customer’s
operations card is blocked after having completed all the
number of attempts granted to him;
Cancellation of a number of attempts assigned to
a customer when:
T 1) A customer has successfully completed the
6 withdrawal transaction for the first attempt;
2) A customer leaves the counter without
completing the banking transaction.
T The customer left the counter without doing the
_____ 7

banking operations.

3.2. Coverage Graph of the Petri Net Shown Above

210000

T7
100010 Te

T4

101000

T2

A
1700001

Figure 2. Petri net marking graph models the path of two customers on an ATM.

Figure 2 depicts the dynamic evolution of the system’s many states, as depicted

in Petri nets in Figure 1. This diagram depicts the modeled system, which is the
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path of two consumers on a bank counter represented by Petri nets, having nine
states. Drawing the various transitions of the Petri net of the above-mentioned
system reveals the system’s many states. When we sketch the transition TO from
the beginning state (2 1 0 0 0 0), we obtain the state (10120 0).

Figure 2 depicts the many states of the system, which are described below:

Mo = (2100 0 0): This is an initial state. This state illustrates two customers
who are in the waiting state and the ATM. The ATM is available to accommo-
date one customer only;

M; = (10120 0): One of two customers enters the ATM and the machine
offers him the opportunity to take two tries;

M;=(210200): A customer who entered the ATM and left without com-
pleting banking transactions;

M;=(100110): A customer inserts his card into the machine and enters the
identification parameters. He uses up his first chance to try. He has only one
chance to try left;

M, = (21010 0): One of the two chances given to a customer who was able
to enter the ATM and leave without doing banking operations is canceled;
When the second chance is canceled, the system returns to the initial state
or the idle state;

Ms=(101100): A card and/or customer identification parameters are not
accepted for the first insertion of the card into the machine. Or a customer’s
balance may be insufficient. So the operation is failed and a second chance is
given to a customer;

Mg=(100101): An inserted card is accepted for the first trial chance, the
identification parameters are accepted and the balance is sufficient. There is
only one trial chance left that the customer has not consumed;
M;=(100010): A customer who has failed the first chance of trying, he
inserts his card again into the machine and enters the identification parame-
ters. He consumes his second or last chance of trying;

Ms=(10000 1): An inserted card is accepted for the second try chance, the
identification parameters are accepted and the balance is sufficient. There are
no try chances left for the customer. When a customer finishes, the system
returns to the idle state;

Ms=(101000): A customer’s card and/or identifying characteristics are not
accepted for the second time the card is inserted into the machine. Alterna-
tively, a customer’s balance may not be sufficient. So the procedure has failed,
and there is no way for a consumer to try. When a consumer exits the counter,
the system returns to an idle state.

Each state of the system represents a node. The connection between the nodes

is possible thanks to the transitions that allow to transit one state to another state
to obtain the dynamic behavior of the system. In this case, the arrow is oriented

and the graph is unweighted.

Thus, we obtain the unweighted oriented graph of Figure 3.
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Figure 3. Directed graph of the Petri net modeling the path of two customers.

3.3. Adjacency Matrix of the Directed Graph of the Petri Net

The adjacency matrix represents the number of directed arrows that leave a node
to go to another node. We can define the coefficient &; of the adjacency matrix
as the number of links/arrows that connect the vertices i to j.The vertices are
numbered from 0to n-1. Vn,i, je N, we have (O <i<n0<j< n). The coef-
ficient ai(jp) defines the number of paths of length p that connect i to j [6].

In our case of an unweighted graph, the relationship between two nodes by a
directed arrow is binary. Either there is a relationship or there is no relationship.
So there are only two possibilities, respectively 1 and 0. Since it is a directed graph,
the relationship between two nodes of a graph is one-way. There is not necessarily
a return relationship as in the undirected graph.

Listing 1 below gives the sequence of instructions for a function that deter-

mines an adjacency matrix.

Function AdjacenceMatrix(): int [][]
inti =0,j;
int numberLineCol ;
lire(numberLineCol) ;
int M[ ][] = new [numberLineCol][numberLineCol];
while(i < numberLineCol)
j=0;
while(j < numberLineCol)
if (there is an arrow that connects Mito Mj) then.
MEU] =1
else
Ml = 0;
EndIf
j++
EndWhile
i++;
EndWhilel

return M

Listing 1. Algorithm for adjacency matrix determination.
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Let us present the nodes of our system represented in Figure 3.

We have ten nodes: My, My, M,, Ms, My, Ms, Mg, My, M and Mo, which are
connected by directed arrows. The adjacency matrix will be the square matrix of
order 10. The rows are called from My, M1, M,, M3, My, Ms, Ms, M7, M3 up to Mo
and the columns from Mo, My, M,, M3, M4, Ms, Mg, M7, Ms up to Ms. Thus we have

a 10 x 10 square matrix.
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If one of the row elements in the adjacency matrix is not zero, it means that the
node corresponding to this row, 7" row has a successor of the ji* column, which
corresponds to this same row. This node is not a leaf of the graph, indicating that
there is no blocking and that the system is alive. This confirms the modeled sys-

tem’s liveliness.

3.4. Liveness Properties and System Reinitialization

Lemmas 1 and 2, formulated and established on the basis of a Petri net, which is
represented in the form of an Euler graph, allow us to establish the liveness prop-
erty (Lemma 1) and the reinitialization property (Lemma 2) of the Petri net, two
fundamental properties of the Petri net. The system is alive when the Petri net
satisfies the following necessary and sufficient condition: On each row of the ad-

jacency matrix,

Lemme 1:
If 3a; 0= A, is Successor of A
where:
a; Isan element of the adjacency matrix;

A s a starting node;
A is an arrival node;

So no blocking, the system is alive.

The system respects the reset property when:

The system respects the reinitialization property when we have the following
formula from the adjacency matrix A.

Lemme 2:
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0if there is one and only one arrow that directly connects A, to A,. In this case p takes the value 1

P
Otherwise, we apply the expanded formula, HM ,until a,, # 0
k=1

vk and Vp e Nj and p>k

p is the number of arrows that make up the shortest path;
8y, Is the number of paths;
M  is the adjacency matrix;

The multiplication process is stopped when the first element of the matrix, a,,,
is different from zero. The variable p is the number of links/vertex that make up
the optimal length of a chain to return to the initial state.

Listing 2 below gives the optimal number of vertex/links that form the length

of a chain allowing one to leave a vertex and return to the same vertex.

Algorithm Calculation_OptimalChainLength
int coeff = 0;
int nbreLigneCol ;
lire(nbreLigneCol)
int matriceAdjacence[ ][] = FunctionAdjacenceMatrix () ;
int prod [ ][] = new int[nbreLigneCol][nbreLigneCol];
int matrr [ ][] = new int [nbreLigneCol][ nbreLigneCol] ;
intn=1,i,j,k;
for(i =0; i <nbreLigneCol; i + +){
for(j = 0; j < nbreLigneCol; j + +){
for(k = 0; k < nbreLigneCol; k + +)
{
matrr[i][j] = matrr[i][j] + matriceAdjacence[i][k] *
matriceAdjacencelk][j];

}
}
}
n++;
while(coeff! = 0)

for(i =0; i <nbreLigneCol; i + +){
for(j =0; j <nbreLigneCol; j + +){
for(k = 0; k < nbreLigneCol; k + +)

prod[il[j] = prod[i][j] + matrr[i][k] *
matriceAdjacence[k][j];

}

n++;

coeff = prod[0][0];

for(i =0; i <nbreLigneCol; i + +){

for(j = 0; j <nbreLigneCol; j + +){
matrr[i][j] = prod[i][j];

for(i =0; i <nbreLigneCol; i + +){

for(j =0; j <nbreLigneCol; j + +){
prod[illj] = 0;

}

Display ("Number of links that allow you to leave the rest state and return to the same state:" +
n);
Display ("Number of paths : ");
for(i=0;i<1; i++)
for(j=0;j<1;j++){
Display("" + matrr[i][j]);

}
}

End Algorithm

Listing 2. Algorithm for optimal chain length determination.
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The algorithm in Listing 2 helps us find the optimal number of links/arrows,
or the length of the chain leaving the vertex and returning to it. It determines the
best path from M, back to M. It is the minimum number of arrows/links required
to establish the system reset property. This is conceivable if the coefficient a,,
the first member of the adjacency matrix, is greater than zero. We can draw the
following conclusion: if the last nodes have a successor, and that successor is a
vertex, then the modeled system is alive and resettable.

When we apply the technique described above to the adjacency matrix of the
graph illustrated in Figure 3, the calculation of matrix multiplication ends when
the initial coefficient of the matrix is not zero. Thus, we get the matrix shown

below.

M* =

P B O O O Fr O O O O
O O OO B O O+ O O
O O O O B O O O O o
O O P P OO O o O o
O O kP OO O O O o o
O O NP P OO P = O
O O NPk PP O O - BB O
P P O O O FPr O O O -
P B O O O Fr O O O O
P B O O O Fr O O O O

O O O O O O N O DN B
O O O oM ON O - O
O O O O O O o o o
O O O O OO O o F -
O O O O O o o o+ o

O O O O O o o o o
O O O O O o o o+ o
O O O O O O o o+ o
O O O O o o+ O o o
O O O O o o prr oo o

The coefficient a(()g) =1 1 defines the number of paths of length 4 that connect
Mo to Mo.
The number of pathways is 1 and the ideal length is 4. This indicates that an

optimal path composed of four arrows connects M, to M.

3.5. Iterative Algorithm for Shortest Path Determination and Its
Complexity

3.5.1. Iterative Algorithm for Shortest Path Determination
Listing 3 three below provides the sequence of instructions for an algorithm that
determines the shortest path, in terms of the number of vertexs, that allows a re-

turn to the starting state, the initial state.

Algorithme Calcul LongueurCptimaleChaine
int coeff=0;
int nbreligneCol ;
lire (nbreligneCol)
int matriceAdjacence[][] = FunctionkdjacenceMatrix() ;
int prod [][]= new int[nbreLigneCol] [nbreLigneCol];
int matrr [][]=new int [nbreLligneCol] [nbreLigneCol] :

ot e W N e

)y 3k m=0;

9 while (i<nbreligneCol) do
10 3=0:
11 while (j<nbreligneCol) do
12 =0;
13 while (k<nbreligneCol) do
14 matrr[i] [3] = matrz[i][j]+matriceRdjacence[i] [k]*matriceAdiacence(k][j]:
15 kii:
16 endWhileX
17 J4+:
18 endWhileJ
19 i++;
20 endWhilel
21 n++;
22 i=0;
23 coeff=matrr[0][0];
DOI: 10.4236/jamp.2025.135108 1956 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.135108

H. Nkunzimana et al.

24 while (coeff==0) do
25 while (i<nbreligneCol) do

26 3=0:

27 while (j<nbreligneCol) do

28 k=0

28 while (k<nbreLigneCol) do
30 prod[i] [j] = prod[i][j] + matrr[i][k] * matriceAdjacence[k][]]:
31 k++

32 endWhilek;

33 Jees

34 endWhiled

35 i+s;

36 endwhilel

37 niE;

38 coeff = prod[0][0]

39 i=0;

40 while (i<nbreligneCol) do

41 3=0;

42 while (j<nbreligneCol) do

43 matrr(i) [3]=prod(i] [3];
44 I+

45 endWhiled

46 it

47 endwhilel

48 i=0;

49 while(i<nbreLigneCol) do

50 i=0;

51 while(j<nbreligneCol) do

52 prod[i] [§]=0:

53 J+i

94 endwhiled

95 14}

56 endWhilel

57 mE;

28 endWhile Coeff Diff Zero

59 Afficher ("Nombzs de lien gul pREmgh df quitter 1'SRap 45 ZSR0A U ISRONERSE & GRR WRAG £RaL ")
60 Afficher ("Nombzs ds chemin(s) : ",coeff);

62 Fin Algorithme

Listing 3. Algorithm for the determination of shortest required for system’s state
initialization.

3.5.2. Determination of the Complexity of the Developed Algorithm
For the algorithm below, let (22) be the execution time as a function of the argu-
ment nand ¢;be the time cost of line 7. The calculation of the worst-case complex-
ity by executing the lines is determined as follows. For simplicity, we will use in-
structions where there are four (4) nested loops.

Thus, to determine the worst-case complexity of the algorithm, we start from
line 24 and stop at line 30.

The time complexity of all instructions executed in four nested loops, from Gy

to Gy, is given by the expression or equation. Let 1 be equal to nbLineCol.

m n-1 n-1 n-1
T(N)=>| Cp+>.| Cps+Cy +Z[C27 +Cp+ Y (Cy +C3o)j
p=1 i=0 =0 k=1
m n-1 n-1 n-1
T(n)=Y|Cyu+Y,|Cx+Cy +Z(Cz7 +Cp +(Cpe +Cy) 1]
p=1 i=0 j=0 k=1
m n-1 n-1
T(N)=| Cpu+>| Cs+Cps+ 2 (Cpr +Cp +(Cpe +Cyy)n)
p=1 i=0 j=0
m n-1 n-1 n-1
T(N)=>Cpu+D| Cos+Cos+ D (Cyy +Cy )+ X (Cre +Cqp)n
p=1 i=0 i=0 =0
m n-1 n-1 n-1
T(N)=> | Cp+D | Cos+Cys+(Cpy +Cp) D 1+(Cpe +Cy5 ) D11
p=1 i= j=0 j=0
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T(n)=3

p=1 i=0

n-1

T(n)= Z£CZ4+ (C25+C26+(C27+C28)n+ Cpe+Cy )N
p=1

i=0

n-1 n-1
(024 + (Czs +Cp + (C27 +Cy ) Z C29 + C3o J]
0

m n-1 n-1 n-1
T(n)= Z(C24 +(Cy +C26)§1+(C27 +C28)§ N+(Cy +Cy) nz)

p=1 i=0

T(n)=3"(Cou+(Cps +Cps )N +(Cyr +Cog )1* +(Cg + Cyp )1°)

p=1
T(n)=Cp > 1+(Cps+Cp ) D N+(Cpy +Cpg ) Y. n* +(Cpe +Cyp) X 1°
p=1 p=1 p=1 p=1

T(n)=C,M+(Cp +Cyps )NxM+(C,; +Cpe )N’ xmM+(Cpy +Cyy )n° xm
T(n)e@(n3><m)

The worst-case complexity namely the real complexity of the developed algo-
rithm is 9(n4).

3.6. Discussions

Petri nets can be represented as an Euler graph, which offers several advantages.
It enables for the study and optimization of the paths of the system’s various states,
which are represented by Petri nets. In this paper, we present an iterative tech-
nique for determining the lowest number of arrows required to leave a vertex and
return to the same vertex in a finite number of edges, or steps. The purpose is to
establish and implement the reinitialization property for the system’s states, which
are represented by Petri net models.

This algorithm can be used to determine the minimal number of vertexs in a
graph, identify a route from the initial state to the same starting state while making
more feasible chess moves, and so on. The concept of the shortest path is well
defined in terms of the number of vertexs traveled, if there exists a path from ver-

tex s to vertex t [5].

4. Conclusion

The depiction of Petri nets as directed Euler graphs allows for the extension of the
Petri nets’ ontological basis. With the necessary specifications for a new representa-
tion of the latter as directed Euler graphs, we were able to develop an iterative algo-
rithm that allows to determine a shortest path in a graph, by making fewer possible
moves in chess, to be able to confirm that the system modeled as Petri nets maintains
the stable stationary state on its future system’s different states [3] [4]. The directed
Euler graph also helped us establish the qualities of liveliness and boundedness.
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