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Abstract 
This paper investigates the decay properties of solutions to the Cauchy prob-
lem for viscoelastic nonlinear hyperbolic dissipative systems on 3 . Due to 
the weak dissipation of the system, the decay estimate of solutions exhibits a 
loss of regularity, implying that a higher regularity of initial data is required 
for optimal decay rates compared to the global existence. The aim is to reduce 
the initial regularity to the lowest possible level to achieve the optimal decay 
rate. Based on the global existence, we employ energy methods, pL - qL - rL  
estimates, and harmonic analysis tools to obtain the optimal decay result of 
solutions. 
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1. Introduction 

We will consider the following viscoelastic nonlinear hyperbolic system:  

( ) ( )
3 3

1

1 , 1
1 Δ 0,

j kj

j jk
tt x x x tx

j j k
u b u K u Lu−

= =

 
− ∂ + − ∗ + = 

 
∑ ∑        (1.1) 

with initial data  

( ) ( ) ( ) ( )0 1,0 , ,0 .tu x u x u x u x= =                (1.2) 

Here, u  is an m -vector function with respect to the variable  
( ) 3

1 2 3, ,x x x x= ∈  and 0t ≥ ; ( )jb v ( )1,2,3j =  are smooth m -vector  
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functions of ( )1 2 3, ,v v v v= , where 
j

m
j xv u= ∈ ; Δ  is the Laplace operator, 

( )  , 1, 2,3jkK j k =  are m m×  smooth matrix functions of 0t ≥  satisfying  
( )( ) ( )jk kjK t K t=

 ( ), 1,2,3j k =  for any 0t ≥ ; L  is an m m×  real  
symmetric constant matrix. The superscript   denotes the transposed, and the 
symbol ∗  denotes convolution with respect to t , that is,  

( ) ( )
0

d .
j k j k

tjk jk
x x x xK u K t uτ τ τ∗ = −∫  

The system (1.1) is a set of equations describing the motion of viscoelastic 
materials, where u  and ( )xv u= ∂  represent displacement and deformation 
during the motion of viscoelastic materials, respectively, and 

j k

jk
x xK u∗  and 

tLu  represent the memory and damping terms during motion, respectively, 
which together constitute the dissipative part of the system, thereby ensuring the 
decay of the solution. 

Regarding the elastic term ( )jb v , we assume that the system (1.1) has a free 
energy ( )vφ , which is a smooth scalar function of v  and satisfies  

( ) ( ) ,
j

j
vb v D vφ=  

where ( )
jvD vφ  is the Fréchet derivative of ( )vφ  with respect to jv , define  

( ) ( ) ( ).
k k j

jk j
v v vB v D b v D D vφ= =  

Clearly, for each ,j k  and 3mv∈ , we have ( )( )jk kjB v B v= . Then Equation 
(1.1) can be written as the quasi-linear form:  

( ) ( )
3 3

1

1 , 1
1 Δ 0.

j k j k

jk jk
tt x x x x x t

j j k
u B u u K u Lu−

= =

 
− ∂ + − ∗ + = 

 
∑ ∑      (1.3) 

Thus, the corresponding linearized system around 0xu∂ =  is given as follows:  

( ) ( )
3 3

1

1 , 1
0 1 Δ 0.

j k j k

jk jk
tt x x x x t

j j k
u B u K u Lu−

= =

 
− + − ∗ + = 

 
∑ ∑       (1.4) 

To ensure the hyperbolicity and well-posedness of system (1.1), define the 
following real symmetric matrices  

( ) ( )
3 3

, 1 , 1
, ,jk jk

j k j k
j k j k

B B K t K tω ωω ω ω ω
= =

= =∑ ∑  

for ( ) 2
1 2 3, ,ω ω ω ω= ∈ . Then the following conditions are imposed as:  

[A1] For any 2ω∈ , ( )0Bω  is positive definite, and ( )K tω ( )0t ≥  is non-
negative definite; and L  is a real symmetric non-negative definite. 

[A2] ( ) ( )0B tω ω−  is positive definite for each 2ω∈  uniformly in 0t ≥ , 
where ( ) ( )

0
d

t
t K s sω ω= ∫ . 

[A3] For each 2ω∈ , ( )0K Lω +  is real symmetric and positive definite. 
[A4] There exist positive constants 0C  and 0c  such that for each 2ω∈ , 

0t ≥ , we have ( ) ( ) ( )0 0C K t K t c K tω ω ω− ≤ ≤ −  and  
( ) ( ) ( )0 0C K t K t C K tω ω ω− ≤ ≤  hold, where ( ) ( )tK t K tω ω= ∂ ,  

( ) ( )
¨

ttK t K tω ω= ∂ . 
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In condition [A4], for real symmetric matrices A  and B , A B≥  or B A≤  
denotes that A B−  is non-negative definite; and A B>  or B A<  denotes 
that A B−  is a positive definite. 

Extensive investigation has been conducted on the decay properties of viscoelastic 
equations. Dharmawardane, Nakamura and Kawashima [1] employed the classical 
energy method to examine the decay rates of solutions for the Cauchy problem 
associated with linear viscoelastic equations on n , deriving the standard decay 
estimates. Moreover, they explored the case involving the operator ( ) /21 Δ θ−− , 
and established the following decay estimate:  

( ) ( ) ( ) ( )
( ) ( )

2 2

1

/1 1
1 0

/4 /2
1 0

, 1 ,

1 , ,

lk k k l k l
x t x x xL L

n k
x L

u u t C t u u

C t u u

θ−+ + + +

− −

∂ ∂ ≤ + ∂ ∂

+ + ∂
     (1.5) 

where 0 k l s≤ + ≤ , and C  is a positive constant. Inequality (1.5) reveals that to 
achieve the decay rate of ( ) /1 lt θ−+ , it is necessary to assume that the initial data 
possess an additional l -th order regularity, which makes the initial value need to 
satisfy a higher regularity index to obtain the optimal decay rate of solutions. 
Similar situations of regularity loss also appear in the Euler-Maxwell system in 
[2], the dissipative Timoshenko system in [3], and the hyperbolic-elliptic systems 
of radiating gas in [4]. 

We will study the nonlinear problem of the viscoelastic hyperbolic system. 
When there is no the operator ( ) 11 Δ −−  in Equation (1.1), Dharmawardane, 
Nakamura and Kawashima [5] [6] have studied the global existence of solutions 
to the Cauchy problem in n -dimensional space and calculated the ( )1 nL  -

( )2 nL   type decay rate of solutions; for problem (1.1) - (1.2), due to the 
weakening of the dissipative term by ( ) 11 Δ −− , the decay exhibits regularity loss-
type. To overcome the difficulties caused by regularity-loss in dealing with 
nonlinear terms, Dharmawardane has combined time-weighted energy methods 
and semigroup methods in [7] to calculate the optimal decay estimates of the 
solutionfor the nonlinear equation, which effectively controls the influence of 
nonlinear terms and obtains the same decay rate ( ) /41 nt −+  as the linear heat 
equation ( )1 nL  - ( )2 nL   type decay estimate. 

Due to the weaker dissipative mechanism, in order to obtain the optimal decay 
estimate of smooth solutions, compared with the regularity required for the global 
existence of smooth solutions, we have to impose higher regularity on the initial 
value. For example, for the Cauchy problem of the three-dimensional compressible 
Euler-Maxwell equation, although only the regularity 3s ≥  of the initial value is 
needed to prove the global existence of solutions in [8], in order to obtain the 
optimal decay rate of solutions, the regularity of the initial value needs to reach 

6s ≥  in [2]. We note that the minimal regularity 6 required for the decay 
estimate exceeds the minimal regularity 3 required for the global existence, 
because the decay estimate of the compressible Euler-Maxwell equation is of 
regularity-loss type. This phenomenon prompts us to think deeply: whether it is 
possible to achieve the 1L - 2L  optimal decay while keeping the lowest regularity 
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index of the initial value? Research shows that this is feasible. Xu, Mori and 
Kawashima in [9] constructed a special energy estimate, that is the ( )p nL  -

( )q nL  - ( )r nL   estimate, and used it to reduce the regularity of the initial value 
to 3 for obtaining the optimal decay estimate of the compressible Euler-Maxwell 
equation; Xu and Kawashima also applied this estimate to prove the minimal 
decay regularity of smooth solutions to the two-fluid Euler-Maxwell equation in 
[10]; in addition, Cao and Xu also applied this estimate in [11] to study the 
minimal decay regularity of the Timoshenko-Fourier system in thermoelasticity. 
Similarly, we can apply this estimate to the three-dimensional viscoelastic 
nonlinear hyperbolic system and calculate the decay estimate of solutions under 
the premise of satisfying the minimal decay regularity index of the initial value. 
Dharmawardane has already proved that when the regularity of the initial value 

6s ≥  in [7], the Cauchy problem for the smooth solution of the viscoelastic 
nonlinear hyperbolic system on 3  has global existence. We will discuss the 
minimal decay regularity index of smooth solutions to the viscoelastic nonlinear 
hyperbolic system. 

This paper is organized as follows: in Section 2, the main theorems of this paper 
are given; some basic inequalities and ( )p nL  - ( )q nL  - ( )r nL   estimates are 
given in Section 3; in Section 4, energy estimates in the Fourier space and the proof 
of the main theorems are shown. 

Notations. In this paper, the Fourier transform of a function u  is denoted as  

[ ]( )
( )

( )/2
1 e d ,

2
ˆ n

i x
nu u u x xξξ − ⋅= =

π ∫  

and its inverse transform by  

[ ]( )
( )

( )1
/2

1 e d .
2

n
i x

nu x u ξξ ξ− ⋅=
π ∫  

We denote by ( ),m pH Ω  the classical Sobolev space on Ω , when 2p = , 
nΩ =  , use the abbreviation mH . ( )1pL p≤ ≤ ∞  denotes the usual Lebesgue 

space on n  with the norm pL⋅ . For a non-negative l , l∂  denotes the totality 
of all the thl  order derivatives with respect to nx∈ ; f g  denotes f Cg≤ . 

Throughout the paper, C  and c  denote various generic positive constants. 

2. Main Results 

For convenience of calculation, define the following norms: Initial energy norms:  

( ) ( ) ( ) 1

2 2 22 2
0 1 0 1 1 0 1 0, , , , .s sx x xH H L

E u u E u u u u= ∂ = ∂ + ∂  

And time-weighted energy and dissipation norms:  

( ) ( ) ( ) ( )
1 1 1

2 2
2 2 2 2

0 1
, ,

s s

m m
m m

E t E t D t D t

− −   −      

= =−

= =∑ ∑  

( ) ( ) ( ) ( ) 2

22 1/2 1

0
sup 1 , ,

s m

m m m
m x t x Ht

E t u u
τ

τ τ
−

− +

≤ ≤
= + ∂ ∂  
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( ) ( ) ( ) ( ) 2

22 3/2 1
1 0

1 , d .
s m

t m m m
m x t x H

D t u uτ τ τ
−

− +
− = + ∂ ∂∫  

Because of the regularity-loss, classical energy methods fail to provide a priori 
estimates of solutions to the problem (1.1) - (1.2), thus preventing the establishment 
of global existence. Therefore, this paper investigates the minimal decay regularity 
of the Cauchy problem (1.1) - (1.2) based on the time-weighted priori estimate in 
[7] for 3n = . We present the result [R1] without the proof, which can be found in 
[7].  

Proposition 2.1 Suppose conditions [A1] - [A4] hold and the initial data  
( )1 0, s

xu u H∂ ∈  and 6s ≥ . Then there exists a positive constant δ  such that if 
( )1 0, sx H
u u δ∂ ≤ , the problem (1.1) - (1.2) has a unique global solution and 

satisying  

( ) ( ) 0 ,E t D t CE+ ≤                      (2.1) 

where 0E  is the initial energy and C  is a positive constant. In particular, the 
solution exhibits decay estimates:  

( ) ( ) ( )2

1/4 /21
0, 1 ,

s m

mm m
x t x H
u u t CE t

−

−+∂ ∂ ≤ +  

for 0m ≥  and 2s m≥ .  
Remark 2.1 The inequality (2.1) still holds even without the integral term 

involving the dissipation.  
The following presents the main result of this paper.  
Theorem 2.1 Suppose conditions [A1] - [A4] hold and the initial data  

( ) ( ) ( )6 3 1 3
1 0, xu u H L∂ ∈ ∩  . Then there exists a positive constant 0δ  such that 

if ( ) 6 11 0 0, x H L
u u δ

∩
∂ ≤ , the solution to problem (1.1) - (1.2) satisfies  

( ) ( ) ( ) ( )2 6 1
3/4

1 0, 1 , ,t x xL H L
u u t C t u u−

∩
∂ ≤ + ∂            (2.2) 

where C  is a positive constant.  

3. Preliminaries 

This section primarily provides some basic inequalities and ( )p nL  - ( )q nL  -

( )r nL   estimates, which will be employed in the proofs of pointwise estimates 
and decay estimates. 

Let m  be the totality of m m×  real matrices, ,⋅ ⋅  be the standard inner 
product in m . We introduce the operator norm of mA∈  by  

0

sup .
m

A
A

ψ
ψ

ψ
ψ∈

≠

=


 

Let m  be the totality of m m×  real symmetric matrices. For mA∈ ,  
A O≥  indicates that A  is non-negative definite. Also, A B≥  or B A≤  means 
A B−  is non-negative definite. If mA∈  and A O≥ , then for mψ ∈ , it holds  

2 , .A A Aψ ψ ψ≤  
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For ( ) mA t ∈  and ( ) mtψ ∈ , we define the convolution  

( ) ( ) ( ) ( )
0

d .
t

A t A tψ τ ψ τ τ∗ = −∫  

Furthermore, we introduce related operators for the quadratic form of convolution.  
Definition 3.1 For any ( ) ( ), mt tψ ζ ∈ , define  

( ) ( ) ( ) ( ) ( )( )
0

d ,
t

A t A t tψ τ ψ ψ τ τ◊ = − −∫  

[ ]( ) ( ) ( ) ( )( ) ( ) ( )( )
0

, , d .
t

A t A t t tψ ζ τ ψ ψ τ ζ ζ τ τ= − − −∫  

From Definition 3.1, we obtain the following relationships involving convolution:  

,A Aψ ψ ψ∗ = − ◊                      (3.3) 

where ( ) ( )
0

d
t

t A s s= ∫ . Taking the derivative with respect to t  gives  

( ) ( ) ( ) ( ) ( )0 , 0 tt tt t
A A A A A A A Aφ ψ ψ ψ ψ φ ψ ψ∗ = + ∗ = − ◊ ∗ = + ∗     (3.4) 

where ( )d
d
A t

A
t

= . 

The following lemmas provide inequalities for controlling memory terms, with 
detailed proofs available in [1].  

Lemma 3.1 Let ( ) mtψ ∈ , and assume conditions [A1] and [A4] hold. Then  

[ ]2 , ,K CKω ωψ ψ ψ◊ ≤                  (3.5a) 

[ ]( )2 2 , ,K C Kω ωψ ψ ψ ψ∗ ≤ +               (3.5b) 

( ) [ ] [ ]( )2
, , ,tK C K Kω ω ωψ ψ ψ ψ ψ∗ ≤ +           (3.5c) 

( ) [ ] [ ]( )
2

, , .
t

K C K Kω ω ωψ ψ ψ ψ ψ∗ ≤ +           (3.5d) 

The following part introduces the ( )p nL  - ( )q nL  - ( )r nL   estimates, which 
play a crucial role in proving the main theorem 2.1.  

Lemma 3.2 ( ( )p nL  - ( )q nL  - ( )r nL   estimates [9]) Let ( )η ξ  be a positive, 
continuous and real-valued function in n  satisfying  

( )
1

2

, as 0;
~

, as ;

σ

σ

ξ ξ
η ξ

ξ ξ−

 →


→∞
 

for 1 2, 0σ σ > . For ( )nφ ∈  , it holds that  

( ) ( )

( ) ( ) ( ) ( )1 2
1 2

1

, ,

ˆe

1 1 ,

p

q r

k t

L
k j lq p r pj k l

x xL L
t tσ σ

η ξ

γ γ
σ σ

ξ φ ξ

φ φ

−−

−
− − − + +

 
 

+ ∂ + + ∂


      (3.6) 

for 
1 1 ,1 , 2 , 0l n q r p j k
r p

 
> − ≤ ≤ ≤ ≤ ∞ ≤ ≤ 

 
, where ( ) 1 1, nq p

q pσγ σ
 

= − 
 

( )0σ >  and when 2p r= = , 0l ≥ .  

Finally, this section introduces several inequalities for dealing nonlinear terms.  
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Lemma 3.3 (Gagliardo-Nirenberg inequality [12]) Let 1 ,q r≤ ≤ ∞ , k  be a 
positive integer, ( )q nu L∈  , and ( )k r nD u L∈  . Then jD u ( )0 j k≤ ≤  satisfies  

1 ,qp r
j k

LL L
D u C D u u

α α−≤                    (3.7) 

where ( )1 1 11j k
p n r n q

α α = + − + − 
 

, with 1j
k

α≤ ≤ . The constant C  depends 

on , , , , ,n k j q r α .  

Lemma 3.4 [4] [13] Let 1 , ,p q r≤ ≤ ∞  and 1 1 1p q r= + . Then we have  

( ) ( ) ( )0 ,q qp r r
l l l
x x xL LL L L

uv C u v v u l∂ ≤ ∂ + ∂ ≥        (3.8) 

( ) ( ), 1 ,q qr rp
l l l
x x x x x xL LL LL

u v C u v v u l ∂ ∂ ≤ ∂ ∂ + ∂ ∂ ≥       (3.9) 

where ( ), :l l l
x x xu v uv u v ∂ = ∂ − ∂   is a commutator.  

Lemma 3.5 [4] [13] Let ( )f u  be smooth function of u , and there exists a 
positive constant 0M ≥  such that Lu M∞ ≤ . Then  

( ) ( ) ( ) 1
1p p

ll l
x xLL L

f u C M u u∞

−
∂ ≤ + ∂          (3.10) 

for 1 p≤ ≤ ∞  and 1l ≥ , where ( )C M  is a constant depending on M .  

4. The proof of Theorem 2.1 

This section first employs the energy method in Fourier space to establish pointwise 
estimates for solutions of the nonlinear problem (1.1)-(1.2). Then, pL - qL - rL  
estimates are used to prove the optimal 1L - 2L  type decay estimates of solutions. 
The proof is divided into two parts. 

4.1. The Energy Estimates in Fourier Space 

We first rewrite (1.1) as the following form. Assuming ( ) ( )0 0, 0 0jbφ = =  
( )1,2,3j = , by Taylor’s theorem, we have  

( ) ( ) ( )
3 3 3

1

, 1 , 1 1
0 1 Δ ,

j k j k j

jk jk j
tt x x x x t x xx

j k j k j
u B u K u Lu g u g−

= = =

 
− + − ∗ + = ∂ ∂ 

 
∑ ∑ ∑    (4.11) 

where ( ) ( ) ( ) ( )2
1

3 0
k

j j jk
x x x xkg u b u B u O u

=
∂ = ∂ − = ∂∑ . Applying the Fourier 

transform, we obtain  

( ) ( )2 2 2 2ˆ ˆ ˆ ˆ0 .ˆtt tu B u K u Lu gω ωξ ξ ξ ξ ξ− −+ − ∗ + = ⋅       (4.12) 

( ) ( ) ( ) ( )0 1ˆ ˆ ˆ,0 , .ˆ,0tu u u uξ ξ ξ ξ= =               (4.13) 

where 3ξ ∈ , ( )
1

2 21ξ ξ= + . 

Dharmawardane [1] and others have studied pointwise estimates for viscoelastic 
linear systems using the energy method in Fourier space. Building upon this 
approach, this paper will subsequently estimate the nonlinear terms and finally 
apply Gronwall’s inequality to obtain pointwise estimates for solutions of the 
nonlinear system.  
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Proposition 4.1 Assuming that conditions [A1] - [A4] hold, the solution to 
(4.12) - (4.13) satisfies  

( ) ( )
( ) ( ) ( )( ) ( )( ) ( )

2 22

2 22
1 0 0

ˆ ˆ

ˆ

, ,

e e d ,ˆ
tc t c t

u t u t

C u u C Gρ ξ ρ ξ τ

ξ ξ ξ

ξ ξ ξ τ τ− − −

+

≤ + + ∫ 

     (4.15) 

for 30,t ξ≥ ∈ , where ( ) ( )22 21ρ ξ ξ ξ= + , and ,C c  are positive constants.  
Proof. First, we construct the Lyapunov functional E  for equation (4.12), 

which is equivalent to  

[ ]2 2 2 2 2
0 ˆ ˆ ˆ ,ˆ,tE u u K u uωξ ξ ξ−= + +  

where [ ],ˆ ˆK u uω  is defined as in 3.1. The proof is similar to the pointwise estimate 
proof in Dharmawardane [1], with the distinction that this paper includes an 
additional treatment of the nonlinear terms. 

Step 1: Performing the inner product of (4.12) with ˆtu  and taking the real part 
to obtain  

2 2
1 1 1

1 d , ,
2

ˆ ˆ
d t tE F Lu u G

t
ξ ξ− −+ + =            (4.15) 

where  

( )( ) [ ]2 2 2 2 4 2
1 ˆ ˆ ˆ ˆ ˆ ˆ ˆ0 , , , ,tE u B u u K u u u uω ω ω ωξ ξ ξ ξ ξ− −= + − + +   

[ ]( )2
1

1 , , ˆ ,
2

ˆ ˆ ˆF K u u K u uω ωξ= − +  

1 ˆRe , .ˆtG g uξ= ⋅  

By conditions [A2] and [A4], which leads to  

[ ]( )2 2
0 1 0 1 0 0

1

1, , , ,
2

R

ˆ ˆ ˆ ˆ

ˆ ˆe , .ˆ ˆt t

cE E CE F c K u u K u u c F

G g u g u

ω ωξ ξ

ξ ξ

≤ ≤ ≥ + ≥

= ⋅ ≤
 

Here, [ ]0 ˆ ˆ ˆ,ˆ,F K u u K u uω ω= + . 
Step 2: Performing the inner product of (4.12) with ( )ˆ tK uω− ∗  and taking 

the real part yield  

( )2 2 2
1 d 0 , ,
2 d

ˆ ˆt tE K u u R G
t ω+ = +                  (4.16) 

where  

( )2 2 2
2 2 Re , ,ˆ ˆ ˆt tE K u u K uω ωξ ξ −= ∗ − ∗  

( ) ( ) ( ) ( )2 2
2 ˆ ˆRe , Re 0 ˆ ˆ ˆ, Re , ˆ ,t tt tt

R u K u B u K u Lu K uω ω ω ωξ ξ −= − ∗ + ∗ + ∗  

( )2 Re , ˆ .ˆ
tG g K uωξ= ⋅ − ∗  

For 2E , applying Lemma 3.1 and the condition that ( )K tω  is symmetric and 
positive semi-definite give  

( ) [ ]( )
[ ]( )

2 2 2 2
2

2 2

ˆ ˆ1 ,

, .

ˆ ˆ

ˆ ˆ ˆ ˆ

t

t

E C u C u K u u

C u C u K u u

ω

ω

ξ ξ −≤ + + +

≤ + +
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For any real numbers , 0δ > , applying condition [A1], Young’s inequality, 
and Lemma 3.1 to estimate 2R , then  

[ ]( ) [ ]( )
[ ]( )

( ) ( )

2 2 2 2
2

2 2 2

2 2 2 2 2 2
, 0

ˆ ˆ ˆ ˆ ˆ, , , ,

, ,

1 ,

ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

t

t

t

R u C K u u K u u u C K u u K u u

u C K u u K u u

u u C F

ω ω δ ω ω

ω ω

δ

δ ξ ξ

ξ ξ

ξ δ ξ ξ ξ

− −

− −

≤ + + + + +

+ + +

≤ + + + +









 

Similarly, estimating the nonlinear term 2G  gives  

[ ]( )2 2 2 2
2 0ˆ ˆ ˆ ˆ ˆ ˆ, , .G g C K u u K u u g C Fδ ω ω δδ ξ δ ξ≤ + + = +  

Step 3: Performing the inner product of (4.12) with û  and taking the real part 
yield  

( )( )2 4 2
3 3 3

1 d 0 , , ,
2

ˆ ˆ ˆ ˆ
d

E B u u u u R G
t ω ω ωξ ξ ξ −+ − + = +       (4.17) 

where  
2

3 ˆ, ˆ ˆ ˆ2 Re , ,tE Lu u u uξ −= +  

2 2 2
3 Re ˆ ,ˆ ˆ,tR u K u uωξ ξ −= − ◊  

3 ˆ ˆRe , .G g uξ= ⋅  

Since L  is positive definite, we get  

( )
2

3

2 2

ˆ ˆ ˆ ˆ, 2 R

ˆ ˆ

e ,

.

t

t

E Lu u u u

C u u

ξ −≤ +

≤ +
 

For any real number 0γ > , with the aid of Young’s inequality and Lemma 3.1, 
we estimate 3R  and 3G  as follows:  

[ ]2 2 2 2 2 2
3 ˆ ˆ ˆ, ,ˆtR u u C K u uγ ωγ ξ ξ ξ ξ− −≤ + +  

2 2 2
3 .ˆ ˆ ˆ ˆG g u u C gγξ γ ξ≤ ≤ +  

Step 4: Let 0, 0α β> > , and define ( ) 2 4ρ ξ ξ ξ= . By adding ( )ρ ξ  (α
(4.16) + β  (4.17)) to (4.15), we obtain  

1 d ,
2 d

E F R G
t

+ = +                    (4.18) 

where  

( ) ( )
( ) ( )

( ) ( )( )
( ) ( )

( ) ( )

1 2 3

2 2
1

2 4 2

2 3

1 2 3

,

, 0ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

,

0 , , ,

,

.

t t t t

E E E E

F F Lu u K u u

B u u u u

R R R

G G G G

ω

ω ω ω

ρ ξ α β

ξ ξ ρ ξ α

ρ ξ β ξ ξ ξ

ρ ξ α β

ρ ξ α β

− −

−

= + +

= + +

 + − + 
= +

= + +

   

Using the above estimates and conditions [A2] and [A3], we have the following 
inequalities for E  and F :  
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( )0 0 0 ,cE E CE C Eα β≤ ≤ + +  

( ) ( )2 2 2 2 2
0ˆ ˆ .tF c u c u c Fρ ξ α β ξ ξ ξ−≥ + +  

Finally, estimating R G+  as  

( ) ( ) ( ) ( )
( ) ( ) ( ){ } ( )

( )

2 3 1 2 3

2 2 2
, ,

2 2 4 2
0 ,

2 2 2 ˆ

.

ˆ

ˆ

t

R G R R G G G

u u C

F C g

δ γ

β γ

ρ ξ α β ρ ξ α β

ρ ξ α β αδ βγ ξ α β

ξ ξ ξ αδ β−

+ ≤ + + + +

≤ + + + + +

× + + +

  

By choosing appropriate , , ,β γ α , we can ensure that  

( )0 0 0
1, , ,
2

cE E CE F c E R G F Gρ ξ≤ ≤ ≥ + ≤ +   

where ( )4 2
, ˆG C gβ γ ξ αδ β= + + . The parameters must be selected such that  

( ) 2 2
, ,

1 12 2 , 2 , , 1 0.
2 2 2

cc C
c δ γα β αδ βγ β α β α ξ ξ

α
−+ ≤ + ≤ + ≤ − ≥  

This is achievable, for example, by taking 
8
cγ= = , 

8
cαβ = , 

2

4 2
cδ  =  

 
, 

and choosing 10
2

α< ≤  such that  

, , .
8 2
c cC δ γ

αα + ≤ 
 

  

Combining with (4.18), gives the differential inequality  

( )d ,
d
E c E CG
t

ρ ξ+ ≤   

where the nonlinear term ( )2 2 2 4 2ˆ ˆ ˆG C g g gξ ξ≤ + + . Applying Gronwall’s 
inequality to the above equation gives  

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )
0

0 0 0

, e ,0 e d

, e ,0 e d .

tc t c t

tc t c t

E t E C G

E t C E C G

ρ ξ ρ ξ τ

ρ ξ ρ ξ τ

ξ ξ τ τ

ξ ξ τ τ

− − −

− − −

≤ +

⇒ ≤ +

∫

∫





 

Finally, by the definition of 0E , the proposition 4.1 is proved.  

4.2. Optimal Decay Rate 

In the following part, we will calculate the minimal decay regularity of solutions 
to (1.1) - (1.2) based on Propositions 2.1 and 4.1. To this end, define new time-
weighted energy functionals:  

( ) ( ) ( ) ( ) 2

3
4

0
sup 1 , .t x Lt

N t u u
τ

τ τ
≤ ≤

= + ∂  

Proposition 4.2 Let ( ),u x t  be the global classical solutions to (1.1) - (1.2), if 
( )( ) 1

1 0, xu u t L∂ ∈ , then  

( ) ( ) ( ) ( ) ( )6 1
2

1 0 1, .x H L
N t u u N t D t N t

∩
∂ + +          (4.19) 

Proof. From Proposition 4.1, we have  
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( ) ( )( )
( ) ( ) ( )( ) ( )( ) ( )

3

3 3

2 22

2 22
1 0 0

1 2 3

ˆ ˆ

ˆ

, , d

e d e d d

.

ˆ
tc t c t

u t u t

u u G

I I I

ρ ξ ρ ξ τ

ξ ξ ξ ξ

ξ ξ ξ ξ τ τ ξ− − −

+

+ +

+ +

∫

∫ ∫ ∫






 
  

The right-hand side of the inequality is divided into three parts to estimate. 
First,  

( ) ( )

( ) ( )

3

1 2

2
1 1

3 22 2 22 1 1

e d

1 1 .

ˆc t

xL L

I u

t u t u

ρ ξ ξ ξ−

− −

=

+ + + ∂

∫


              (4.20) 

The inequality is obtained from the pL - qL - rL  estimate with 1 2 2σ σ= = , 
0k j= = , 2p = , 1q = , 2l r= = . 

For 2I , with 1 2 2, 1, 2, 1, 2k j p q l rσ σ= = = = = = = = , we obtain  
( ) ( )

( ) ( )

3

1 2

22
2 0

3 22 2 32 0 0

e d

1 1 .

ˆc t

x xL L

I u

t u t u

ρ ξ ξ ξ ξ−

− −

=

+ ∂ + + ∂

∫


            (4.21) 

Regarding 3I , we further divide it into three parts:  
( )( ) ( )
( )( ) ( )

3

3

3 0

2 2 2 4 2

0

31 32 33

e d d

ˆ dˆ dˆe

.

t c t

t c t

I G

g g g

I I I

ρ ξ τ

ρ ξ τ

τ τ ξ

ξ ξ τ ξ

− −

− −

=

+ +

+ +

∫ ∫

∫ ∫








  

where 31I  is split into low frequency ( )1ξ ≤  and high frequency ( )1ξ ≥  
parts, as follows:  

( )( )

( ) ( )

3

2
31 0

0 1 1

31 31

e d d

d

.

ˆ

d

t c t

t

L H

I g

I I

ρ ξ τ

ξ ξ

ξ τ

ξ τ

− −

≤ ≥

=

= +

+

∫ ∫

∫ ∫ ∫ 





 

For the low-frequency part, with 1 2 2, 2, 1, 0p q k jσ σ= = = = = = , we get  

( )

( )

( ) ( ) ( )

( ) ( )

1

2

3 2
231 0
3 4
2

0
34 3
2

0
34
2

1 d

1 d

1 1 d

1 .

t
L L

t
x L

t

I t g

t u

N t t

N t t

τ τ

τ τ

τ τ τ

−

−

− −

−

+ −

+ − ∂

+ − +

+

∫

∫

∫









             (4.22) 

The second inequality in the above expression is derived from  
( ) ( )2j

x xg u O u∂ = ∂ . For the high-frequency part, we divide it into two parts as 
follows:  

( ) ( )/2 1 2
31 31 310 /2

d .
tt

H H Ht
I I Iτ= + +∫ ∫    

For 1
31HI , taking 1 2 2, 2, 2, 0p r l kσ σ= = = = = =  yields  
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( )

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( )

2

2

2

2/2 21 2
31 0

2/2 2 2 3
0

1 3 22 2 32 2
0

0
2

3 2 2
2 1

3
22 0

1 d

1 d

sup 1 1 1 d

1

1 .

t
H x L

t
x xL L

t
x Lt

I t g

t u u

E t t u

t E t D t

t E

τ

τ τ

τ τ

τ τ τ τ τ

∞

−

−

− −

≤ ≤

−
−

−

+ − ∂

+ − ∂ ∂

+ − + + ∂

+


 

+

∫

∫

∫











   (4.23) 

Regarding the nonlinear term, it follows from Lemmas 3.4 and 3.5 that  

2 2
1 2 ,m m

x x xLL L
g u u∞

+ +∂ ∂ ∂  

which ensures the second inequality. Applying the Gagliardo-Nirenberg inequality 
to the third inequality, we have  

( ) ( ) ( )2 2 11 4 ,x Lu E t t s∞
−∂ + ≥  

and the last inequality is based on Proposition 2.1, which states that  

( ) ( )2 2 2
1 0 ,E t D t E−+   

where  

( ) ( ) ( ) ( )22 3/2
1 0

1 , with 2 .s

t
t x H

D t u u sτ −
− = + ∂ ≥∫  

For 2
31HI , taking 1 2 2, 2, 1, 2, 0p r l kσ σ= = = = = =  gives  

( )

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1

2 2

2

1 22 2231 /2

1 22 32
/2

1 1 22 2 32 2
0

2
2 2 2

1

1 d

1 d

sup 1 1

1 ,

1 d

t
H xt L

t
x xLt L

t
x Lt t

I t g

t u u

N t t u

t N t D t

τ

τ τ

τ τ

τ τ τ τ τ

−

−

− −

≤ ≤

−

+ − ∂

+ − ∂ ∂

 + − + + ∂ 
 

+

∫

∫

∫









   (4.24) 

where, with Lemmas 3.4 and 3.5 again it holds  

21 2
2 3 .x x xLL L
g u u∂ ∂ ∂  

Here, 4s ≥  because  

( ) ( ) 4

22 2 3
1 0

, .
s

t
x t x H

D t u u
−

= ∂ ∂∫  

For 32I , similarly to 31I , we estimate it by dividing into low and high 
frequencies:  

( )( )

( ) ( )

3

2 2
32 0

0 1 1

32 32

e dˆ d

d d

.

t c t

t

L H

I g

I I

ρ ξ τ

ξ ξ

ξ ξ τ

ξ τ

− −

≤ ≥

=

= +

+

∫ ∫

∫ ∫ ∫ 




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For the low-frequency part 32LI , taking 1 2 2, 2, 1, 0, 1p k j qσ σ= = = = = = , 
we get  

( )

( ) ( )

( ) ( ) ( )

( ) ( )

1

2

5 2
232 0
5 4
2

0
54 3
2

0
54
2

1 d

1 d

1 1 d

1 .

t
L L

t
x L

t

I t g

t u

N t t

N t t

τ τ

τ τ τ

τ τ τ

−

−

− −

−

+ −

+ − ∂

+ − +

+

∫

∫

∫









              (4.25) 

For the high-frequency part, dividing it into two parts, namely,  

( ) ( )/2 1 2
32 32 320 /2

d .
tt

H H Ht
I I Iτ= + +∫ ∫    

For 1
32HI , taking 1 2 2, 2, 2, 1p r l kσ σ= = = = = =  yields  

( )

( )

( ) ( ) ( )

( )

2

2

2/2 21 3
32 0

2/2 22 4
0

3 2 2
2 1

3
22 0

1 d

1 d

1

1

t
H x L

t
x xL L

I t g

t u u

t E t D t

t E

τ τ

τ τ∞

−

−

−
−

−

+ − ∂

+ − ∂ ∂

+

+

∫

∫

，









            (4.26) 

where, it holds by Lemmas 3.4 and 3.5  

2 2
3 4 .x x xLL L
g u u∞∂ ∂ ∂  

For the estimate of 2
32HI , taking 1 2 2, 2, 1, 2, 1p r l kσ σ= = = = = =  gives  

( )

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1

2 2

2

1 22 3232 /2
1 22 42

/2

1 1 22 2 42 2
0

2
2 2 2

1

1 d

1 d

sup 1 1 1 d

1 ,

t
H xt L

t
x xLt L

t
x Lt t

I t g

t u u

N t t u

t N t D t

τ

τ τ

τ τ

τ τ τ τ τ

−

−

− −

≤ ≤

−

+ − ∂

+ − ∂ ∂

 + − + + ∂ 
 

+

∫

∫

∫









    (4.27) 

where  

21 2
3 4 ,x x xLL L
g u u∂ ∂ ∂  

and the last inequality holds when the 2L  norm of the forth derivative of u  is 
controlled by ( )1D t , which requires regularity 4 1s − ≥ , i.e., 5s ≥ . The calculation 
process for 33I  is similar, namely,  

( )( )

( )( )

( )

3

2 3

4 2
33 0

2

0

33 33

e d d

e d

.

ˆ

ˆ

t c t

t c t

L

L H

I g

g

I I
ξ

ρ ξ τ

ρ ξ τ

ξ ξ τ

ξ τ

− −

− −

=

=

+

∫ ∫

∫





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For 33LI , similarly to 31LI , taking 1 2 2, 2, 1, 2, 0p q k jσ σ= = = = = =  gives  

( )

( ) ( )

( ) ( ) ( )

( ) ( )

1

2

7 2
233 0
7 4
2

0
74 3
2

0
4 3

1 d

1 d

1 1 d

1 .

t
L L

t
x L

t

I t g

t u

N t t

N t t

τ τ

τ τ τ

τ τ τ

−

−

− −

−

+ −

+ − ∂

+ − +

+

∫

∫

∫









             (4.28) 

For the high-frequency part 33HI , we divide it into two parts, namely,  

( ) ( )/2 1 2
33 33 330 /2

d .
tt

H H Ht
I I Iτ= + +∫ ∫    

For the first part 1
33HI , taking 1 2 2, 2, 2, 2p r l kσ σ= = = = = = , we obtain  

( )

( )

( ) ( ) ( )

( )

2

2

2/2 21 4
33 0

2/2 2 2 5
0

3 2 2
2 1

3
22 0

1 d

1 d

1

1 ,

t
H x L

t
x xL L

I t g

t u u

t E t D t

t E

τ τ

τ τ∞

−

−

−
−

−

+ − ∂

+ − ∂ ∂

+

+

∫

∫









           (4.29) 

where  

2 2
4 5 .x x xLL L
g u u∞∂ ∂ ∂  

For the second part 2
33HI , taking 1 2 2, 2, 1, 2p r l kσ σ= = = = = = , we are led 

to  

( )

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1

2 2

2

1 22 4233 /2
1 22 52

/2

1 1 22 2 52 2
0

2
2 2 2

1

1 d

1 d

sup 1 1 1 d

1 ,

t
H xt L

t
x xLt L

t
x Lt t

I t g

t u u

N t t u

t N t D t

τ

τ τ

τ τ

τ τ τ τ τ

−

−

− −

≤ ≤

−

+ − ∂

+ − ∂ ∂

 + − + + ∂ 
 

+

∫

∫

∫









 (4.30) 

where  

( ) ( ) ( ) ( ) 4

22 1/2 2 3
1 0

1 , d ,
s

t
x t x H

D t u uτ τ τ
−

= + ∂ ∂∫  

and the last inequality holds when the 2L  norm of 5
xu∂  is controlled by ( )1D t , 

which requires regularity 4 2s − ≥ , i.e., 6s ≥ . 
Therefore, combining the above inequalities (4.20) - (4.30) and taking 6s = , 

we obtain  

( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 6

3 32 2 4
2 21 0

3 2 2
2 1

, 1 , 1

1

t x xL H
u u t t u u t N t

t N t D t

− −

−

∂ + ∂ + +

+ + ，


 

where 0 1E E≤ , then  

( ) ( ) ( ) ( ) ( )1 6
2

1 0 1, .x L H
N t u u N t N t D t

∩
∂ + +  
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□ 
When ( ) 1 61 0, x L H

u u
∩

∂  is sufficiently small, according to inequality (2.1), the 
dissipative norm ( ) ( ) 1 61 0 1 0, x L H

D t E u u
∩

∂  , hence  

( ) ( ) ( ) ( )1 6
2

1 0 1, .x L H
N t u u N t N t E

∩
∂ + ⇒   

Consequently, it holds  

( ) ( ) ( ) ( )2 6 1

3
4 1 0, 1 , .t x xL H L

u u t t u u−

∩
∂ + ∂  

The proof of Theorem 2.1 is completed. 
We reduce the regularity requirements for the initial data when establishing the 

optimal decay estimate of solutions to the Cauchy problem in viscoelastic hyperbolic 
dissipative systems. Since it is often difficult for initial data to meet the necessary 
smoothness in the real world, lowering the regularity of the initial values implies 
that the initial conditions are more in line with actual situations. Furthermore, 
this aids in a better understanding of the dynamic behavior of physical systems, 
particularly when dealing with complex or imperfect initial conditions. 
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