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Abstract 
In this paper, to overcome certain difficulties encountered in previous studies, 
we first investigate a formula for the Laplace transform of the Riemann-Liou-
ville derivative with a lower limit a . We then obtain the exact solutions of 
nonhomogeneous Riemann-Liouville fractional differential equations with 
pure delay. In addition, this paper explores the Hyers-Ulam stability of non-
homogeneous fractional oscillatory differential equations with pure delay. 
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1. Introduction and Preliminaries 

There have been many studies on the well-posedness and Hyers-Ulam stability of 
PDE [1] [2]. In recent decades, the solutions of the Cauchy problem with delay 
have been studied by many authors [3] [4]. Many researchers have focused on the 
stability and controllability study of solutions of fractional Caputo differential 
equations with delay [5]-[11] and fewer researchers have studied fractional 
Riemann-Liouville differential equations with delay [12]-[15]. The stability theory 
of fractional order differential equations allows the solution to remain accurate to 
δ  ( Cδ ε= ) in the presence of a perturbation in the right end term of the 
equation. For time-lagged systems, this stability avoids the amplifying effect of 
errors in the time-lag loop. For example, in control system design, it ensures that 
sensor noise does not trigger violent oscillations in the control commands. 

Fan and Pan [16] gave the solutions and the finite time stability of Equation (1) 
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by using the Mittag-Leffler matrix-type functions and the constant variational 
method in 2023. The authors stated that it was difficult to compute the solutions 
of system (1) directly by using the Laplace transform, because they didn’t find a 
suitable formula for the Laplace transform of the Riemann-Liouville fractional 
derivative with the lower limit a . Motivated to the difficulty left over from the 
literature [16], we further study the nonhomogeneous Riemann-Liouville fractional 
oscillatory differential equations with pure delay of the following form  
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To obtain the exact solutions of system (1), we firstly study the exact solutions 
of the homogeneous fractional delay differential equation  
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Then, by means of the generalized Mittag-Leffler type matrix functions and the 
Laplace transform, we will solve the solutions of Equation (1) and derive its Hyers-
Ulam stability. 

Currently, we introduce two delayed Mittag-Leffler type matrix functions. We use 
the norm 1 ii

ny y
=

= ∑ , 1ny ×∈  and the matrix norm  
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Definition 2. (See [16]) The delayed Mittag-Leffler type matrix function  
( ) : n ntτ

α
×→   is defined as 
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Lemma 1. (See [16]) For ( )tτ
α  and ( )tτ

α , we have 
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d

t t
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ii) ( )tτ
α  is a solution of Eq.(2), which meets starting conditions  
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iii) ( )tτ
α  is a solution of Eq. (2), which meets starting conditions  
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Lemma 2. (See [13]) If the Laplace transform of ( ) ( )1f t f t a= −  exists for 
t a≥ . Then we find  
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Proof. We prove it with the help of mathematical induction method. When 
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Thus, Lemma 3 is proved. 
Utilizing the Lemma 3 and the method of proof in Section 2.8.2 of literature 

[17], we get 
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Lemma 4. The Laplace integral transform of Riemann-Liouville fractional 
derivative with the lower limit a  is given by  
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Proof. The Laplace transform of the function 1tα−  is  
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the Laplace transform of ( )g t  follows from (6)  
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then, substituting (8) and (9) into (7), we have  
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Lemma 5. (See [16]) Assuming 1 2, 0α τ< < > , the solution of system (2) can 
be expressed as  
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2. Exact solutions 

Lemma 7. The solution of the problem (1) satisfies  
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Combining this with the Lemma 2, we have 
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This proof is completed. 
Theorem 1. The fractional delay differential equation (1) has a unique solution 
( )y t , and ( )y t  can be written in this form 
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Proof. The implicit form of this solution is presented by the lemma 6 by using 
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the Laplace transformation. Now all that is needed is to solve the Laplace inverse 
transformation of this  
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This proof is completed.  

3. Hyers-Ulam stability 

Theorem 2. Let n nβ ×∈ , ( )1,2α ∈  and ( )f t  is a function defined on n , 
then the system (1) is Hyers-Ulam stable on ( ]0,T . 
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According to Theorem 1, we find a solution ( )y t  of equation (1). By the 
Lemma 6, we have  
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Let ( )0 0
max dT

t
tC Qτ

α ξ τ ξ< ≤= −∫ , then ( ) ( )y t y t Cε− ≤ . Thus the system 
(1) has Hyers-Ulam stability. 

Hypothesis 1. Assume that ( )g t  is a non-negative function and belongs to 
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Based on the Gronwall’s inequality, we have the following estimates  
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Γ
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system (1) is the generalized Ulam-Hyers stable.  

4. Example  

This section will confirm the soundness of the theoretical results with a concrete 
example. 

Example. Assume that 1.8, 0.15, 4kα τ= = =  and 0.6T = . Consider  
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( ) ( ) ( )

( ) ( ) ( )

( )
( )

1.8
0.15

T3
2

0.2
0.15

0.8
0.15

0.15 , 0 0.6, 0,

0.15
0.15 , , 0.15 0,

2

0.15 0,

0.15 0,

R

R

D y t y t f t t

t
t t t

J Y m

D Y n

β τ

ϕ

+

+

+

−

+
−

+
−

 = − + < ≤ >

  + = + < ≤     


− = =


− = =

           (15) 

where ( ) ( ) ( )( )T
1 2,y t y t y t= , 

0.45 0
0 0.5

β  
=  
 

, ( )
T2

3,
2
tf t t

 
=  
 

. 

According to Theorem 3, the solution of system (7) will exhibit a particular 
form when the time parameter t  is in the interval ( ]0,0.6 .  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

00.15 0.15 0.15 1.8
1.8 1.8 1.8 0.150.15

0.15
1.8

0.15 d

0.15 ,

Ry t Q t n W t m Q t D

Q t f t

ξ ϕ ξ ξ− +−
= ⋅ + ⋅ + − −

+ − ∗

∫  

where  

( ) ( ) ( )

( )
( ) ( ) [ ]

( ) ( ) [ ]

0 0.15 1.8
1.8 0.150.15

0.2

0 0.15
1.80.15 1.2

0.15 d

2.64 0.15 3,0.2
0.2

0.15 d .
3.52 0.15 4,0.2

0.2

RQ t D

t B
Q t

t B

ξ ϕ ξ ξ

ξ ξ

− +−

−

− −

 + Γ = − − ⋅
 

+ Γ 

∫

∫
 

Let ( )0.15
0 0.6 1.80

max 0.15 d 0.002207t
t

C Q ξ ξ< ≤= − =∫ , then 

( ) ( ) ( )
0

d 0.002207 .
t

y t z t Qτ
αε ξ τ ξ ε− ≤ − ≤∫  

That is to say, the system (1) is Hyers-Ulam stable on ( ]0,0.6 .  

5. Conclusion 

In this paper, we discuss the Laplace transform of the higher-order derivative that 
is integrable on [ ),a +∞  and the Riemann-Liouville derivatives with a lower 
limit a . Based on these transforms and the generalized delayed Mittag-Leffler 
type matrix functions, we study the exact solutions of the nonhomogeneous 
Riemann-Liouville fractional oscillatory differential equation of order ( )1,2α ∈  
by using the Laplace transform technique. And explores the Hyers-Ulam stability 
of the nonhomogeneous fractional oscillatory differential equation with pure 
delay. We successfully solved the difficulty left over from the literature[16].  
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