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Abstract

In this paper, we will use Geometric Algebra to be able to embed the Klein-
Gordon equation for a particle in a non-Euclidean field (gravitational field).
This way, we will obtain an expression similar to the Dirac equation, but with
a slight change in one of the terms. This variation is produced and depends on
the curvature of the space where the particle lies in (the Ricci scalar). In a sim-
ilar manner, we will find variations in the equation for the energy of a particle
and in the Einstein gravitational equation that will depend again on the value
of the Ricci scalar (the curvature of the space where the particle lies in). An
important outcome will be an equation that limits the value of the Ricci scalar
depending on the value of the mass that provokes it (the value of the mass, not
the mass density), highly reducing the possibilities of arriving at singularities.
In fact, the value of this Rhas been found to be equal to the cosmological con-
stant (both in the order of 1E-52), making it a perfect candidate for the dark en-
ergy. Also, the magnetic-like effects of gravitation coming from the equations
are sufficient to explain the rotation of the galaxies (NGC 1560, NGC 3198 and
NGC 3115) without the need for dark matter.

Keywords

Geometric Algebra, Einstein Tensor, Klein-Gordon Equation, Bra-Ket
Product, Non-Euclidean Metric

1. Introduction

In this paper, we will embed the Klein-Gordon equation for a particle in a non-Eu-
clidean field (gravitational field) using Geometric Algebra and the Einstein equa-

tions. This will lead to new equations that we will show in the paper.
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2. Geometric Algebra Cls,0: Basis Vectors

There is a discipline in mathematics that is called Geometric Algebra [1] [2], also
known as Clifford Algebras.

In the specific Geometric Algebra Cls,, it is considered a three-dimensional space,
so we need three independent vectors to define a basis. The classical definition of

a basis is shown in Figure 1.
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Figure 1. Basis vectors in three-dimensional space.

In this paper, we will use the nomenclature e; (without any hat or vector sign)
to name these three vectors instead of the classical X yZ. Above, I have considered
an orthonormal basis as an example.

But in the general case, this is not even necessary. The only necessary constraint
to form a basis is that the three vectors are linearly independent (that is, they do

not lie on the same plane). An example is shown in Figure 2.

Figure 2. General basis in three-dimensional space.

In geometric algebra, it is defined as an operation called the geometric product.
The geometric product is not represented by any symbol. It is the implicit opera-
tion when two vectors are represented one after the other.

Its definition is:
ee, =¢ e +e Ne,
Being:
o-¢, =[lele,|eos ()
The classical definition of the scalar product. The product of the two norms (the

length) of the vectors by the cosine of the angle formed by them (we have called it

@, in this case).
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The result of the scalar product is a number, a scalar. An important property of

the scalar product is that it is commutative:
e e =e = ||ei||||ej||cos(aij)

As the cosine of the angle is included in the product, you can check that when
¢, and e; are perpendicular (right angle), the scalar product is zero. And the vec-
tors are colinear (the angle is zero), the scalar product is just the product of the mod-
ules of the vectors.

The other element of the geometric product above is:

e./\ej

i

What it is called the outer, exterior or wedge product of the two vectors.

The result of this operation is not a number. It is another entity that is not a
number and not a vector. It is called a bivector. The bivector is an entity that rep-
resents an oriented surface area (in a same way that a vector “represents” an oriented

line segment). See Figure 3.

e/\e e\e,
5///7
— | e / Q
[ 7]
N
v— e

Figure 3. Bivectors.

It can be checked above that the module (area of the surface) when reversing
the order of the exterior product is the same. But the orientation (its sign) changes.
So, the exterior product is anticommutative:

e ne =—¢; Ne

The module (area of the surface) of the exterior product is:
e ne, =e; ne =ege, sm(ay.)

You can see that when the vectors are colinear (the angle is zero), the exterior
product result is zero. And when the vectors are perpendicular, the module of the
exterior product is the product of the modules of the vectors.

Coming back to the definition of the geometric product:

ge;=g¢;tene

We can see that when we perform the square of a vector, this is, the product of

a vector by itself (the vector is colinear with itself, its angle is zero) the result is:

2 _ _ _ 1 O _ _ 2
(e) =ee =€ e +ene =[efle]-1+0=[ele]=e]

i

So, the square of a vector is its norm squared. The important thing here, is that
the result is just a number. It is not a vector, it is not a bivector, it is just a number.

We have converted a vector to a number just multiplying it by itself.
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If now, we multiply (geometric product) two perpendicular vectors (the angle
between them is a right angle):

efej :el.'ej+ei/\ej =O+€i /\ej =¢ /\ej

So, you can see that the result is a pure bivector. It does not include vectors or
scalars, just a bivector.
If we reverse the angle, we have:

eje,. :ej-e,.+ej nNe; :O+ej ne; :ej/\e,. =-¢ /\ej :—eiej

So, when two vectors are perpendicular, not only the exterior product, but also
the geometric product is anticommutative.

From the equations above, we can obtain the following equations.

1
e e, =3(e,.ej +eje,.)

6 ne, =3 (ee - ee)

1

The demonstration comes directly from the definition of the geometric prod-
uct. If we sum a geometric product by its reverse, we put the definition of geomet-
ric product, we take into account that the scalar product is commutative and the
exterior product anticommutative:

ee; tee =e-e te ne +e e te ne
=e¢-e te Nne te e —eNe = 2(6,. -ej)

1
e e, zz(el.ej +ejel.)

If instead of summing, we subtract:
ee,—ee =e-e +tene —e e—e; N

=e¢-e te Ae —e e te e =2(e,./\ej)

1

1
e Ne; =E(eiej —eje,.)

We will see in next chapters that when we apply the exterior product instead of
the geometric product of two vectors, this means that we want only the result that
appears in the plane they form (in the bivector they form). And we “remove” from
the result the scalars (that will appear with the scalar product of the vectors) and
also, we remove the possible result in vectors (in more complicated products that
we will see in next chapters).

Another point to comment is that the exterior product of bivectors (instead of
vectors) is defined in the opposite way (summing instead of subtracting). I am not

going to enter into details, you can check it in [2].
1
(eiej. ) Aee )= E(eiejeres +eeee, )

The same way, the scalar product of bivectors is also defined as the opposite of

vectors. See [2].
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(e.e. )'(eres )= %(e.e.e e, —e e<e.e.)

Also, to remark that the geometric product is always associative and distributive
as you can see in [2]. But in general, it is not commutative or anticommutative
as commented (it depends on the specific product). We will see more examples in
the following chapters.

To conclude this chapter about geometric algebra, we will define the trivector.
When two vectors are exterior multiplied, they form a bivector as seen above. The
same way, when three vectors are exterior multiplied, they create an oriented vol-

ume, called the trivector (Figure 4).

Figure 4. Trivectors.

You can see again that when we reverse the vectors, we get the same volume (mod-
ule of the trivector) but with different orientation (sign):

e,./\ej/\ek =—€ /\ej NE;

We will check more things regarding reversion and change of signs in the next

chapter.

3. Geometric Algebra Cls,0: Different Types of Bases
3.1. Orthonormal Basis

In an orthonormal basis, the norm of the basis vectors is equal to one. And the basis
vectors are perpendicular to each other.
So, from the properties commented in Chapter 2, we can obtain the following

equations (for orthonormal basis):
(e,.)2 =ee =¢-¢ =1
ee, =¢ ne, =—¢, Ne, =—¢g, (when i = j)
e -e; =e; ¢ =0 (wheni=j)
Making the equations explicit for three dimensions:
(e1 )2 =e¢e =1

(e2 )2 =ee, =1

(e3 )2 =ee, =1

€e, =—6¢
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6,63 = —6;6,
ee =—¢e

We can define the inverse of a vector and name it €, as the vector that fulfills

(Einstein summation is not implied here):

(e. )71 e =ce=1=¢ (el. )71 =ee

i i

To calculate €, we can post-multiply by e

(ei )_] ee = eieiei =l-e

So, in orthonormal metric, the inverse of a basis vector is itself. It is important
to remark here that in Geometric Algebra, there are no covectors (or 1-forms). There
are only scalars, bivectors, trivectors... We will see that the concept of covector in
Geometric Algebra is just a vector that is the inverse of another vector.

In traditional algebra, you cannot define the inverse of a vector, so it is used a
different type of element. In Geometric Algebra, the covectors are also vectors. And
in fact, the product of inverse vectors by vectors outputs scalars as it would be ex-

pected by the product of a covector by a vector.

3.2. Geometric Algebra Clsz: Orthogonal but Not Orthonormal
Basis

In an orthogonal basis, the vectors are perpendicular to each other. But in general,
the norm of the vectors is not one. In Geometric Algebra Cls o, the norm of the
basis vectors is always positive and different from zero.

The 3 in the name Cl;, makes reference to that there are 3 basis vectors with
positive norm. The 0 in the name Cl;, makes reference to that there are no basis
vectors with negative norm. And the absence of a third number makes reference to
that there are no basis vectors with zero norm.

From the properties commented in Chapter 2, we can obtain the following equa-

tions (for orthogonal, not orthonormal basis):
(¢ )2 =66 =66 ="ei"2 =&
ee, =e ne,=—e, ne,=—e.e, (wheni= j)
e-e =e -e=0 (wheni=j)
Making the equations explicit for three dimensions:
(@) =eq = e "2 =8&u
(e) =ee, = e, "2 =8&»

(e3 )2 =66 =||e3||2 =83
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ee, =—e,e
e,e, =—ee,
&6 =64
where the g, makes reference to the metric tensor components. See papers [3] [4].
Take into account that when you multiply two colinear vectors (and a vector is colin-
ear with itself), its geometric product is equal to the scalar product. And this is ex-
actly the definition of g, (the scalar product of e, with itself).

The definition of the inverse of a vector, and naming it €', is the vector that ful-
fills (not Einstein summation is implied here):
(e, )71 e =ce=1=¢(e )7l =ee

To calculate €, we can post multiply by ez

(ei )7] ee = eieiei =l-e

e (ei )2 =e

i 2
€ ||e,.|| =¢
i _
eg;=¢€
e e =
¢t ()
o el

So, in orthogonal metric the inverse of a basis vector is itself divided by its norm
squared (by g, ). Everything commented regarding covectors in 3.1 applies also
here.

One important consequence of this, is that if the basis vectors are orthogonal
(as in this chapter), all the basis vectors and all the inverse of the basis vectors are

also orthogonal among them (when 7 # j). This is:

i i 1

e e, :(g% e :g_,,(ei ej)z?u(eiej-i—ejel):()
S (). :
T Lii gj/ zgﬁgjj (ei ej) Zgn‘gj/ (elej_'_eje’) 0

In the last equation (but when i=j), we get:
o N2 e e 1 1 | 1
ee =) =——-"L=——(e-e)=——r (ee)=—— 1=
( ) 8i 8 giigii( l l) giigii( l l) (g,-,- )2 (g,.,.)z

These last properties apply also to Chapter 3.1 (orthonormal basis) but in that

case, the elements g, or g, arealways 1.

3.3. Geometric Algebra Clso: Non-Orthogonal (and Therefore Not
Orthonormal) Basis

In a non-orthogonal basis, the vectors are not perpendicular from each other. And
in general, the norm of the vectors is not one. As commented in 3.2, in Geometric

Algebra Cls, the norm of the basis vectors is always positive and different from
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zZero.
From the properties commented in Chapter 2 and also in [3], we can obtain the

following equations (for orthogonal, not orthonormal basis):
(ei)2 =e€¢ = "ei”Z =&
ee, =2g,—ee =2g,—ee,
€€ =¢€6=8 =8
ee; =e-e te ne =g;+ene,
Making the equations explicit for three dimensions:
(el )2 =¢¢ :”el ”2 =8

(ez )2 =66, = "62 "2 =8»

(e3 )2 =66 = "63”2 =83
ee, =28, —ee =28, —ee
08 =28y — e, =28y — 68,
ee =28y —ee; =28, —ee
where the g, makes reference again to the metric tensor components (the scalar
products of the basis vectors). See paper [3] for more information. You can obtain

the above equations from the definition of scalar product in geometric algebra as

commented in Chapter 2.
1
€€ =8 = E(efej tege)
2g, =e¢e; +ee

ee;, =2g,—ee =2g,—ee

Now, we will define again the inverse of the basis vectors and name them €. To
obtain the inverse of the basis vectors in this case, you have to get the inverse of
the metric tensor, so you are able to define a vector € that fulfills for every 7and
every jthe following (Einstein summation does not apply):

i

(e. )71 e=ée=1=¢ (el. )71 =ee

i
S N P
e-e =¢-e —E(e,e +e e,.)—O fori#j
e e = 5}
where 5; is the Kronecker Delta, that is equal to 1 when i=; and 0 when
ij.
If we multiply two inverse vectors between them, in non-orthogonal metric, we

do not obtain zero as a general case. See below:
R i i
e-e =—(ee +ee)=g =g
2

So:
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éel = 2g"" —elé
And:

i

e :(ei)2 —d . =g

In this paper, we will work mainly with orthogonal (or orthonormal basis), so

do not worry about these above points. For more info regarding how to invert the
metric, you have a lot of literature [5]-[10].

What we will do in general is to make all the calculations with orthogonal met-

rics and then try to generalize to the case of non-orthogonal metric applying the

above relations.

3.4. Geometric Algebra Cl3: Sum of Geometric Products of Basis
Vectors

We will calculate the following sum. Take into account that the product inside the
sum is geometric (not scalar) and that we have not imposed anything regarding the

basis (it can be not orthogonal).
33
§= Zi:lzj':leiej

If we operate, we get:
S =ee +ee, +ee, +ee +ee, +e,e +ee +ee, +ee
=ee +ee +ee +(ee, tee ) +(ee +ee, ) +(ee +ee)
=e-ete e, te e +2(ee)+2(e, 6)+2(eq)
As the scalar product is always symmetric (independently if the basis is orthog-
onal or not) we can convert the elements that are multiplied by 2, in the sum of two
scalar products reversed (with the same result).

S=e-e+e e te e te e +e, e te e te e, te e te e

= Zf:le‘:lef 6= Z;Zj:l 8jj
So:
Z;Z; ¢e; = Z;Zizl ¢ ¢ = Zj:le‘:lgij

As commented, this holds, independently of the type of metric. And in fact, it
holds even for more than three dimensions, but I have preferred to do it explicitly
for three dimensions to avoid any doubt and avoid getting lost in the subindices.

Now, consider a symmetric tensor (or a symmetric matrix if you want) that has

the components 4’ :
4’ =a”
And now want to perform the sum (don’t worry, I will explain the reason of all
this later):

3 3 if
Zi:l ijl a-ee;

Making the same calculation as above (and only if &’ is symmetric), we will

obtain a similar result:
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LY dee =Y 3 d(ee)= Y d’
Z[:lZ]:la €€ = Luimluja @ \G 6 )= s Zaja 4 &y

Or using the Einstein notation to simplify:

d'ee, =d’ (e,. -ej)= a’g; onlyif ' =a”
Similarly, we can obtain:

ae'e’ =a, (ei e’ ) =a,¢" onlyifa, =a,

But if:

J i . i N B A | . Jo_ 0
alee, =a (e ej)—al.é‘j—al. onlyif a/ =a;

J i PR N i A | . Jo_ 0
alee =a (ej e)—alﬁj—ai onlyif a/ =a;

Where the last move of above equations is a property of the Kronecker Delta that
you can check in [5]-[10].

3.5. Geometric Algebra Clz o: Expanding the Basis

One of the properties of the Geometric Algebra is that the number of elements that
conform the algebra of a certain realm is more than the number of dimensions of
that realm. In three dimensions, we have three basis vectors as commented, but we
have 8 different elements that conform that algebra, that are:
e The scalars;
e The three vectors;
e The three bivectors;
¢ One trivector.
We will call these elements with these names:
e, —> scalars
6 & &
e, =e,e,
¢ =66
e =ee,
e, =ee,e
Regarding ¢,, I will comment later. In Geometric Algebra, probably you would
expect e, =1. And this is the natural move, but I will come back to this later, as
commented.
The elements e,,e,,e, are bivectors whose square is negative, as we will see
now. And e, is the trivector whose square is also negative, as we will see.
In general, we will work with orthogonal (not necessarily orthonormal) basis.
About the non-orthogonal case, we will talk explicitly in certain points of the paper.

If nothing is said, along the paper, we will work with orthogonal metric that fulfills

the following, already commented, relations:

: L
(ei) =ee =¢€-¢ _"ei" =&

ge, =¢ Ne;, =—e, ne =—¢e¢

i
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e-e, =e - =0 (wheni=j)

i Jj Jj i

This is, in 3 dimensions:
2 Rt
(el) =€ _||el|| =4
2 R
(ez) =66 _"ez " =8»

2 2
(e3) =66 = "%” =&
ee, =—ee
e,e, =—ee,
€6 = —¢¢

The last three equations are key in orthogonal metric and are the ones that will
make working with bivectors or the trivector much easier. Because they permit us
to swap the order of the vectors in any geometric product, just adding a minus
sign for each swap. This means that the result will be the same if we make an even
number of swaps. And the result will be the negative of the original if we make an
odd number of swaps.

An example. We have the following trivectors and we want to sum them:

Tee e, +2e,ee,

We swap e; and e in the second element and we add a minus sign. This is the
same as using one of the equations above.

Tee,e, —2ee,e, =5eee,

But, take into account that when a basis vector is squared, it is converted to a
number, so it does not count as a vector anymore. It is just a number that can be
moved in the product not changing signs.

For more info regarding this type of operation, you can check [1]-[4] [11]-[13].

As commented, all these swapping’s with changing of sign can only be applied
in orthogonal bases. In non-orthogonal bases, you should apply the equations in
the beginning of Chapter 3.3.

Knowing this rule, I would just show the squares of the bivectors and the trivec-

tor to check that they are in fact negative:
2 2 _ _ _ _
() = (6263) = 6,6,6,6 = 76,666, = 76,8536, = 78336,6 = "8338»

2
(eSel) = 6,666 = —€,6/€/6; = —€;8116; = —g116:,63 = —&1833

—~
s
~
S
Il

2
(elez) =€6,66, =—€6,6,6 =€ 85,56 = 82,566 =—8»n&

—_
X
~
S
I

2 2
(e,) =(qee;) =eeeee.e =+eeeeee,
= 83349,66, = 78336666, = ~83818n
Remind that the g, are just numbers, so you can move them as you want
along the product. I keep the order obtained in the operations to facilitate the

understanding, but you can swap them as you want not changing the sign or the

result.
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Just to close the chapter, I will comment that an entity that is composed by the
sum of scalars, vectors, bivectors etc.... is called a multivector. As an example:

A=3+2e —3e +7Tee

This entity A4 is called a multivector. We will see that in Geometric Algebra
any object can be defined by a multivector expression.

The most important comment of this section is the following. In Geometric
Algebra, once you have defined the number of dimensions (in this case 3) and the
consequent degrees of freedom (or different basis vectors and their combinations,
in this case 8, from e, to &), it does not matter how many operations (sums, geo-
metric products, even exponentials etc...) you do, the number of basis vectors and
their combinations are always the same (8 in this case). You can multiply the times
you want any multivector by another one, you will only finish with 8 coefficients
that multiply 8 basis vectors from & to e; (considering also basis vectors their
product combinations). Nothing else. This is key in Geometric Algebra and its
power.

If you are familiarized with matrices, tensors or tensors products, you know
that in those cases the number of elements could grow to infinite (the number of
dimensions also). In Geometric Algebra, there is a limit. And this KEY, as we will

see.

3.6. Geometric Algebra Clz o: Comments about e, and e

Before, I have commented that the natural move is that:
e =1
And in general, this is what I would have written in any of my previous papers.
But in this case, as we will see later, it is possible that we need a “degree of freedom
more” or the possibility that e, is a scalar function that depends on certain param-
eters that we will see later.
So, instead of defining ¢, equal to 1, we will define it as a scalar (this is im-

portant, it is a scalar or a function whose output is a scalar, not vectors, not bivec-

€ = \/5
(e )2 =||eo||2 =8w

As commented g, is a scalar or a function that outputs a scalar (positive-defi-

tors etc....):

nite). The problem is the conceptual meaning of ¢, and g, . Normally, g,
would mean the scalar product of vectors. In this case, it is not that. It is a function
that appears only at certain operations that we will see later.

Regarding the possible values of g,, are (we will comment later):

8o =1

R R 2
2o =l eI e

1
oo = 2 2 2
el fle=I s
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&g, = independent scalar function (positive definite)

As commented, we will keep this nomenclature of g,, asin the end it is discov-
ered that it is equal to 1 or to whatever other result we will substitute in the equa-
tions. If we put directly that it is equal to 1, it will be more difficult to modify the
equations.

Anyhow, for the shake of simplicity, for orthonormal or orthogonal metrics, we
will consider e, =1 as it most probably is, except in exceptional situations. For
non-orthogonal metric, we will keep it indicated as ¢, .

Regarding e, the important property as commented is this:
2 2 _
(er) =(aeres) =eeesee,0, =-2338182

This means, its square is negative, and it is a “neutral” vector. Meaning “neu-
tral” that it does not have any “preferred” direction or orientation. The bivectors

e,,es,¢, have also negative square but with “preferred” directions.
2 2 _ _
(64) = (6263) = 666,86, =—8538n
2 _ 2 _ _
(es) = (6361) =666 =-81183

(e6 )2 = (elez )2 =€6,66 =-8»8

But e, hasa negative square and does not point anywhere specific. It applies
to the volume in general (not a surface or a line). If you have read the papers [11]-
[13] probably you have already seen the possibility that the time vector can be asso-
ciated with e; (the trivector). The reason is that the square of e, is negative and
that taking this consideration is completely coherent with Dirac Equation, Maxwell
equations and Gell-Mann matrices [11]-[14].

When we come to general relativity, the thing gets more complicated. We will
see that depending on the context, the scalars e, (as considered in APS [15]) or the
trivector e; can represent time depending on the context. We will see later, but
first we need to understand the spinor in Geometric Algebra to understand the
different possible contexts.

What we will keep from previous papers [4] [11]-[14] is that as the square of &
is negative and does not have any preferred direction. So, when the imaginary unit
Iis used in traditional algebra, we will substitute it in Geometric Algebra by the
trivector e,. The reason is that in Geometric Algebra there are already elements as
& (appearing in a natural way) whose square is negative.

And the imaginary unit 7 is used in traditional algebra as an “unknown or ge-
neric” element whose square is negative. In Geometric Algebra, what you have to
do is, depending on the context, to use the corresponding already existing element
in the Algebra (of all the ones whose square is negative) instead of using 7 As com-

mented, we will use e for the reasons commented above.

4. The Reverse of a Multivector and the Reverse Product

If we have multivector, the reverse of it can be defined as a multivector with the
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same coefficients but where all the products of basis vectors are reversed. An ex-
ample:
A=3+2e -3¢ +7ee +2ee —Seee
Its reverse will be:
A" =3+2e —3e +7ee, +2e,e, —5ee,e

This, in orthogonal metric (not in general) can be converted using Chapter 3.2

equations into:
A" =3+2e —3¢, —Tese, —2ee, +5¢e,e, = A

Being A" the conjugate multivector. This means, in orthogonal metric the re-
verse of a multivector is the same as a conjugate of the multivector. The conjugate
means changing the sign of the elements whose square is negative (this means:
bivectors and trivector) and keeping the same sign for scalars and vectors (whose
square is positive).

In a non-orthogonal metric, you should use equations in Chapter 3.3 instead of
those in Chapter 3.2, so in a general case, reverse and conjugate will not be the
same.

Anyhow, as commented, in this paper we will focus on orthogonal basis, so here
reverse and conjugate will be the same in most cases (but this is not true for a general
case).

Calculating the reverse for the different basis vectors, we have:

T To_ + T
€ =€ 6 =¢ & =6

el = (616263 )T =eee

One important property is that a product of basis vectors multiplied by its re-

verse is always positive definite (also in non-orthogonal metrics):

P _ 2 _

€€ = €€ = "eo " =&oo
T 1P =

ee =ee = "el " =&n
o _ 2

€6, =66 = "ezn =8»n
o _ 2 _

66 =66 = ”es " =83

i t_ _ _ _ _
€6, =66 (9233) =6,636,6) = 6,8336) = €336, = 83380 = 8y
eses =66 63‘31) = 6666 =686 = g1,6363 = 1,833 = 855

= 82811 = 86

+

=€6,6,6,6,6 = §336/6,6,6

eGe6 =¢€6, (eleZ) =6,6,6,6 =€ 8,6 = 82,66
) = 8338266 = 83382811 =877

e,el = ee,e, (eee,
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Where I have defined the g, as the result of these products also for basis vec-
tors with i>3. And also, as commented it is defined a g,, as the square for e,
to have one degree of freedom more (even that very probably defining it as 1, should
be ok, meaning just a that pre-normalization has been de-facto done).

As you can guess, the reverse product is just defined as multivector by the reverse
of other (or the same) multivector following the rules commented above.

An important thing to comment, is that the reverse should not be mixed up with
the inverse.

The inverse of a product of basis vectors is defined as the inverse of each basis

vector in reverse order. This is, for example:
-1 -1 -1 -1 -1 3 2 1 7
(e,) =(eee;) =(e5) (&) (g) =ee’e' =e
where in the last steps above, I have used the definition of the superscripts as de-

fined in Chapters 3.1, 3.2 and 3.3, as the inverse of the basis vectors. We can check
that this hold:

7 _ 3201 21 A
ee’ =eee,eee =ee,-l-e’'e =¢-l-e =1

So, in fact, it corresponds to the inverse of e,. The same applies, to the rest of

vectors:
(e)' =¢ (a)'=¢ () =¢
(€)' =(eey) =(e) (&) =% =¢*
(e) " =(ea) = (e) () =ee’ =&
(e) " =(ee) " =(e)) (&) =% =¢*
(&))" =(eee) =(e,) (&) () =ciete =

So, you can see that the inverse also reverses the order, but besides that, it inverses

the basis vectors (converts the subscripts in superscripts and vice-versa).

5. Spinor in Geometric Algebra Cls,o

A spinor in matrix notation has this form:

Wy, T
W t Wil
Vs, T W5
War TWail

l//:

As you can see, it has eight parameters:
Vi Wi Vo Vo Vs Wy W, and yy,
In Geometric Algebra, the spinor has this form:
w=y'e, =y'e,+y'le +yle, +yle +ylte +yle vylte +ye,
where e, are the elements (scalars, vectors, bivectors and trivector) as defined in
Chapter 3.5.
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The ' are the coefficients of the spinor or wavefunction. You can see that
they are also eight as in the matrix notation. You can find a relation between both
in [11] [14] and [16]. There you can find that that relation is coherent with Dirac
Equation and Strong Force Interaction (Gell-Mann matrices).

For this paper, we will just stick to that these 8 coefficients are sufficient to de-
fine a spinor or wavefunction. And calculating them is what we need to define the

state of a particle or a related filed.

6. Probability Density and Probability Current

As we saw in [14], we can calculate probability density and probability current mul-

tiplying the reverse of the wavefunction by itself, this way:
vy = (V/Oeg +y'lel vyltel vylel vyltel ryltel vylel vyl )(l/loeo
+yle +yle, +yle, vyte, +yle +yle, + 1//7e7)

where all the vectors, bivectors and the trivector and their reverses, are as defined
in Chapter 4 and previous ones.
Only in the case of orthogonal metric (not in the general case), this can be sim-

plified as (the reverse is the same as the conjugate):
v'v =v'y
= (1,1/0eO +y'le +yle, +yle, —ylte, —yle, —yle, —ye, )((//Oe0
+y'e +yle, +yle, +yte, +ylte +y e + l//7€7)

As you can see in Annex A2, the result of this multiplication is for the orthog-

onal case is:
v'w=p+j
Being:
p=(w) +(v') g0 +(v?) gn () gn+(v*) gngs
(1) gngn+(v°) 2180 +(v7) gugnss
T=2(0'w vy g v g+ Y g0 gy g

+2(+p g~ Y g Y g e

+2(+p " —u Y g v ey vy 220 e,
Being p the probability and ; the fermionic current.
But we can say that even in the general case where the basis is not orthogonal

or even if the product above is defined another way, the result will have for sure

have this form:
T, . M
vwv=J e'u
In Annexes Al - A4, you can find that in whatever metric you are or however

this product is defined (in Annex A4, it is shown an example using the inverse prod-

uct instead of the reverse product), the result will always have this form:
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vy = je,

where 4 and v go from 0 to 7 in the most general case. This means, inde-
pendently of the metric, independently if the product is correctly defined or are
some elements pending (see Annexes A1l - A4 for details), what it is true is that the
result, will have the form above.

Even if we calculate wrongly the coefficients of ;*, we can continue with our
study as these coefficients will represent a general case. In case they change the
value, we will change the operations done, but the study following will be perfectly
correct as the meaning of the coefficients ;# is general. This is the power of ge-
ometric algebra. We know the form of the results even if we have calculated them
wrong. We know that the result will have 8 components j* (veryimportant,
scalar coefficients or functions that output a scalar) multiplying 8 basis vectors
(considering their product combinations also, this means, considering them from
e to e).

Last comment to make are the measuring units of this j“e, . Forthe ;° com-
ponent the units are density of probability in 3D space, this means probability/cu-
bic length. Probability does not have units, so it is L.

The components ;' to ;* are called the probability current and its units are
density of probability multiplied by velocity. As probability does not have units,
the density has L~ and the speed has LT, the total units are L>T"". To make these
units coherent with ;°, we have to multiply ;° by c¢ (the speed oflight) or the
opposite, to divide the components of ;' to ;* byit.

As commented, for orthonormal or orthogonal bases, j* only has components
from 0 to 3. For the general case, it would have components from 0 to 7 and the
measuring units should be harmonized with the units that have the components
from 0 to 3. But we will not care about that now, we will just consider that we can

find a coherent following expression with coherent units:
T, s
vwy=Jje,

Just to finalize, I will comment that to be consequent with certain papers in the
literature [17], sometimes I will use the following nomenclature, but you can check
that the concept is the same, just changing the nameof j to V,andthe dummy

index form u to p:

vy =jte, =V"e,

7. Definition of Covariant Operator in Geometric Algebra
We will define the following operator:

]
e V”

where V, is the covariant derivative. This means, if it is applied to a scalar func-
tion, it will be just the partial derivative with respectto u ofit. If f isascalar

function:
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eV, f=e" 9
oe"

where the partial derivative is taken with respect to the coordinate variable that
corresponds to the vector e, . This means, that de' would mean derivative with
respect to the coordinate variable associated to ¢, (typically xin cartesian coor-
dinates, or rin polar coordinates or called ¢' in the general case). It is important
to recall that in this paper, the coefficients that multiply the vectors are scalars
(not “covectors™), so the rule above, apply to them (to the coefficients). It does not
apply to the vectors as you can see below.

If the function includes vectors, apart from the partial derivative of the coeffi-
cients that multiply these vectors, we will have to apply the covariant derivative to
the vectors.

The covariant derivative of the basis vectors (you can check this in different
literature of General Relativity or Riemann geometries [5]-[10] [17]) are the Chris-
toffel symbols.

So, applying the product rule of derivation we get:

e”V”(fvev):e”<Vﬂfv)ev+e”fV(Vﬂev)

And it is important that we are keeping the same order of the vectors. Remem-
ber they are nor commutative in the general case.

Now, for the scalar coefficients f", we can use the same equation shown be-
fore (partial derivative equation). For the other term (the covariant derivative of
a basis vector), we will use the Christoffel symbols as they are defined [5]-[10] [17].

e*‘Vﬂ(fVev):e“(VﬂfV)ev+e“fV(V”ev):e”Z]%‘ev+e“fvl"fwei

As the partial derivative of the coefficients of fand the Christoffel symbols are
just scalars (yes, in this context, Christoffel symbols are just scalars that multiply

vectors), we can move the vectors as follows:

/xv v M af\/ 7 vl—% _Hu afv M 1/]‘—%~
e'v, e, )=e —ae#ev+e f e, =e eVaey+e e, f v

Another thing to comment is that we can calculate also the covariant derivative

of the inverse of a vector this way [5]-[10] [17].
Vﬁ (eﬂ (ea )71 ) = vﬁ (euea ) = Vﬂ (55)

\7 (ey)e‘Z +e,V, (e“ ) =T}ee" +eV, (e“ ) =0

0

a)_ _14 a
eHVﬁ(e )— I'y.ee

e,V (e”’ ) =-T,6;

"
a\_ 1o
eyVﬂ(e )— 1
i a\_ _1To ¢
e eﬂVﬂ(e )— e
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So, this above, and the already commented classical definition covariant deriv-

ative of basis vector:

V(e )=T%e

pa€u

They are the equations we will need in following chapters. Also, to comment
something that we will need in some steps. The geometric product is not commuta-
tive in general. But sometimes we will have to commute the vectors. To do so, we
have to consider one of these three scenarios:

e The metric is orthogonal. So, the geometric product is the same as scalar prod-
uct, and therefore commutative.

e Weare in a situation as in Chapter 3.4. This is, the symmetry of the sums in
certain situations, “convert” the geometric products in scalar products. So, the
same as commented above applies.

e The other option is directly that we are forced to change the definition of the
operators, using scalar products instead of geometric products. As an example,

in certain situations, we can say, instead of using the operator:

V]
e V#

We could decide to use:

A,
e Vﬂ

Loosing generality (all the non-commutative elements will be lost), rigor and
probably some solutions, but as a way to move forward.
Just to finish, we will define the reverse (the reverse not the inverse) of the covar-

iant operator to a function f as:
(e"Vﬂf)T = fVLe" :(fVL)e” = (Vﬂf)e"

This means, when we see the reverse operator, we have to take into account these
things:

e The operator applies to the function on the left of it (not on the right as it is
usual).

e The vector that accompanies it, it is located on the right of the operator, not on
the left as defined from the non-reverse operator.

Probably you are asking why the vector that accompanies the function is not
reversed as well. In general, I would say that the logic thing would be to reverse it,
creating sometimes changes on signs (or even real changes in result in non-or-
thogonal metric). In this paper, I will keep it as not reversed to facilitate the things
and the message, but it could be that in the future, the definition, changes to be
reversed.

Also, you can ask why the f is not reversed as well. The answer is that to keep the
symmetry, it should be reversed. But to simplify the nomenclature, we will keep f
not reversed, and just indicate it directly in the expression if this is the case.

Another thing we could think about is that if the operator is reversed, we should

add a minus sign to the derivative as we are deriving in the opposite direction to
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the one represented by the variable. This is true in fact. But as we will always make
double derivatives (in the left and in the right, see later), in the end, this will only
lead to a change of sign in the final results, not affecting the implicit meaning.
Anyhow, this is something that probably has to be taken into account in the future
(and also if it is needed or not to reverse the vectors that accompany the deriva-
tive/del operator).

The last comment is that in Geometric Algebra everything is done keeping sym-
metries. When a double operator has to be applied (like a Laplacian) it is not gen-
erally done as a double operator on the left. Instead, it is done like a simple oper-
ator in the left and another simple operator on the right (that is applying to the
elements on the left).

The reason for this is that in geometric algebra the order of the vectors matters.
As it is not the same pre-multiplying than post-multiplying. Because the products
are not in general commutative or anticommutative, it depends on the product
itself (the number of vectors and its grade). So, the only way to keep the sym-
metries is to keep the balance of operators on the left and in the right as much as
possible.

When this happens, we will have the convention that we will start applying the
reverse del operator (the one in the right, and afterwards the non-reverse del op-
erator, the one in the left). This is just by convention. Taking into account that
normally we work with commutators in our calculations, a change of this will only
lead to a change of signs in the final results.

Apart from this, this will let us also facilitate the factorization of the equations

that will be key to simplify them in following chapters.

8. Ricci Tensor in Geometric Algebra

As we can see in different papers [5]-[10] [17], the Ricci Tensor can be considered
as the Laplacian of the basis vectors. Taking into account what we have commented
about the covariant derivative in the previous chapter, we can calculate the Lapla-
cian as a covariant derivative on the left and another covariant derivative on the
right to keep the symmetry. And to be in the most general case as possible, instead
of applying to the basis vectors, I will apply to a complete field that includes coef-

ficients and vectors:
P
V’e,
If you want to apply only to basis vectors just consider:
V? =1 forevery p
And:
P _
V.ﬂ =0
where the comma represents partial derivative with respect to e .

Ok, so let’s apply the operator defined in Chapter 7to V”e, to the left and the
reverse of it, to the right. We will start operating the one of the right (the reverse
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operator). This is just by convention as commented in Chapter 7. If we do the op-
posite, we will obtain a different result. But we will see that it does not even really

matters, as we will perform the reverse operation later.

eV Ve Vie

It is very important to remark that the coefficients V* are just scalars. Their
covariant derivative is just the partial derivative.

And for the vectors, we will apply the equations shown in Chapter 7:
V(e )=The

,6(1 7
a)_ _1a i
Vy (e ) =-Tye
And to remark that in this context, the Christoffel symbols are just scalar coef-
ficients, that multiply vectors. So, the covariant derivative of the Christoffel sym-
bol itself is the partial derivative. The covariant of the vectors that accompany them

will be done naturally following the derivative product rule.

We start calculating, the expression inside the brackets:
VVV’Jep = erP +Vpl"fped
I change the name of the dummy coefficients for convenience and to follow
[17]:
V.VPe,=V/e, +V°I] e

vo p
Now, I just post-multiply by the vector that appeared in the original equation at
the beginning of the paper:
(VVV" )e =V/ee +V°I; e e

Vo p

Now, I proceed with the covariant derivative that was in the left (that applies to

all the expression above, including the two vectors):

Vi ((Vrre)e )=V, (Viee +V T e,e)

vo - p

=Vi9ee +VIT e Vel e +Vil ee

wuSp v Ept po ve©p
o P orTp T4 o p
+Vory, ee +VT T e =V e FMe

I change again the name of dummy variables to follow [17] nomenclature:

Ve e +Vl""ee —VPeT* ¢ +V"Fpee

Vi p A= p ATpT v vo ' p
P A P _p°oTP A v
+V° Fm#epe +V°r; Fﬂﬂe e’ -V Flaepl“w
P P _pPTA op
vioe.e +V JThee —Vili e +Vil ee”
P A Tp _1°T P A
+V° Fmﬂepe +V°T] Fﬂﬂe e’ -V F;gl“ﬂvepe

Now, we pre-multiply by the vector as it was stated in original equation in the
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beginning of the chapter:
e”V#VpepVIev =e'V, ((VVVpep )ev)
= Vfﬂe”epe" + V’fl"ﬁﬂe”epev - I{frzve”epev + K;Ffae”epev
+VTy e e +VT, T4 e'e e —VT, I e'e e

Now, we calculate the result with the operations reversed. This is, the operator
on the left with respect to v and the reverse operator in the right with respect to p:
eV, Ve Vie'=e'v, ((V/,Vpep )e“)
= I{Zvevepe“ + le"fl’vevepe“ - I{frjﬂevepe“ + I{frzoevepe”
+Vry, e el + V”Ffwl"fvevepe” —V“Ffal“fﬂevepe”
Noe, let’s calculate the subtraction of one to another (let’s say the commutator
of this operation):
e"VﬂV”etheV - e"VVV"epV;e"
= Vzle"epev + I{frg’”e”epev - I{frftve"epev + Vzrfoe”epev
+Vry, efee + VJFfUFQ#e”epeV - V‘Tﬁal“fwe”epev
- I{ﬁvevepe” - le"jve"epe“ + V’frfﬂevepe” - I{frﬁgevepe”

—V°r”_ e'e e* —VoIr*

o€ €, Ml“jfvevepe” +V'Il"jgl"fﬂevepe”

To be able to perform, this operation we have to be able to “move” vectors in-
side the products. This can only be done if we are in one of three cases commented
in Chapter 7. This is: orthogonal metric, summation of symmetric elements (Chap-
ter 3.4) or changing the geometric product by the scalar product in the definition
of the covariant operator.

So, we will consider that we are in one of these three cases and let’s move the
position of the vectors inside the products at our convenience:

&'V Ve Vie' —e'V V’e V' e

=V)e'ee + I{fl"g’”e”epev - I{frflve”epev +VoIT efe e
+ V”Ffosye“epev + V"Ffdl"’j#e“epev - V"Ffal"fwe“epev
—Vielee - I{irﬁve"epev + V/’{'Ffﬂe”epev —Vorelee”
-Versy, ele e —V”FftaFﬁve”epev + Vaffaff#e”epev

We see that the only elements left (the ones that do not cancel) are the ones in

bold. See [17] for more info.
vie'e,e + I{frfﬂe“epev - Vfrflve”epev +VoL ele e
+ VI, e e + V"Ffarfﬂe"epev - V”Fﬁarive”epev
- l{ﬁve”epev - I{irﬁve”epev + l{fFf#e”epev - I{ffzae”epev

_rvere i v _pori p U v o P A u v
Ver,, etee —Vor, I'j efee” + VI ') efe e

uo,v
This is:
=v°(T8, , + T %, =T, ~T5T%, )ee e

vo,u uo uo P

=Vo(T8, , ~T0,, + T8, —T5T%, Jete e

vo,u MOV P
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As V7 and the Christoffel symbols are just scalars in this context I can move
it freely inside the product.
A A o v
=(rs,, -0, +T5,Th ~T4,Th, )V e e e
=R,V e'ee"

ouv

where R/ isthe Riemann tensor, as commented in [17].
Now, if we consider that we are within one of the three cases commented in
Chapter 7, we can consider that this product is scalar and therefore:
M, i _ SH
ee,=e"-e, =5,
So:
P o _u vV _ Dp oQuU VvV _ DU o v
R7 VZe'e,e” =R V°o)e" =R Ve
Now checking [17], we can see that the last element is the Ricci tensor.
R Ve =R, Ve
So, summing up we can say that (in the last step, I have just used the property
that dummy indices can be renamed as convenience):
eV Ve Vie' —e'V Ve Vie" =R Ve =R, V"
If we want to isolate the Ricci tensor, we could do:
(RWV”eV )eVVG =R VeV =R V°-1.V. =R V°V_=R_
(e"V, Ve, Vie" —e'V Ve, V!e" eV, =(R, Ve )V, =R,
— | pH P TV 4 P T u
R, =(e"V V’e,Vie" —e'V,V e, Vie eV,

If we want to calculate the Ricci scalar [5]-[10] [17], we can do:
R=g"R,, =g% (e"VprepVIeV -V, V’e Ve )evV(T
= (e”VﬂV'”epVieV —eVVVV'DepV;e” )g("'eVVCr
Another way to obtain it (but not isolating it):
(e”V”V"epViev -e'V Ve,V e ) =R V°e
g”g"” (e“VﬂVpepVIeV - eVVVVpepVZe” ) = g‘”g”ngV”ev

o ov0 (e”VyV”epV:ev —eVVVVpepVLe” ) =R"pee”

g &
gwg“gvo (e”VﬂVpepViev —eVVVV’JepV;e” ) = gwaV"eV
gwg”’lg"g (e”V#V"ekaV —e"VVVpepVLe” ) =RV

g (e”V#V"epvzev - eVVVV"epVLe") =RV°¢"

9. Klein-Gordon Equation of a Field
We consider the definition of stress-energy tensor of a scalar field [18]-[20]. We
will not use natural units. It is better to use real units with factors so we can control
that the measuring units of the variables are coherent:
_  Ag2 2 ap 2 242
G,uv _T,‘uv _Zh ay¢av¢_h gpvg aa¢aﬁ¢_gﬂvm ¢ ¢
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We divide by 2z
"’ 1n o 1 5
T/.tv :;a‘u¢av¢_5;gﬂvg 6a¢aﬁ¢_zg,uvmc ¢
2
It is important to check that the measuring units are coherent. — units are

m

Energy-L%. But there are always two derivatives with respect two spatial coordi-
nates that creates a L™2. So, the units of the first two elements are energy. The last
element mc is energy also. So, in principle ok. But the stress energy tensor should
have units that are Energy-L™>. Do not worry, we will solve this later, as the field
that only appears in the right-hand side elements will have L™ units, leaving eve-
rything ok.

The first thing we will do is to apply the operator we defined in Chapter 7. But
as there are some vectors missing to be able to do that, we will just multiply and

divide by them, leaving everything ok.
— n’ u v 17 ap , o B ! 242
T;tv - Ze,ue 6y¢av¢e e, _E;g,uvg €€ aa¢6ﬂ¢e eﬁ _Egyvmc ¢

2

h ) 17 . " 1
T =—e,(¢'0,00,0¢" Je, =~ g,,87e, (¢"0,00,¢" )¢y = g,,m’¢’

And here’s the drill. Instead of applying this to a scalar filed as it was original
conceived by the equation, we will apply it to a vector field. We have the tools
commented in Chapters 7 and 8 to make all the operation so we can do it. We will

apply to a general field that is:

P
Vep

And the double derivatives will be left and reverse right derivatives (keeping the

symmetries as always in geometric algebra), instead of two left derivatives.
T —ﬁe (e“V Ve VTeV)e —lﬁ Pe (e“V 443 V*eﬁ)e
#V_mﬂ u prv v 2mg#vg a a P B B

—%gwmcszep

I add the following elements to the equation. I can do it, because its sum is zero:
—ﬁe (eVV Ve VTe")e +lz Pe (eﬁV Ve V%“)e
m “ 4 p U Yo m 88 € B pa B
2

n ) = 11 . «

+;eﬂ (e VVVpepV#e”)ev — T 8w8 e, (eﬁVﬂVpepVZe )eﬂ

Once added, we have:

T _E "V VPe Vie e Do (e“V VFe Ve’
—;eﬂ(e Ve Vie )ev Ezgwg ea(e Ve, Ve )eﬂ

v

1 s W , :
~5 8wme Vie,——e, (e VVVpepVﬂe“)ev

m
1h2 af V4 P T a hz v P T u
+E;gwg e, (e V,Vre,V e )eﬂ+Ze” (e V.,V ",V e )ev

17

—E;gﬂvg“ﬂea (eﬂVﬁV”epVLea )eﬁ
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Reordering:
n’ n =
T, =—e, (e"V#V”epvzev)ev gl (e"VVV"epVﬂe”)ev
1h2 af a % T B
—E;gwg e, (e V.V’ V e )eﬂ

17
aff s T e
+E;gﬂvg ea(e VﬂV"epVae )eﬂ
1 217p hz v P T M
—Egﬂvmc V ep+;eﬂ(e V.,V7e,V e )ev
_lﬁ ap (ﬂv VPe VI a)
2 m gyvg ea € B ep ae eﬂ
Factorizing as possible:
hZ
T, = e (e"V”VpepV:ev —e"VVV”epVLe“)eV
LI by (009 1Po V' o oY VPe T ot
—Ezgwg e, (e V.V, Ve —e"V VeV e )eﬁ
1 2y7p hz v P T u
—Egllvmc 14 ep+;eﬂ(e V,V7e,V e )ev
_lﬁ 7 ( ﬁv Ve v’f 0!)
2mg”vg e, (e"V Ve,V e e,
Applying the relation to the Ricci tensor commented in 8:
ro (R, V7" LR (R,77e)
uv m ey oA e e, 2 m gyvg €, oA € eﬂ
L e, + 1 (eV,77e,Vie")
g.mcV’e, e, e’V Ve,V e e,

2 m
17 af Ay VPe Vie”
_E;g/wg e, (e B ep € )eﬂ

Now, again we will suppose that the vectors can be moved inside the product,
following one of the three possible cases commented in 7 (orthogonal metric, sum
over symmetric elements or defining from the beginning that the products are scalar

instead of geometric, losing solutions and rigor).
— hz o A 1 h2 af o A
T, —;eﬂev (RMV e )—Ezgwg e, (RC%V e )
1 ? _
—ngmczV”ep +;eﬂe‘, (eVVVV”epVLe”)
1
—E;gwg“ﬂeaeﬁ (eﬂVﬂVpepVZe” )

If the products are scalars (following the three cases in Chapter 7), the geomet-

ric product of two vectors is the metric (or delta if they are inverse).
_ hz o A 1 hz aff o A
Zjuv _;gyv (RO%V e )_E;g‘uvg gaﬂ (RO'/IV e )

1 n’ )
—EgﬂvmczV”ep +;gw (e VVVpepVLe”)

1 n ap s t gt
_Egg”vg 8up (e V,V’eV e )
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Operating:

T " (R V"e’l)
_mgyv ez

uv

1 h gyv (RalVG l>_%g,uvmc Vp

2 2

+%g!w (eVVVV”epVLe”)—%%gW (eﬁVﬁV"epVZe“)

Changing the dummy variables names:

2 2
TH" = %guv (Ro%VUeﬂ ) _l%g#v (Rrr/lVGe)L ) _%g#"mcszeﬂ

2

+h—g (eﬂV VPe VTe“)—lﬁg (eﬂV VPe VTe”)
m SH B B a 2 m SH B pla

Operating:

1h2 gw (RMV" ﬂ)—%gﬂvmc V:e +%h_gﬂv( ﬂv Voe, v a)

uv

T —lﬁ (R Ve l)—l 2y P +lﬁ ( Y VPe VT a)
- 2 m g#\/ oA e Zgyvmc ep 2 m g,u, e B ep ae

uv

Now, I multiply by e_e® to simplify the operations and get to the Ricci scalar.
I could obtain the same result, multiplying by ¢*°g, :

17 o a 1 .o IV PPe Vo
Tﬂv—zmgﬂv(RﬁVeee )—ngche +E_g’w( V,V’e,V e )
Here, I can move the vectors inside the product considering the 3 cases of Chap-

ter 7 (this is not even necessary if [use g*”g, instead of e_e”:

1h2

. o 1 14 "
T, = gw(leV e, e'e )—ngmcszep +E;gyv(eﬂVprepV;e )

v

T —lﬁ (R Ve AJ)—l e +lﬁ (ﬂv VPe Vi a)
_2 m gyv oA 594 zgyymc ep 2 m gw e Y. ep €

uv

Now, I just change nomenclature of dummy indices:

17 1 17 «
T :E;gﬂv (g’l"RMVpep)—EgﬂvmczV"ep +E;gﬂv (eﬂVﬁVpepVLe )

uv
It is not clear of the following move can be done or not. If it cannot be done. Just
substitute R by g*R ,, in the following equations.
iR 1 ) 17 F ‘a
T, = 5 gﬂv(RV” ) 2g#vmc Vpep+5;gﬂv(e VﬂV”epVae )

T—l th 2\pr LA AV VFPe Vie®
,UV_EgﬂV ; —me ep+5;gw(e 8" € ae)

Here, it comes another drill. We have seen that the solution to:
¥ .
y'y = j',
And just changing nomenclature, we can consider that it has the form:

y'y =jle,=V’e,
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So why not applying the above equations to 'y, when appears V”e ? This
is to apply the equation to collapsed waveform of a particle. This is, to its proba-
bility and fermionic current. As you know the units of 'y is L. This is because
the probability does not have units, but 'y represents the density of probabil-
ity. This is probability divided by volume (L*). So here, we solve the issue of the

measuring units. They are Energy-L~* in all the elements.

1 i’ 2oy AR b ot e
Tyv=5g,,v ;R—mc ww+5;gw(€ Vy'yVe )

T, :5 ;R—mc ey ye, +5Ze# (e V'V, e )ev

Another thing we could do to simplify even more, considering we can move the
vectors freely inside the products and that they are scalar multiplied (3 cases of
Chapter 7) is:

1(n 2 i Lr B i VA
T, :5 ZR—mc ey 1//+E;eﬂev (e Vi 'yV e )

2

1( n? ) + 17h B oot a
T =5 - R=me™ |8y w+5;gﬂv(e Vo yVie)

Now, we can define a multivector (not even tensor):

o 1R S}
r=¢"1, :5(;“’"02]5’ gﬂv'//“/”g;g” g (Y iy Vie)

T=g"T, = l(ﬁR —mc* JWTW +lﬁ(eﬂv AAr )
AN 2 m “ “
Which result is not a scalar. It is a multivector with elements in the eight vectors
(scalars, 3 vectors, 3 bivectors and trivector).
Above, the stress-energy tensor is treated as independent of the particle, or the
field we are considering. Below, we will see three examples of using this equation,

taking into account possible relations between the particle and this tensor.

9.1. Considering That the Stress Energy Tensor Is Zero

If we consider that the stress energy tensor is zero (vacuum solution), we can cal-

culate as follows:

1(n 2 s I
T =5| -R=me’ |0y + g, (Vv Ve

0=1 ﬁR—mc2 ey'ye +lﬁe (eﬁV l//T(//VTe“)e
2\ m “ 2m “ * Y

17 ) | S S
Y ;R—mc ey'ye, :E;e# (e V,p'yV e )ev

W’ n’ "
—[;R - mczje”l//*t//ev = Ze# (eﬂVﬂI//TI//VLe )ev
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n’ n’ "
(—;R+mczjeﬂww/ev =—e, (e'BVﬁt//“Ll//VLe )ev

hZ Y hZ
—e, (eﬂVﬂl//Tl//VZe )ev :(mc2 —;R]eﬂl/ﬂl//ev
2
e, (eﬂVﬂl//Tl//VLe”’ )ev = hﬂz(mc2 —%RJeﬂl//Tl//ev
8 t oot m ) T
e’V w'lyV! e =—| me* ——R
VYV, hz( " ]‘// 14

o3

We can see that equation obtained, takes into account to calculate wavefunction
not only the energy of the particle but also curvature conditions of the space-time
in its position (scalar curvature R).

This is, it is like the energy to be taken into accountis not mc” alone but also,
we have to subtract an element depending on the Ricci scalar R . In fact, operat-

ing the factor:

Multiplying by %°c® (multiplying by constants do not change the meaning of
the equation, it just escalates its values):

m’c* — Rh*c’
Taking the square root to get Energy units:

2 2 2
m*et = RR*¢* = mc? l—hai =mc?,[1- thz

mc mc

We can see that the classical energy of a mass at rest mc” is reduced by a fac-
tor depending on the Ricci scalar. We will get back to this later.

Coming back to the previous equation. If we perform the multiplication to the
bracket, we can see that the equation is in fact a Klein-Gordon equation [18]-[20]

with an extra element that depends on the Ricci scalar R. We can check easily
2.2

m-c
that the units of e and R areL? so everything is coherent,

v, (Va ((//Tl//)e“ ) = %[mcz _h_anJWTW

v, (Va (w'y)e" ) _ {mzcz ) R]‘//TW

hZ
m’c’
'V, (V. (v'y)e) = v —Ry'y
Coming back to the equation:
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e'BVﬂ (Va (t//Tl//)e“ ) = %(mcz —%R\Jl/ﬁl//

We can see that the equation (as expected for a Klein-Gordon equation) can be

factored (a la Dirac way) this way:

2
w1 - B[

In the end, the equations in alpha and beta are the same, just reversing sometimes
or changing signs. We could simplify even more:
m

2
(val//)eaea = %[mcz _h_Rj ve,

hZ
V,w= ﬂz[mc ——le//ea
m

mc ——R e
o= il

Or performing the multiplication to the bracket:

[m*c?
= Pe —Rye,

m’c’
—Reﬂl//

which we can see is just the Dirac equation [11] [16] [21] [22] with that extra-term
2.2

that subtract the Ricci scalar to the element.

One important thing is that in Geometric Algebra we do not work with imagi-

nary numbers (only bivectors or trivector that make its function, you can check
2.2
—R must

[1]-[4] [11]-[13] for more information). So, the element inside P

be positive to keep the coherence.
So:
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This means, there is a limit to the value of the Ricci scalar curvature depending
on the mass. It is important to remark that the limit is in the absolute value of the
mass, not to the mass density in volume, so the possibility of arriving to singular-
ities is highly reduced.

If we represent the Dirac equation in standard matrix-tensor notation (not Ge-
ometric Algebra) as defined as [22] [23] (here the imaginary numbers are al-

lowed):
—ihy"0 W +mey =0
ihy"0 ,w = mey

mc

iy“o,w =5V
2.2
. mc
iy"o .y = Y

Using the equation obtained in this chapter, it should read:

) /mzc2
iy'o,w = T—Rl//

So, it will be the same but include this Ricci scalar that is subtracted from the
2.2
Both of them have L2 units.

element el

In Annex A5, I show how following a similar process we can get a modification
of the Einstein equation, with this result:
8nG n 1
T (1— o) R] :Rﬂv —EgWR+AgW

4 v
C “ mc

One important conclusion of these equations is that the higher the energy of
the mass (in Dirac equation) or the higher the stress-energy tensor (in Einstein
equation), the Ricci scalar increases due to gravitational effects. As the Ricci scalar
is being subtracted to the energy of the system (to the particle energy or the stress-
energy tensor), the system will arrive to a balance avoiding singularities. This is
summed up in the following equation that impose a limit to the Ricci scalar depend-
ing on the mass (not the mass density), reducing highly the possibilities of arriving

to singularities:

2.2
mc

R< Pe

Another important conclusion is that in the Dirac equation, as we have now the
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mass and the Ricci scalar (that depends on the mass), probably finding eigenvalues
of equilibrium could lead to the discovery of the discrete values of the masses of
the different particles.

And it would explain why there are families of three different masses per type
of particle. They would correspond to the eigenvalues depending on the three pos-
sible values of the indices (1, 2, 3) corresponding to the three dimensions (their

three corresponding eigen vectors in the 3 spatial dimensions of Cls).

9.2. Considering That the Stress Energy of the Particle Is the One
of a Point Particle (This Option If Probably Wrong)

If we follow [24] [25], we can consider the stress energy tensor, just relates to the
energy and momentum of the particle. Being coherent with the units, one option
could be the energy density of the particle defined by its waveform collapse
(squared by its reversed). The units are coherent Energy-L™* and for the cross el-
ements Force-L ™ (pressure) that has the same units as Energy-L=. So, a definition
would be:
T, = mczeyw“//ev

But we have to take into account that in this context, the element mc”® is re-
duced by the element containing the Ricci scalar (that appeared in Chapter 9), so
we should use instead:

2
T, = [mc2 —h—RJeﬂl//Tl//ev
m
I remind you that:
vy =yrey’e,
=(v'e; +y'ef +yiel vyl +ylte] vyl +ylel +y el
x (l//oeo +y'e +yle, +yle, +yte, +yle, +yle e, )
= (‘/’0 +y'e tyle, tyle rytee, vyee +ylee + l//7e3ezel)
x (l//o +yle +yle, +yle  +yltee, +ytee +ylee, +y e e, )
So, this is in fact a complicate operation, not a trivial one, with one scalar as result.
It has result in all 8 vectors (scalars, 3 vectors, 3 bivectors and the trivector).

You can see different examples of the calculation in Annexes Al - A4. For exam-

ple, the most simple on (orthonormal metric) Annex Al, gives:
viw=p+j
With:
P+ + () + () + ) ) )+ ()

J=2('w" -yt iyt e e
2y 'y e,

+2(p ' —p Syt e
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So, considering the definition of the Stress Energy tensor, as commented above:
— e iyt
T,=mcey'ye,

uv

And introducing the equation found in the end of Chapter 9:

T, =5 ;R—mc gV l//+5;gﬂv(e Vw'yV e )

, W § 1 " 2 § 17 5 b oot e
mc” ——R ey 'ye, =— ;R—mc ey e, +E;e# (e V'V e )ev

m 2
% (7 T .
mc’ —;R ev've, —E(;R—mcheﬂw ve, =-—e, (eﬂVﬂt//Tt//VLe )ev

_ 1 n 17
2 _ t - 2_ % T __- Vi T T _a
mc R |ey'ye, +2[mc - Rje”l// ve, = > m eﬂ(e Vp'yV, e )ev
n 17
2 2 1 _in B oot e
(mc - RJeﬂl// ve, = > m e, (e Vp'yV e )ev

n . n
3[mc2 —ZRJeﬂy/rt//ev =—e, (eﬂVﬂl//Tl//VLe“ )ev

2
i_rzn[m ? _%RJ%WT‘//% =e, (eﬁVﬂl/fl//Vfle“ )ev

2

o 3m
e, (eﬂVﬂl//Tl//VLe )ev :7%1—2[mc2 —;RJeﬂl//Ty/ev

2
v, (Va (V/Tt//)e“ ) = ;—rf[mcz —%R]yf{//

2.2

'V, (V. (v'y)e) = 3";20 vy —3Ry'y

We can see that we obtain an equation like the Klein-Gordon equation obtained
in 9.1 but with a factor of 3. So, this result seems to be erroneous. Anyhow, we will
continue operating.

If this was ok, the “Dirac” factorization would be:

« 3m n’
eV u'tyVie :h_z[mcz_ZRjWTW
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In the end, the equations in alpha and beta are the same, just reversing sometimes
or changing signs. We could simplify even more:

m
VW= 3—T(mcz —ﬁRj ve,
m
Vﬂl//T = 3—T£mcz ——ZRJ eﬂl,z/Jr
V.w= 3”;;02 -3Rye,
V' = 3";2202 3Reyy’

But as commented this assumption of considering the stress-energy tensor of a
particle as considered in this chapter seems mistaken, and therefore its results. In
fact, in the Klein-Gordon equation and in the Dirac equations a non-expected factor

by 3 appears. So, this assumption and its consequent results seem wrong.

9.3. Introducing the Einstein Tensor in the Equation

Coming from the equation, we got in the end of Chapter 9:

2

2
T, = %(;R —mc’ jeﬂl/ﬂl//ev +%%eﬂ (eﬂVﬂt//*l//Vle“ )ev

And taking the Einstein General Relativity equation [5]-[10] [17]:

8nG 1
C_4T,uv =R, —ngRH\gm

Operating this equation:

4
c 1
T, = ™=z (R,,v _Eg”VR + Agwj

¢ 1 ¢* ¢

T
TG 2 8nG S Mg S

4 4 4
C C

T =S R - o ReAS

W TG M TenG oM 3G o

And now, we introduce in the equation in the end of Chapter 9:

1 hz 2 F lhz B il Rt
T =38 G R v 3 8 (T YL
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4
c
s G[ v zgwR+Ag,,vj
1 2 5 R hz
=8 R—mc t//l//+——gw(eﬁvﬁl//7l//v7e")

4
c 1
_87'CG (R,uv _Egva+Ag,sz\] = O

This equation above seems (and it is) very complicated but it can be solvable.

The unknow variables are:
s vy vty
® g, 8 g3 & &3 &, anditcouldbealso g, ifitisnot 1 directly.

So, in total 14 (or 15) unknown variables. The equation above, only because it
is a multivector equation, is converted into 8 equations (one per type of vector (3),
bivectors (3), scalar and trivector). So not even counting that it is also a tensor
equation also (probably the equations obtained as a tensor equation are linearly
dependent to the ones of the multivector), we will have 8 equations.

The rest of the equations we will get from the continuity equation [24]:

Y T =0
With T defined as (end of Chapter 9):
2 2
r=g"T, = %(%R -mc’ ]w*w +%%(€ﬂvﬂl/ﬂwlea)
Or in tensor form:

e'v,T,, =0
Being 7,
1

n 2 + 17
T, =3 ZR—mc ey'ye, +5;eﬂ (eﬂVﬂy/*l//Vle“)ev

Or in the classical form of the divergence:
vV, T” =0

Being:

Tzlp — glﬂgva

uv
1

n 1 n
— Au o pv _ 2 T 7y s T Ta
_Eg g (;R mc jeﬂl// ve, +2g g - e, (e Vﬂy/ wV.e )ev

1712 2/1+p1h2/1ﬂ il T\ ,p
:E ZR—mc ev'lye +E;e (e Vp'yV e )e
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These are the other 8 equations. So, in total, we have 16 equations to solve 14
or 15 variables, so it should be ok. The system is over dimensioned. This means,
we can take some of the unknowns as parameters, or even normalize the system
as convenience (making those free parameters whatever value we want to make a
normalization).

Coming back to this equation:

14 PN n’ )
zzgw(evw/wVﬁ)+ng-;R—mc v'y
4
c 1
_SRG(R”V —ngR+Ag”vj= 0

Putting it more symmetrically (considering we are in one of the three cases of
Chapter 7):

E;eﬂ(e V'V, e )ev +5 ;R—mc ey'ye,

4
[

"8G

1
[R”V —EeﬂRev +e#/\g”v j =0

This equation, for sure can be factorized a la Dirac way somehow. But the quad-
ratic equation solution has to be used, complicating the things. I will come back with
this in next revisions of the paper.

The main difference between above equations and original Einstein Field equa-
tions is the number of dimensions considered. In Einstein equations, it is consid-
ered space-time (four dimensions) and the state of the bodies are defined by 4-vec-
tors (position, momentum...).

In above equations, there are considered the 8 dimensions: the three spatial di-
mensions (vectors), the three planes (bivectors), the scalars and the trivector (which
they turn in the representation of the time and/or volume depending on the con-
text).

The same way, the state of the particles is not represented by 4-vectors but by

the 8 parameters of the wave equation (that includes its state in the 8 dimensions).

9.4. The Gravitational Bivectors Create Magnetic-Like Effects That
Explain the Speed of Rotation of the Galaxies without the
Need of Dark Matter

As commented in point 9.3, the equations in Chapters 9.1 to 9.3 consider the 8
dimensions: the three spatial dimensions (vectors), the three planes (bivectors),
the scalars and the trivector. We will focus on this chapter in the effect of the bivec-
tors. These bivectors are not considered in the standard Einstein field equations,
that only consider the three spatial dimensions and the time, so they do not con-
sider the planes or bivectors-.

In Annex A6, you can find an explanation of what would mean that the gravi-
tational fields are also defined by bivectors. The bivectors create a “magnetic-like”

effect in whatever field they are acting on.
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This means, consider two moving particles interacting one to each other. The
main interaction/force (represented by vectors) normally appears in the direction
of the line of sight of the two particles.

But if there are also bivectors acting, it will appear also another interaction
whose direction will depend both on the line of sight and on the line of direction
of the speed of the particles (in general, on the plane they form and the angle be-
tween them).

This effect is called magnetic-like because historically the first interaction that
was discovered to have this effect was the magnetism. But it is the effect of what-
ever interaction that is provoked by bivectors instead of vectors. As commented,
gravitation in this paper is also defined by bivectors that should create a magnetic-
like effect.

The curious thing is that it has been studied if this effect happens in gravitation
[26] [27] and it seems that it really happens.

In reference [26], they study the speed of rotation of the following galaxies:

NGC 1560;

NGC 3198;

NGC 3115.

Leading to the conclusion that the speed of rotation of these galaxies can be
perfectly explained by magnetic-like effects without the need of exotic dark-mat-
ter.

The important difference of paper [26] compared to the present paper is the
following. In paper [26] and, in general, for all the defenders of gravitomagnetism,
the gravitomagnetism has to be added as an ad-hoc addition to gravitational the-
ory to match certain effects. As in [26], where it is added to the equations to match
the rotation of galaxies.

But in the present paper, the gravitomagnetism effects appear directly in the
equations of gravitation because of the existence of gravitational bivectors, not
needing to add the gravitomagnetism ad-hoc. It is just inherent in the equations
of Chapters 9.1 to 9.3 just because the bivectors are directly part of them.

Anyhow, all the conclusions commented in [26] regarding the accurate match-
ing of measured rotation of speed compared to calculated one using gravitomag-
netism for the above-mentioned galaxies would apply also for the present paper.
Leading to the non-necessity of dark matter to explain the speed of rotation of the
galaxies.

See Annex A6 and [26] [27] for more information.

9.5. The Energy-Momentum Relation Create a Negative Energy
Whose Value Is Exactly the One Expected for the Dark Energy

In Annex A7, we make a study regrading dark energy. I will make here a summary.
Please, check it for details.

The most identifiable effect of the dark energy is the existence of the cosmolog-
ical constant A [28]. Which value [28] is in the order of:
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A=1.1056E-52 m™

It is to be remarked that although being an effect of energy, the dimensions are
Length2.

In the paper [29], we get to the following energy-momentum relation coming
from the equations (Chapters 7 to 9) of the present paper:

E* =m*c* + p*c® — R C?

You can check that there is a new term that reduces the energy of each particle
depending on the Ricci scalar (the space-time curvature in the place where the
particle is lying). This term has the units of energy squared as it has to be coherent
with the rest of the equation.

If we want this term to have units of Length™2, we have to make the following
escalation. I call it escalation, because we are not modifying at all the equation. We
are just dividing by constants, not adding new variables. The equation is the same.
In fact, as if some authors do, I used all the constants equal to 1, the following oper-

ation would not even be necessary:

E? B m*c* N p’c> RWc?

W Rt R Kc?

2 2.2 2
E mc p

we w o n

The equation above has the same meaning as the original but in another units.
Here the energy squared has the units Length. So, the last term ( —R ) represents
the square of the reduction of the energy (a negative energy) that apply to every
particle in the units Length2.

What we do in Annex A7 is to calculate the value of this —R considering dif-
ferent possible metrics of the universe (Interior Schwarzschild metric and exterior
Schwarzschild metric via the Kretschmann scalar. As commented this R represents
a reduction of energy (a negative energy) in the units Length .

We get to the following results:
R

intSchw

=1.603E—52m™
R, s = 0.5345E - 52 m>

R > JK =1.852E-52m™

extSchw
While the cosmological constant [28] is in the order of:

A=1.1056E-52m™

You can see that the value of R is (even considering different metrics) is in
the order of A. This means, this equation obtained applying geometric algebra to

Klein-Gordon equation and Einstein Field equations and in [29]:

E? B m*c* N p’c®  RWc

e K B B
EZ mZCZ p2
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Has led (not added ad-hoc, it has appeared directly in the equations) to an ele-
ment (—R ) that reduces the energy of the particles in the exact same value as ex-

pected to be considered a candidate for the Dark Energy.

10. Influence of Ricci Scalar in the Energy of a Particle

We have seen in Chapter 9.1, the following equation:

2
o [ Rn
E . . =mc,[1-
article 2 2
7 mc

But what is the influence of the second element? Let’s check the influence in a

proton at the surface of Earth
We know:
m =1.6726E-27 kg

proton

7 =1.05457TE—-341]-s
€ =299792458 m/s

Calculating the Ricci scalar R is more complicated. If we use the Schwarz-
schild metric would be zero. What we can do is to calculate the Kretschmann sca-
lar [30] considering Schwarzschild metric in the surface of Earth (related to the
Ricci scalar curvature) and take its square root (its dimensions are L™ and the Ricci
scalar is L2 As commented, this is just a reference:

N-m’
kg

M, =59722E24 kg
r=r . =60371E6m

= Tearth

/ 2147 148-(6.6743E —11)° (5.9722E24)’
JKretschmann scalar = 48G4 ]6‘/[ ( 4) ( . )
cr 299792458 (6371E3)

=1.18821E-22m™

G=6.6743E-11

Coming back here, now considering a proton:

RW*

2

=mc" 1 -———
m202

E

particle

(1.05457E —34)’
1.6726E -27

=1.6726E—27-2997924582\/1— -1.18821E -22

=1.503257E -10+/1-7.9E - 64

We can see that the square root factor effect is several orders of magnitude lower
than the original energy. Even if we consider R=1 (an example), we would be in

a similar situation:

= mc? 1_R_h2
m’c’

particle

(1.05457E - 34)’

=1.6726E —27-299792458* \/1 -
1.6726E -27

=1.503257E -10v1-6.651E —42
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We can see that that the square root factor effect is neglectable in general. And
only in very big gravitational fields (with R very high), the second element could
start having an effect.

Anyhow, this last point is important. As commented in Chapter 9.1, the higher
the mass, the Ricci scalar increases due to gravitational effects. As the Ricci scalar
is being subtracted to the energy depending on the mass, the system will arrive to

a balance avoiding singularities.

11. Conclusions

In this paper, we have used Geometric Algebra to be able to embed the Klein-Gor-
don equation for a particle in a non-Euclidean field (vacuum solution in a gravita-

tional field), getting the following equation:

eﬂVﬂ (Va (l//Tl//)e“ ) = %[mcz —%R}/ﬁy/

IV, (Vo (v'y)e )= vy - Ry

which is similar to the Klein-Gordon equation but with an extra term involving the
Ricci scalar R.

w'y is the wavefunction collapsed (multiplied by its reverse), this way:
vy =(v'e +v'e +yle, +ple —yte, e~y e~y e, ) (e,
+y'le +yle, +yle, +yte, +yle +yle +ye, )
=p+j

where p and ; are the probability density and the fermionic current, respec-
tively.

The equation above can be factored to be simplified into:

m , B
V wv=|—|mc——R|ype

2.2
mc

Val// = hz -R ve,

which again, is similar to the Dirac equation but with an extra term involving the
Ricci scalar R.

Meaning that the energy of a particle is somehow decreased by a factor that de-
pends on the Ricci scalar (the curvature of the space where it lies in):

E article — mC2 1__

particl mZ 2

This reduction is in general negligible, being several orders of magnitude below

the normal energy. Anyhow, as the mass increases, the Ricci scalar also increases

due to gravitational effects. As the Ricci scalar is being subtracted to the energy

depending on the mass, the system will arrive at a balance before becoming a sin-
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gularity.
This is summed up in the following equation that imposes a limit to the Ricci
scalar depending on the mass (not the mass density), highly reducing the possibili-

ties of arriving at singularities:

Even considering the Dirac equation in standard tensor notation:

. mc
iy"o,w =5V
2.2
7O =T

We could adapt it, just adding that element to the equation:

2.2
mc

iy"o w = e -Ry

In a similar way, we obtain a variation of the Einstein equation with this form:

8nG h? 1
(1 - 1 R] = RW —EgWR +Agﬂv

Following another path, we found another equation:

2 2
%%gw (eﬂVﬁ (va (v'w)e” )) +%gw [%R —mczjw*w

4
c 1

- R ——g R+A =0
87TG[ )% Zgyv g,u\/]

This equation (that are in fact 8 embedded equations) has 14 or 15 unknown var-
iables: 8 coefficients of the wavefunction ° to y’ and 6 metric elements g;
(i,j from 1 to 3) with a possible added g, .

The rest of the equations (8 equations more) come from the continuity equa-
tion:

vV, T? =0

Being:

T = gi”g”VT/N = %[%R —-mc’ Jeﬂ”l//“,//ep -I-%%ei (eﬁVﬁl//*l//VLea )ep

So, the equation is in fact solvable.

Also, we have commented how the magnetic-like effects of the gravitation ap-
pearing from the equations can explain the speed of rotation of the galaxies (stud-
ied NGC 1560, NGC 3198 and NGC 3115) without the need for Dark Matter.

The last point studied is how the obtained equation:

E* =m’c* + p’c® — RW*¢?
EZ m2c2 p2

=t

ne’ n n

DOI: 10.4236/jamp.2025.1310199 3554 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1310199

J. Sdnchez

has an element ( —R, representing the Ricci scalar curvature) that here is acting to
reduce the energy of the particles. It represents a reduction of the energy but in
units of Length™ in the latter equation. This value of R is calculated (consider-
ing different metrics for the universe) to find that it corresponds almost exactly
with the expected value of the cosmological constant (the effects created by the

Dark Energy):

R =1.603E-52 m™

intSchw

R isemer3 = 0.5345E - 52 m™
R@XtSchw g \/E = 1852E - 52 rn_2

While the cosmological constant is in the order of:

A=1.1056E-52 m™

So, making this —R a perfect candidate for the Dark Energy. But not as an
added element to match the observations, on the contrary, an element that appears
directly in the equations results in a match to the observations.

Bilbao, 8" December 2023 (viXra-vl).

Bilbao, 14™ August 2025 (viXra-3.7).
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Appendix
Annex Al. Bra-Ket Product in Euclidean Metric

The bra-ket product of a reversed spinor (in orthogonal metrics is the same as re-

verse) can be calculated as:
v'v =yley’e,
= (e +y'el +ylel +ylel +ef +ylel +yltel +yTel )(we,
+yle +yle, +yle, +yte, +yle +yle, +1//7e7)
=y'y
= (I//Oeo +y'e +yle, +yle, —ylte, —yle, —yle, —y e, )(l//oeo
+yle +yle, +yle, tyite, +ye, + e +1//7e7)
= (1/10 +yle +yle, +yle, —wltee, —ylee —ylee, —l//7ele2e3)((//°
+yle +yle, +yle, +yltee, tylee +ylee, +1//7e1e2e3)
= (1//0)2 +y'yle +y'vle, +y'vie, +yylte e, +yylee + 'y lee,
+y'yeee, +y'yle +(1//1)2 +y'ylee, —w'viee +y'yieee,
Yl e vy e vy e~y e, + (v )ty tv e,
+yiyle +yivieee, —wlyle vty e +ylyle vy e
e+ (1) e vyt ety ee,
N N (7ad IRRTAA T
—v'vlee +yty’e — iy e e —yy'e, —y e e e vy e
e, + (V) +uv e vty e~y v el utvle, vty
—ylylee.e, +ylylee —ylye,e, +(1,z/6 )2 +ylye, —yyleee,
vV e~y TV el TV e vy v e vy e vy v e + (v )
Please, take into account that for simplification I have considered directly
e, =1.If in the end, it has another value, it has just to be considered in the oper-
ations.

Continuing with the operation. If we separate from the result above only the

scalars, we have:
() + 0] + () + (0] + () + () + (0 ) (7]
We will call this sum p (probability density):
() + )+ () () () () () + ()
If we separate the components that multiply by e, , we get:
y 'yl =ty 1y ety e eyt
_ 2(‘//1W0 _‘//Zy/é + W3‘//5 + ‘//4'//7 )
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In

In

In

In

In

In

e,, we get:
vyt =yt -ty gy
=2(yp'y +y'v —pyt yy)
e, we get:
y =yttt Y oy 1y Ty
=2(pw’ 'y iyt )
ee;
vt +yly” =ty =yt -yt -y Ty =0
ee:
A A N/ A VA VAl |
€e,:
yyt vy’ -ty vty sty -y -yt =0
€e,e;:

v’ +ylyt vyttt -y -y Ty =0

If we call vector j (fermionic current) the sumin ¢, e, and e, ,we get:

J=2'v" -y iyt +py e
2y 'y e

+2(p % —p Syt e

So, in total, we have:

vy =yy=p+j

J=2'v" -y iyt +pty e
2y 'y e,

+2(p % —p Syt Y e

Anyhow, in general we can always say that whatever the final result is, the prod-

uct will have the following shape:

vy = jhe,

where j“ are just scalar coefficients (or functions that output a scalar) and the

]

e, are the basis vectors as they have been defined throughout the paper.
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Annex A2. Bra-Ket Product in Non-Euclidean Metric (Orthogonal
but Not Orthonormal)

We apply the following relations, when performing the multiplication:
(@ ol g () ~lel = (@) =l =g (o) -lef -
ee =ee, e =-ee, ee=-—ee ee =-6¢

For simplification, we will consider directly e, =1.Ifin the end, it has another
value, it just will have to be considered in the operations.
viw =ytely'e,
= (el +yle] +yiel +yltel +ytel +ytel +y el el )(w e,
+y'le +yle, +yle, vylte, +yle +yle, +y e, )
= (y/O +yle +yle, +yle, rytee, +ylee, +ylee +y ee e )(l//o
+y'le +yle, +yle +ytee +ylee +ylee, +y e el )
=(y" )2 +y'yle +yyle, +y'yle, +ylytee, vy 'y lee + 'y ee,
+y'y ee,e, +y'yle + (1//‘ )2 le +v'vee, —v'v e + vy eee,
' el e+ vyt |e| e + vy |le| e, +y e, —y e,
+ (t//z )2 les|l +v 2w ee; +v 2w e &+ v eee, —w vy, eee,
1y |es| ee, — v ee, — v aee, + 'y e e —vty e e,
+ ('/’4)2 lesI] les +v v el eie vy el eses 44y e e
~y el vy e e — v e e, +wvile| e —w vt e e,
(Y Tl Il 490l e+ Ll e e
'y el e, —v vl el @~y aee +y oyt e e
vl e+ (‘/’6)2 e el +v el lealf e =" eiese
—v'y'|e "2 ees =y v e, "2 ee,—y 'y’ ||es||2 e, +y 'y’ ”62"2 les "2 &
vl el e+ v T el o+ (07 el e e

If we separate from the result above only the scalars, we have:

2

p=() +(') g +(v7) gn+(v) g +(v*) g0y
"'('//5 )2 833811 ‘F('//6 )2 81182 ""(‘//7 )2 2182833

We will call above sum p (probability density).

Now, if we separate by ¢, :
vy vty =y e vyt el vty el el vty e
v el +v v e e[

2w v el +vv e~y fef fel )
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yu iy — g, + Y g Y g g v g
Y i, ty v e gy
2y'y vy g v Y gy Y 2gy )
By e,:
sty el + vty v e vt e vy e el
wyyfel v el e
2wy fel v vt el + vy e e )
'yt g vy e e e Y gne,
A XA
2(+'y +yy g v Y g+ u Y g )
By ¢ :
A7 X1 A R AAR A o A O
v el lle. +v v el Jel
2+ vy el + vyt el + v e e )
+yy g g, vy ey, —vy g,
g2 Y Y 2180
2+ ' e+ Y gy Y 880 )
In ee, plane:
'y e vy =y —uty e |
vl ~v'v el =0
In ey plane:
+y'y 'ty e vty -ty el vy
+yvilal —v'y’ el =0
In ce, plane:
+y 'yt 'yt =ty ey e e e vt e
A A
In eeye, plane:
'y 'yt vty 1y ety -y -y =0
So, in this case, we can sum up the result as:
vy =p+j
Being:
p=(w') (') g0 +(¥?) gu+(v*) gn+(v') g0y
;

(1) gngn +(v°) 2180 +(v7) 218mgs

DOI: 10.4236/jamp.2025.1310199

3561 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1310199

J. Sdnchez

T=2("w v g v g+ Y g gy g
2+ Hu g, Y g Hu Y g e
+2(+p " —u g Y ey v g8 e,
Anyhow, in general we can always say that whatever the final result is, the prod-
uct will have the following shape:
vy = j'e,
where j“ arejust scalar coefficients (or functions that output a scalar) and the e,

are the basis vectors as they have been defined throughout the paper.

Annex A3. Bra-Ket Product between the Reverse of a Spinor and a
Spinor in Non-Euclidean Metric (Non-Orthogonal and Non-
Orthonormal)

We should do the following operation again:
vy =yhely'e,
0 1 2 i 3% 4 5 6t 7t 0
= (e} +y'el +ylel +ylel +ytel vylel vy el +yel ) (v,
1 2 3 4 5 6 7
tyetyie, e tye, tyes + e+ 67)
0 1 2 3 4 5 6 7 0
=(‘// Ty tye,tye ty e tyee ty e Ty 636281)(l//
1 2 3 4 5 6 7
e tyie, +tyie tyiee +yee +yee, +y eleze3)
But using the following rules commented in Chapter 3.3,

2 2
(ei) =e¢ _"ei” =&
ee, = Zgij —ee = Zgﬁ —ee

ei .ej :ej .el_ :gij :gji

el.ej =¢ -ej+el. /\ej =gll./.+ei/\e].

(el )2 = €6 =||el "2 =&n

(ez )2 €6 :"ez "2 =8»
) =e

(es ' =

ee, =2g, -6 =28, —e¢

2
363 =||e3|| =83

ee; =28, —ee, =2g;, —ee,
ee, =2g; —ee; =2g;; —ee

I am not going to do it (you have a start of these calculations in [14]), but any-

how, you can understand that the result, whatever it is, will have this form:
vy = je,

where j* arejustscalar coefficients (or functions that output a scalar) and the e,

are the basis vectors as they have been defined throughout the paper.
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Annex A4. Bra-Ket Product between the Inverse of a Spinor and a
Spinor in Non-Euclidean Metric (Orthogonal but Not
Orthonormal)

If instead of multiplying by the reverse, we multiply by the inverse (in orthogonal
but not orthonormal metric), we should use the following rules from previous
chapters:

2 L 2 e 2 e 2 R
() =l =gw (&) =lal =2 (&) =lef =2 (&) =l =255
el =ee, ee =—ee ee=—ee e =—6¢

—l_i_ei_ei 1 ee _ejel.
(6) = =mt (ee)'
g el e[l €55

where all the above relations we have seen in previous chapters.

Operating:

€ ) 3 & 6 ' €&

+y 2+l// 2
e IIezII es] IIezII el JeF

66 ' 66,6

IIelll IIezII IIenll es[ s

+yltee +ylee +ylee, +y ele2e3)

=(v)

vy = ['// l//|

('//0 ‘H//lel 'H//Zez +'//363

) ) wiu 8

+y 'y’

|| || || || e IIezll eslf

€ 6 7 0 €,6,6;

IIesll o ||61 || IIezll Yl ||ez|| IIesII

(') vl 2oty Syt =

2 I
IIezII e IIezII IIeall el

2y Tyl 'yt e ()
||e2|| ||e2|| ||e3|| ||e1||

& 2 e3_62e1

—yiyle, = tyty’ = —yytee, —
||es|| ||el i

IIea || es|

-y'y’ e —ylle, Oyt Pe v (v )
||€3|| ||61|| ||e1|| ||€z||

4 3 73 &

vy oty oty e —y Ty
el IIezII

IIez || IIel || ||61|| IIez ||

+yyle,e + "e" sl tyiute —yvte (vt )~
1

1 7 4

2
A IIelll
+l//31/’5€1+l//4‘/’531_2 +y'ylee,

e
2

e~y e iy ee, Sty e e, S (yf)
eI ||€s|| e:If

+y'ly +y'y e ee, +y'y e vty e +ytyee, vty

||e3||

ety le +(v)

+y'yle

2 2
IIel ||

e~y tytyte —2—e,
||ez||

+ylyle,

(v°) —vy? "23 +y Tyt

IIez I

"ez
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The scalar part is the same as the one multiplying by the reverse in a Euclidean

orthonormal metric:
2 2 2 2 2 2 2 2
p=(v') + (W) () ) () + () ) ()

This could be a hint, that probably this is the real operation that has to be done
in general, instead of the reverse. The issue is that in orthonormal metric, the inverse
and the reverse are the same operation. But this is not true in general, in non-or-
thonormal metrics.

If continuing with the operation, for example, we separate by ¢, , we can see that

the result is not as compact and in orthonormal or orthogonal solutions.
1y € . +y'yle —yty? € _ T é . vyt 4 .
e Jei] Jei] Jei]

+yyle —ytyle +ytye

Even we can see that the result in the planes is not zero. Example e,e;:

_ &8 vy viple

e. e.
3 2.3 2
- —+yy e
"32" "63” "62" "63" "63" ”62”

el —y ety e, S
||ez|| es]
Or ee,e;, also different from zero:

ee,e
I b B 4 1
viy'e

ee e
263 5 2 3
- s TYYee, ——
||e1|| ||e2|| e lea | fles | e
€
26,65 ‘// ‘//
||e1|| ||€z|| ||en I

e
+ylyee, ——
e:If

Anyhow, in general we can always say that whatever the final result is, the prod-

~y'y’
e, ||2 °

07
TY Y oeee

uct will have the following shape:

vy = je,
where j* are just scalar coefficients (or functions that output a scalar) and the
e, are the basis vectors as they have been defined throughout the paper.

In case that we perform this operation (multiplying by the inverse) in an orthonor-
mal metric, we will get the same result as in Annex A1l (as the inverse is the same
as the reverse in this case).

In case that we perform this operation in a non-orthogonal (and therefore non-
orthogonal case), we will have to follow the rules in Chapter 3.3.

Anyhow, the result will always have this form:

yly = je,

Annex A5. Other Considerations regarding Chapter 9

In Chapter 9.1, we have made a modification in the standard tensor/matrix nota-
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tion in the Dirac equation based on the results of this paper. From here:

. mc
iy“ow =5V

To here:

2.2
mc

Wﬂaﬂ‘// - #H? ~Ry

Why not make similar changes in other equations? For example, as we have re-
duced the factor that involves the mass in above equation, why not make the same

in the stress energy tensor for example?

2.2 2.2
If we divide the factor: 2C —-R by m ZC R
h h
we get a per unit factor of:
2
1- F; >R
mc

This is the factor to use in equations that are quadratic in y (like the ones in-
volving Stress-Energy tensor or Ricci tensor. And the following one that are linear

with  , like the Dirac equation above.

So, for example the Einstein equation with this modifier should read something
like:

n ct 1
T, [l— - RJ = 8G (RW —EgHVR—i-AgW)

Going, even further, we have used in Chapter 8, a step where we converted the
Ricci tensor in Ricci scalar in a not very rigorous way. We can see that there is no

problem with that as we could put it directly in the equation this way:

n c* 1
L [1_ mic? R#Vj = 8G (R/W _Eg/lvR +AgﬂV)

Going even further, to assure that the divergence of the stress energy tensor

keeps being zero, we could add the subtraction by the half of the Ricci scalar, this

way:

n 1 S 1
Tyv I_W R/zv_zg,uvR _87'CG Ruv _Eg/lVR+Agyv

Or even include the cosmological constant:

n 1 c* 1
& (I‘W(’%‘zgwR*Ang:%(Rw Jenkrie,

Of all these possibilities, the most possible (or the one most coherent with the

paper) is the one already commented:
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Or in the typical form:
8nG " 1
c4 Tuv (1— e RJ = RW —EgWR+Ag/W

The same way, if consider that instead of the Ricci scalar we should use the Ricci
tensor, the Klein-Gordon equation should read:

2

u m
e, (eﬂVﬂl//Tl//VLe )ev =h—2{mc2 —;ijeﬂt//“//ev

With all the different variations as commented above regarding the stress-en-
ergy tensor.
We cannot take a “Dirac equation” from here as we cannot take the “square root”

(or factorization in two factors) of R, .

Annex A6. Considerations about the Gravitational Bivector
(Gravitomagnetism-Like)

You can find in [32] a simplification of how magnetic effects work.

Consider two charged particles moving in parallel in the direction of the x axis.
They are separated a distance rin the direction of the y-axis. This means, they are
moving in parallel in the xy plane with a separation of r. And the speed is in the
direction of xand their separation is the axis y (both lines are perpendicular).

Considering standard algebra, the magnetic field will be in the z direction:

B Vvxr=xxp=2
Bz

And the force will be (we can obviate the signs; we just need the direction axes):

A

FoapxB=%xZo
So, we can check that the magnetic interaction when the line of sight and the
speed of the particles is perpendicular, it is acting in the line of sight.
Now, let’s do the same calculation of the direction of the magnetic interaction,
but using geometric algebra:

B oV =epe,
FoadB= (e)(ee,)=ceee, =(¢ )2 e, =e¢

The juxtaposition between vectors, means geometric product. And we are con-
sidering an orthonormal basis where e, corresponds to x, e, to yand e to z

You can see that the direction of the force obtained is the same (yor e).

The issue with signs (in the first equation the result should be —y) comes be-
cause a minus sign should be added when converting the traditional cross product
to the geometric or wedge product (see [1] [2] for further explanations) that I have

not included for simplification.

DOI: 10.4236/jamp.2025.1310199 3566 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1310199

J. Sdnchez

The message of above equations can be summed up as:
Fox(e)(ee,)=¢,

When we have a field defined by a bivector, in this case the bivector e e, the
interaction depends on a vector defined by the affected particle (in this case speed,
in the direction of e;). But the effect of the bivector will not be in the direction of
that vector but in the one defined between the product of the bivector and the
vector (in this example the result is e, that in fact is perpendicular to the speed
vector e).

As commented, the gravitation/tensor equations defined in Chapters 7, 8 and 9
will go from indices 0 to 7. This means, they include, not only the 3 vectors (rep-
resenting the 3 spatial directions), but also the 3 bivectors (representing the 3 planes)
and the scalars and the trivector (representing time and/or volume depending on
context).

The issue is that if gravitation includes also bivectors, magnetic-like effects would
be expected as explained before.

The thing is that in fact these effects seem to exist [26] [27], as we will see now.
And they have been already studied. But with one main difference. Normally, these
effects were considered historically as an ad-hoc addition to gravitation to explain
certain phenomena (as speed of rotation of galaxies) [26]. But in this paper, they
are not an ad-hoc added interaction, they come directly from the equations, where
these bivectors (and consequently their magnetic-like effects) are included.

But, in the present paper, the magnetic-like effects do not appear as specific
solutions to the equations for certain situations. On the contrary, they are directly
included in the gravitational equations themselves (even without solving them),
just because the existence of the bivectors in the gravitational equations in the first
place.

If we consider the classical gravity [33] and Coulomb force [34], we have:

mm, .. F= 1 g4,

7 — 2y

F=-G >
r 4ne, r

Now, if try to make an “equivalence” of the constants in both equations, we

arrive to:

Also, if we consider the equation that relates the permittivity and the permeability

in vacuum, we have:
1 1 ) 1

=c; =c’; 0 =

Ho ="%
N okl Eokly &oC

So, following the “equivalence” commented before, we have:

1 4nG
Hy = =7
R c
4nG
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You can find that these relations are correct in [26] and [27].

In reference [26], they study the speed of rotation of the following galaxies:

NGC 1560, NGC 3198, NGC 3115.

Leading to the conclusion that the speed of rotation of these galaxies can be
perfectly explained by magnetic-like effects without the need of exotic dark-mat-
ter.

The important difference of paper [26] compared to the present paper is the
following. In paper [26] and, in general, for all the defenders of gravitomagnetism,
the gravitomagnetism has to be added as an ad-hoc addition to gravitational the-
ory to match certain effects. As in [26] where it is added to the equations to match
the rotation of galaxies.

But in the present paper, the gravitomagnetism effects appear directly in the
equations of gravitation because of the existence of gravitational bivectors, not need-
ing to add the gravitomagnetism ad-hoc. It is just inherent in the equations of Chap-
ters 9.1 to 9.3 just because the bivectors are directly part of them.

Anyhow, all the conclusions commented in [26] regarding the accurate match-
ing of measured rotation of speed compared to calculated one using gravitomag-
netism for the above-mentioned galaxies would apply also for the present paper.
Leading to the non-necessity of dark matter to explain the speed of rotation of the
galaxies.

It is also to be noted that there are other authors [35] that consider that the
magnetic-like effects could appear just because of the dragging-effect [36] or the
non-linear effects of general relativity, when solving Einstein Field equations for
certain cases [35]. I just wanted to add this, so you can work with all the infor-

mation.

Annex A7. Considerations about Dark Energy

The most identifiable effect of the dark energy is the existence of the cosmological
constant A [28]. Which value [28] is in the order of:

A =1.1056E-52 m™

It is to be remarked that although being an effect of energy, the dimensions are
Length™.

In the paper [29], we get to the following energy-momentum relation coming
from the equations (Chapters 7 to 9) of the present paper:

E* =m*c* + p*c® —RR*C?

You can check that there is a new term that reduces the energy of each particle
depending on the Ricci scalar (the space-time curvature in the place where the par-
ticle is lying). This term has the units of energy squared as it has to be coherent with
the rest of the equation.

If we want this term to have units of Length™2, we have to make the following
escalation. I call it escalation, because we are not modifying at all the equation.

We are just dividing by constants, not adding new variables. The equation is the
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same. In fact, as if some authors do, I used all the constants equal to 1, the follow-

ing operation would not even be necessary:

E’ B m*c* N p’c®  Rhc

m R R R

2 2.2 2
E mc p

e w o n

The equation above has the same meaning as the original but in another units.
Here the energy squared has the units Length. So, the last term ( —R ) represents
the square of the reduction of the energy (a negative energy) that apply to every
particle in the units Length2.

So, let’s calculate this value and check if it corresponds to the value of the cos-
mological constant A. This means, let’s check if this term can be the origin of the
“dark energy”.

To calculate the Ricci scalar, we have to decide which metric to apply to the uni-
verse. The most appropriate for an isotropic universe would be the interior Schwarz-
schild metric [37].

According to some authors the Ricci scalar of the interior Schwarzschild metric

is:

R:lgnf(p+3p+)
3 ¢

where p is the Energy density (in kg/m?) and p is the pressure. The three points
represent some other elements that normally are considered small compared to the
previous ones.

In other references [38], probably depending on different assumptions or def-
initions, the Ricci scalar of the interior Schwarzschild metric does not include the
1/3 factor [38].

8nG
:2 (p+3p+~-~)

R=

As it is just a factor, and what we want is to calculate an order of magnitude, let’s
use the latter equation that does not include it. Anyhow, as the relation between
both equations is pretty straight forward, it can be added if it is discovered that
the one with 1/3 is the correct one.

For simplification, let’s consider that the pressure is zero—or very low compared
to energy density—and the points elements can be neglectable. This leads to:
_8nGp

2
C

R

So, to solve the equation, we need to know the value of the energy density p.
The value of p (considering that corresponds to the critical density) is calculated

using the Hubble constant [28] [39] [40]. Its value is:
67.665  67.665™
s

= S  =2192E-18s™"
IMpc  3.086E19 km
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Using the equation [40], we can calculate the density as:

2
2 3(2.192E-18s™
p= ( ) —8.598E 27 <&
87G  8n(6.67E—11m’ kg s7) m
And now, we can introduce it in:
R 875(2;,0
C

8n(6.67E~11m’ kg -s'z)(8.598E—27 k%j
R= o —1.603E-52m"

2
(299792458 mj
S

That you can see that is very near (or at least of the same magnitude) as the cos-
mological constant A:

A=1.1056E-52 m™

So,this R representing an energy to be subtracted to the particles according
to:
E* =m*c* + p*c® —RW*C?

2 2.2 2
E mce p

e o w
It is a perfect candidate for this dark energy.
R=1.603E-52m™

A=1.1056E-52m™

Not much more to say here, the numbers speak by themselves. An equation that
has come from the equations of this paper (from Chapters 7 to 9), has led to an
appearance of a reduction of energy of the particles (a negative energy) thatis a

perfect candidate to correspond to the dark energy.

Other Calculations for R That Lead to Similar Results

In A.7, we have calculated:
R=1.603E-52m™
Using the equation of R that does not include the 1/3 factor. Just for info, if

we had used the equation for R that includes the 1/3 factor, we would have got-

ten:
R= %(1.603E —52m> ) =0.5345E -52 m™

A=1.1056E=52 m™

That is also in the order of A although not so precise. But the idea that the concept
that this negative R in the following equation could be the candidate for the dark
energy keeps being the same:

E* =m*c* + p*c® — R P
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2 2.2 2
Another thing we could do is to use another metric, to see if we obtain a similar
result or not. Instead of using the interior Schwarzschild metric, let’s use the ex-
terior Schwarzschild metric.
In the exterior Schwarzschild metric, the value of the Ricci scalar is zero. But we
can use the Kretschmann scalar instead [30].
K= 48(i2242
c'r
The Kretschmann scalar is a quadratic element. Its units are Length™. The Ricci
scalar is a square element (Length™2). So, to convert the Kretschmann scalar to an

equivalent Ricci scalar, we have to take the square root:

\/—:\/4_8GM

R —>K
c2r3

Now, considering spherical symmetry (as in fact it is the Schwarzschild metric)

we can make some operations to obtain the equation as dependent of p (the energy

density in kg/m?).
4 (4
d 48| 2n |G
R_%/EG%_%M_SGM&RJ_ (3”} M
P d A4 c? 4 5
-n —nr
3 3
248(:EJGM 248(7:]G
B c? v c? P
So,

Now, we apply the value of p we have calculated in Annex A7:

4 , 4 2 4
a 48| —n |G 48| - |G
_MGM_WGM(3RJ_ (3nj M _ (371)

R

e o S P (4 c? 4 5 Vo »
- —nr
3 3
nﬁ
29.020(6.67215—11 5 J
- S Ke) g 508527 X8 _1 852 50 m™
= 2 . — — =1 — m
m m
(299792458 j
S
So, we have:

R=1852E-52m™
A=1.1056E-52m™

That again is in the order of A, even having an assumption of a different metric.
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In fact, the Ricci scalar in the exterior and the interior Schwarzschild metric are

in fact very similar (see Annex A7):

R =1.852E-52 m™

extSchw

R =1.603E-52 m™

intSchw

R, s = 0.5345E - 52 m™

i

A =1.1056E-52 m™

One point to be commented also is the possibility that these equations are “cir-
cular”. In Annex A7, it is calculated the critical density. This density is defined as
the density needed to have a near flat space and is calculated using the scape velocity
equation. It could be the Ricci scalar curvature was another representation of this
“escape velocity”, so we are incurring in some kind of circular reference. This is
to be studied.

One last comment is regarding the pressure in the equation of the Ricci scalar

for the interior Schwarzschild metric:

8nG
R :C_Z(p+3p+)

A study should be done of how it affects when it cannot be considered zero and
this could be related to the non-exact equality (although yes in the order of mag-
nitude) between A and R in the previous calculations.

Also, we could consider the not at rest particle case with a linear moment differ-
ent from zero in the following equation:

E* =m*c* + p*c? —RK*C?
E2 mZCZ p2
e w

But the negative element —R will be the same whether the linear momentum
( p) is zero or not in this equation. But it could affect indirectly if the linear mo-
menta of the different particles are affecting the pressure value in the equation of

R (via the square of momenta) and so really affecting the final value of R.
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