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Abstract 
In this paper, it is created a one-to-one map between the Dirac Equation in 
Matrix Algebra and the Dirac Equation in Geometric Algebra Cl3,0. The eight 
free parameters of the spinors in matrix representation correspond to the co-
efficients of the eight elements of the Geometric Algebra Cl3,0 (scalars, three 
vectors, three bivectors and the trivector). This way, a one-to-one mapping 
between matrix representation and Geometric Algebra Cl3,0 can be obtained. 
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1. Introduction 

In this paper, we will use derive the Dirac Equation in Geometric Algebra Cl3,0. 
Then, after some transformations, we will create a one-to-one map of the Dirac 
Equation and the wavefunction between Matrix Algebra and Geometric Algebra.  

2. Introduction to Geometric Algebra 

If some background is needed regarding geometric algebra, the reference [1] is 
recommended. Also, you may find a complete study of Geometric Algebra in [2]. 

We will use Geometric Algebra Cl3,0. This means it has three basis vectors with 
positive signature and zero basis vectors with negative signature. We will explain 
this in a minute. 

In Geometric Algebra Cl3,0, we have the vectors: 
ˆ ˆ ˆx y z  

In this case, we will consider them orthonormal, and in the Appendix A1, I will 
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explain what the difference would be in the calculations if they were not orthonor-
mal. (Figure 1) 
 

 

Figure 1. Orthonormal basis vectors in Cl3,0. 
 

The square of these vectors in Geometric Algebra is its norm to the square. The 
norm of a vector is a scalar (not a vector anymore). As we have considered the 
basis as orthonormal, its square is scalar 1. 

 22ˆ ˆ ˆ 1ˆx xx x= = =  (1) 

 22ˆ ˆ ˆ 1ˆy yy y= = =  (2) 

 22ˆ ˆ ˆ 1ˆz zz z= = =  (3) 

In the nomenclature Cl3,0, the 3 stands for the number of vectors which square 
is positive and the 0 for the number of basis vectors which squares is negative. In 
this case, no basis vectors have a negative square (also known as negative signa-
ture), so all of them have a positive square (positive signature), that equals +1 in 
an orthonormal basis. 

The basis vectors can be multiplied by each other (this operation is called Geo-
metric Product). For orthonormal or orthogonal bases, this product follows the 
anticommutative property, this is: 

 ˆˆ ˆ ˆxy yx= −  (4) 

 ˆ ˆˆ ˆyz zy= −  (5) 

 ˆ ˆˆ ˆzx xz= −  (6) 

This combination of two vectors via this product is called a bivector. The bivec-
tor instead of representing a vector (an oriented segment), it represents an ori-
ented plane. So ˆˆxy  represents the plane xy with its normal in a certain direction. 
And ˆ ˆyx  represents the same plane xy but with its normal in the opposite direc-
tion.  

In Geometric Algebra we do not talk about normal vectors anymore. Instead, 
we talk about the orientation of a theoretical rotation in that plane. See Figure 2 
for a visual explanation. Also, in [1]-[3], you can find more information about the 
meaning or interpretation of the bivectors. 
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Figure 2. Representation of the bivectors ˆˆxy  and ˆ ˆyx . They represent the same plane 
with opposite orientation. In fact, ˆˆ ˆ ˆxy yx= − . 
 

If we multiply the three vectors, we obtain the trivector (also called pseudosca-
lar in the literature [1] [2]): 

 ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆxyz yxz yzx zyx zxy xzy= − = = − = = −  (7) 

You can check that the same relations as in Equations (4) - (6) apply. So, every 
time you swap the position of two vectors you have to put a minus sign (or mul-
tiply by −1, as you prefer). 

The meaning of the trivector is an oriented volume. The same as the bivector is 
a plane with two possible orientations. The trivector is a volume with two possible 
orientations. You can see visual representation in Figure 3. Again in [1]-[3] you 
can find a more information regarding trivectors. 
 

 

Figure 3. Representation of the two possible orientations of the trivector. We can check that 
ˆˆ ˆ ˆˆ ˆxyz yxz= − . 

3. Operations in Geometric Algebra 

One of the most surprising characteristics of Geometric Algebra is that you can 
mix scalars with vectors, bivectors and trivectors. You represent this a sum. For 
example, a typical element in Geometric Algebra could have the form: 

3 5 3 4ˆ ˆ 2ˆ ˆˆˆ ˆA x y yz xyz= + + + −  

The same that is done with polynomials or complex numbers, that is to leave 
the sum among different components indicated, it is done in Geometric Algebra. 
This type of element in Geometric Algebra that has different components as sca-
lars, vectors, bivectors, etc. is called a multivector. So, the A element in the exam-
ple above is a multivector. 
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In a multivector, the vectors and the trivector are called odd-grade elements. 
The reason is because they are composed by one vector or by three vectors (odd 
grade number). 

In a multivector, the scalars and the bivectors are called even grade elements. 
The reason is because the elements have 0 vectors (the scalars) or 2 vectors (the 
bivectors). We consider the 0 and 2 even for this purpose. 

And if you want to make a product between two multivectors in Geometric 
Algebra you just have to follow the laws (1) to (6). For example: 

( )( )ˆ ˆ2 3 ˆ5 ˆˆ ˆ7 ˆx y x yz zx+ + + +  

The first thing we have to do is to multiply component by component as we 
would do in a polynomial for example. But the very important thing is that you 
have to keep the order of the product as we have seen that it is not commutative, 
so: 

( )( )2 3 5 7 10ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ14 2 ˆˆ ˆ ˆ ˆ ˆ2 15 21 3 ˆ3x y x yz zx y x yz zx xy xx xyz xzx+ + + + = + + + + + + + =  

Now, with the relations (1) to (6) we will operate the square of x̂  and we will 
swap the x̂  and the ẑ  in the last component: 

( )ˆ ˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆˆ ˆ10 14 2 2 15 21 1 ˆ3 3 ˆy x yz zx xy xyz xxz= + + + + + + + − =  

Now, we have again a square of x̂  in the last component, so we can operate: 

( )10 14 2 2 15 2ˆ ˆ ˆ ˆ ˆˆ ˆˆˆ ˆ ˆ1 3 3 1
10 14 2 2 15 21

ˆ
ˆ ˆ ˆ ˆ ˆˆ 3 3ˆˆˆ ˆ ˆ ˆ
y x yz zx xy xyz z
y x yz zx xy xyz z

= + + + + + + − +

= + + + + + + − =
 

If we order the terms, starting by the scalar, vectors, bivectors and finally the 
trivector we have: 

ˆ ˆ ˆˆ ˆ ˆ ˆ 21 14 10 3 1 ˆˆ ˆ ˆ ˆ5 2 2 3x y z xy yz zx xyz= + + − + + + +  

Let’s see another example: 

( )( )3 2 5ˆ ˆ ˆ ˆ7x y x y+ + + =  

We start multiplying the components but keeping always the order of the vec-
tors. 

( )( )3 2 5 7 15 21 5ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ0 4 ˆ7 1 1x y x y x y xx xy yx yy+ + + = + + + + + =  

Now we apply the (1) to (6) to the squares: 

( ) ( )15 21 5 1 7 10 14 1 15ˆ ˆ ˆˆ ˆ ˆ ˆ 21 5 7 10ˆ ˆˆ ˆ ˆ 14x y xy yx x y xy yx+ + + + + + + = + + + + + =  

We can see that now we have two scalars (5 and 14) that have appeared coming 
from vector products that can be summed, so: 

15 21 19ˆ ˆ ˆˆ ˆ1 ˆ7 0x y xy yx= + + + + =  

Also, we see that we have the same bivector ˆˆxy  in two different forms, so we 
apply (1) to (6) to get: 

ˆ ˆ ˆ15 21 19 7 10 15 2ˆ ˆˆ ˆ ˆ ˆˆ1 19 3x y xy xy x y xy= + + + − = + + − =  

Ordering the terms: 
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19 15 2 3ˆ ˆ ˆˆ1x y xy= + + −  

To sum up, we can say that the geometric product keeps the associative and the 
distributive properties but not the commutative property. In an orthonormal basis 
the commutative property is substituted by the anticommutative property as can 
be seen in (4) to (6). For n on orthonormal basis, the thing is not so simple but we 
will not treat this case in this paper. You can see a hint about it in Appendix A1. 

4. Square of the Bivectors and the Trivector 

If we multiply a bivector by itself (applying (1) to (6)): 

( )ˆˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ1 1xyxy xyyx x x xx= − = − = − = −  

1ˆ ˆˆ ˆyzyz = −  

1ˆ ˆˆ ˆzxzx = −  

We see that the result is −1. The same happens with the trivector: 

( ) ( )ˆˆ ˆˆ ˆˆ ˆ ˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ 1 1 1xyzxyz xyzxzy xyzzxy xy xy xyxy xyyx x x= − = = = = − = − = −  

In Geometric Algebra the imaginary or complex numbers are not used and are 
not necessary. The reason is that there are elements that are already in fact the 
square root of −1, as the bivectors or the trivector. We will see the importance of 
this in Quantum Mechanics. Instead of using imaginary numbers, these will be 
substituted by bivectors and trivectors with geometric meaning. 

The imaginary unit i was defined as “something unknown” (whatever it is) that 
is the square root of −1. Now that we have elements that are in fact, known, and 
are the square root of −1 (the bivectors and the trivector), we can be more specific 
and use these elements to play this role. We will use this conversion from the i 
imaginary unit into bivectors and trivector, mainly in Quantum Mechanics.  

When the i does not have any preferred spatial direction, it will be related to the 
trivector ˆ ˆ ˆxyz . This happens, for example, when the i appears related to mass, 
energy or time. 

If the i is related to something with a preferred direction like speed or momen-
tum, normally the i is related to a bivector. Do not worry, we will see how to work 
with this in the next chapters. 

Summing up, even if we are in Cl3,0 with the three basis vectors with positive sig-
nature (positive square), the algebra itself has created two types of elements more 
(bivectors and trivectors) whose squares are negative. 

In a multivector, we will have these two types of elements depending on their 
square, the scalars and the vectors whose square is +1 (positive signature) and the 
bivectors and the trivector which square is −1 (negative signature). 

5. Inverse of a Vector in Geometric Algebra 

Another interesting property in Geometric Algebra is that you can take the inverse 
of a vector. We can calculate its value for a basis vector in the following way. We 
start with Equation (1): 
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ˆ 1ˆxx =  

We premultiply both equations by the inverse of x̂ : 

( )1 1ˆ ˆ ˆ 1ˆx xx x− −=  

By definition, the product of the inverse of an element by itself is equal to 1. 

( ) 11 ˆ ˆx x−=  

So, 
1ˆ ˆx x−=  

1ˆ ˆx x− =  

The inverse of a basis vector in an orthonormal basis is the vector itself. So: 
1ˆ ˆx x− =  
1ˆ ˆy y− =  

1ˆ ˆz z− =  

When we have to take the inverse of a product of vectors (bivectors or trivec-
tors) you can check in [2] that apart from inverting each element you have to 
reverse the order of them, this way: 

( ) 1 1 1ˆˆ ˆ ˆ ˆ ˆ ˆˆxy y x yx xy− − −= = = −  

or 

( ) 1 1 1 1ˆˆ ˆ ˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆxyz z y x zyx xyz− − − −= = = −  

Remember that every time you swap two vectors, you add a minus sign (4) to 
(6). To convert ˆ ˆẑyx  into ˆˆ ˆxyz−  you have two make three swaps, that is the rea-
son of the final negative sign. 

We will use the convention that the division by a vector is to postmultiply by 
the inverse of that vector. This means, for example, if we want to do the following 
operation, this will be the result: 

( ) 1ˆ ˆ ˆ ˆˆ
ˆ
x x y xy
y

−= =  

Remind that we are always talking about orthonormal bases. To have a hint 
about non-orthonormal bases, you check Annex A1. 

6. Reverse Operation and Reverse Product 

There is another operation we can make in Geometric Algebra, which is the re-
version of a multivector. I will represent this with a line above the multivector. This 
operation reverses all the internal order of bivectors and trivectors. As an example: 

3 5 3 4ˆ ˆ 2ˆ ˆˆˆ ˆA x y yz xyz= + + + −  

( )3 5 3 4 2
3 5 3 4

ˆ ˆ ˆ ˆˆˆ ˆ
ˆ ˆ ˆ ˆ ˆˆ ˆ
ˆ ˆ ˆ ˆˆ

2
3 3 4 2ˆ ˆ5

A x y yz xyz
x y zy zyx
x y yz xyz

= + + + −

= + + + −
= + + − +
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You can see that it is similar to a conjugate in complex numbers. It changes the 
sign of the elements whose square is −1 (in this case, the bivectors and the trivec-
tor). 

With this we can define the reverse product. It consists of the product of a mul-
tivector by the reverse of itself.  

The main characteristic of the reverse product is that if the multivector only has 
one type of elements with positive square and only one type of elements with neg-
ative square, the result of this product is a scalar. 

This means, if the multivector only has scalars (positive square) and bivectors 
(negative square) the reverse product of the multivector will be a scalar. The same 
is true if it only has vectors (positive square) and bivectors (negative square). Or 
vectors (positive square) and trivector (negative square). 

But when the multivector has scalars and vectors (both positive squares) and a 
bivector for example, the result could not be a scalar. The same if it has scalars 
and both bivectors and the trivector (both negative squares). 

This is, the multivector has to have only scalars or vectors (not both) mixed 
with only bivectors or trivectors (not both). 

Let’s see some examples. B only has vectors (positive square) and the trivector 
(negative square), the result must be scalar: 

ˆ ˆ5 ˆ 4 ˆ3B x y xyz= + +  

( )5 3 4 5 3 4ˆ ˆ ˆ ˆ ˆ ˆˆ ˆB x y xyz x y xyz= + + = + −  

( )( )5 3 4 5 3 4
25 15 20 15 9 12

ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ
ˆˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆˆ ˆ ˆˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ
ˆˆ ˆ ˆ

20 12 16
25 15 20 15 9 12 20 12ˆ ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ ˆ16 ˆ

BB x y xyz x y xyz
xy xxyz yx yxyz xyzx xyzy xyzxyz
xy yz xy xyyz xyxz xyyz xyxzyz

= + + + −

= + − + + − + + −
= + − − + + − − + =

 

We sum the scalars, we see that the elements in xy sum zero, we square to +1 
the vectors that are the same and consecutive and we continue swapping vectors 
to try to simplify: 

34 20 12 20 12 16
34 20 12 20 12 1

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ ˆ6 34 1 50ˆ 6
yz xz xxyz xz xxyzyz
yz xz yz xz xxyyzz

= − + + − −
= − + + − + = + =

 

The result, 50, is a scalar as we expected. 
Another example. C has only scalars and the trivector; the result should be sca-

lar: 
ˆˆ5 ˆ4C xyz= +  

( )ˆ5 4 5 4ˆ ˆˆˆ ˆC xyz xyz= + = −  

( )( )ˆˆ ˆˆ ˆˆ5 4 5 4 25 20 ˆˆ ˆˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ20 16CC xyz xyz xyz xyz xyzxyz= + − = − + − =  

The elements in xyz sum to zero. Swapping vectors in the last element, we get: 

25 16 25 1ˆˆ ˆ ˆ ˆ ˆˆ6 25 16ˆ ˆˆˆ ˆˆ ˆ ˆ 25 1ˆ 31ˆ ˆ 6xyxzyz xxyzyz xxyyzz= + = − = + = + =  

31 is a scalar as expected. 
New example. D has scalars but has a mix of bivectors and trivectors (the result 

could not be a scalar): 
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ˆ5 2 3ˆ ˆˆˆD xy xyz= + +  

( )5 2 4ˆˆ ˆˆ ˆˆ ˆˆ5 3 ˆ2ˆD xy xyz xy xyz= + + = − −  

( )( )ˆˆ ˆˆ ˆˆ ˆˆˆ ˆ
ˆ

5 2 3 5 2 3
25 10 1ˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆˆ5 10 4 6 15 6 9ˆ ˆ ˆ ˆ ˆ

DD xy xyz xy xyz
xy xyz xy xyxy xyxyz xyz xyzxy xyzxyz

= + + − −

= − − + − − + − − =
 

We see that the terms in ˆˆxy  and ˆˆ ˆxyz  vanish. Also, we swap some vectors: 
ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆ ˆˆˆ ˆ ˆ ˆ
ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ

ˆˆ ˆ ˆ ˆ ˆˆ

25 4 6 6 9
25 4 6 6
25 4 6 6 29 6 6
29 6 6 29 6 6 29 12

ˆ ˆ ˆ
ˆ ˆˆ ˆ ˆ ˆ ˆ

xyxy xyxyz xyzxy xyzxyz
xxyy xxyyz xyzyx

z xyyzx z xzx
z xxz z z z

= − − − −
= + + +
= + + − = + −
= + + = + + = +

 

We see that the result is not a scalar as we had both bivectors and the trivector 
(both of negative signature) in the same multivector. 

One important thing to comment about the reverse product is that it acts very 
similarly to the scalar product of an element with itself (the square) in the bra-ket 
notation of Dirac Algebra. 

In the bra-ket notation of Dirac algebra, when you want to calculate the square 
of a complex function or vector, you multiply this function or vector by the con-
jugate of itself, so you always get a real scalar result. This reverse product makes 
the same, you multiply a multivector by a version of itself where the sign of dif-
ferent elements of this multivector has changed with the aim of obtaining a real 
scalar as a result. 

7. Summary of Geometric Algebra Cl3,0 

We have seen that the Geometric Algebra has some elements called multivectors 
that are composed of scalars, vectors, bivectors and a trivector. In fact, although 
the Geometric Algebra Cl3,0 has only three basis vectors, it has really 8 degrees of 
freedom. A general multivector in Geometric Algebra could have the form (being 
all the coefficients iα  real scalars): 

0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆx y z xy yz zx xyzA x y z xy yz zx xyzα α α α α α α α= + + + + + + +  

This means, although we have only three special dimensions (x, y and z) we 
have really 8 degrees of freedom (or 8 expanded dimensions in a meta sense) com-
ing from these original three special dimensions. 

These eight degrees of freedom are represented by these 8 iα  scalars. These 
scalars are always real. As commented, we do not need imaginary numbers in Ge-
ometric Algebra as we have two types of elements (the bivectors and the trivector) 
whose squares are −1 and fulfill this necessity. 

One comment for people who have some experience in Geometric Algebra used 
in Physics: If you are new to Geometric Algebra, please do not read it, so you do 
not start running. 

In most of the literature regarding the use of Geometric Algebra both in Quan-
tum Mechanics and General Relativity the Cl1,3 or Cl3,1 is used. This means there 
are three basis vectors (the spatial dimensions) with one signature and another 
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one (the time) with opposite signature.  
The issue is that these 4 dimensions expand to 16 degrees of freedom. However, 

in reality, only the sub-even algebra of these 16 degrees of freedom is used (only 
8 degrees of the 16 possible are used). So why is this Cl1,3 or Cl3,1 used in the first 
place? We know that with Cl3,0 we already have the 8 degrees of freedom we need. 

The need for Cl1,3 and Cl3,1 is to accommodate the time dimension in Geometric 
Algebra. But we will explain in the next chapter why this is not necessary anymore. 

8. So, Where Is the Time? 

If you have worked with Quantum Mechanics or with the Dirac Equation (whether 
you have done it using Geometric Algebra or not) you might be asking where the 
time is. 

We have x̂ , ŷ  and ẑ . But where is the t̂ ? As I have commented in some 
papers already [3] [4] we can use the trivector as the basis vector of the dimension 
of time. Does this mean that the dimension of time does not exist? No, the dimen-
sion of time has its own freedom (its own scalar coefficient t) but the basis vector 
t̂  that accompanies this coefficient is a combination of the space vectors. 

I know, it is very difficult to believe but if you continue reading the next chap-
ters, you will see that this works perfectly. This led to a one-to-one map of the Dirac 
equation solutions in standard algebra and Geometric Algebra without the need 
for a specific vector of time. 

In fact, we will work with the following definition: 

 1ˆ ˆˆ ˆt xyz− =  (7) 

The reason why we define the inverse of the basis vector instead of the basis 
vector itself will be seen later. Anyhow, following the rules in Chapter 5 you can 
see that for an orthonormal basis (not in general for other bases): 

 ( ) 1 1 1 1ˆ ˆˆ ˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆt xyz z y x zyx xyz− − − −= = = = −  (7.1) 

So: 
ˆˆˆ ˆxyz t= −  

So, a general multivector will be of the type: 

0

0

ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ
ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ

x y z xy yz zx xyz

x y z xy yz zx xyz

A x y z xy yz zx xyz

x y z xy yz zx t

α α α α α α α α

α α α α α α α α

= + + + + + + +

= + + + + + + −
 

Even, we reorder putting the time consecutive to the spatial dimensions we 
would have: 

0
ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆx y z xyz xy yz zxA x y z t xy yz zxα α α α α α α α= + + + − + + +  

We can even recall the xyzα  as tα : 

t xyzα α=  

This leads to, 

0

0

ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ
ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ

x y z xy yz zx t

x y z t xy yz zx

A x y z xy yz zx t

x y z t xy yz zx

α α α α α α α α

α α α α α α α α

= + + + + + + −

= + + + − + + +
 

https://doi.org/10.4236/jamp.2025.139169


J. Sánchez 
 

 

DOI: 10.4236/jamp.2025.139169 2954 Journal of Applied Mathematics and Physics 
 

You can see that the tα  assures that the time has its own freedom compared 
to the spatial dimensions. But we do not need an original dimension more to ac-
commodate it, it appears naturally in Geometric Algebra. In fact, we will not use 
it is it is above, we will use the more convenient definition we put in the beginning 
for a multivector: 

0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆx y z xy yz zx xyzA x y z xy yz zx xyzα α α α α α α α= + + + + + + +  

And we will explain how to work with these multivectors when time is involved. 
If you have worked with Geometric Algebra before in Cl1,3 or Cl3,1, I will give 

you the following relations we will use in advance. If you do not know what we 
are talking about, just skip the following equations and continue reading: 

1
1 2 3 0 1 2 3

ˆ ˆˆ ˆi I t xyzσ σ σ γ γ γ γ −= = = = =  

1 1 0 x̂σ γ γ= =  

2 2 0 ŷσ γ γ= =  

3 3 0 ẑσ γ γ= =  
1

0
ˆ ˆˆ ˆt xyzγ −→ =  

As commented before, not always the i will be equal to the trivector, but some-
times to the bivectors also. But we will check this on a case-by-case basis. 

You can check more things regarding t̂  as a composition of special vectors in 
Annex A2. More information regarding non-orthonormal bases is in Annex A1. 

9. The Dirac Equation in Geometric Algebra Cl3,0 

We will do exactly the same thing that Dirac did to discover his famous equation. 
We will start from this relativistic equation that relates energy with momentum 
and mass [5]. 

2 2 2 2 4E p c m c= +  

For simplicity, we will do what is commonly done in these cases: we will con-
sider a system of units where the speed of light c = 1 and reduced constant Planck 
ħ = 1. This is commonly done, in [6], which is already done de facto, with no loss 
of generality: 

 2 2 2E p m= +  (8) 

Now, if we use the common operator for Energy used in Quantum Mechanics, 
see [6], we have: 

E i
t
∂

=
∂
  

As we have commented before when we see an i imaginary unit in an equation 
with no preferred spatial direction (like Energy, mass, time…) we can directly 
convert it to the trivector so we have: 

ˆˆ ˆE xyz
t
∂

=
∂
  

And, as we have said considering ħ = 1 we have: 
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 ˆˆ ˆE xyz
t
∂

=
∂

 (9) 

If you want more details of how to obtain this equation instead of using the 
conversion of i, deriving it directly from the wave equation, you can see [4]. 

That’s it for the Energy. Let’s go with the momentum. For simplicity we will 
consider only the direction of x and later we will generalize it. We start from the 
momentum operator in Quantum Mechanics [6]: 

xp i
x
∂

= −
∂
  

Here, we cannot convert the i directly to the trivector as it has a preferred di-
rection (x). So we will do it in another way. We know that the momentum units 
are mass multiplied by distance divided by time (in SI this is kg, m, s) 

_
mkg
sx unitsp = ⋅  

Considering mass, a scalar, we have that the vectors applying should be for the 
distance the direction x (the x̂  vector) and be divided by time ( t̂  vector). 

( ) 1
_

ˆ ˆˆ
ˆx vectors
xp x t
t

−
= =  

where for the last step we have used the convention of division by vectors com-
mented in Chapter 5. Now we use Equation (7) to convert the inverse of the time 
vector in the trivector: 

 ( ) ( )1ˆˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ1vectorsp x t xxyz yz yz
−

= = = =  (10) 

So, we have seen that for Equation (10) where x is a preferred direction, the 
vectors that apply are ˆ ˆyz  (not x̂ ). This is logic as we need to have an element 
(in this case the bivector) whose square is −1 to substitute the i. 

So, we would have: 

ˆ ˆxp yz
x
∂

=
∂
  

And the minus sign? The minus sign is a convention about which direction of 
the wave is considered positive. We could add it directly or we could reverse the 
ˆ ˆyz  bivector to ˆẑy−  so we get it anyhow. But we will not add it at this stage, as it 

will appear naturally at a later step. We will see it later. So again, considering ħ is 
equal to 1, we have: 

ˆ ˆxp yz
x
∂

=
∂

 

Doing the same operation for yp  and zp  we will obtain: 

ˆˆyp zx
y
∂

=
∂

 

ˆˆzp xy
z
∂

=
∂

 

So, summing all, we have: 
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 ˆ ˆ ˆˆˆ ˆp yz zx xy
x y z
∂ ∂ ∂

= + +
∂ ∂ ∂

 (11) 

Again, do not worry about the minus sign not appearing; it will appear naturally 
later. 

Regarding Equation (8) the only pending element is the mass that we consider 
as a scalar and we will not apply any vector to it. So, we have: 

2 2 2E p m= +  

 
22

2ˆˆ ˆ ˆ ˆˆˆ ˆ ˆxyz yz zx xy m
t x y z

 ∂ ∂ ∂ ∂  = + + +  ∂ ∂ ∂ ∂   
? (12) 

The above should be a kind of Klein-Gordon equation [6] in Geometric Algebra 
in Cl3,0. But first thing to comment on is that in Equation (8) we have scalars to 
the square (E, P and m). But if you make the squares directly as they are in the 
geometric algebra Equation (12) you would not obtain scalars. So that Equation 
(12) is not properly ok. 

We have to convert those squares to an operation that gives as results scalars 
and continue being true to its nature. Something similar and when you conjugate 
a vector or wavefunction to perform the bra-ket square in Dirac notation and ob-
tain a scalar.  

In Geometric Algebra, you guessed it, this operation is the reverse product. 
In fact, if we do: 

ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆxyz zyx yz zx xy m zy xz yx m
t t x y z x y z

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + + + + + +    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     
 

ˆˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆxyz xyz yz zx xy m yz zx xy m
t t x y z x y z

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  − = + + + − − − +    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     
(13) 

You will see that all the cross products vanish (the dream of Dirac) and you will 
get: 

 
2 2 2 2

2
2 2 2 2 m

t x y z
∂ ∂ ∂ ∂

= + + +
∂ ∂ ∂ ∂

 (14) 

Which yes, we obtain all scalars (vectors have disappeared) as we wanted to be 
in line with Equation (8). But what we have obtained (14) is not the Dirac equa-
tion. The reason is that we are playing with operators, but we are missing the wave-
function.  

We will use the wavefunction in Geometric Algebra that has this form: 

0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆx y z xy yz zx xyzx y z xy yz zx xyzψ ψ ψ ψ ψ ψ ψ ψ ψ= + + + + + + +  

You can see that it has 8 degrees of freedom that are represented by the 8 factors 

iψ  that multiply each of the elements that exist in Geometric Algebra Cl3,0 (the 
scalars, 3 vectors, 3 bivectors and the trivector). These factors iψ  are real func-
tions. So, no generality is lost, as the solution to Dirac equation is four complex 
functions (that if they could be divided into real and imaginary parts, would map 
to 8 functions). 
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Now, we will include the wavefunction in Equation (13). In Geometric Algebra, 
when an operator has two parts and one is the reverse of the other, the function 
that is affected by the operator is always between both. You can check this in [1] 
[2]. A typical operator like this is the rotors, but this is another story. We intro-
duce our wave function between the two parts of the operator: 

ˆˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆxyz xyz yz zx xy m yz zx xy m
t t x y z x y z
ψ ψ

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   − = + + + − − − +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂       
 

If we take everything to the left side of the equation, we have: 

ˆˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ 0ˆ ˆxyz xyz yz zx xy m yz zx xy m
t t x y z x y z
ψ ψ

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   − − + + + − − − + =      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂       
 

As the geometric product is associative and distributive, we can take the wave-
function as a common factor of both sides of the operator and get: 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ 0ˆxyz yz zx xy m xyz yz zx xy m
t x y z t x y z

ψ
      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

− + + + − − − − − + =      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
 

Operating the signs, we have: 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ 0xyz yz zx xy m xyz yz zx xy m
t x y z t x y z

ψ
   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

− − − − − + + + − =   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
(15) 

As the equation is zero, it could be that the product of the first two elements of 
the triple product is zero: 

 ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ 0xyz yz zx xy m
t x y z

ψ
 ∂ ∂ ∂ ∂

− − − − = ∂ ∂ ∂ ∂ 
 (16) 

Or it could be that the product of the last two elements is zero: 

 ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ 0xyz yz zx xy m
t x y z

ψ
 ∂ ∂ ∂ ∂
− + + + − = ∂ ∂ ∂ ∂ 

 (17) 

As convention and what Dirac did was to take the first half of the Equation (16) 
(but in standard algebra not in Geometric Algebra). 

The first comment on that Equation (16) is that the element that represents en-
ergy (the partial derivative with respect to time) is positive while the ones regard-
ing momentum (the partial derivatives with respect to spatial coordinates) are neg-
ative. Remember the minus sign of the momentum? It appears naturally here. Even 
if we chose Equation (17), you can check that the sign of the momentum would 
be the opposite of the sign of the energy again. 

Continuing, if we put the complete equation with all the elements of the wave-
function we have: 

( )0ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ ˆ 0x y z xy yz zx xyzxyz yz zx xy m x y z xy yz zx xyz
t x y z

ψ ψ ψ ψ ψ ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − − + + + + + + + = ∂ ∂ ∂ ∂ 
 (18) 

If we operate it, we have: 
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( )0ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ ˆ 0x y z xy yz zx xyzxyz yz zx xy m x y z xy yz zx xyz
t x y z

ψ ψ ψ ψ ψ ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − − + + + + + + + = ∂ ∂ ∂ ∂ 
 

0

0

0

ˆˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ

ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ

y xy yz xyzx zxz

y xy yz xyzx zxz

y xyx z

xyz yz zx xy z x y
t t t t t t t t

yz xyz z y zx xy x
x x x x x x x x

zx z xyz x yz
y y y y

ψ ψ ψ ψψ ψ ψψ

ψ ψ ψ ψψ ψ ψψ

ψ ψψ ψ ψ

∂ ∂ ∂ ∂∂ ∂ ∂∂
+ + + − − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂∂ ∂ ∂∂

− − + − − + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂∂ ∂ ∂
− − − + +

∂ ∂ ∂ ∂

0

0

ˆˆ ˆ

ˆˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ 0

yz xyzzx

y xy yz xyzx zxz

x y z xy yz zx xyz

xy y
y y y y

xy y x xyz zx yz z
z z z z z z z z

m xm ym zm xym yzm zxm xyzm

ψ ψψ

ψ ψ ψ ψψ ψ ψψ

ψ ψ ψ ψ ψ ψ ψ ψ

∂ ∂∂
− + +

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂∂ ∂ ∂∂

− + − − + + − +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

− − − − − − − − =

 (19) 

Now, for this equation to be zero, it has to be zero the sum of all the elements 
that multiply the same vector, bivector or trivector. This is, if we take all the ele-
ments that multiply the trivector ˆˆ ˆxyz  we get this equation: 

0 0yx z
xyzm

t x y z
ψψ ψ ψ ψ
∂∂ ∂ ∂

− − − − =
∂ ∂ ∂ ∂

 

If we take the elements that multiply the ˆ ˆyz  bivector, we have: 

0 0xyx zx
yzm

t x y z
ψψ ψ ψ ψ
∂∂ ∂ ∂

− + − − =
∂ ∂ ∂ ∂

 

And so on. Doing this for the scalars, the vectors, bivectors and the trivector, 
we get these eight equations: 

 0 0yx z
xyzm

t x y z
ψψ ψ ψ ψ
∂∂ ∂ ∂

− − − − =
∂ ∂ ∂ ∂

 (20) 

 0 0xyx zx
yzm

t x y z
ψψ ψ ψ ψ
∂∂ ∂ ∂

− + − − =
∂ ∂ ∂ ∂

 (21) 

 0 0y xy yz
yzm

t x y z
ψ ψ ψψ ψ
∂ ∂ ∂∂

− − + − =
∂ ∂ ∂ ∂

 (22) 

 0 0yzzxz
xym

t x y z
ψψ ψψ ψ
∂∂ ∂∂

+ − − − =
∂ ∂ ∂ ∂

 (23) 

 0xy y xyzx
zm

t x y z
ψ ψ ψψ ψ
∂ ∂ ∂∂

− + − + − =
∂ ∂ ∂ ∂

 (24) 

 0yz xyz yz
xm

t x y z
ψ ψ ψψ ψ
∂ ∂ ∂∂

− + + − − =
∂ ∂ ∂ ∂

 (25) 

 0xyzzx xz
ym

t x y z
ψψ ψψ ψ
∂∂ ∂∂

− − + + − =
∂ ∂ ∂ ∂

 (26) 

 0 0xyz yz yxzx m
t x y z

ψ ψ ψψ ψ
∂ ∂ ∂∂

− + + + − =
∂ ∂ ∂ ∂

 (27) 

But is this correct? And what is the mapping of this wavefunction to the wave-
function obtained by the Dirac equation? So, let’s check in the next chapter. 
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10. Solution to Dirac Equation in Standard Matrix Algebra 

In this chapter, we will not use Geometric Algebra. We will just follow paper [6] 
to get the equations needed to solve the general Dirac Equation.  

In matrix algebra the solution to Dirac equation has this form: 

 

1

2

3

4

ψ
ψ

ψ
ψ
ψ

 
 
 =
 
 
 

 (28) 

where the kψ  are complex functions. If we consider that they can be divided in 
the real and the imaginary part of the function, the wavefunction would have the 
form: 

 

1 11

2 22

3 33

4 44

r i

r i

r i

r i

i
i
i
i

ψ ψψ
ψ ψψ

ψ
ψ ψψ
ψ ψψ

+  
   +  = =
   +
  

+   

 (29) 

Now, we apply the Dirac equation in matrix algebra according [6]: 

1

2

3

4

0

0
0

0
00
0

0

i m i i
t z x y

i m i i
t x y z

i i i m
z x y t

i i i m
x y z t

ψ
ψ
ψ
ψ

∂ ∂ ∂ ∂ − + ∂ ∂ ∂ ∂ 
    ∂ ∂ ∂ ∂

− − −     ∂ ∂ ∂ ∂      =
    ∂ ∂ ∂ ∂

− − − − −     ∂ ∂ ∂ ∂    
 ∂ ∂ ∂ ∂
− + − − ∂ ∂ ∂ ∂ 

 

Applying the division in real and imaginary parts commented, we have: 

 

1 1

2 2

3 3

4 4

0

0
0

0
00
0

0

r i

r i

r i

r i

i m i i
t z x y

i
i m i i

it x y z
ii i i m

z x y t i

i i i m
x y z t

ψ ψ
ψ ψ
ψ ψ
ψ ψ

∂ ∂ ∂ ∂ − + ∂ ∂ ∂ ∂ 
+    ∂ ∂ ∂ ∂

− − −      +∂ ∂ ∂ ∂      =
     +∂ ∂ ∂ ∂

− − − − −     ∂ ∂ ∂ ∂ +    
 ∂ ∂ ∂ ∂
− + − − ∂ ∂ ∂ ∂ 

 (30) 

And now, performing the matrix multiplication, we have for the first line: 

 ( ) ( ) ( )1 1 3 3 4 4 0r i r i r ii m i i i i i
t z x y

ψ ψ ψ ψ ψ ψ
 ∂ ∂ ∂ ∂   − + + + + + + =    ∂ ∂ ∂ ∂     

 (31) 

1 3 3 4 41 4 4
1 1 0i r i i ir r r
r ii m im i i i

t t z z x x y y
ψ ψ ψ ψ ψψ ψ ψψ ψ∂ ∂ ∂ ∂ ∂∂ ∂ ∂

− − − + − + − + + =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

(32) 

Dividing in two equations, one for the real part and another one for the imagi-
nary part, we get: 
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 1 3 4 4
1 0i i i r
rm

t z x y
ψ ψ ψ ψψ∂ ∂ ∂ ∂

− − − − + =
∂ ∂ ∂ ∂

 (33) 

 3 41 4
1 0r ir r
im

t z x y
ψ ψψ ψψ ∂ ∂∂ ∂

− + + + =
∂ ∂ ∂ ∂

 (34) 

For the second line of the matrix, we get: 

( ) ( ) ( )2 2 3 3 4 4 0r i r i r ii m i i i i i
t x y z

ψ ψ ψ ψ ψ ψ
 ∂ ∂ ∂ ∂   − + + − + + − + =    ∂ ∂ ∂ ∂    

 

2 3 3 3 3 42 4
2 2 0i r i r i ir r

r ii m im i i i
t t x x y y z z

ψ ψ ψ ψ ψ ψψ ψψ ψ∂ ∂ ∂ ∂ ∂ ∂∂ ∂
− − − + − − − − + =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 

Again, dividing in two Equations (real and imaginary part): 

 2 3 3 4
2 0i i r i

rm
t x y z
ψ ψ ψ ψψ∂ ∂ ∂ ∂

− − − − + =
∂ ∂ ∂ ∂

 (35) 

 3 32 4
2 0r ir r

im
t x y z

ψ ψψ ψψ ∂ ∂∂ ∂
− + − − =

∂ ∂ ∂ ∂
 (36) 

For the third line of the equation, you have 

( ) ( ) ( )1 1 2 2 3 3 0r i r i r ii i i i i m i
z x y t

ψ ψ ψ ψ ψ ψ
 ∂ ∂ ∂ ∂   − + + − − + + − − + =    ∂ ∂ ∂ ∂    

 

1 2 2 3 31 2 2
3 3 0i i i r ir r r

r ii i i i m im
z z x x y y t t

ψ ψ ψ ψ ψψ ψ ψ ψ ψ∂ ∂ ∂ ∂ ∂∂ ∂ ∂
− + − + − − − + − − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 

Dividing into real and imaginary parts, we get: 

 1 2 32
3 0i i ir

rm
z x y t
ψ ψ ψψ ψ∂ ∂ ∂∂

+ − + − =
∂ ∂ ∂ ∂

 (37) 

 2 31 2
3 0i rr r

im
z x y t

ψ ψψ ψ ψ∂ ∂∂ ∂
− − − − − =

∂ ∂ ∂ ∂
 (38) 

And for the fourth line: 

( ) ( ) ( )1 1 2 2 4 4 0r i r i r ii i i i i m i
x y z t

ψ ψ ψ ψ ψ ψ
 ∂ ∂ ∂ ∂   − + + + + + − − + =     ∂ ∂ ∂ ∂    

 

1 1 2 41 1 2 4
4 4 0i i i ir r r r

r ii i i i m im
x x y y z z t t

ψ ψ ψ ψψ ψ ψ ψ ψ ψ∂ ∂ ∂ ∂∂ ∂ ∂ ∂
− + + + + − − + − − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 

Getting these two equations: 

 1 2 41
4 0i i ir

rm
x y z t
ψ ψ ψψ ψ∂ ∂ ∂∂

+ − + − =
∂ ∂ ∂ ∂

 (39) 

 11 2 4
4 0ir r r

im
x y z t

ψψ ψ ψ ψ∂∂ ∂ ∂
− + + − − =

∂ ∂ ∂ ∂
 (40) 

Putting all the equations together: 

 1 3 4 4
1 0i i i r
rm

t z x y
ψ ψ ψ ψψ∂ ∂ ∂ ∂

− − − − + =
∂ ∂ ∂ ∂

 (33) 

 3 41 4
1 0r ir r
im

t z x y
ψ ψψ ψψ ∂ ∂∂ ∂

− + + + =
∂ ∂ ∂ ∂

 (34) 
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 2 3 3 4
2 0i i r i

rm
t x y z
ψ ψ ψ ψψ∂ ∂ ∂ ∂

− − − − + =
∂ ∂ ∂ ∂

 (35) 

 3 32 4
2 0r ir r

im
t x y z

ψ ψψ ψψ ∂ ∂∂ ∂
− + − − =

∂ ∂ ∂ ∂
 (36) 

 1 2 32
3 0i i ir

rm
z x y t
ψ ψ ψψ ψ∂ ∂ ∂∂

+ − + − =
∂ ∂ ∂ ∂

 (37) 

 2 31 2
3 0i rr r

im
z x y t

ψ ψψ ψ ψ∂ ∂∂ ∂
− − − − − =

∂ ∂ ∂ ∂
 (38) 

 1 2 41
4 0i i ir

rm
x y z t
ψ ψ ψψ ψ∂ ∂ ∂∂

+ − + − =
∂ ∂ ∂ ∂

 (39) 

 11 2 4
4 0ir r r

im
x y z t

ψψ ψ ψ ψ∂∂ ∂ ∂
− + + − − =

∂ ∂ ∂ ∂
 (40) 

The issue is that with this form, you cannot get a one-to-one map between these 
Equations (33) to (40) coming from matrix algebra and the ones (20) to (27) com-
ing from Geometric Algebra. 

But we will get to it, do not worry. 

11. Finding the One-to-One Map from Dirac Solution in  
Matrix Algebra to Geometric Algebra Cl3,0 

In the current times, when you have a problem, normally the best option is to look 
for someone who has solved it before. And in fact, this is the case. In [2] (8.20) 
Doran and Lasenby are able to create a one-to-one map for the Pauli equations. 
For the Dirac equation they do not explicitly give any solution. But they comment 
that the form of the equation should be [2] (8.87): 

 3 0I mψ σ ψγ∇ =  (41) 

Their notation is different from the one I have used and so I will explain it. The 
∇  symbol represents the operator that is applied to the wavefunction. It is equiv-
alent to the first parenthesis in our Equations (16) and (18). 

The ψ  represents the wavefunction (our second parenthesis in Equation 
(18)). 

The I represents the trivector. And the 3σ  is the equivalent of our z. These 
equivalences I have commented on already at the end of Chapter 8. 

So why in Equation (41) are they multiplying by a specific direction like ẑ  
( 3σ ) (and not x̂  or ŷ  for example)? They have the theory that in standard 
algebra with Pauli or Dirac equations, there is a preferred direction which is z. If 
you check the matrix in (30) of Dirac standard Algebra, y will see that the z direc-
tion is treated differently from the x and the y direction. There are some elements 
that mix x and y and others that only have z. Let’s say that the matrix is somehow 
oriented and z direction has a different treatment than x and y in that matrix. 

What Doan and Lasenby do by multiplying by ẑ  ( 3σ ) is orienting the Pauli 
or Dirac equation in the same direction that standard algebra is. So, they can cre-
ate a one-to-one map. They say it is equivalent to choosing another equivalent set 
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of matrices for Pauli or Dirac standard algebra. The final result will not change, 
but the equations will be presented in another form. 

The issue is that, as expected, they are right, as we will see now. 
We will modify our Dirac equation to take into account this preferred direction 

in z. We will use the table of conversions at the end of Chapter 8 to apply it to our 
equation, so: 

3 0I mψ σ ψγ∇ =  

3 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆxyz yz zx xy I m
t x y z

ψ σ ψγ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆˆˆ ˆ ˆ ˆˆ ˆxyz yz zx xy xyzz m xyz
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆˆˆ ˆ ˆ ˆxyz yz zx xy xy m xyz
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 

Now we postmultiply by ˆ ˆyx  to simplify both sides of the equation: 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆˆ ˆ ˆ

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ ˆ ˆ

xyz yz zx xy xyyx
t x y z

m xyzyx m xyyzx m xzx

ψ

ψ ψ ψ

 ∂ ∂ ∂ ∂
− − − ∂ ∂ ∂ ∂ 

= = − = −

 

 ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆxyz yz zx xy m z
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 (42) 

So, in the end, the Equation (42) is the same as Equation (16) but postmultiply-
ing the element of the mass by ẑ . 

The issue is that if you do exactly as this equation, it will not work either. I leave 
you as an exercise. 

The only way to find a real one-to-one map to the standard matrix algebra is to 
do one step more. This step divides the wavefunction into two wavefunctions: one 
for the even-grade elements and another for the odd-grade elements. And apply a 
different sign for each of these parts. This is something similar to considering two 
different projections depending on the helicity or chirality of the solution. 

We will see the process here. First, we divide the ψ  in two parts, one with even 
grade elements and another with odd elements. So, the sum of both is the same psi 
we have been using until now. 

 0 ˆˆ ˆ ˆˆ ˆeven xy yz zxxy yz zxψ ψ ψ ψ ψ= + + +  (43) 

 ˆ ˆ ˆˆˆ ˆodd x y z xyzx y z xyzψ ψ ψ ψ ψ= + + +  (44) 

 0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆeven odd x y z xy yz zx xyzx y z xy yz zx xyzψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ= + = + + + + + + +  (45) 

And now, we apply a similar equation as (41) but changing the same of the 
projection to ẑ  depending on if we are in the evenψ  or the oddψ . We start with 
the even part (making a positive projection in ẑ ), leading to: 

3 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ even evenxyz yz zx xy I m
t x y z

ψ σ ψ γ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
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ˆˆ ˆ ˆ ˆˆ ˆˆ ˆˆˆ ˆ ˆ ˆˆ ˆeven evenxyz yz zx xy xyzz m xyz
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆˆˆ ˆ ˆ ˆeven evenxyz yz zx xy xy m xyz
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 

We post multiply both sides by ˆ ˆyx  to simplify 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆˆ ˆ ˆ

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ ˆ ˆ

even

even even even

xyz yz zx xy xyyx
t x y z

m xyzyx m xyyzx m xzx

ψ

ψ ψ ψ

 ∂ ∂ ∂ ∂
− − − ∂ ∂ ∂ ∂ 

= = − = −

 

 ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆeven evenxyz yz zx xy m z
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 (46) 

Foe the odd part we make a negative projection to ẑ . 

( )3 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ odd oddxyz yz zx xy I m
t x y z

ψ σ ψ γ
 ∂ ∂ ∂ ∂

− − − − = ∂ ∂ ∂ ∂ 
 

( ) 0ˆˆ ˆ ˆ ˆˆ ˆˆˆ ˆ ˆ ˆˆodd oddxyz yz zx xy xyzz m
t x y z

ψ ψ γ
 ∂ ∂ ∂ ∂

− − − − = ∂ ∂ ∂ ∂ 
 

( ) 0ˆˆ ˆ ˆ ˆˆ ˆˆˆ ˆ ˆ odd oddxyz yz zx xy xy m
t x y z

ψ ψ γ
 ∂ ∂ ∂ ∂

− − − − = ∂ ∂ ∂ ∂ 
 

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆodd oddxyz yz zx xy yx m xyz
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = ∂ ∂ ∂ ∂ 
 

We postmultiply both sides by xy to simplify the equation: 

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ

ˆˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ

odd

odd odd odd

xyz yz zx xy yxxy
t x y z

m xyzxy m xxyzy m yyz

ψ

ψ ψ ψ

 ∂ ∂ ∂ ∂
− − − ∂ ∂ ∂ ∂ 

= = = −

 

 ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆodd oddxyz yz zx xy m z
t x y z

ψ ψ
 ∂ ∂ ∂ ∂

− − − = − ∂ ∂ ∂ ∂ 
 (47) 

Now, if we sum Equations (46) and (47) we get: 

ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

even odd

even odd

xyz yz zx xy xyz yz zx xy
t x y z t x y z

m z m z

ψ ψ

ψ ψ

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
− − − + − − −   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

= −

 

( )ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆeven odd even oddxyz yz zx xy m z m z
t x y z

ψ ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − + = − ∂ ∂ ∂ ∂ 
 

ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆeven oddxyz yz zx xy m z m z
t x y z

ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − = − ∂ ∂ ∂ ∂ 
 

 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆeven oddxyz yz zx xy m z m z
t x y z

ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − − + = ∂ ∂ ∂ ∂ 
 (48) 

We see that Equation (48) above is similar to original ones (16) and (18) but 
with a projection in positive z axis or negative z axis depending on the parity of 
the elements of the wavefunction. 
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Now, continuing to operate, we get: 

( )

( ) ( )
0

0

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆˆ ˆ ˆ ˆ ˆ ˆˆˆ ˆ 0ˆ ˆ ˆ ˆ

x y z xy yz zx xyz

xy yz zx x y z xyz

xyz yz zx xy x y z xy yz zx xyz
t x y z

m xy yz zx z m x y z xyz z

ψ ψ ψ ψ ψ ψ ψ ψ

ψ ψ ψ ψ ψ ψ ψ ψ

 ∂ ∂ ∂ ∂
− − − + + + + + + + ∂ ∂ ∂ ∂ 

− + + + + + + + =

(49) 

Making the multiplication element by element, we get: 

0

0

0

ˆˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆˆ ˆˆ ˆ ˆ ˆ

ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ

y xy yz xyzx zxz

y xy yz xyzx zxz

y xyx z

xyz yz zx xy z x y
t t t t t t t t

yz xyz z y zx xy x
x x x x x x x x

zx z xyz x yz
y y y y

ψ ψ ψ ψψ ψ ψψ

ψ ψ ψ ψψ ψ ψψ

ψ ψψ ψ ψ

∂ ∂ ∂ ∂∂ ∂ ∂∂
+ + + − − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂∂ ∂ ∂∂

− − + − − + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂∂ ∂ ∂
− − − + +

∂ ∂ ∂ ∂

0

0

ˆˆ ˆ

ˆˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ 0ˆ ˆ ˆ

yz xyzzx

y xy yz xyzx zxz

x y z xy yz zx xyz

xy y
y y y y

xy y x xyz zx yz z
z z z z z z z z

zm zxm yzm m xyzm ym xm xym

ψ ψψ

ψ ψ ψ ψψ ψ ψψ

ψ ψ ψ ψ ψ ψ ψ ψ

∂ ∂∂
− + +

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂∂ ∂ ∂∂

− + − − + + − +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

− − + + − − + + =

(50) 

If we separate the Equations (as we did at the end of Chapter 9) depending on 
the element they are multiplying (the vector, bivector, trivector or scalars) we get 
these 8 equations: 

 0 0yx z
xym

t x y z
ψψ ψ ψ ψ
∂∂ ∂ ∂

− − − − =
∂ ∂ ∂ ∂

 (51) 

 0 0xyx zx
ym

t x y z
ψψ ψ ψ ψ
∂∂ ∂ ∂

− + − + =
∂ ∂ ∂ ∂

 (52) 

 0 0y xy yz
xm

t x y z
ψ ψ ψψ ψ
∂ ∂ ∂∂

− − + − =
∂ ∂ ∂ ∂

 (53) 

 0 0yzzxz
xyzm

t x y z
ψψ ψψ ψ
∂∂ ∂∂

+ − − + =
∂ ∂ ∂ ∂

 (54) 

 0 0xy y xyzx m
t x y z

ψ ψ ψψ ψ
∂ ∂ ∂∂

− + − + − =
∂ ∂ ∂ ∂

 (55) 

 0yz xyz yz
zxm

t x y z
ψ ψ ψψ ψ
∂ ∂ ∂∂

− + + − + =
∂ ∂ ∂ ∂

 (56) 

 0xyzzx xz
yzm

t x y z
ψψ ψψ ψ
∂∂ ∂∂

− − + + − =
∂ ∂ ∂ ∂

 (57) 

 0xyz yz yxzx
zm

t x y z
ψ ψ ψψ ψ
∂ ∂ ∂∂

− + + + + =
∂ ∂ ∂ ∂

 (58) 

And now yes. I will write again below, the equations we got with matrix algebra 
at the end of Chapter 10, (33) to (40) in a slightly different order, so you can com-
pare them with the ones above (51) to (58) (obtained with geometric algebra).  

 4 1 21
4 0i i ir

rm
t x y z
ψ ψ ψψ ψ∂ ∂ ∂∂

+ + − − =
∂ ∂ ∂ ∂

 (39) 

 1 4 34
1 0i i ir
rm

t x y z
ψ ψ ψψ ψ∂ ∂ ∂∂

− − + − − =
∂ ∂ ∂ ∂

 (33) 

https://doi.org/10.4236/jamp.2025.139169


J. Sánchez 
 

 

DOI: 10.4236/jamp.2025.139169 2965 Journal of Applied Mathematics and Physics 
 

 4 31 4
1 0i rr r
im

t x y z
ψ ψψ ψ ψ∂ ∂∂ ∂

+ + + − =
∂ ∂ ∂ ∂

 (34) 

 2 3 3 4
2 0i i r i

rm
t x y z
ψ ψ ψ ψ ψ∂ ∂ ∂ ∂

− − − + − =
∂ ∂ ∂ ∂

 (35) 

 14 1 2
4 0ir r r

im
t x y z

ψψ ψ ψ ψ∂∂ ∂ ∂
− − + + − =

∂ ∂ ∂ ∂
 (40) 

 3 22 1
3 0r ir r

im
t x y z

ψ ψψ ψ ψ∂ ∂∂ ∂
− − − − − =

∂ ∂ ∂ ∂
 (38) 

 3 2 12
3 0i i ir

rm
t x y z
ψ ψ ψψ ψ∂ ∂ ∂∂

+ − + − =
∂ ∂ ∂ ∂

 (37) 

 3 32 4
2 0r ir r

im
t x y z

ψ ψψ ψ ψ∂ ∂∂ ∂
+ − − − =

∂ ∂ ∂ ∂
 (36) 

You can see that there is a one-to-one map that corresponds to: 

 1r yψ ψ= −  (59) 

 1i xψ ψ= −  (60) 

 2r xyzψ ψ=  (61) 

 2i zψ ψ=  (62) 

 3r yzψ ψ= −  (63) 

 3i zxψ ψ=  (64) 

 4r xyψ ψ=  (65) 

 4 0iψ ψ=  (66) 

This means considering the solution in geometric algebra as: 

 0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆx y z xy yz zx xyzx y z xy yz zx xyzψ ψ ψ ψ ψ ψ ψ ψ ψ= + + + + + + +  (45) 

And the solution in matrix algebra as: 

 

1 11

2 22

3 33

4 44

r i

r i

r i

r i

i
i
i
i

ψ ψψ
ψ ψψ

ψ
ψ ψψ
ψ ψψ

+  
   +  = =
   +
  

+   

 (29) 

There is a one-to-one relation between both ways of representing the wave 
function the (45) and the (29), which are the equations above (59) to (66). 

For the equation of Dirac in Geometric Algebra, we have used: 

 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆeven oddxyz yz zx xy m z m z
t x y z

ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − − + = ∂ ∂ ∂ ∂ 
 (48) 

where: 

 0 ˆˆ ˆ ˆˆ ˆeven xy yz zxxy yz zxψ ψ ψ ψ ψ= + + +  (43) 

 ˆ ˆ ˆˆˆ ˆodd x y z xyzx y z xyzψ ψ ψ ψ ψ= + + +  (44) 

 0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆeven odd x y z xy yz zx xyzx y z xy yz zx xyzψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ= + = + + + + + + +  (45) 
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So, putting all the elements in Equation (48), we have: 

( )

( ) ( )
0

0

ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆˆ ˆ ˆ ˆ ˆ ˆˆˆ ˆ 0ˆ ˆ ˆ ˆ

x y z xy yz zx xyz

xy yz zx x y z xyz

xyz yz zx xy x y z xy yz zx xyz
t x y z

m xy yz zx z m x y z xyz z

ψ ψ ψ ψ ψ ψ ψ ψ

ψ ψ ψ ψ ψ ψ ψ ψ

 ∂ ∂ ∂ ∂
− − − + + + + + + + ∂ ∂ ∂ ∂ 

− + + + + + + + =

(49) 

12. Conclusions 

In this paper, we have created a one-to-one map between the Dirac Equation in 
Matrix Algebra and the Dirac Equation in Geometric Algebra Cl3,0. To do that, the 
most surprising definition that was necessary was to define the time basis vector 
as a function of the space vectors (only holding in this form in an orthonormal 
basis in Euclidean metric): 

 1ˆ ˆˆ ˆt xyz− =  (7) 

Once this is defined, the calculations are straightforward forward leading to a 
form of the Dirac equation in Geometric Algebra Cl3,0 as: 

 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆeven oddxyz yz zx xy m z m z
t x y z

ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − − + = ∂ ∂ ∂ ∂ 
 (48) 

where: 

 0 ˆˆ ˆ ˆˆ ˆeven xy yz zxxy yz zxψ ψ ψ ψ ψ= + + +  (43) 

 ˆ ˆ ˆˆˆ ˆodd x y z xyzx y z xyzψ ψ ψ ψ ψ= + + +  (44) 

 0 ˆ ˆ ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆeven odd x y z xy yz zx xyzx y z xy yz zx xyzψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ= + = + + + + + + +  (45) 

If the wavefunction solution in Matrix Algebra is defined as: 

 

1 11

2 22

3 33

4 44

r i

r i

r i

r i

i
i
i
i

ψ ψψ
ψ ψψ

ψ
ψ ψψ
ψ ψψ

+  
   +  = =
   +
  

+   

 (29) 

There is a one-to-one mapping of both representations: 

 1r yψ ψ= −  (59) 

 1i xψ ψ= −  (60) 

 2r xyzψ ψ=  (61) 

 2i zψ ψ=  (62) 

 3r yzψ ψ= −  (63) 

 3i zxψ ψ=  (64) 

 4r xyψ ψ=  (65) 

 4 0iψ ψ=  (66) 

An exercise similar to this, can be done with the different disciplines of physics 
creating a mapping between well-grounded theories and the Geometric Algebra 
framework. Once this mapping is done, the sole use of the same mathematical 
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framework (only GA against the use of matrices, tensors, bra-ket algebra, complex 
analysis, etc.) would inevitably lead to an improved understanding of the under-
lying behavior of these physics disciplines. 
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Annex A1. Considering Non-Orthonormal Basis 

In the paper, we have considered an orthonormal basis in Euclidean metric. I will 
give here some hints on what we should do in case we do not have an orthonormal 
basis or even if we work in a non-Euclidean metric in geometric algebra. 

You will find more information in the papers [3] and [4]. 
If the basis is orthogonal but not orthonormal, the difference is in Equations 

(1) to (3) which now, would read: 

 22ˆ ˆ ˆ ˆx xx x= =  (A1.1) 

 22ˆ ˆ ˆ ˆy yy y= =  (A2.2) 

 22ˆ ˆˆ ˆz zz z= =  (A3.3) 

where in general the norm is different from 1. And depending on the signature of 
the metric, the square of the norm could be positive or negative. 

So, for example, imagine a basis where: 

 22 2ˆ ˆ ˆ ˆ 3xxx xx x g= = = =  (A1.4) 

 22 2ˆ ˆ ˆ 5ˆ yyy yy y g= = = = −  (A1.5) 

 22 2ˆ ˆˆ ˆ 2zzz zz z g= = = =  (A1.6) 

You can see that we have added the nomenclature iig  typical for a diagonal 
element of the metric tensor in a non-Euclidean metric, typically in general rela-
tivity, for example. In Geometric Algebra these iig  are the same as the square of 
the norm of the basis vectors. Check [3] for more information. 

Imagine we have to perform the following operation that represents whatever 
physics calculation in that basis/metric: 

( )( )7ˆ ˆ ˆ5 ˆ2 x xy x+ +  

We will perform the product as usual: 

( )( )ˆ ˆˆ ˆ ˆˆ2 5 7 10 1 ˆ ˆˆˆ ˆ7 ˆ4 5x xy x xy x xxy xx+ + = + + + =  

Now, we have to apply (A1.1) to perform the calculation of the square of x̂ . 

( ) ( )2 210 14 5 3 7 3 10ˆˆ ˆ ˆ ˆˆ 14 45 6ˆ ˆ 3xy x y xy x y= + + + = + + +  

As the basis is still orthogonal (but not orthonormal), if we would need to make 
a reversion of vectors, we would have used the Equations (4) to (6) as we have 
done all along the paper. 

But if the basis is not orthogonal? Here is where the things get more compli-
cated. In that case, we cannot use the reverse Equations (4) to (6). Instead, we have 
to use the following equations, to make a reversion [3]: 

 2ˆˆ ˆ ˆxyxy g yx= −  (A1.7) 

 2ˆ ˆˆ ˆyzyz g zy= −  (A1.8) 

 2ˆ ˆˆ ˆzxzx g xz= −  (A1.9) 
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where the ijg  correspond to the cross component of the metric tensor between 
x and y in a non-Euclidean metric, these components ijg  can also be considered 
as the scalar product of the two basis vectors x̂  and ŷ . 

In fact, an easy-to-demonstrate relations (A1.7) to (A1.9) is via the definition 
of the scalar product in Geometric Algebra. You can find this definition in [1] and 
[2] (2.3). 

ˆˆˆ ˆ
2

ˆ ˆxy yxx y +
⋅ =  

Considering the element xyg  of the metric tensor and the scalar product of 
the two basis vectors: 

ˆˆ ˆ ˆˆ ˆ
2xy

xy yxx y g +
⋅ = =  

And now, operating: 
ˆ ˆ ˆ

2
ˆ

xy
xy yxg +

=  

ˆˆ ˆ2 ˆxyg xy yx= +  

ˆ ˆ ˆ2 ˆxyg yx xy− =  

2ˆˆ ˆ ˆxyxy g yx= −  

So, you get the relations (A1.7) to (A1.9). 
Now, imagine a non-orthonormal and non-orthogonal metric where the rela-

tions (A1.4) to (A1.6) apply and also we know that: 

 3xyg =  (A1.10) 

 2yzg =  (A1.11) 

 7zxg =  (A1.12) 

And we want to calculate: 

( )( )2 5ˆ ˆ ˆ 3ˆ ˆ7ˆy x xy x y+ + + =  

( )( )ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆ ˆ2 5 7 3 10 14 6ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ5 7 3 ˆy x xy x y yxy yx yy xxy xx xy+ + + = + + + + + =  

First, we operate the squares using Equations (A1.4) to (A1.6). 

( ) ( ) ( )2 2 210 14 6 5 5 3 7 3 3ˆ ˆˆ ˆ ˆ ˆ ˆˆyxy yx y xy= + + − + + + =  

10 14 150 45 63 3ˆ ˆˆ ˆ ˆ ˆ ˆˆyxy yx y xy= + − + + + =  

10 1ˆ ˆˆ ˆ ˆ4 87 4 ˆ5 ˆ ˆ3yxy yx y xy= + − + + =  

Now, we reverse two vectors of the first element, so we can get a square of ŷ . 
But, we cannot do it as we have always done, just changing the sign. Now, we are 
in a non-orthogonal basis, so we have to use (A1.7) to (A1.12). 

( )ˆ ˆ ˆ10 ˆ ˆ ˆ ˆ2 14 87 5 3 ˆ4xyy g yx yx y xy= − + − + + =  

( )( )ˆ ˆ ˆ ˆ ˆ10 2 3 1 ˆ ˆˆ4 87 45 3y yx yx y xy= − + − + + =  

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ60 10 14 87 45 3 ˆy yyx yx y xy= − + − + + =  
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Now, we use (A1.4) to (A1.6) for the square of ŷ . And we sum the elements 
that multiply the vector ŷ . 

( )2ˆ ˆ60 10 5 14 87 45 3ˆ ˆ ˆ ˆˆy x yx y xy= − − + − + + =  

105 250 14ˆ ˆ ˆ ˆ ˆˆ87 3y x yx xy= + + − + =  

Now, we reverse the last element (using (A1.7) to (A1.12)), so we can sum it to 
the third element. 

( )ˆ ˆ ˆ ˆ105 250 1 ˆ ˆ4 87 3 2 xyy x yx g yx= + + − + − =  

( )( )ˆ ˆ10 ˆ ˆ ˆ5 250 14 87 ˆ3 2 3y x yx yx= + + − + − =  

ˆ ˆ10 ˆ ˆ ˆ5 250 14 87 ˆ18 3y x yx yx= + + − + − =  

Now, we sum the scalars and the third and the last element. 

105 250ˆ ˆ 1ˆ 69ˆ1y x yx= + + − =  

We cannot simplify more, so this would be the result. In case that for conven-
tion we should have to leave ˆˆxy  instead of ˆ ˆyx  in a certain discipline, we could 
have used the following equation which is another form of Equation (A1.7), to 
leave everything in ˆˆxy  form. You can obtain the equation, just by changing the 
side where ˆˆxy  and ˆ ˆyx  are. 

2ˆ ˆ ˆˆxyyx g xy= −  

Another important point is the inverse of the vectors in a non-orthonormal 
basis. If we take (A1.1): 

 2ˆ ˆ ˆxx x=  (A1.1) 

And you premultiply by 1x̂−  both sides of the equation, you have: 
21 1ˆ ˆ ˆ ˆ ˆx xx x x− −=  

By definition, the product of the inverse of a vector by the vector itself is 1. 

( ) 21ˆ ˆ ˆ1 x x x−=  

21ˆ ˆ ˆx x x−=  

Now, the square of the norm is a scalar (it is a number, not a vector), so we can 
pass it to the other side dividing: 

1
2

ˆ ˆ
ˆ
x x
x

−=  

Exchanging sides: 

 1
2

ˆˆ
ˆ
xx
x

− =  (A1.13) 

Doing the same for the other vectors, we get: 

 1
2

ˆˆ
ˆ
xx
x

− =  (A1.13) 
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 1
2

ˆˆ
ˆ
yy
y

− =  (A1.14) 

 1
2

ˆˆ
ˆ
zz
z

− =  (A1.15) 

Annex A2. Time as the Trivector 

In this Chapter I will develop a little more regarding time being the trivector. Also, 
how it is used when we are in a non-othonormal basis (and/or non-Euclidean 
metric) 

First, we will comment regarding the time vector t̂  and its inverse 1t̂ − . In 
general, it is more practical to work and to give the original definition to 1t̂ −  in-
stead of t̂ . The reason is in physics (including Quantum Mechanics), time ap-
pears normally divided. In general, it is the magnitude that is used to take the 
derivatives. See, for example, Equation (10) and the ones before it, in Chapter 9. 

So, we start defining:  
1ˆ ˆˆ ˆt xyz− =  

If we premultiply by t̂  in both sides: 
1ˆ̂ ˆˆˆ ˆtt txyz− =  

By definition, the product of the inverse of a vector by the vector itself is 1. 

ˆ ˆ ˆ1 ˆtxyz=  

Now, we postmultiply by 1ẑ−  both sides. 
1 1ˆˆˆˆ ˆˆz txyzz− −=  

Again, the product of a vector by its inverse is 1. 
1 ˆˆˆẑ txy− =  

Now, we postmultiply by 1ŷ−  both sides and we operate.  
1 1 1ˆˆ ˆˆ ˆẑ y txyy− − −=  

1 1 ˆˆ ˆẑ y tx− − =  

In the last step we will post multiply by 1x̂− . 
1 1 1 1ˆˆ ˆ ˆ ˆẑ y x txx− − − −=  

1 1 1 ˆˆ ˆẑ y x t− − − =  

So, 
1 1 1ˆ ˆ ˆˆt z y x− − −=  

In a non-orthonormal basis, we have to use Equations (A1.13) to (A1.15) to 
calculate the inverses: 

1 1 1
2 2 2

ˆ ˆˆˆ ˆ ˆˆ
ˆ ˆˆ

z y xt z y x
z y x

− − −= =  
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In an orthonormal basis, the norms are equal to 1, so we get the relation that 
has been commented in the paper (7.1) for orthonormal bases: 

1ˆ ˆˆ ˆ ˆˆˆ ˆt zyx xyz t −= = − = −  

One thing to comment on is the time basis vector in Cl1,3 that is commented in 
the literature [1] [2] normally denoted as 0γ . 0γ  has positive signature and its 
norm is 1 so: 

2
0 0 0 1γ γ γ= =  

So, its inverse is itself. We can prove it by premultiplying by its inverse: 

0 0 1γ γ =  

1 1
0 00 0γ γ γ γ− −=  

( ) 1
001 γ γ −=  

00
1γ γ −=  

1
0 0γ γ− =  

Our t̂  and 1t̂ −  have negative signature (they are the trivector, see Chapter 8 
for its definition and Chapter 4 to check the negative signature of the trivector). 

This means, we can choose 0γ  to be t̂  or 1t̂ − , what we prefer as a conven-
tion, if we keep the same definition all the time. Choosing one or another will only 
change the sign of t̂  in all the subsequent equations but all of them will be co-
herent among them if we keep the convention in all the equations. 

In the paper, we have chosen to consider 0γ  to 1t̂ − . 
Another thing I commented in Annex 3 of [4] is that time instead of being exact 

inverse of the spatial dimensions they could be related by a constant k that could 
be Ricci scalar, trace of the metric tensor, product of the diagonal elements of the 
metric tensor, determinant of the metric tensor… This is, a scalar related to the met-
ric, a constant that is necessary to normalize the value of t̂  or 1t̂ −  compared 
with the space elements. 

1 1 1
1 2 2 2

ˆˆ ˆˆ ˆ ˆ ˆ
ˆ ˆˆ ˆ ˆ
1

ˆ ˆ
k xyzt k x y z k

xyzt x y z
− − −

−= = = ⋅ =  

It is important to remark, as I did in [3] and [4], that if the basis vector t̂  is 
composed of the space basis vectors, it does not mean that the dimension time is 
not independent from the space ones. The parameter t (without a hat) that multi-
plies the basis vector t̂  (with a hat) is completely free and independent. The di-
mension of time exists although its basis vector is somehow related to the space 
ones. In fact, in geometric algebra, having three space vectors implies the existence 
of 8 dimensions (scalars, 3 basis vectors, 3 bi-vectors and one pseudoscalar (the 
time in this approach)). You can check this in [2], for example. So, time would be 
just one of these 8 dimensions (the trivector/pseudoscalar) appearing from the 
three space dimensions. 
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Annex A3. The Electromagnetic Field Strength and the  
Lorentz Force in Geometric Algebra Cl3,0. The  
Electromagnetic Trivector 

In the following paper I will comment on the Electromagnetic Field and the Lo-
rentz force in Geometric Algebra. One of the important points is that other effects 
that are not considered in standard Electromagnetic calculations affect the parti-
cles.  

These effects are normally invisible or neglected as they affect only the orienta-
tion of the particle or create oscillatory movements whose average value in the 
trajectory is zero. But they have to be taken into account if we want to define more 
precisely the trajectory in a very local (or small) frame and if we want to under-
stand why some measurements of spin or orientation of the particles have certain 
results. 

We will see that if the Electric field is a vector iE  and the magnetic field a 
bivector iB . It exists an Electromagnetic trivector xyzB  which can create the ef-
fects commented above.  

Electromagnetic Field Strength 0 ˆ ˆ ˆ ˆ ˆˆ ˆˆˆ ˆ ˆ ˆx y z x y z xyzF E E x E y E z B yz B zx B xy B xyz= + + + + + + +  

The reason why it has not been considered until now is because their effects do 
not have any consequence in the macroscopic world, they do not change the ve-
locity or trajectory of the particles but yes they have consequences in small frames 
(oscillatory movements, change of orientations-spin, etc).  

Also, there exists the electromagnetic scalar E0 but its meaning is more related 
to a general scaling of all the magnitudes in a certain frame. So, no local effect will 
be seen as all the magnitudes are escalated in the same way. The local interactions 
will not see any change among them. But from another frame distant from that, 
this escalation would be perceived as an escalation in the metric, lengths, time, etc. 
So, does it seem more related to gravitation than electromagnetism? This opens 
another door; I will also comment on this in Annex A4. 

I will comment on this new definition of Electromagnetic Field in the next pa-
per. 

Same thing could be commented for example in Equation (48) or (49) of this 
paper. 

 0ˆˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆeven oddxyz yz zx xy m z m z
t x y z

ψ ψ ψ
 ∂ ∂ ∂ ∂

− − − − + = ∂ ∂ ∂ ∂ 
 (48) 

The first parenthesis of the Dirac Equation in GA Cl3,0 (48), has only the trivec-
tor and bivectors. Could it have any meaning to add vectors or scalar to check the 
influence on the results? This has to be studied. However, in this case, it is im-
portant to recall how the equation was obtained. It has that form because we 
needed the cross products to disappear. If we add more elements, this could not 
be the case (that does not mean that it is wrong; it only means that a lot of new 
effects should be considered and checked experimentally to see if they really exist 
or not). 
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Annex A4. Normalization of the Wavefunction in  
Quantum Mechanics. A Loss of Information? 

As I have commented in A3, it could be that the scalar component of the electro-
magnetic field E0 has an effect of escalation of all the magnitudes in a frame. So 
inside the local frame no change will be noted as all magnitudes (lengths, time…) 
change in the same proportion for all the elements of the interaction. But for a 
distant observer he probably could see the difference between these values com-
pared to his own local frame.  

This means that the absolute value of the magnitudes is not important in a local 
frame; only the relative differences between them are important for understanding 
the interactions. But a distant observer could see not only the relative differences 
of the magnitudes in that frame but the absolute values as he can compare with 
his own frame values. He can see that in that far frame, things are slower or bigger 
than in his own frame. But the ones that are in the distant frame if they only see 
their own interactions, he cannot see any difference as he measures with elements 
inside his own frame affected also for whatever escalation is happening. 

So, what does this have to do with the normalization of the wavefunction? 
The standard process is to get the value of unknown constants in the wavefunc-

tion and normalize it. So, the square of the wavefunction is always 1. And the 
square of the partial coefficients of the wave function has only a value between 0 
and 1 representing the probability. 

If the reason for normalizing is only that, it is not really necessary. You can 
define the probability as the square of the partial coefficient divided by the square 
of the wavefunction (even if it is not 1 and has whatever other value). The result 
will also be a number between 0 and 1 representing the probability. 

When you have normalized you have lost information about the real square of 
the wavefunction that you could keep there and use as a denominator when you 
want to calculate probabilities between 0 and 1. 

The answer here would be that normally you have free constants where we can 
select the value we want and we decide to normalize the function, so really, we 
have not lost information. 

But, is this not really the case? Could it not be that we have a lack of equations 
that we still do not know (and we see that Geometric Algebra can create a lot of 
them) that would apply a specific value to these constants? And, the square of the 
wavefunction instead of always being 1 have a value that represents something? 
For example, a kind of escalation in its own frame similar to what we have com-
mented in Annex A3 for the scalar of the Electromagnetic Field? I keep the ques-
tion open, but it is something that should be checked in the future. 

Annex A5. Calculation of the Natural Logarithm via a Limit 

Here, you can find a way of obtaining a logarithm via a limit. 

( )
1

1

1ln lim
1

n

n

xx
n

+

→−

−
=

+
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You can check it, for example, making n = −0.999 and x = 2. You will obtain: 
0.999 1

1

2 1lim 0.693387
0.999 1n

− +

→−

−
=

− +
 

And 

( )ln 2 0.693147=  

The nearer you approximate n to −1 (but not arriving exactly to −1), the nearer 
to the real value of the logarithm you will arrive. You can test it yourself. 

The demonstration is simple: 
1

11

n
n xx C

n

+

∫ = +
+

 

But we know that when: 

( )1
2x Ln x C−∫ = +  

So, both results should be equal when n approximates −1: 

( )
1

2 11
lim ln

1

n

n

xx C C
n

+

→−

 
+ = + + 

 

If we define 1 2C C C= − : 

( )
1

1
lim ln

1

n

n

xx C
n

+

→−

 
= + + 

 

And we know that ln(1) = 0. So, we can use it to calculate C: 

( )
1

1

1lim ln 1 0
1

n

n
C

n

+

→−

 
= + = + 

 

1 11 1 10; ;
1 1 1

n n

C C C
n n n

+ +

+ = = − = −
+ + +

 

So: 

( ) ( )
1 1

1 1
lim ln ; ln lim

1 1

n n

n n

x xx C x C
n n

+ +

→− →−

   
= + = +   + +   

 

( ) ( )
1 1

1 1

1 1ln lim ; ln lim
1 1 1

n n

n n

x xx x
n n n

+ +

→− →−

   −
= − =   + + +   

 

As we wanted to prove.  
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