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lem for viscoelastic nonlinear hyperbolic dissipative systems on R*. Due to
the weak dissipation of the system, the decay estimate of solutions exhibits a

loss of regularity, implying that a higher regularity of initial data is required
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1. Introduction

We will consider the following viscoelastic nonlinear hyperbolic system:
3 3
u, =y b’ (0u) +(1—A)71 [ > K* *u, +Lutj =0, (L.1)
J J
with initial data

u(x,O)zu0 (x), ut(x,O)zul (x) (1.2)

Here, u isan m -vector function with respect to the variable
x=(x,x%,x)eR’ and 1>0; b/(v) (j=12,3) aresmooth m -vector
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functions of v=(v,v,,v;), where v, =u, €R"; A is the Laplace operator,
K* (j,k = 1,2,3) are mxm smooth matrix functions of >0 satisfying

(Kjk (1,‘))T =KY (t) (j,k = 1,2,3) forany t>0; L isan mxm real
symmetric constant matrix. The superscript T denotes the transposed, and the

symbol * denotes convolution with respect to ¢, that is,

K* U =_[(:K~’k (t-7)u, . (7)dz.

XX

The system (1.1) is a set of equations describing the motion of viscoelastic
materials, where u and v(=8xu) represent displacement and deformation
during the motion of viscoelastic materials, respectively, and K”* U, and
Lu, represent the memory and damping terms during motion, respectively,
which together constitute the dissipative part of the system, thereby ensuring the
decay of the solution.

Regarding the elastic term b’ (v), we assume that the system (1.1) has a free

energy ¢(v) , which is a smooth scalar function of v and satisfies
b’ (V) = Dv/¢(v),
where vaqﬁ(v) is the Fréchet derivative of ¢(v) with respect to v, define
B*(v)=D, b’ (v)= kava_qﬁ(v).

Clearly, foreach j,k and veR™,wehave B”(v)" =B"(v).Then Equation

(1.1) can be written as the quasi-linear form:

3 3
u,—y B* (ax”)”xm +(1 —A)" ( > K" . +Lu,) =0. (1.3)

Jj=1 Jik=1

Thus, the corresponding linearized system around 0 u =0 is given as follows:

3 3
u, —ZB"k (O)MXW +(1 —A)fl [ > K* Uy +Lutj =0. (1.4)
j=1 Jsk=1
To ensure the hyperbolicity and well-posedness of system (1.1), define the
following real symmetric matrices

B =

2]

3
B*ow, K,(1)=Y K" ()0,

k=1

M

J

for ®=(w,o,,»,)eS*. Then the following conditions are imposed as:
[Al] Forany weS®, B,(0) is positive definite, and K, (¢) (¢>0) isnon-
negative definite; and L is a real symmetric non-negative definite.
[A2] B,(0)-K,(¢) ispositive definite for each @eS® uniformlyin >0,
where K, (1)= _[; K, (s)ds.
[A3] Foreach weS’, K, (0)+L is real symmetric and positive definite.
[A4] There exist positive constants C, and ¢, such that for each weS’,
t20,wehave —C/K, (7)< K, (1)<—c,K,(t) and
-C,K,(t)<K,(t)<C,K, () hold, where K, (¢)=0,K,(t),
Ko (t)=0,K,(1).
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In condition [A4], for real symmetric matrices 4 and B, A4>B or B<A4
denotes that A—B is non-negative definite; and 4>B or B<A denotes
that A—B is a positive definite.

Extensive investigation has been conducted on the decay properties of viscoelastic
equations. Dharmawardane, Nakamura and Kawashima [1] employed the classical
energy method to examine the decay rates of solutions for the Cauchy problem
associated with linear viscoelastic equations on R", deriving the standard decay
o

estimates. Moreover, they explored the case involving the operator (1-A)

and established the following decay estimate:

” ¥ ;,5/‘“ ) 2 < c(1+6)" “(af;*lu],aiﬂﬂuo)

v (1.5)
+C(1+ t)fmfk/2 ||(u1,6xu0 )”L, ,
where 0<k+/<s,and C isa positive constant. Inequality (1.5) reveals that to
achieve the decay rate of (1+ t)fw , it is necessary to assume that the initial data
possess an additional [ -th order regularity, which makes the initial value need to
satisfy a higher regularity index to obtain the optimal decay rate of solutions.
Similar situations of regularity loss also appear in the Euler-Maxwell system in
[2], the dissipative Timoshenko system in [3], and the hyperbolic-elliptic systems
of radiating gas in [4].

We will study the nonlinear problem of the viscoelastic hyperbolic system.
When there is no the operator (1—A)_1 in Equation (1.1), Dharmawardane,
Nakamura and Kawashima [5] [6] have studied the global existence of solutions
to the Cauchy problem in 7 -dimensional space and calculated the L' (R") -
I (R”) type decay rate of solutions; for problem (1.1) - (1.2), due to the
weakening of the dissipative term by (1- A)_1 , the decay exhibits regularity loss-
type. To overcome the difficulties caused by regularity-loss in dealing with
nonlinear terms, Dharmawardane has combined time-weighted energy methods
and semigroup methods in [7] to calculate the optimal decay estimates of the
solutionfor the nonlinear equation, which effectively controls the influence of
nonlinear terms and obtains the same decay rate (1+t)7n/4 as the linear heat
equation [ (]R”) -I (R” ) type decay estimate.

Due to the weaker dissipative mechanism, in order to obtain the optimal decay
estimate of smooth solutions, compared with the regularity required for the global
existence of smooth solutions, we have to impose higher regularity on the initial
value. For example, for the Cauchy problem of the three-dimensional compressible
Euler-Maxwell equation, although only the regularity s>3 of the initial value is
needed to prove the global existence of solutions in [8], in order to obtain the
optimal decay rate of solutions, the regularity of the initial value needs to reach
§26 in [2]. We note that the minimal regularity 6 required for the decay
estimate exceeds the minimal regularity 3 required for the global existence,
because the decay estimate of the compressible Euler-Maxwell equation is of
regularity-loss type. This phenomenon prompts us to think deeply: whether it is
possible to achieve the L' - L’ optimal decay while keeping the lowest regularity

DOI: 10.4236/jamp.2025.134058

1111 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.134058

J.Hu

index of the initial value? Research shows that this is feasible. Xu, Mori and
Kawashima in [9] constructed a special energy estimate, that is the L’ (R") -
L (R” ) -L (R” ) estimate, and used it to reduce the regularity of the initial value
to 3 for obtaining the optimal decay estimate of the compressible Euler-Maxwell
equation; Xu and Kawashima also applied this estimate to prove the minimal
decay regularity of smooth solutions to the two-fluid Euler-Maxwell equation in
[10]; in addition, Cao and Xu also applied this estimate in [11] to study the
minimal decay regularity of the Timoshenko-Fourier system in thermoelasticity.
Similarly, we can apply this estimate to the three-dimensional viscoelastic
nonlinear hyperbolic system and calculate the decay estimate of solutions under
the premise of satisfying the minimal decay regularity index of the initial value.
Dharmawardane has already proved that when the regularity of the initial value
§26 1in [7], the Cauchy problem for the smooth solution of the viscoelastic
nonlinear hyperbolic system on R’ has global existence. We will discuss the
minimal decay regularity index of smooth solutions to the viscoelastic nonlinear
hyperbolic system.

This paper is organized as follows: in Section 2, the main theorems of this paper
are given; some basic inequalities and L’ (R") - (R”) -r (R") estimates are
given in Section 3; in Section 4, energy estimates in the Fourier space and the proof
of the main theorems are shown.

Notations. In this paper, the Fourier transform of a function u is denoted as

= Flu)(£)= ﬁ [l u(x)e s,
and its inverse transform by
£ ) = el (@) 0

We denote by H™” (Q) the classical Sobolev space on Q, when p=2,
Q=R", use the abbreviation H". L"(1< p<o) denotes the usual Lebesgue
spaceon R" with the norm |||| ,» - Foranon-negative /, 0" denotes the totality
ofallthe /th order derivatives with respectto xeR"; f < g denotes f<Cg.

Throughout the paper, C and ¢ denote various generic positive constants.

2. Main Results

For convenience of calculation, define the following norms: Initial energy norms:
2

B =000 ) B =200+ 0.0 )

And time-weighted energy and dissipation norms:
s—1
2

m=0 m=—
E, (1) =sup(1+7)" " “(6;"%,8;””14)(1)”2

pys—2m 2
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J- (1 m 3/2

Because of the regularity-loss, classical energy methods fail to provide a priori

m+1
‘( x r’a ‘[)”H‘ 2m

estimates of solutions to the problem (1.1) - (1.2), thus preventing the establishment
of global existence. Therefore, this paper investigates the minimal decay regularity
of the Cauchy problem (1.1) - (1.2) based on the time-weighted priori estimate in
[7] for n=3.We present the result [R1] without the proof, which can be found in
(7].
Proposition 2.1 Suppose conditions [Al] - [A4] hold and the initial data

(u,,0,uy))e H* and s>6. Then there exists a positive constant & such that if
||(u1,axu0 )"m <6, the problem (1.1) - (1.2) has a unique global solution and

satisying

E(t)+D(1)<CE,, (2.1)

where E, is the initial energy and C is a positive constant. In particular, the

solution exhibits decay estimates:

“ " t,amﬂ )”szm < CEO (1 n t)1/4—m/2 ’

for m>0 and s>2m.

Remark 2.1 The inequality (2.1) still holds even without the integral term
involving the dissipation.

The following presents the main result of this paper.

Theorem 2.1 Suppose conditions [A1] - [A4] hold and the initial data
(u,,0,u,) e H® (R3 ) NL (R3 ) . Then there exists a positive constant &, such that
if ”(u, ,axuo) , £ 0, , the solution to problem (1.1) - (1.2) satisfies

HOAL

”(u, ,0,u) (t)"L2 <C(1+ t)73/4 ”(ul ,0. 1, )” (2.2)

HOAL?

where C is a positive constant.

3. Preliminaries

This section primarily provides some basic inequalities and " (R”) - (R”) -
L (R”) estimates, which will be employed in the proofs of pointwise estimates
and decay estimates.

Let X™ be the totality of mxm real matrices, (,) be the standard inner

productin C”. We introduce the operator norm of 4€ X" by

|4y|

|A| =sup —-
vl

(//E(Cm
w#0

Let 8" be the totality of mxm real symmetric matrices. For 48",
A>20 indicatesthat A4 isnon-negative definite. Also, 4> B or B< A4 means
A-B isnon-negative definite. If 4€ 8" and 4>0 ,thenfor y €C",itholds

[y <[4y ).
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For A(t)e X" and y(t)eC", we define the convolution
(A*y)(t)= I;A(t—r)w(r)dr.

Furthermore, we introduce related operators for the quadratic form of convolution.
Definition 3.1 For any (¢),{(t)eC", define

(409)(0)=[;4(t=7)(v (1) (7))dr,
Al L)) =[i{AG=2)w ()-w ()£ ()¢ (7)) )ar.

From Definition 3.1, we obtain the following relationships involving convolution:

Axy =Ay-A0y, (3.3)
where A (1) = J.t
(Axg) =A(0)y +Axy = Ay - A0y, (4d*¢) = A(0)y, +(A*W), (3.4)

ai(e)

A(s)ds . Taking the derivative with respect to ¢ gives

S

where A=

. |8

The following lemmas provide inequalities for controlling memory terms, with
detailed proofs available in [1].
Lemma 3.1 Let y(7)eC", and assume conditions [A1] and [A4] hold. Then

K, 0wl <CK,[w.v], (3.52)

K, =u[ <C(f +K,[w.v]), (3.5b)
(K, *y) [ <C(K,lvw]+K, [v.v]). (3.5¢)
(&) [ <C(K v+ K [wpl). (3.5d)

The following part introduces the L” (R” ) - (R") -L (R” ) estimates, which
play a crucial role in proving the main theorem 2.1.
Lemma 3.2 (L7 (]R” ) -7 (R") -L (R" ) estimates [9]) Let 7 (§) be a positive,

continuous and real-valued functionin R" satisfying

o1 , 0;
( g)N{Iﬁl sl -

€[ asfe] >
for 0,,0,>0.For ¢e S(R” ) , it holds that
|7 it o))

S ()7

v (3.6)

1
w7 ot

09

r’

for l>n[l—lj,1£q,rﬁ2SpSoo,OSjSk , where 7J(q,p):£[l_lj
r.p o\lqg p
(0'>O) and when p=r=2, [>0.

Finally, this section introduces several inequalities for dealing nonlinear terms.
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Lemma 3.3 (Gagliardo-Nirenberg inequality [12]) Let 1<g,r<o0, k be a
positive integer, u € L’ (R") ,and Duel (R") .Then D’u (0 <j< k) satisfies

[P, <clota

|l (3.7)

JZ

1 k 1
+a[———j+(l—a)—, with iﬁasl. The constant C depends
ron q

1
where -7

p n
on mnk,j,q,r.a.

Lemma 3.4 [4] [13] Let 1< p,g,r <0 and l/p = 1/q+1/r . Then we have
L <C(Jul ) (120), (3.8)

<(

0" (uv)

[

where [61,@\) =0 (uv)-udly isacommutator.
Lemma 3.5 [4] [13] Let f (u) be smooth function of u, and there exists a
positive constant M >0 such that ||u|| » <M . Then

aif(u)

! !
oV o.u

»

+
Vi

!
0.V

!
o.u

0.u

0,v

» 1 L L,) (1=1), (3.9)

L <C(M)(14]],.)”

s

!
o.u »

(3.10)

for 1<p<o and />1,where C(M) isa constantdependingon M .

4. The proof of Theorem 2.1

This section first employs the energy method in Fourier space to establish pointwise
estimates for solutions of the nonlinear problem (1.1)-(1.2). Then, " -L'-L
estimates are used to prove the optimal L' - I’ type decay estimates of solutions.
The proof is divided into two parts.

4.1. The Energy Estimates in Fourier Space

We first rewrite (1.1) as the following form. Assuming ¢(0)=0,56’(0)=0
(j=1,2,3), by Taylor’s theorem, we have

3 3 3
u,— Y B (0)u,, +(1-A)" [ > K ru +LutJ =2.¢'(0w), 25,8, (411)
e

Jk=1 Jik=1
where gj (8xu) =p’ (6xu)—zz:1 B* (O)u
transform, we obtain

i, +|el B, (0)a—|g[ (&) (K, *a)+(&) " La, =¢-¢. (4.12)
(E0)=0y (£), 4,(£.0)=a,(£). (4.13)

:0(

o.u

2). Applying the Fourier

k

where £eR?, <§> = (1+|§|2 ); .

Dharmawardane [1] and others have studied pointwise estimates for viscoelastic
linear systems using the energy method in Fourier space. Building upon this
approach, this paper will subsequently estimate the nonlinear terms and finally
apply Gronwall’s inequality to obtain pointwise estimates for solutions of the

nonlinear system.
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Proposition 4.1 Assuming that conditions [A1] - [A4] hold, the solution to
(4.12) - (4.13) satisfies

*la(é.)
<ce O (Ja (&) +

2
for 1>0,£eR’, where p(&)= |§|2/(1 +|§|2) ,and C,c are positive constants.
Proof. First, we construct the Lyapunov functional E for equation (4.12),

i
(4.15)

“Jiy (&) )+ e G (x)dr

which is equivalent to
Ey =l +|ef laf +(6) 14T K, [4],
where K [ﬁ,ﬁ] is defined as in 3.1. The proof is similar to the pointwise estimate
proof in Dharmawardane [1], with the distinction that this paper includes an
additional treatment of the nonlinear terms.
Step 1: Performing the inner product of (4.12) with 4, and taking the real part

to obtain

ldp ey

PR F+{&Y (L, i) =G, (4.15)

where
E =|af +[e[ {(8,(0)-K, )ai)+ (&) e &, [a.a]+ [l (€)7 (K, i.),
1 s A A n A
F = E|§|2 (—Kw [u,u]+<Kwu,u>),
G, = Re(i-é,ﬁ).
By conditions [A2] and [A4], which leads to
cE,<E, <CE,, F> %|<§|2 (coK, [,0]+(K i,0)) > c|é] F,
6, = Re(¢-2.1,)< el
Here, F, =K, [ﬁ,ft]-ﬁ-(l{mﬁ,ﬁ).

Step 2: Performing the inner product of (4.12) with —(K,*#) and taking

the real part yield

1d -
Ea152+<Km(o)u,,u,>:1i’2+Gz, (4.16)

where

=le(6)”
R, =—Re(i, (K, *i) ) +|e[ Re< (0)a.(K, *a), ) +(£)” Re (L. (K, *i), ).
G, =Re(¢-g,~(K, *i),).

For E,,applying Lemma 3.1 and the condition that K, (¢) is symmetricand

‘2 Re< (K, 1), >

positive semi-definite give

IE,|< if + K, [a,i])

[ e+l (€)”)
[+ (laf + &, [a.a]).
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For any real numbers €,0 >0, applying condition [Al], Young’s inequality,
and Lemma 3.1 to estimate R, , then

(K, [a,0]+(K, a,0)) i+ Cy | (K, [,0]+(K ,a,0))
+e(&) [a ] +C ()7 (K, [aa]+(K, i)
<e(1+(8)7)laf i +C((£) +(e)7) R,
Similarly, estimating the nonlinear term G, gives
(K, [0,0]+(K i) =

Step 3: Performing the inner product of (4.12) with # and taking the real part

A

u

t

&l + Gl F,

yield

EEE el (B, (0)-K, i)+ (&) P (K i) =R+ Gy, (417)

where
E, < > <Lu u>+2Re<ftt,ﬁ>,
=l - e ()" Re(K, 0 .a),
G, =Re(¢-8.i).
Since L is positive definite, we get
£ <&)L)+ [2Re(i )
)
For any real number y >0, with the aid of Young’s inequality and Lemma 3.1,
we estimate R, and G, as follows:

A 2+7/|§|2<§>—2

A

+|u

sc(ﬁ,z

A

il +C, el (&) K, [a.],

— |7t

~|2

u

Step 4: Let «>0,3>0,and define p(¢)= |§|2/<§>4 .Byadding p(¢) (@
(4.16) + B (4.17)) to (4.15), we obtain

liE+F R+G, (4.18)
2 dt

where
E=E +p(&)(aE, + BE;),
F=(&)" F+(&)" (Li,.a,)+ p(&)a(K,(0)d,q,)
)81 (B, (0)=K, )aia) +]]' (£)” (K i) |,
R=p(&)(aR, +BR,),
G=G, +p(¢&)(aG, + BG,).

Using the above estimates and conditions [A2] and [A3], we have the following
inequalities for £ and F':
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CE,<E<CE,+C(a+p)E,

A2+c<§>—2|§|2%).

F> p(é‘)(coz|ﬁ,|2

Finally, estimating |R + G| as
[R+G]<p(¢)(a

([)+ G+ p()(a]Gu|+ BIGH)
< p(&){(20e 28| +( “Jaf }+ (@t B)C.,
e () R+ Gy, ((6)' + a5+ B

By choosing appropriate ¢, 3,7, , we can ensure that

cE, <E <CE,, F>cp(&)E,, |R+G|S%F+G,

g * . The parameters must be selected such that

where G = Cy, ((5)4 + a5+,b’)

2ae+2/3§2%c, a§+2ﬂy£%ﬂc, CE’M(OH,B)s%, 1-alél (&) >0.

2
This is achievable, for example, by taking e=y = < , B= ac , O =( ¢ j R
ple, by § €=7=3 Vit N

and choosing 0<a < % such that

oac C
C a+— |<—.
5,5,7( 8 j 2

Combining with (4.18), gives the differential inequality

i—f+cp(§)ESCG,

[ +|§|4 |§|2) . Applying Gronwall’s

. hod A2
where the nonlinear term G <C ( gl +

inequality to the above equation gives
E(&1)<e ™ E(£,0)+C[ e NG (1) de
= E, (£,1)< Ce "V E, (£,0) +C.[ PG (1) de.

Finally, by the definition of E|, the proposition 4.1 is proved.

4.2. Optimal Decay Rate

In the following part, we will calculate the minimal decay regularity of solutions
to (1.1) - (1.2) based on Propositions 2.1 and 4.1. To this end, define new time-

weighted energy functionals:

N ()= sup 1+z’)4||u ou)(r )"

2.
0<r<t L

Proposition 4.2 Let u(x,t) be the global classical solutions to (1.1) - (1.2), if
(u,,0,u,)(t)e L', then

N (£) S|(w20, )| o + N (£) Dy (1) + N (2). (4.19)

Proof. From Proposition 4.1, we have
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Joo Jace. & )ag
s “ (Iﬁl (& +|:|2 g () Jag+ [ [; G () ara

2L+ +1,.

The right-hand side of the inequality is divided into three parts to estimate.
First,

= [pe i ()] g

; (4.20)
SO+0) 2y +(140)”

2
u
x| 2

The inequality is obtained from the L”-L?-L" estimate with 0,=0,=2,
k=j=0, p=2, g=1, I=r=2.
For I,,with 0,=0,=2,k=j=1p=2,q=1,l=r=2, we obtain

é)lz dé
)’

Regarding I, we further divide it into three parts:
L= [ IG(r)dede

g.[w.[oeicp(é)t ’ (g +

A
=1+ 1+ 1.

1, = R’} eicp(é)t |§ i

(4.21)
§(I+t)

2
u
x0|[2

‘ gz)drdf

where [, is split into low frequency (|§|Sl) and high frequency (|§|Zl)

parts, as follows:

. :J-ZJ. 3e—cp(§)(t—r) g\_Z
:I‘i(j\é\ﬁJr I\é\zl )(m)d(’gdr

éI31L +131H’
For the low-frequency part, with 0,=0,=2,p=2,9=1,k=j=0, we get
Ly, NJ 1+t—7 2||g||L] dr

(
I(l+t
N(
N(

(4.22)

s j(m T)3(1+r)*3dr
1) (1+t)

The second inequality in the above expression is derived from

g (0.u)=0(po,

follows:

2). For the high-frequency part, we divide it into two parts as

t/2
Ly —(_[ .[:/2 ) dT—Izlm"'[le

For I, ,taking o,=0,=2,p=2,r=1=2k=0 yields
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t/2

<I (1+t-7)" ||a “||
<E( sup{(l—i—t o (m) }j(m

0<1—<,
2

Xu(z') ’ dr (4.23)

2

S+ 2B D, (o)
3
S(1+1) 2 K.
Regarding the nonlinear term, it follows from Lemmas 3.4 and 3.5 that

m+1
orig

2’

which ensures the second inequality. Applying the Gagliardo-Nirenberg inequality
to the third inequality, we have

LSE@) (141) (s24),

and the last inequality is based on Proposition 2.1, which states that

E(t) +D., (1) SE2,
where
D, (1) = [ (1+7) (. 0.)[;, with(s>2).
For I}, ,taking 0,=0,=2,p=2,r=1,1=2,k=0 gives
Ly 5[ (1+1-7) "82g" dr

< t/2(1+t—r)7

< N(t)2 sup {(1+t—r)_; (1+r)_2}j (l+r)

(4.24)

2

dr

(7))

I

where, with Lemmas 3.4 and 3.5 again it holds

xg

Here, s>4 because

-1

For I,,, similarly to I,, , we estimate it by dividing into low and high

0%u,,0’u “

x7t?

frequencies:

S e
I(-ﬂ:\ﬂ I\;\>1) )dédr

2 Ly + 1Ly
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For the low-frequency part I,,,, taking o,=0,=2,p=2,k=1,j=0,9=1,

we get

5
32L~_[ (I+t-7 _5||g||2 dr

]
< _[ (1+7- r) Sr)"L2 dr (125)
SN(2) J' (1+1-7)2(1+7) dr
<N (141)2
For the high-frequency part, dividing it into two parts, namely,
Ly = (j:2+ [, )( Ve 2 1L, + 1,
For I),,,taking o,=0,=2,p=2,r=1=2k=1 yields
Low S, (141-7)
2
<k (1 #oe) d (4.26)

where, it holds by Lemmas 3.4 and 3.5

<&
For the estimate of I, ,taking o,=0,=2,p=2,r=11=2,k=1 gives

IszN (l+t z’)

< t/2(1+t—r)7

<SN() sup {(m-r)i (1+r)2} [ (1 2)2 Jotu(

—<r<t
2

S+ N D (1)

; (4.27)
,dr
L

where

L2 ’

and the last inequality holds when the L’ norm of the forth derivative of u is
controlled by D, (t) , which requires regularity s—42>1,ie, s25.The calculation

process for [, issimilar, namely,

7cp t r
RS

7cp )(t-7)

L2 R3)

=I33L + 15y
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For I, ,similarlyto I;,,,taking 0,=0,=2,p=2,q=1,k=2,j=0 gives
L S [ (+i-c) 2 gl de
<[+ e-o) 2 o.u( r)||“ dr
SN [, (- r) (1+7)°d
N () (141)°.

For the high-frequency part I, , we divide it into two parts, namely,

%
Ly —(J L,z ) )T 2 Ly + Ly

(4.28)

For the first part 1), , taking o, =0, =2,p=2,r=1=2,k =2, we obtain
Lo S, (1+e-2) 7 fo!
t/2
<y (+e=o)”
S 2E@) D, (f)2

3
S(1+1)2E;,

(4.29)

2

where

xg

For the second part I3, , taking 0,=0,=2,p=2,r=1,l=k =2, we are led

to
, il
132311 5.[,,2(1+t_1) :
< t’/2(1+t—z') L de
e 1 L (430)
<N(Y s p{(m_f)z(m)}jo(1+r)z||a§ ’ d
ES T<t
S+ N (1) D (1)
where

(aiu,,éf_u)(r) ’ dr,

HS—4

D, (1) = j;(m)”z

and the last inequality holds when the I’ normof &’u iscontrolled by D, (1),

which requires regularity s—42>2,ie., s26.
Therefore, combining the above inequalities (4.20) - (4.30) and taking s=6,

we obtain
(0,00 (s < (10 2 (0,00 ) +(140) 2 N (e)°

H(140)2 N (1) D, (1)

where Ej<E,,then

N(t)gu(ul’axuO)"leHﬁ +N(t)2 +N (1) D, (1)
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0
When ||(u1,axu0 )”L]mHﬁ is sufficiently small, according to inequality (2.1), the

dissipative norm D, (1) S E, S "(u] ,0.,u, )"L' hence

~H®’

N(t) S0, ), 0 + N (1) = N(t) S E,.
Consequently, it holds

3
"(ut,axu)(t) 2 E»(1'”)_2 "(ul’axuo )"H%L‘ ’

The proof of Theorem 2.1 is completed.

We reduce the regularity requirements for the initial data when establishing the
optimal decay estimate of solutions to the Cauchy problem in viscoelastic hyperbolic
dissipative systems. Since it is often difficult for initial data to meet the necessary
smoothness in the real world, lowering the regularity of the initial values implies
that the initial conditions are more in line with actual situations. Furthermore,
this aids in a better understanding of the dynamic behavior of physical systems,

particularly when dealing with complex or imperfect initial conditions.
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