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Abstract

In this paper, it will be calculated the electromagnetic field strength and the
Lorentz force in Geometric Algebra Clso. And it will be compared with their
equivalent in the tensor covariant formalism. Also, four extra equations not
appearing in the classical formalism will be obtained and its meaning will be
explained. In the same way, the electromagnetic Field strength elements and
the velocity multivector of the particle will be expanded. New equations and
new elements appearing will be explained, being the most important one, the
Electromagnetic trivector B, __ . A field to be added to the magnetic (bivec-

tor-like) and electric (vector-like) fields. Lastly, an insight of the possible im-
plications of these learnings in the Dirac Equation will be commented.
Keywords

Geometric Algebra, Covariant Formulation of Classical Electromagnetism,
Electromagnetic Field Strength, Lorentz Force, Electromagnetic Trivector

1. Introduction

In this paper, the electromagnetic field strength and the Lorentz force in Geomet-
ric Algebra Cl;o will be calculated, and their equivalent in the tensor covariant
formalism will be compared, explaining the different conclusions.

Afterward, an expanded version of the formulation will be commented on, in-
cludingith all its insights, including possible implications in the Dirac Equation.

A very complete introduction regarding Geometric Algebra and its use in phys-
ics and engineering can be found in [1]-[3]. Also, in [4] [5] you can find explicit
examples of the power of Geometric Algebra to explain different physical disci-
plines (in this case Quantum Mechanics). The reference [6] will be the main one
used to obtain this relation between covariant formalism and Geometric Algebra

regarding electromagnetic field strength and the Lorentz force.
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2. Introduction to Geometric Algebra

If you do not know anything regarding geometric algebra, I strongly recommend
you [1]. You have completed your Geometric Algebra study in [2].

Geometric Algebra Cls, will be used. This means it has three basis vectors with
positive signature and zero basis vectors with negative signature. In Geometric
Algebra Cls, includes three vectors:

Xpz

In this case, the orthonormal basis will be considered (see Figure 1), and, in

Appendix Al, the differences in the calculations if they were not orthonormal will

be explained.

N>

Figure 1. Orthonormal basis vectors in Cls,.

The square of these vectors in Geometric Algebra is its norm to the square. The
norm of a vector is a scalar (not a vector anymore). As we have considered the

basis as orthonormal, its square is the scalar 1.

2

P=x=[F =1 (1)
3 =3 =3 =1 )
P=z=|f =1 3)

In the nomenclature Cls, the 3 stands for the number of vectors which square
is positive and the 0 for the number of basis vectors which squares is negative. In
this case, no basis vectors have a negative square (also known as negative signa-
ture), so all of them have a positive square (positive signature), that equals +1 in
an orthonormal basis.

The basis vectors can be multiplied by each other (this operation is called Geo-
metric Product). For orthonormal or orthogonal bases, this product follows the

anticommutative property, this is:

i =-pk (4)
Vz =—zy (5)
2R =—%2 (6)

This combination of two vectors via this product is called a bivector. The bivec-
tor instead of representing a vector (an oriented segment), it represents an oriented
plane. So £ represents the plane xy with its normal in a certain direction. And

P% represents the same plane xy but with its normal in the opposite direction.
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In Geometric Algebra we do not talk about normal vectors anymore. Instead,
we talk about the orientation of a theoretical rotation in that plane. See Figure 2
for a visual explanation. Also, in [1] [2] and [3], you can find more information

about the meaning or interpretation of the bivectors.

Figure 2. Representation of the bivectors Xy and jx. They represent the same plane

with opposite orientation. In fact, xp=-Jx.

If we multiply the three vectors, we obtain the trivector (also called pseudosca-
lar in the literature [1] [2]):
XPZ =—PXZ = P2X = —ZPX = ZX) = —XZp (6.1)
You can check that the same relations as in Equations (4)-(6) apply. So, every
time you swap the position of two vectors you have to put a minus sign (or mul-
tiply by —1, as you prefer).
The meaning of the trivector is an oriented volume. The same is true for the
bivector, which is a plane with two possible orientations. The trivector is a volume
with two possible orientations. You can see visual representation in Figure 3.

Again in [1] [2] and [3] you can find more information regarding trivectors.

Figure 3. Representation of the two possible orientations of the trivector.

We can check that 12 =—9#2 .

3. Operations in Geometric Algebra

One of the most surprising characteristics of Geometric Algebra is that you can
mix scalars with vectors, bivectors and trivectors. And they can be represented as
a sum.

The same is done with polynomials or complex numbers, that is, to leave the
sum among different components indicated, it is done in Geometric Algebra. This

type of element in Geometric Algebra that has different components as scalars,
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vectors, bivectors etc., is called a multivector. So, the A element in the example
above is a multivector.

In a multivector, the vectors and the trivector are called odd-grade elements.
The reason is because they are composed of one vector or three vectors (odd grade
number).

In a multivector, the scalars and the bivectors are called even grade elements.
The reason is because the elements have 0 vectors (the scalars) or 2 vectors (the
bivectors). We consider the 0 and 2 even for this purpose.

To have a clear insight into how the operations are performed in Euclidean Ge-
ometric Algebra, you can check references [1]-[3].

For non-Euclidean metric, you can check Appendix Al.

4. Square of the Bivectors and the Trivector

If we multiply a bivector by itself (applying (1) to (6)):

R = —&pr =2 (1) =—xE =1

In Geometric Algebra the imaginary or complex numbers are not used and are
not necessary. The reason is that there are elements that are already in fact the
square root of —1, as the bivectors or the trivector. Instead of using imaginary
numbers, in Geometric Algebra Cls, these will be substituted by bivectors and
trivectors with geometric meaning.

The imaginary unit /was defined as “something unknown” (whatever it is) that
is the square root of —1. Now, that we have elements that are in fact, known, and
are the square root of —1 (the bivectors and the trivector), we can be more specific
and use these elements to play this role. We can use this conversion from the 7
imaginary unit into bivectors and trivector, mainly in Quantum Mechanics, not
used in this paper, but yes in [4] [5].

When the 7 does not have any preferred spatial direction will be related to the
trivector xpz .This happens for example when the 7 appears related to mass, en-
ergy or time.

If the 7is related to something with a preferred direction like speed or momen-
tum, normally the 7is related to a bivector. It will not be used in this paper, but
yes in [4] [5].

Summing up, even if we are in Cl;o with the three basis vectors with positive
signature (positive square), the algebra itself has created two types of elements
more (bivectors and trivector) which square is negative.

In a multivector we have these two types of elements depending on its square,
the scalars and the vectors which square is +1 (positive signature) and the bivec-

tors and the trivector which square is —1 (negative signature).
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5. Inverse of a Vector in Geometric Algebra

Another interesting property in Geometric Algebra is that you can take the inverse
a vector. We can calculate its value for a basis vector the following way. We start
with Equation (1):
xx=1
We premultiply both equations by the inverse of X:

A-]l AA Al

X xXx=x (1)

By definition, the product of the inverse of an element by itself is equal to 1.

So,

Il
=<

The inverse of a basis vector in an orthonormal basis is the vector itself. So:

X =x
Acl A
y =Yy
Al ~
z =z

When we have to take the inverse a product of vectors (bivectors or trivectors)
you can check in [2] that apart from inverting each element you have to reverse

the order of them, this way:

or

Remember that every time you swap two vectors, you add a minus sign (4) to
(6). To convert zpx into —xPZ you have two make three swaps, that is the rea-
son of the final negative sign.

We shall use the convention that the division by a vector is to postmultiply by
the inverse of that vector. This means, for example, if we want to do the following

operation, this will be the result:

| =>

A ANl AR
—=%(p) =%
y
Remind that we are always talking about orthonormal bases. To get a hint about

not orthonormal bases, you should check Annex Al.

6. Reverse Operation and Reverse Product

There is another operation we can make in Geometric Algebra that is the reversion
of a multivector. I will represent this with a line above the multivector. This oper-
ation reverses all the internal order of bivectors and trivectors. As an example:

A=3+5x+3p+4yz-2xyz
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A=(3+5%+3p+492-2%)%)
=345x+3p+4zp-2zpx
=34+5x+3p—4yz+2xpz

You can see that it is similar to a conjugate in complex numbers. It changes the
sign of the elements which square is —1 (in this case, are the bivectors and the
trivector).

With this, we can define the reverse product. It consists of the product of a
multivector by the reverse of itself.

The main characteristic of the reverse product is that if the multivector only has
one type of elements with positive square and only one type of elements of nega-
tive square, the result of this product is a scalar.

This means, if the multivector only has scalars (positive square) and bivectors
(negative square) the reverse product of the multivector will be a scalar. The same
if it only has vectors (positive square) and bivectors (negative square). Or vectors
(positive square) and trivector (negative square).

But when the multivector has scalars and vectors (both positive square) and a
bivector, for example, the result could be not scalar. The same if it has scalars and
both bivectors and the trivector (both negative square).

This is, the multivector has to have only scalars or vectors (not both) mixed
with only bivectors or trivectors (not both).

Let’s see some examples. B only has vectors (positive square) and the trivector
(negative square), the result must be scalar:

B=5x+3p+4xyz
B =(58+37+4x2) =5 +3—4xpz
BB =(5%+3) +4%92) (5% +3) — 4%)%2)

AAAAAA

We sum the scalars, we see that the elements in xy sum zero, we square to +1
the vectors that are the same and consecutive and we continue swapping vectors

to try to simplify:

AAAAAA

AAAAAA

=34+16=50

The result, 50, is a scalar as we expected.
Another example. Chas only scalars and the trivector, the result should be scalar:
C=5+4xz

C =(5+4%)2) =5-4%p2
CC =(5+43%92)(5—4392) = 25— 20592 + 20592 — 16395472

The elements in xyzsum zero. Swapping vectors in the last element we get:
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31 is a scalar as expected.
New example. Dhas scalars but has a mix of bivectors and trivectors (the result
could be not a scalar):
D=5+2xp+3x)2
D =(5+23)+4%2) =525 - 352
DD = (5+23) +3%2)(5—2%p - 3%9%)

25-10xp —15x92 +10xp — 4xPxp — 6Xpx)2

AAAAAAAAAAA

AAAAAAAAAA

AAAAA

=29+62—6x2x
=29+6Z+6xxZ
=29+62+62Z
=29+12z

We see that the result is not a scalar as we had both bivectors and the trivector
(both of negative signature) in the same multivector.

One important thing to comment about the reverse product is that it acts very
similar to the scalar product of an element with himself (the square) in the bra-
ket notation of Dirac Algebra [5].

In the bracket notation of Dirac algebra, when you want to calculate the square
of a complex function or vector, you multiply this function or vector by the con-
jugate of itself, so you always get a real scalar result. This reverse product makes
the same, you multiply a multivector by a version of itself where the sign of dif-
ferent elements of this multivector have changed with the aim of obtaining a real

scalar as a result.

7. Summary of Geometric Algebra Cls,o

We have seen that the Geometric Algebra has some elements called multivectors
that are composed of scalars, vectors, bivectors and a trivector. In fact, although
the Geometric Algebra Cls has only three basis vectors, it has really 8 degrees of
freedom. A general multivector in Geometric Algebra could have the form (being
all the coefficients ¢, real scalars):

A=y +ax+ay+az+a, y+a, yi+a, 2x+a, Xz

This means that although we have only three special dimensions (x, yand z) we
have really 8 degrees of freedom (or 8 expanded dimensions in a meta sense) com-
ing from this original three special dimensions.

These eight degrees of freedom are represented by these 8 ¢, scalars. These
scalars are always real. As commented, we do not need imaginary numbers in Ge-

ometric Algebra as we have two types of elements (the bivectors and the trivector)
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which square is —1 and fulfills this necessity.

One comment for the people that have some experience in Geometric Algebra
used in Physics. If you are new to Geometric Algebra, please do not read it, so you
do not start running.

In most of the literature regarding the use of Geometric Algebra both in Quan-
tum Mechanics and General Relativity the Cl; 3 or Cls; is used. This means there
are three basis vectors (the spatial dimensions) with one signature and another
one (the time) with the opposite signature.

The issue is that these 4 dimensions expand to 16 degrees of freedom. However,
in reality, only the sub-even algebra of these 16 degrees of freedom is used (only
8 degrees of the 16 possible are used). So why is this Cl,; or Cl;; used in the first
place? We know that with Cl; o we already have the 8 degrees of freedom we need.

The need of Cl,; and Cl; is to accommodate the time dimension in Geometric
Algebra. However, this will be explained in the next chapter as to why this is not

necessary anymore.

8. Time in Geometric Algebra Cls,0

Wehave %, § and Z.But we do not have 7. AsI have commented in some
papers already [3]-[5], we can use the trivector as the basis vector for the dimen-
sion of time. Does this mean that the dimension of time does not exist? No, the
dimension of time has its own freedom (its own scalar coefficient #) but the basis
vector { thataccompanies this coefficient is a combination of the space vectors.

I know, it is very difficult to believe but if you continue reading the next chap-
ters, you will see that this works perfectly.

In fact, we can work with the following definition:

i =3z )
The reason of why we define the inverse of the basis vector instead of the basis
vector itself, will be shown later. Anyhow, following the rules in chapter 5 you can

see that for an orthonormal basis (not in general for other bases):
P=(32)" =275y = £k =z (7.1)
So:

So, a general multivector will be of the type:
A=y +ax+ay+az+a,xy+a, yi+a, 2x+a, Xyz

=g taxt+ay+azita xy+a, yi+ta, x—a,.l

o
Even, we reorder putting the time consecutive to the spatial dimensions we
would have:
A=ay+ai+a j+ai-a i+a +a, Ji+a, iR
We can evenrecall the o, as o,:

(24 (24

t T Yxyz

This leads to,
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A=, +ax+ay+azta y+a, yi+a x—at
=g ta i+, jra.i-al+a R+a JE+a ik

You can see that the ¢, assures that the time has its own freedom compared
to the spatial dimensions. But we do not need an original dimension more to ac-
commodate it, it appears naturally in Geometric Algebra. We shall use the more
convenient definition we put in the beginning for a multivector:

Ad=ay+ai+ay+ai+a +a. yi+a ix+a, 2

o
And we shall explain how to work with these multivectors when time is in-
volved.
If you have worked with Geometric Algebra before in Cl, 3 or Cls;, I give you in
advance the following relations we shall use. If you do not what we are talking

about, just skip the following equations and continue reading:

i=1=0,0,0;,=y,01,0; =1 ' =32 (7.2)
O =NV =% (7.3)
Oy =12V = (7.4)
Oy =03V =2 (7.5)
yo > 1 =592 (7.6)

As commented before, not always the 7will be equal to the trivector, but some-
times to the bivectors also [5]. But in this paper, it will not be necessary to make
the distinction. You can check more things regarding 7 asa composition of spe-
cial vectors in Annex A2.

It seems that the odd-grade elements of the multivector, the vectors and the
trivector, are the ones that for whatever reason we perceive as dimensions, three
dimensions of space and one of time. And the bivectors and the scalars probably
we perceive them in another form like forces, scalation of metrics (GR?) etc.

Regarding non-orthonormal bases or non-Euclidean metric, you can find more

information in Annex Al.

9. The Covariant formulation of the Classical
Electromagnetism

Now, we shall start with the work. In this chapter, we shall not use Geometric
Algebra. We shall just use the covariant formulation of the Classical Electromag-
netism. We shall obtain the applicable equations in that formulation so we can
compare them with the ones we shall obtain with Geometric Algebra Cls,. In [6]

we can see that Electromagnetic tensor is defined as:

E, E, E
c c c
E.
-— 0 -B, B,
— C i
Faﬁ =| g
-z B, 0 -B
c
E
——= —By B, 0
c
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As it is normally done in these cases, we can normalize the units so c=1and A

=1, leading to:
0 E E E
-E, 0 -B B,
Fop = -E, B. 0 -B ®

-E. -B, B 0
And the Lorentz Force is defined for this case as:
dp
2 —gF u’B 9
dr q af ( )

where u” is the four velocity and 7 is the proper time. And ¢ is the electric

charge of the particle subject to the force. p, is the momentum of the particle,

dp,
T

SO

is the variation of the momentum with respect to proper time.

For the covariant formulation, we shall use the indexes 4, 1, 2, 3 for time, x, y;
and z dimensions respectively. We shall use for time 4 instead of 0 to avoid a mis-

understanding with another element that will appear later. So:

dp,
dr
dp
dp, _| dr (10)
dr | dp,
dr
.
dr
u4
ul
u’ =] (11)
u
u
So, the Equation (9) gets the following form:
dp
e —gF u” 9
dr qr o )
dps
dr
dp, 0 E E  E\u4
dr |_ . -E. 0 -B. B |4 (12)
dp, -E, B, 0 -B ||lu®
dr -E. -B, B, 0
dp
dr
Making the operations, we get the following result:
dplzq(Exu1 +Eu’ +Ezu3) (13)
dr ’
dp, 4 2 3
—=q|-Eu -Bu +Bu 14
= 4(-Eu' =B+ B’ (14)
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d

ﬁ:q(—E},u4 +B.u' —Bxu3) (15)
dr

d

_f; =q(-Eu* —Bu' +Bu?) (16)

These will be the equation we shall use for comparison with the Geometric Al-
gebra Cls result.

10. Electromagnetic Field Strength and Lorentz Force in
Geometric Algebra Cls,o

Now, we shall try to replicate the same result but with Geometric Algebra Cl;.
We shall convert all the elements in Equation (9) to a Geometric Algebra Cls,
form.

dp,
dr

= qF,;u” ©)

We start with the 4-velocity u . Normally the vector associated with velocity is
a special one (X, p or Z)or acombination of them. But, as we saw in [5] the
vectors of a momentum (that is the same as velocity multiplied by a scalar, the
mass), were bivectors instead of vectors.

Let’s recheck it here why using velocity instead.

The units of velocity are space divided by time. In SI units:

_space _m

Vunits =

time s

If we consider a velocity in the direction of the x axis the vectors would be:
Xl asan An_ an
vxivectors :?:x(t) = XX Z:(l) z=)z (17)

where we have used the division by a vector convention commented in chapter 5,
the equivalence of time with trivector commented in (7) and the square of a basis
vector commented in (1).

You can see that the vectors of a velocity are a bivector instead of a vector. In
fact, they are the complementary bivector of the vector that we would normally
use. In this case, if the direction is x, the bivectoris JZ .

So, we have the bivectors for the three spatial directions. We need the vector for
the time direction. In this case, for that we shall use the trivector as we have con-
sidered in Equation (7.6), where y, is the time as considered in Space Time Al-
gebra. You can see in Annex 2 more info about this.

So, the four-velocity vector in Geometric Algebra Cls, would be:

U=U, . 3p2+U J2+U 22 +U_%p (18)

xyz
where the U, is the component through time as already commented.

So, the relation of U with #” would be:

u' =U_ u'=U u'=U w=U (18.1)

xyz x ¥y z

Coming back to Equation (9):
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dp,
dr

= gF u” ©)

Now, we shall convert the electromagnetic Field strength F,, to Geometric
Algebra.
This has already been studied (for example in [1] and [2]) with the following

result:

F=E+IB=E+X)iB=EX+EJ+EZ+BJy:+B2ii+B.xp (19)

As this has already been studied and validated, I will not enter it in detail here.
Anyhow, I will comment that if you want to follow a process like we did in (17),
it won’t exactly work. The units of the electric field are acceleration (factored by
the scalars mass and charge).

If we check acceleration:
=
units Sz

X oo\ a1 s A
ax_vecmr.v =lf;—2=x(t ) =x(t ) =x(_1)=_x
So, considering that the sign is a convention, we can say that yes, the electric
field has the vector in its direction as vector.
But if we try to do the same with the magnetic field, it will not work. The mag-
netic field units are acceleration divided by velocity (factored by scalars as mass

and charge).

v

m
s _8* 1 _
s L

s

We see that the unit would be the trivector or three units of space vectors if you
want. But in any case, would be the trivector or a space vector (if the other two
cancel acc (1) to (3)) but never a bivector.

It is clear that the vector units of the magnetic field are the bivector. In fact, the
magnetic field is the most “bivector” field I can think about, but this cannot be
obtained using the “trick” of the measurement units.

Anyhow, as commented Equation (19) has been validated already in the litera-
ture [1] [2].

The only pending point in Equation (9) is the left side:

dp
2 — F uﬁ 9
dr qL'p 9)

dp,
T

The units of

would be momentum/time. Momentum is a velocity factored

by the mass scalar, so its units would be the same as the four-velocity (the bivec-
tors). But, if they are divided by time (multiplied by the trivector), the result
should be vectors.

But as we have commented before with the magnetic field, this “trick” does not
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dp,
T

seem to work all the time, and this is one of the cases. We shall see that

keeps the same units as the momentum (the bivectors) and the division by time is
not considered. Probably because the proper time is considered scalar in opposi-
tion to the real time coordinate that would be the trivector? It is not clear. Any-
how, we shall demonstrate with calculations that this is like that.

Anyhow, we shall consider that we do not know anything of this, and we shall

Py

T

define the multivector

with all its possible components. But as knowing,

the final result, I will exchange the nomenclature of some elements. But the cal-
culations would be the same, I will just exchange some names for convenience

with the result we shall obtain:

dp, d dp, i,
G Gy Pr o oy Py Do P B g5 Por 5 (20)
dr dr dr dr dr dr dr dr T

So now, we have all the elements to reproduce Equation (9) in Geometric Alge-
bra Cls using (18)(19) and (20)

dp,

dr - qFaﬂuﬂ ©)
% =qFU (21)

Extending all the elements in (18) (19) and (20) in (21) we have:

d d Z A d A d Xy d A d A AN d XYz AA

SPo i X+ pz"y+ i 2+&y2+&2x+dpz Xy + i Xz
dr dr dr dr dr dr dr dr (22)
=q(E&+E,+E.2+Bj2+B 2% +B.3)(U, .82 +U j2+U 28+ U.3P)

xyz
Making the calculations we have:

d d Z A d ~ d Xy d A d A AN d XYz AA
&+ id X+ p”y+ P 2+&y2+&2x+dpz Xy + Py xXyz
dr dr dr dr dr dr dr dr
=q(E&+E,j+E.2+Bi+B, %+ B.3)(U

xyz

E+U JE+U 25+ U 3)
=q(EU,.92+EU 32+ EU 83+ EU $+EU, 932+ EU 2

+EU X+ EU_ 3%+ E.U 2392+ E.U 292+ E.U X+ E.U_2Xp

z xyz

+BU, 292 + BU, 3202 + BU, 3225 + BU 3289 + B,U 285352

xyz
+B,U 239 + B U 2322 + B,U 2% + B,U, _%)39% + B.U 392 (23)
+B.U 39 + BU_395p)

=q(EU,.32+EU 32-EU +EU.+EU, 2%+EU 2

X

+EU %2 -EUX+EU, % -EU $+EU %+EU 32

z7 xyz

~BU, %-BU,-BU ij+BU.2-BU

xyz

-BU,-BU.7%2-BU, 2-BU 2t +BU,j2-BU.)

y+BU Xy

Now, we can get the components that multiply each of the vectors, bivectors or
trivector and create separate equations. For example, we get all the elements that

multiply by $Z both in the left side and in the right side of the equation, leading
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to:

dp,
T q(EU,.-BU.+B.U,) (24)

If we get now the elements that multiply by Z% we obtain:

dp,
d; =q(EU,.+BU.-B.U,) (25)
And so on. Putting all together we have:
dp,
Sl (EU,.-BU.+BU,) (24)
dp
d—; =q(EU,.+BU.-BU,) (25)
dp.
o q(EU,.-BU,+BU,) (26)
dp,.
d—; =q(-EU.+EU,-BU,.) (27)
dp.,
ek q(EU.-EU,-BU,.) (28)
dp,,
Yo (v, +£0,-80.,) &2
deyZ
o =q(EU,+EU,+E.U.) (30)
dp,
Ezq(—Bxe—ByUy -B.U.) (31)

Now, if we compare for example Equation (30) obtained with Geometric Alge-

bra Cl;, with Equation (13) obtained with covariant formulation:

dp,,.

d—;zq(Exe +EU, +E.U.) (30)
d
%:q(Exul+Eyu2+Ezu3) (13)

We see that they are the same equation using the following relations:

u'=U,, u'=U  u’=U, u’=U, (18.1)
And:
dp.. _dp,
dr dr
Now, let us compare Equation (24) with (14) reordering the position of two
terms:
dp, _
o q(EU,.-BU.+B.U,) (24)
B (Bt + B~ Bar?) (14)
dr ’ g
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If we apply 18.1:
ut =U_ u'=U uw=U w=U (18.1)

xyz x ¥y z
We see that they are the same equation but with signs changed.
This means, they are the same if we consider:

d.__dn (18.2)
dr dr

We could say that we define the momentum in the other direction and that
would work. This is not exactly true, as the four-velocity model we have consid-
ered is in the same direction in both formulations. So, it would not be coherent.
Another reason could be the Minkowski metric should be multiplying somewhere
and change the signs. In GA I try not to use this trick, as I consider that the metric
is implicit in in the basis vectors (see Annex Al of this paper and papers [3]-[5]).

The third option would be that is the variation of the momentum through time
(not the momentum itself) which has another sign as convention in both formu-
lations. And it could be related to the case I have commented regarding the time
or the inverse of time (which changes sign). And sometimes, it is difficult to know
which to use.

Anyhow, if we consider the sign as a convention (or as an error regarding di-
rections through time that should be corrected) the equation is correct if we de-

fine:

d, __dp (18.2)

E dr

We consider that the variation of momentum has a different sign convention
in both formulations.

This way, we have that these four equations are the same in both formulations,
so the conversion to Geometric Algebra Cl; has worked (except this issue with
the sign to be studied, that is solved using (18.2)):

dp,,
% =q(EU,+EU,+E.U.) (30)
dp,
T q(EU,.-BU.+B.U,) (24)
dp,
S q(EU,. +BU.-BU,) (25)
dp,
o q(EU,.-BU,+BU,) (26)

That are equivalent to these in covariant formulation:

d

WP _ q(En' +Eu’ +Eu’) (13)
dr
% = q(—Exu4 - Bzu2 + Byu3) (14)
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dp, _ 4 1 3
E—q(—E},u +Bu —Bu ) (14)
%=q(—Eu4—B u'+B uz) (16)
dz‘ z y X
Considering:
u'=U,, u'=U  u*=U, ’=U, (18.1)
And:
Por _dpy dp_ Ay, dp.
dr dr dr dr dr dr dr dr
So, the above ones are (somehow) ok, but what about the rest?
dp,.
- =q(-EU.+EU,-BU,.) (27)
Yo L (U -EU -BU (28)
y_q( YT YT ¥y xyz)
dpxy
o q(E,U,+EU,-BU,.) (29)
by _ (-BU,-BU,-BU.) (31)
d‘[ q x7x y_oy z7z

These ones do not appear in the covariant formulation. If we recall the defini-

d
tion we have used for _p:
dr

dp, dp,. . dp,. . dp, dp, .. dp, .. o AP
d_p:ﬂ_F p X+ D y+ p'y 24_&);2 py Z dpz Xy + p(} xXyz (20)
dr dr dr dr dr dr dr dr

The linear momentum has units of bivector, as we can see in (33) for example

using the direction in x. We have used all the equivalences commented in (17)

p X _vectors = kg ( Scalar) ' vx _vectors

X -1
===x(t) =xxpz=(1)pz=yz (33)
== %(7) (1)
But the angular momentum is the linear momentum multiplied by a direction
of space so its dimensions are vectors not bivectors, as we can see in (34). We

consider for example a linear momentum in x, multiplied by a distance in y.

L, , =m(distancein y)-p, ... =2=(1)2=2 (34)
dp,. d dp,,

So, in Equation (20) all the coefficients (& , % and %) that multiply
T T T

the single vectors (¥, » or Z ) could be acting modifying the angular momen-
tum.

The issue is that if it is really acting to the real angular momentum of the parti-
cle, this effect should have been already manifested in experiments. So, the only
possible explanation would be that this effect is oscillatory by its nature, the forces

are changing during time, so the average trajectory of the particle is not affected,
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only locally in a kind of zitterbewegung (rapid oscillatory movement of the parti-
cle) that does not change the “macroscopic” trajectory. The average trajectory is
not modified.

Another explanation would be that the angular momentum affected is not the
one related to trajectory but the internal one (its own rotation status). This means
that the force is affecting the orientation of the axes or the velocity of rotation etc.

Another possibility is that those elements that multiply the single vectors are
not the linear momentum, they could be position, over acceleration or others. An-
yhow, we always have to take into account that in reality should be very near to
zero or oscillatory not changing the average trajectory as they have not been con-
sidered until now. They seem something implicit in the oscillatory movements or
in the probabilistic nature of certain measurements.

Here, what we see is that the Geometric Algebra shows us that there are other
equations that affect parameters that have not been considered in the past. Hidden

variables? Let’s go to the next chapter.

11. Expanding the Equations of the Electromagnetic Field
Strength and the Lorentz Force in Geometric Algebra
Cls,o

Following the philosophy of the previous chapter, let’s extend the Equation (22):

d d Z A d ~ d X d A d y A d AN d XVZ AA
Po 4 Py X+ pz"y+ py2+&y2+ ié 24P xy+—p'v xyz
dz dr dr dr dr dr dr dr (22)
=q(E&+E,j+E.2+B 35 +B %+ B.3)(U

xyz

E+U JE+U 25+ U 3)
But considering the complete multivector U (I put in bold the addings com-

pared with Equation (18):
U=U,xz+U,32+U 2x+U 3p+U _ x+U_y+U_ z+U, (35)

Xyz z

[}

So here we have added the components U, of the initial angular momentum
(internal as a rotation? Or oscillatory during the trajectory?) in the initial values
of U . Also, we have introduced the scalar U, which will be commented later.
As commented the U, could represent other things (position?) that should be
checked about. I will consider the angular momentum.

And in the electromagnetic Field I will add the two remaining components in
Equation (19):

F=EX+Ey+EZ+B y2+B X+ B.xy+B Xyi+E, (36)

I have introduced the Electromagnetic trivector B, and the Electromagnetic
scalar E:
Now, the Equation (19) should read:

dp, dp. . dp.. . 4 dp, .. dp, .. dp. .. dp,. ..
P P gl p”y+ pxy2+&y2+ P xy+—py iz
dr dr dr dr T dr dr dr

= q(EXfc +E J+EZ+B J2+B2X+Bi)+ B, Xpi+ EO) (37)
><(U

xXyz

WE+UPE+U 2R+ U +U X+ U j+U, 3+U,)
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If we operate, we get:

%erpyz £+dpzxj}+dpxy 2+% w4, dp. .. dp. ..

Z + zZxX + Xy +——Xxyz
dr dr dr dr ry dr dr Y dr >
=q(ES+Ej+E2+BJ+Bi+Bi)+B

xXyz

fcjzi+Eo)

xyz

x(U £ﬁ2+ij;2+Uy§)%+Uz£)>+Uyzfc+szjz+nyé+U0)
=q(EU,.3%2+EU 2 -EU :+EU.$+EU, + EU - EU, %+ EU,%

X xyz x> yz X zx X xy

+EU, 23+ EU+EU 32 -EUX-EU_+EU_ +EU, 3:+EU3

yo oz y - yz
+EU 3-EUJ+EUR+EU+EU 2-EU_ p2+EU, +EU: (38)
~BU, #-BU, -BU ip+BU 2+BU 32-BU_ 2 +BU, 3+BU,j%

X xyz x> yz X zx

~BU, 3+BU i-BU, ~BU 3+BU 2+BU_ i9:-BU, %+B,U,z%

yooxyz y oz yo oz

~BU, :-BU2+BU, j2~BU,~BU, j+BU_%+BU, ipz+BUp

z7 xyz 7 yz

~-B U -B U3x-B U3-B U:+B U 3+B U +B U 3

xyz 7y xyz z xyz 7 zx

+B Ui+ EU, 502+ EU 32+ EU 23+ EU. Xy + EU X+ EU. p
+EU, 2+EU,)

We can see that a lot of new elements appear, leaving the equations as:

dp,
T q(EU,.-BU.+BU +EU,-EU, +BU,+B U_+EU,) 39

% = q(Eynyz +BU,-BU -EU +EU_+BU,+B U, +E0Uy) (40)
% =q(EU,.~BU,+BU, +EU ~EU,_+BU,+B, U, +EU.) (41)
% = q(_EyUz +EU,-BU,.+EU,-BU, +BU. -B U, +E0Uyz) (42)
% =q(EU.-EU,-BU, . +EU,+BU, -BU_ B _+EU.) (43)
% = q(EyUx +EU,-BU, +EU,-BU_ +BU_ -B U + Eony) (44)
di?;yz _ q(Exe +EyUy +E.U, +Bnyz +Bysz +Bzny +BxyzU0 + Eonyz) (45)
% = q(—Bxe -BU,-BU,+EU_+EU, +EU_ -B U, +E0U0) (46)

As commented the elements in bold are new compared to the covariant formal-
ism. So to be correct, they should be very small (almost neglectable to be not de-
tected) or oscillatory provoking local effects but not in the average trajectory

measured in the particle.

12. Explaining the Expanded Equations of the
Electromagnetic Strength and the Lorentz Force Law in
Geometric Algebra Cls,0

Let’s start comparing the original equations that had a map relation with the co-
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variant formalism (24) to (26) and (30) with the new ones obtained for them (39)
to (41) and (45):

dp,
" q(EU,.-BU.+B.U,) (24)
dp
——g(EU._+BU.-BU 25
dz’ q( y X}rb X z z X) ( )
dp.
ST q(EU,.-BU,+BU,) (26)
dp,,.
T g(EU +EU, +EU.) (30)
dp,
d_Z: - q<Exeyz - ByUz + BzUy + E)’ny - EZsz + BxUO + BxyZUyZ + EOU" ) (39)
dp,
E =q (Eynyz + BxUz - BzUx - Exey + EZU}‘Z + B}'UO + BXyZUZX + EOU}') (40)
dp.
S q(EU,.-BU,+BU +EU., -EU,_+BU,+B, U, +EU.)(41)

dp,,.
P = q(EXUX +EU,+EU. +BU_ +BU, +BU, +B

- U, +EU,.) (45)

xyz

We see that the new elements that appear in (39) compared to (24) mainly
depends in the current angular momentum represented by the elements U, . As
commented before, this angular momentum could be internal (rotation) or exter-

nal (something regarding the trajectory). We do not know. What it is clear is that

X

d
it should change over time so the mean value of Px s not different in general
T

(talking about “average” value) than in Equation (24). The other option clearly is
that the values of U, are directly 0 from the beginning.

Another element appearing is the E_, the electromagnetic scalar. The solution
for this, could be directly that it does not exist, it is always zero. Also, that is so
small that cannot be detected (in practice is zero). It is oscillatory so does not
change the average value.

And the last option is that as it escalates all the values, its effect is not measured.
As the measurement devices (rods, clocks) will be escalated in the same propor-
tion than the rest of the events. So, in a local frame you will not see this escalation.
Only from a distant frame where this effect is not having place. It would be a kind
of escalation metric number (Ricci scalar, trace of the metric, product of the met-
ric diagonal, determinant of the metric?) that is affecting everything in the local
frame. And it could only be seen form a distant frame. Yes, something regarding
GR? Who knows.

In fact, seeing the equation, its effect would be a continuous escalation of the
values during time. This is not possible if it really happens in a relative sense to-
wards the elements in the same frame. But if it is happening everywhere in the

same frame with no relative changes, in fact the speed and accelerations measured
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will not suffer this escalation within its own frame.

So, in a practical sense talking about a certain frame, the most practical thing is
to consider E, equals to zero until a general study of what this escalation factors
could mean. Very probably related to metric in certain frames (GR).

For U, we can tell the same story. It is a scalar that appears in the velocity
multivector. What can the meaning of a scalar be in a velocity multivector? Again,
it is a kind of scalation factor, for all the magnitudes that will multiply the velocity.
So, it will escalate all the effects, but the meaning as itself as a velocity component
is not known. The same as commented for E,, considering that U, equals to
zero should work inside the frame we are working on. Only when more studies
are done regarding these escalation factors, we can start introducing values for it.

And the last element is the jewel of the crown: B__, the electromagnetic trivec-

tor. In Equations (39) to (41) and (45) its effect only appears if there is current

angular momentum U, in place. As commented internal (rotation) or external

[}

(something regarding trajectory like a helicoidal for example) to be defined.
Aslongasthe U,

if
effect of B, will just be seen as an erratic movement along the trajectory but

values of angular momentum are changing during time the

not changing the average of it. The “macroscopic” trajectory will be the same, but
the B _ will create accelerations in different directions that will appear and
probabilistically will cancel each other, so the total mean value will be the same
but as local effects, you will see these movements.

In fact, if we can check the rest of the equations that have appeared in GA Cl;,

but are not included in the covariant classical formalism:

% =q(-EU.+EU,-BU,. +EU,~-BU, +BU., -B U +EU,) (42)

d(];_: = ‘I(EXUZ -EU -BU, . +EU,+BU -BU_-B_ + Eosz) (43)
d(];_;y = ‘I(E,‘»Ux +EU,-BU, +EU,-BU,_ +BU,_ -B U, +E0ny) (44)
%0 =q(-BU,-BU,-BU.+EU, +EU. +EU,-B U, +EJU,) (46)

dp,.
If we consider the — the variation of the angular momentum during time,

dr

we see that they are continuously affected, by the linear speed U, and the angular
momentum U, . So, they are varying continuously creating this oscillatory move-
ment in trajectory and changes in angular momentum in rotation or in trajectory
also (to be confirmed).

We see again the electromagnetic trivector B, acting but this time, its action
depends on the linear speed U, .

It is clear that there is a lot to study here. But the important thing is that some
effects not considered until now could exist and could be affecting the local tra-
jectory or the rotation of the particle depending on its current angular momentum

and in the electromagnetic trivector value B

xyz *
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This is, some experiments that were considered probabilistic or even with an
action though distance should be rethought considering the existence of the B,
field and that the internal (or external) angular momentum could influence also
locally the trajectory because the electromagnetic effects could vary depending on
its values. As said, not the average trajectory but yes local, probably oscillatory
movements.

Even measurements as spin, could be influenced by the value B, .. AsIcom-
mented in an old paper [7] without equations, the hidden variables could just be
a field which effects affect the measurables as the spin but are hidden in all other
interactions, so we consider its effect as “magic”. So, when we measure the spin of
a particle and the one of its entangled particle, this electromagnetic trivector B,
and the other variables as the angular momentum U, should be taken into ac-
count.

The electromagnetic trivector B__ in particular, could be oscillatory and

oz
provoke also a change in the internal angular momentum, the orientation of
axes etc. So, its effects would not be important in the typical measurements we
could take as speed, trajectory... but yes for other measurements as spin... Its
effects should be taken into account in whatever theory that wants to explain
the results.

For an explanation of the physical meaning of all the elements of the Electro-

magnetic multivector (including the trivector) you can check Annex 3.

13. The Dirac Equation

In [5] I created a one-to-one map between the Dirac Equation in Matrix Algebra
and the Dirac Equation in Geometric Algebra Cls,. I am not going to repeat what
was already commented there. But yes, what was not commented. We obtained

the equation:

anO a0 .0 .0 . .
(xyza—yza—zxa—xygjy/—ml//m,,z+my/0ddz=0 (47)
where:

Vewen =Wo + X0, + V20, + 23y,
Voas = XY  +IW, + 20 + 392y .
V=V e FWoaa =Wo + XY+ IY, + 20 H30Y D2+ 2R+ 302, (48)

Making a parallelism of what we have got in this paper regarding the values of

the multivector velocity U and the wavefunction ¥ (reordering terms for easy

comparison).
U=U,z+U,32+U 2x+U 3p+U _x+U_y+U_ z+U, (35)
V= )2.),}2(//,\'}‘2 +j>2l//yz + 25(\:(//2,\' +£j}lyxy +£Wr +.)/>(//y +2(//z + (//0 (49)

We can see that some elements could be related to the linear momentum and
others to the angular momentum (whether internal or external we do not know).

So, there could be a relation between the wavefunction and the multivector veloc-
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ity in this sense:

l//xyz - U):yz
v, > U,
v, U

y

l//xy % UZ
v, U,

X

l//y _)Uz
y. > U,
v, > U,

This means that the wavefunction has a explicit relation with the current veloc-
ity multivector of the particle (the linear momentum parameters U, and the an-
gular momentum ones U,,).

Another comment is in the equation itself. We see that in the left side some
elements are missing. In fact, they are the cross elements that Dirac wanted to get
rid of. But could be that in certain situations they are necessary to be taken into

account? Something like:

(wa 0 0 0 @ & o aJ
v

I R

X -y -z +—
ot ox Oy 0z 0Oy0z =~ 0zO0x  OxOy 07
- ml//evenf + mW()dd2 = 0

We should operate to see the result and to check in fact which elements are
vanishing due to cross geometric products or just because the wavefunction van-
ishes depending on which cross partial derivatives are taken.

Also, remind that the Dirac equation was just the half of the total equation that
included a reverse product:

(fcjzéﬁ—j}éi—Ey”ci—)%)?i—mjt//(—)%ﬁiﬁ+jéi+fii+fcjzi—mj =0

¢ 0 oz ot ox oy oz

So probably, the total equation above should be taken into account when adding
elements as some could vanish in the total sum.

Besides that, the electromagnetic potential should be added when using the Di-
rac Equation to calculate the Hydrogen atom for example. To calculate the elec-
tromagnetic potential, should we consider the other elements (the ones in bold)
appearing in the electromagnetic field strength in (36)?

F=EX+Ey+EZ2+By2+B:2+B.xy+B, xpi+E, (36)

xyz

Anyhow, I will leave all this for another paper, as it was not the idea for this

one.

14. Conclusions

In this paper, we have calculated the electromagnetic field strength and the Lo-
rentz force in Geometric Algebra Cls,. We have also compared it with their equiv-

alent in the tensor covariant formalism.
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What in covariant formalism is (Lorentz force):

dp,
dr - qFaﬂuﬁ )
We have converted in Geometric Algebra in:
d
P _gFU 1)
dr
where:
dp, dp. . dp, . 4@ dp, .. d dp. . APy ..
d—p=&+ p, P4 pn),}_’_ pxy£+ ny£+ pyfje_’_ pzfcy+ Dy )'eyé (20)
dr dr dr dr dr dr dr dr dr
F=EX+Ey+EZ2+BJz+B2ix+B.xp (19)
U=U,xpz+U 32+U 23 +U_ %) (18)
Getting the following equations:
dp,
S q(EU,.-BU. +B.U,) (24)
dp
* —g(E,U,.+BU.-B.U, (25)
dr q( Yo )
dp. _
o q(E.U,.-BU,+BU,) (26)
%zq(Exe +EU, +E.U.) (30)
dT Yy
That corresponds one to one with the Covariant formalism equivalent:
dp, 1 2 3
—_— = Exu +E,u +Ezu (13)
dr q( ! )
%:q(—Exu4 -B.u’ +B,u3) (14)
dr !
%:q(—Evu“-i-Bzul—Bxu}) (15)
dr ’
%:q(—Ezu“—B u' +Bxu2) (16)
dr Y
Taking the following equivalences:
u'=U, u'=U  u*=U, ’=U, (18.1)

oo _dpe Iy Y Ay A A g
dr dr dr dr dr dr dr dr

Also, we have obtained four extra equations not appearing in the classical for-

malism.
dpyz = EFEU +EU -BU 27
dT _q(_ y z+ z y_ X xyz) ( )
dp.. _
. =q(EU.-EU,-BU.,,.) (28)
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dp,,

et (EU,+EU,-BU,.) (29)
%:q(—Bxe -BU,-B.U.) (31)

An explanation of them is done in the body of the paper, chapter 10.
Even more, we have continued expanding the electromagnetic field strength to
the eight components of GAs),
F=EX+Ey+EZ+BJ2+BX+B3ip+B Xy:+E, (36)

where the component Electromagnetic trivector B __ is the most important of
the new ones.
The same for the velocity multivector, where some angular momentum U,

[}

elements appear:

U=U,2+U,y2+U 2x+U 35 +U _ x+U_y+U_ z+U, (35)

xyz

The explanation of all the elements and the equation obtained is done in chap-
ters 11 and 12.

Lastly, in chapter 13, an application of all the learnings of the paper to a hypo-
thetical expanded Dirac Equation compared to the one appearing in [5] is done:

xyz——yz——ZX——f)A/é Y =Y 2 MY g2 =0 (47)
0 oz

All the calculations in the paper could seem complicated. In fact, they are bur-
densome, but there is one important thing about Geometric Algebra Cls,. There
is a limit in the equations and in the number of unknowns. The limit is 8.

As we consider only 3 spatial dimensions, the total expanded degrees of free-
dom in whatever discipline we are working, should always be 2* = 8. This is, the
scalar, the three vectors, the three bivectors and the trivector.

In fact, it is an improvement compared to the 16 unknowns you can get in Cl, 5
(2%) or the different number of dimensions considered in other models used to
study physics.

Bilbao, 30" October 2022 (viXra-v1).
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Appendix
A1l. Annex A1l. Considering Non-Orthonormal Basis

In the paper, we have considered an orthonormal basis in Euclidean metric all the
time. I will give here some hints of what we should do if we do not have an or-
thonormal basis or even if we work in a non-Euclidean metric in geometric alge-
bra.

You will find more information in the papers [3] and [4].

If the basis is orthogonal but not orthonormal, the difference is in equations (1)

to (3) that now, would read:

X (Al.1)

y (A2.2)

A2 A2

z-=zz=|z

(A3.3)

where in general the norm is different to 1. And depending on the signature of the
metric could the square of the norm could be positive or negative.

So, for example, imagine a basis where:

P=i=i =g, =3 (Al.4)
V==l =g, =-5 (ALS5)
2=z =2 =g, =2 (A1.6)

You can see that we have added the nomenclature g; typical for a diagonal ele-
ment of the metric tensor in a non-Euclidean metric, typically in general relativity
for example. In Geometric Algebra these g;are the same as the square of the norm
of the basis vectors. Check [3] for more information.

Imagine we have to perform the following operation that represents whatever

physics calculation in that basis/metric:
(2+ %) (589 +73)
We shall perform the product as usual:
(24 %) (529 +7%) =10p +14% + 555 + Tx%
Now, we have to apply (A1.1) to perform the calculation of the square of x.
=108 +14%+5(3*) 5+7(3°) =105 + 145 + 455 + 63

As the basis is still orthogonal (but not orthonormal), if we would need to make
a reversion of vectors, we would have used the Equations (4) to (6) as we have
done all along the paper.

But if the basis is not orthogonal? Here is where the things get more compli-
cated. In that case, we cannot use the reverse Equations (4) to (6). Instead, we have

to use the following equations, to make a reversion [3]:

=2g, - % (A1.7)
yz = Zgyz -zp (A1.8)
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st=2g. —if (A1.9)

where the g, correspond to the cross component of the metric tensor between
xand yin a nin-Euclidean metric. These components g, can be considered also
as the scalar product of the two basis vectors X and J.

In fact, an easy to demonstrate relations (A1.7) to (A1.9) is via the definition of
the scalar product in Geometric Algebra. You can find this definition in [1] and
[2] (2.3).

X+ %

$=
YT

Considering the element g, of the metric tensor ans the scalar product of the

two basis vectors:

A a P+ X
x'y:g/\’y:

And now, operating:

2g, X=X
i=2g, - i
So, you get the relations (A1.7) to (A1.9).

Now, imagine a non-orthonormal and non-orthogonal metric where the rela-
tions (Al.4) to (A1.6) apply and also we know that:

g, =3 (A1.10)
g, =2 (Al.11)
g. =7 (A1.12)

And we want to calculate:
(29 +2)(5%p+72+3)) =
(29 +2) (53 +7%+37) =107%P + 1475 + 69 + 5% + 7% + 33
First, we operate the squares using Equation (A1.4) to (A1.6).
= 10755+ 1475 +6(=5" ) +5(3*) +7(3° ) +3%p
=10pxp+14Px —150+ 459+ 63+ 3xp
=10pxp +14px —87 +45p +3xp

Now, we reverse two vectors of the first element, so we can get a square of j .
But, we cannot do it as we always have done, just changing the sign. Now, we are

in a non-orthogonal basis, so we have to use (A1.7) to (A1.12).
=105 (2g,, - ) +147% —87 + 45 + 35
=109(2(3)- %) +149% —87 + 455+ 3%
=60y —-10ppx +14px —87 + 45y + 3%y
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Now, we use (Al.4) to (A1.6) for the square of J . And we sum the elements
that multiply the vector ».

=605 ~10(~5" )&+ 1475 ~87 + 455+ 3%
=105 +250x+14yx —87 +3xp
Now, we reverse the last element (using (A1.7) to (A1.12).), so we can sum it to
the third element.
=1055 +250% +147% —87+3(2g,, - %)
=105 +250%+147% —87+3(2(3) - %)
=1059+250x+14yx —87 +18-3)x
Now, we sum the scalars and the third and the last element.
=105p+250x+11px — 69
We cannot simplify more, so this would be the result. In case that for conven-
tion we should have to leave xy instead of Px in a certain discipline, we could
have used the following equation that is another form for the Equation (A1.7), to
leave everythingin xp form. You can obtain the equation, just changing the side
where %) and Jpx are.
ji=2g, -3
Another important point is the inverse of the vectors in a non-orthonormal

basis. If we take (A1.1):

~|12

X (Al.1)

AR

XX =

A-1

And you premultiply by x~ both sides of the equation, you have:
2

A

|
X XX=X

A

X

By definition, the product of the inverse of a vector by the vector itself is 1.
(1% =" J&ff

2

a1

X=X

A

Now, the square of the norm is a scalar (it is a number, not a vector), so we can
pass it to the other side dividing:
¥
< =3
A2
|
Exchanging sides:

X
T AR
[

Doing the same for the other vectors, we get:

A-l

(A1.13)

e (A1.13)
X

-1 _

y y"2 (Al1.14)

|9
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= (A1.15)

A2. Annex A2. Time as the Trivector

In this chapter I will develop a little more regarding time being the trivector. Also,
how it is used when we are in a non-orthonormal basis (and/or non-Euclidean
metric)

First, we shall comment regarding the time vector 7 and its inverse 7'

.In
general, it is more practical to work and to give the original definition to 7' in-
stead of 7. The reason is in physics (including Quantum Mechanics) the time
appears normally dividing. As in general, it is the magnitude that is used to take
the derivatives. See for example Equation (10) and the ones before it, in chapter 9.

So, we start defining:

i = %%
If we premultiply by 7 in both sides:
TRNEE

By definition, the product of the inverse of a vector by the vector itself is 1.
1=7%

Now, we postmultiply by 2 both sides.

2—1)/}—1 ~-1 — i‘)fe'\—l
2—1)/}—15(\:—1 :i‘
So,
;= 271}3715{1

In a non-orthonormal basis, we have to use the Equations (A1.13) to (A1.15) to

calculate the inverses:

laclagl _ £y X
y x = - A
“IBI R

In an orthonormal basis, the norms are equal to 1, so we get the relation that

t=z

z

has been commented in the paper (7.1) for orthonormal bases:

A AAA —1
X =—Xyz =—1

A

>
Il
N>
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One thing to comment is the time basis vector in Cl, 5 that is commented in the
literature [1] [2] normally denotedas y,. y, haspositive signature and its norm

is 1 so:
2
YoVo = "70" =1
So, its inverse is itself. We can prove it premultiplying by its inverse:

Yo¥o =Ly %' Ve#o=Vo's Ye=Vo'» Yo=Vo» Yo =7

Our 7/ and ¢

have negative signature (they are the trivector, see chapter 8
for its definition and chapter 4 to check the negative signature of the trivector).

This means, we can choose y, tobe 7 or 7', what we prefer as a conven-
tion, if we keep the same definition all the time. Choosing one or another will only
change the sign of 7 in all the subsequent equations but all of them will be co-
herent among them if we keep the convention in all the equations.

In the paper we have chosen to consider y, to 7 '.

Another thing I commented in Annex 3 of [4] is that time instead of being exact
inverse of the spatial dimensions they could be related by a constant k that could
be Ricci scalar, trace of the metric tensor, product of the diagonal elements of the
metric tensor, determinant of the metric tensor... This is, a scalar related to the
metric, a constant that is necessary to normalize the value of { or /' com-

pared with the space elements.

~ 1 k Al Al A xyz
= —~ =ﬁ=k' 1 15-1 :k—
T

It is important to remark, as I did in [3] and [4], that if the basis vector 7 is
composed by the space basis vectors, it does not mean that the dimension time is
not independent from the space ones. The parameter t (without hat) that multi-
plies the basis vector 7 (with hat) is completely free and independent. The di-
mension of time exists although its basis vector is somehow related to the space
ones. In fact, in geometric algebra, having three space vectors imply the existence
of 8 dimensions (scalars, 3 basis vectors, 3 bi-vectors and one pseudoscalar (the
time in this approach)). You can check this in [2] for example. So, time would be
just one of these 8 dimensions (the trivector/pseudoscalar) appearing from the
three space dimensions.

It is somehow as the odd-grade elements of the multivector (vectors and the
trivector) are the elements that we see as dimensions in our world, the three di-
mensions of space and the time. And the even grade (scalars and bivectors) rep-
resents other things probably related to forces or relations related to interactions.

As we shall see in Annex 3, the scalar probably somehow related to metric.

A3. Annex A. By, Electromagnetic Trivector Effects

We could try to measure the effects of the electromagnetic trivector creating a
trivector coil. To do that we could create a system with the following direction of

currents. These currents (the blue, red and green) create magnetic fields (bivec-
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tors) that are cancelled. You can see that in each plane (bivector) you have some-
thing similar to xy-xy for example, always zero.

But the trivector xyz always acts in the same direction independently of the di-
rection of the currents (check chapter 1 to understand the direction of a trivector).

In purple I have represented another conductor that is passing through the
trivector created by the green-blue-red currents. The magnetic field that is created
by the purple current will be reduced or increased due to the effect of the trivector.
If this happens, this cannot be explained by current electromagnetism theory.

Only a theory involving GA could explain this effect.

Figure Al. Adding consecutive trivectors.

Adding consecutive trivectors, we can try to sum up its effects. Figure Al is
very theoretical and not practical. In fact, whatever coil of two twisted cables that
is rolled in a cylinder from left to right (or the opposite) creates a trivector. The
longer the cylinder, the longer its effect. But it has to be rolled from one side to
the other in the same direction all the time, you cannot randomly move from left
to right or viceversa. You have to keep the direction of rolling always the same to

sum up the effects.

' §
v

RN
-—

Figure A2. Creating a trivector in a coil. The green and blue cables in reality are twisted
(represented parallel instead of twisted in the figure for simplicity). And the current will go
in opposite direction in green and blue cables.
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You can check Figure A2. The green and blue cables are twisted (but repre-
sented parallel in the figure for simplicity). The currents in blue and green cables
are opposite.

According to Maxwell laws and classical electromagnetism, this configuration
is useless. It is only a loss of power, as green and blue cables effect cancel.

In Geometric Algebra, the vectors (currents) and the bivectors (magnetic fields)
are also cancelled. But the trivector acts in the same direction for both cables. As
the opposite currents move also in an opposite spatial direction—the axial direc-
tion of the cylinder—so both cables act creating the same trivector, and its effects
(trivector-wise) are summed.

This is, the individual coil created by each cable creates an opposite bivector in
both cables because their currents are opposite. But the direction of the rolling of
the cable in the other dimension, the vector representing the axis of the cylinder
is also opposite. So, the product between the bivector and the vector in both cables
leads to the same trivector (the product of two positives is equal to the product of
two negatives).

This means, inside the cylinder, the Maxwell laws are altered, and the M| cre-
ated by the purple vector v in Figure A2 would be different than the magnetic
field, M, that would be created in empty space (Figure A3). In the most extreme

case, they could even have different direction. See chapter 7 for more information.

Mj;

: 7\
N

Figure A3. The vector v creates a magnetic field M in empty space.

D

As a general comment, the Figure A2 in a real experiment very probably would
be more practical in vertical position (the axis of the cylinder and the v conduc-
tor in vertical position, having the coil planes horizontal).

Also, another thing that could be measured inside the cylinder, apart from the
magnetic field M, would be the time. This means, we could put an atomic clock
inside the cylinder and another one outside the cylinder. Both synchronized in the
beginning of the experiment. And to check their values afterwards.

It could be that to keep the general symmetry of all the laws (including gravity,
and the arrow of time/entropy, not only electromagnetism) these laws could also
change (at least slightly) if an artificial trivector is modifying the omnipresent one
(that normally would define how these laws work). So yes, it could be that we see
a difference in the speed of time (in the most extreme sci-fi case a reversion of it,
as it could happen with the Maxwell law right-hand rule, but this is just sci-fi, as
commented). What we could really expect is a slight change in the measurement

of the clocks—if the sufficient power or number of turns is applied.
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Also, as commented in chapter 7, it is expected that the Earth field increases the
effect of the omnipresent trivector. So, it is expected that the changes in time or
in the magnetic field A, provoked by the new created artificial trivector, would
be bigger in space, outside the Earth orbit, than on the Earth surface. So, making
this experiment outside the Earth surface would increase the possibilities of suc-
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