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Abstract

The generalized k -connectivity &, (G) and k -edge-connectivity 4 (G)
of a graph G are a natural generalization of traditional connectivity x(G)
and edge connectivity A(G), respectively, which for «(G)=x,(G) and
4(G)

measure the reliability and fault tolerance of interconnection networks. CRN's

2,(G). They are important parameters which can often be used to

is a new family of composite networks based on the complete graph, which
contain common networks and have the same structural properties as alter-
nating group network, and may also include some unknown networks. In this
paper, we investigate the generalized 3-connectivity and 3-edge-connectivity

of CRNs, and show that x; (G,‘m ) =1 (Gl,m ) =m-2.
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1. Introduction

Graph packing problem is one of the central problems in graph theory and com-
binatorial optimization. The Steiner tree packing problem has become a well-es-
tablished area. For example, a given network G, we choose arbitrary k nodes
such that one of them is a broadcaster, and all other nodes are either users or
routers (also called switches). The broadcaster wants to broadcast as many streams
of movies as possible, so that the users have the maximum number of choices.
Each stream of movie is broadcasted via a tree connecting all the users and the
broadcaster. Hence we need to find the maximum number Steiner trees connect-

ing all the users and the broadcaster, and it is a Steiner tree packing problem. In
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1985, Hager proposed the generalized connectivity of a graph to describe Steiner
tree packing problem and investigate the reliability and the fault tolerance of large
networks.

For a graph G =(V,E) with order n and a vertex set ScV with at least
two vertices, an S -Steiner tree or a Steiner tree connecting S (or simply, an
S -tree) is a subgraph T = (V', E') of G thatis atree with ScV'. Two Stei-
nertrees T and T’ connecting S are said to be internally disjoint if
V(T)NV(T')=S and E(T)NE(T')=O. The generalized local connectivity
x(S) is the maximum number of internally disjoint S -trees connecting S in
G.Foraninteger k with 2<k<n, the generalized k -connectivity i, (G) of
G is defined as «, (G)= min{K(S) [ScV (G),|S| = k} and x,(G)=x(G).
Correspondingly, for any vertex set ScV(G) with |S| 22,two S -trees T
and T’ connecting S are said to be edge disjointif E(T)NE(T')=9. And
the generalized local edge-connectivity A(S) is the maximum number of edge
disjoint S -trees connecting S in G. For an integer k with 2<k<n, the
generalized K -edge-connectivity 4, (G) of G is defined as
4 (G)=min{A(S)|S =V (G).|S|=k} and %,(G)=A(G). The generalized
connectivity has attracted much attention from researchers in the area of graph
theory, combinatorial optimization and theoretical computer sciences, and has
become a well-established research topic [1]-[5] and a book [6]. As we have
known, even for some very special graphs, it is very hard to get the exact values of
their generalized Kk -connectivity for general k.In [7],S.Li determined the gen-
eralized 3-connectivity of graphs such as star graphs S, and bubble-sort graphs
B,. J. Wang [8] considered the generalized 3-connectivity of burnt pancake
graphs BP, and godan graphs. S. Zhao [9] determined the generalized 3-con-
nectivity of alternating group graphs and (n,k ) -star graphs.

In this paper, we focus on a new family of networks, called CRNs, which contain
common networks and have the same structural properties as alternating group
network. This new family of networks is recursive in terms of network structure,
that is, m-dimensional CRNs can be decomposed into m node disjoint m-1
dimensional CRNs (see Figure 1). We determined the generalized 3-connectivity
and the generalized 3-edge-connectivity of CRNs and show that
K3<Gl,m):ﬂs<Gl,m): m-2.

All graphs considered in this paper are undirected, finite and simple. We refer
to the book [10] for graph theoretical notation and terminology not described here.
Foragraph G,weby V(G), E(G), A(G), 5(G), ds(v) and G[S] de-
note the vertex set, the edge set, the maximum degree, the minimum degree, the
degree of vertex v and the subgraphof G inducedby S cV(G), respectively.
Asusual, E(G[S]) simplifiesas E(S) andweby [n] denote the set of posi-
tive integers {1,2,---,n}, by E(S,,S,) denote the set of edge whose one end-

vertexisin S, and anotherin §S,.

2. Preliminary

We first define a new family of networks, called CRNs, which contain common
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networks and have the same structural properties as alternating group network.
Definition 1. [11] Let 1(>3) beanintegerand K; beacomplete graph. The
| -order 1-dimensional conditional recursive networks (simplified CRNs), de-
noted by G, is isomorphic to K;. For m>2, the | -order m -dimensional
conditional recursive networks G, =K, for 1<m<I andfor m>1+1, G,
can be divided into m disjoint subnetworks Glfmfl for je {l, 2, m} , where
GIJ:m—l =G, ;. G, usuallydenotedby G/, ,®G’, ,® - @G, and satisfies

I,m I,m-1 I,m-1
the following conditions.

1) Forany 1<i#j<m,

E (G|i,m—1aG|J;m71)‘ = ((ITI1_—12))'| .

2) G, hasa perfect matching M =E (G,'m ) -E (ULG:Y"H) .

3) For any vertex veV (G,i,m_l) , V has only one external neighbor in

GI - GIi,m—l .

,m
m!
4) G,,, canbe decomposed into —~ disjoint subnetworks G,, when
: P :

m>1+1.

Lemma 2. [11] Let G, be | -order m -dimensional CRNs for m=123.
Then

1) G, isa (m-1)-regular graph with vertices.

=

2) x(G,,)=m-1.

To make it easier for the reader, G, for 1<m<5 illustrated in Figure 1.

3,m

G3.4 G
3.5

Figure 1. The CRNs G, for me{1,2,34,5}.

Lemma 3. [10] Let G bea K -connected graph,let x beavertexof G and
let Y <V (G)\{x} beasetofatleast k verticesof G.Then thereexistsa k-
fanin G from X to Y, that is, there exists a family of k internally disjoint
(X,Y) -paths whose terminal vertices are distinctin Y .

Lemma 4. [10] Let G be a Kk -connected graph, andlet X,Y cV (G) with
|X].|Y|2 k. Then there exists a set of k pairwise vertex disjoint (X,Y )-paths
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in G.
Lemma 5. [12] For every two integers n and k with 2<k<n,

5 (K,)=n-| |

Observation 6. Let N,k be two integers with 2<k <n.If G isaconnected
graph of order n,then &, (G)<4(G)<45(G).

Lemma7. [6] Let G beaconnected graph oforder n with minimum degree
& . If there are two adjacent vertices of degree &, then x,(G)<4 (G)<5-1
for 3<k <n.Moreover, the upper bound is sharp.

Lemma 8. [13] Let G be a connected graph with n vertices. For every two
integers k and r with k>0 and re{0,1,2,3},if x(G)=4k+r, then

Kk3(G)=3k+ [L—‘ . Moreover, the lower bound is sharp.
2

3. Main Results

In this section, we determine the generalized 3-connectivity and 3-edge-connec-
tivity of conditional recursive network CRNs G, .
Theorem 9. Let m be integer and G, be |-order m-dimensional CRNs.
Then
1-2, ifl<m<l;
K3(G'vm):{m—2, if m>1+1.

Proof. Clearly, G, =K, for 1<m<l, by lemma 5 we directly get

I.m =

Kg(G, m):Kg(K,):I—{E—lz | -2. Now consider the case for m>1+1, since
’ 2

G
show «;, (G,,m ) >m—2. This suffice to prove that there exist at least m—-2 in-

\m is (M-1)-regular, by lemma 7, we have «x, (G,’m> <6-1=m-2. Next, we
ternally disjoint S -trees in G, for any 3-element set S cV (Gl,m)' For con-
venience narration, denote G, =G'®G’®---®G" , where G'= G, for
ie[m] andsuppose S={xy,z}cV (G,‘m).
Case 1 ‘S NV (Gi)‘ =3 for some ie[m].

Without loss of generality, suppose X,y,zeV (Gl). We proceed by induction

on m. First, by lemma 8, we get &, (G,_3) > {%—l =1, the conclusion holds for
m=3. Assume that the conclusion holds for m=Kk(>4), this means that
Ky (G,’k ) >k—-2 for k>1+1.Now we consider m=Kk+1. Notice

G, =G'®G’®--®G* with G'=G,, for ie[k] and x,y,zeV(G'), by
hypothesis, we have &, (Gl) =K, (Gl,k ) >k —2. This implies that there are at least
k—2 internally disjoint S -treesin G!, named T.T,,---,T,_,. By the Definition
2(3), each of X,y,z has only one external neighbor in Gj,,; —~G' and we can
use the external neighbors construct a new S -treein G, ,,;, named T,_,. Total
up all, we get at least k-1 internally disjoint S -trees T,,T,,---,T,, in G, ;.

The conclusion holds for m=k+1(k>4). By the above argument, we get
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K5 (Gp)2zm=2 for m1+1.
Case2 [sAV(G')=2 and [sAV(G)=1 for distinct i, je[m].
Without loss of generality, suppose x,er(Gl) and 7 eV(GZ). By
K'(Gl) =m-2, we know that G' contains at least m—2 internally disjoint
(x,y)-pathsin G',named P for ie[m-2].Consider ZEV(GZ) and
K‘(GZ)Zm—Z there exist a (m—2) -fanin G?® from z to
Z={2,2,,2, 2}CV(GZ)\{Z},they are internally disjoint (z,Z) paths, de-
noted as L; for Ie[m—Z] . Now select x, €V (P,) and Z-'eV(Li), suppose
is the external neighbor of X, in G, —G'.Let X'={X,X;,"-*,X\ ,}>

x;
Z'={2,,2y,--,2}, ,} . By lemma 4, there exist a set of M—2 pairwise vertex dis-
joint (X',Z')-paths in G, named XQz for ie[m—2]. Then we construct
T, =RuxX+xQz uzlz for ie[m-2] and obtain m-2 internally disjoint

S-treesin G, (See Figure 2). Thus we have &, (G,_m) >m-2.

| x
1
n
.~~_—'\_Q—1-~ .--"~.
) R I
x o. L zZ, s
Q ~aig'2 .
Sonea "2 ‘ne
DL B R DR
AT Sl ZUeS [t
L Z, .
. 2 Z
"
¢¢"~—‘\,-"“-" \‘ &
,uno -
o Q.. mae ’
7 ---""z B
xm-z Zm-Z s
1 2 2
Gl,m\G UG G

Figure 2. Illustration for Case 2.

Case3 |V (G')|Hs AV (G')Hs v (c")

=1 for distinct |, j,ke[m]

Without loss of generality, suppose X eV (Gl), yeV (Gz) and zeV (63).
Notice that G*,G? and G® are (m—2) -connected, there exist a (m—2) -fan
in G' from X to X ={X,%X, X, 2}c:V(Gl)\{ },a (m-2)-fan in G?
from y to Y ={y,¥,, " Y 2}CV(GZ)\{y} anda (M-2) -fanin G® from
7 to Z={2,2,,-2, 2}c:V<G3)\{Z} . Suppose internally disjoint (X, X)
paths are P, internally disjoint (y,Y) paths are Q and internally disjoint
(z,Z) paths are R for ie[m—2]. Now select X' P, y/eQ and z R
for ie[m—Z] and suppose X, and X, respectively are the external neighbor
and internal neighbor of X/ in G'.Let X'= {X1 Xy Xy 2}

X ={% %, %o} €V (G, X ={X, %, ,“m .} SV (G\G),

= (Y. Vs Yo} €V (G?), Z'={2, 25,25, ,} <V (G°).

Bylemma 4, thereare m—2 pairwise vertex disjoint (X ,Y') -paths, named L,
and m-2 pairwise vertex disjoint ()Z,Z') -paths, named M, for ie[m-2].
Based on these analysis, we can construct m-—2 internally disjoint S -trees
T =xxxM,zzuxxLy]y for ie[m-2] in G (See Figure 3). Thus, we get
K5 (Gp)zm-2.

Clearly, T,T,,---, T, , are m—2 internally disjoint S -trees in G, . This
follows that (G,‘m ) >m-2.
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Figure 3. Illustration for Case 3.
Therefore, &, (G, m) =m-2 for m>12>3. This completes the proof. o
By lemma 7 and Theorem 3.1, we directly get the generalized 3-edge-connec-

tivity of CRNS.
Corollary 1. Let m beinteger and G, be |-order m-dimensional CRNs.
Then
-2, ifl<m<l;

%(Gu,m):{m_z, if m>1+1.

4. Conclusion

The generalized k -connectivity is a natural generalization of the traditional con-
nectivity. It can measure the reliability and fault tolerance of interconnection net-
works G to connect any k vertices in G. In this paper, we investigate the
generalized 3-connectivity of G, , and show that x, (G,'m ) =/ (G,'m ) =m-2.
This result not only enhances the theoretical system for CRN network reliability,
but also provides a theoretical foundation for optimizing fault tolerance mecha-

nisms in practical network design. Next, we will study the generalized k -connec-

tivity of G, for k>4.
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