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nonhomogeneous Riemann-Liouville fractional differential equations with
pure delay. In addition, this paper explores the Hyers-Ulam stability of non-
homogeneous fractional oscillatory differential equations with pure delay.
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There have been many studies on the well-posedness and Hyers-Ulam stability of
PDE [1] [2]. In recent decades, the solutions of the Cauchy problem with delay

have been studied by many authors [3] [4]. Many researchers have focused on the
stability and controllability study of solutions of fractional Caputo differential
equations with delay [5]-[11] and fewer researchers have studied fractional
Riemann-Liouville differential equations with delay [12]-[15]. The stability theory
of fractional order differential equations allows the solution to remain accurate to
0 (0=Cg) in the presence of a perturbation in the right end term of the
equation. For time-lagged systems, this stability avoids the amplifying effect of
errors in the time-lag loop. For example, in control system design, it ensures that
sensor noise does not trigger violent oscillations in the control commands.

Fan and Pan [16] gave the solutions and the finite time stability of Equation (1)
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by using the Mittag-Leffler matrix-type functions and the constant variational
method in 2023. The authors stated that it was difficult to compute the solutions
of system (1) directly by using the Laplace transform, because they didn’t find a
suitable formula for the Laplace transform of the Riemann-Liouville fractional
derivative with the lower limit « . Motivated to the difficulty left over from the
literature [16], we further study the nonhomogeneous Riemann-Liouville fractional

oscillatory differential equations with pure delay of the following form
D" y(t)=PBy(t—7)+ f(1), teJ:=(0,T],7>0,
y(t)=o0(1), -7 <1<0, (1)
S iy(=et)=m fD iy (=) =n.

where « 6(1,2) , f:J—>R" is a continuous function, 7=Cr for a fixed

Ce {1, 2, } , S denotes a constant matrix, RDi+ and RJi+ are, respectively,

the Riemann-Liouville fractional derivativeand integral of « €(1,2) with the

lower limit —z" defined by

RD”‘Hf(t):ﬁ:::I (1=5)" f(s)ds, 1> .
AN I (t=5)" f(s)ds, t>-7.

To obtain the exact solutions of system (1), we firstly study the exact solutions

of the homogeneous fractional delay differential equation

RD:+y(t):ﬂy(t—z'), teJ:=(0,T],7>0,
y(0)=0(1), -7<t<0, (2)
Ji’f‘y(—r )— D" 1y( ) n.

Then, by means of the generalized Mittag-Leffler type matrix functions and the
Laplace transform, we will solve the solutions of Equation (1) and derive its Hyers-
Ulam stability.

Currently, we introduce two delayed Mittag-Leffler type matrix functions. We use
the norm ||y|| = Z;l|yi| , yeR” and the matrix norm
181 = maXISJSnZ7:I|ﬂzy| » BeR™.

Definition 1. (See [16]) The delayed Mittag-Leffler type matrix function
Qi (1):R—>R™ is defined as

o, —0<t<—T,
(t+‘[)a_] ~
I—F(a) R T<t<0,
. B (t+z')a 1 2l
Qr(r)=11 () + r(2a)" 0<t<r,
()™ e e
(@) +ﬂr(2a)+ﬁ () + 4 f F((k+1)a) (k-1 <t<kr.
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Definition 2. (See [16]) The delayed Mittag-Leffler type matrix function
W (t):R—>R™ is defined as

0, -0 <t <7,
M —7<t<0
I(a-1)" o

-2 22
() = 0<t<
W) F(a—l)+ﬂf(2a—1)’ e
a— . a— (k+l)a—2
(cre) " g £ pl=n) L (kl)e) (k=1)r <t <kt
I(a-1) "T'(2a-1) = T(3a-1) I((k+1)a-1) -

Lemma 1. (See [16]) For Q; () and W) (r), we have
i) %Q; (£)=W; (¢) forall teR\{-7}.

ii) Q; () isa solution of Eq.(2), which meets starting conditions
(t+ r)a_l
I (a)
iii) W) (7) isa solution of Eq. (2), which meets starting conditions
(t+ r)a_2
I(a-1)

Lemma 2. (See [13]) If the Laplace transform of f,(¢)=f(1—a) exists for
t > a. Then we find

L(AW)s) = e F ()27 (0)(s)

Lemma 3. When f/(¢) is integrable on [a,+x), the Laplace transform of
f(t) isdefinedby F(s)= E(f(t))(s) = J‘:e”’f(t)dt , we obtain

£ @0)(s)=s"c(s (t))(S)‘:Z;Skemf " (a). 3)

o (1)=1 , —r<1<0, J2Q (~r")=0.and *D"'Q;(-r")=1.

Wy (t)=1 , —r<t<0, W (—r7)=1 and "DW (-77)=0.

Proof. We prove it with the help of mathematical induction method. When

n=1, we get
L(f'(1))(s)= jje*“f'(z)dt =sL(f(t))(s)—ef (a).
Assuming Equation (1.3) holds when n =k, thatis
£(rO(0)(s)=5L(f (1) (5) =5 f (@) =-=se 4 (@) —e £ (a).
Let n=k+1, we have
£ D))= 00 =5 (0)(5)-e @)
= sk”ﬁ(f(t))(s)—ske’“’f(a)—w—se’“’f(k*l) (a)—e™ f(a).

Thus, Lemma 3 is proved.
Utilizing the Lemma 3 and the method of proof in Section 2.8.2 of literature

[17], we get
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Lemma 4. The Laplace integral transform of Riemann-Liouville fractional

derivative with the lower limit a is given by

n-=1

ﬁ(RD:ff(t))(s) =s“L(f(1))(s)-D s"e™ [RDf’k’lf(a)]. (4)

Proof. The Laplace transform of the function ¢*™' is
G(s):ﬁ(tafl)(s):lﬂ(a)sf”, (5)

then, by applying the Laplace transform formula of the convolution equation, we

derive the Laplace transform of the Riemann-Liouville fractional integral
[,(Jf)(s)=s’“F(s). (6)

Next we explore for the Laplace transform of the Riemannian-Liouville

fractional order derivative, and for this purpose we write the following form

D f (1) =J1g"“) (1),
g()=J"f(t)= ! It(t—r)HHf(r)dr,n—lSa<n.

n—a-¢

According to the Lemma 3, we obtain
n—1
E(D:f(t))(s)=s"G(s)—Zskg(n—a—l)(a), (7)
k=0
the Laplace transform of g(t) follows from (6)
G(s)= sf("fa)F(s). (8)

Furthermore, based on the definition of Riemann-Liouville fractional derivative,

we derive the following result

dnfkfl
dtn—/\’—]

then, substituting (8) and (9) into (7), we have
£(*Drr (0)(s) =L (0)(s)- X' [ D ()],

Lemma 5. (See [16]) Assuming 1< a <2,7 >0, the solution of system (2) can

g(n—k—l) (f) _

JUf(0)=DI* 1 (1), )

be expressed as
u(t)=Q: ()n+ W (t)m+[° Q: (t1-7-&) ("D p)(£)dé. (10)

Lemma 6. (Gronwall’s inequality) (See [18]) Let y(t) be a nonnegetive
summable function on (O,Q], and y(t) < Clj.;y(s)ds-i-cz for a.e. te(O,Q]
and constants C,,C, 20.Then y(¢)<C, (1 + Cltec“) ,forae. 0<r<Q.

Definition 3. The system (1) is Hyers-Ulam stable on (O,T ] if there is, for a

given constant &> 0, a function )7(t) satisfying the inequality
|*De.5(1)- B3 (1-7)- £ (1) <&, te(0.T], (11)

and satisfying conditions of system (1), there exists a solution y() of problem
(1) and anumber C >0 such that ")_/(t)—y(t)" <C¢ forevery te (O,T] .
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2. Exact solutions

Lemma 7. The solution of the problem (1) satisfies
L)) =(s = (A )+ £( () (5)),

where A (s)= ﬂe’”f ¢ p(z)dz.
Proof. Performing the Laplace transform on both sides of the system (1),

according to (4) and Lemma 2, we get
(D% (0)(s)= BL(»(1=7))(s)+ £(/ (1))(s).
then
SL(p(0)(s)=B(e ™[ e (2)dz e "L (r(0)) () + £ (1) (s),
hence
£(r(0)(s)=(s" =) (A () + L(£ (1))(s)).

The proof is completed.
Corollary 1. The solution of problem (2) satisfies

£(u()(s)=(s“ =) (A (5)).

Lemma 8. Let 1<a<2,7>0,we have L(Q; (t—z'))(s) = (s“l —-pBe™ )71 I.
Proof. According to the Lemma 1 (ii) and Corollary 1, we find

(z+ T)UH

£Q)s)= (st pem) g [ E N

=T

a —st\! 0 _s(z+z zZ+ !
:(s I1-pe ) ~ﬁjife ( )—( F(;))

= (Sa[ - pBe )_] '%ji e+ (z+ r)(H dz

(o7 _ —sr_].ﬁ
=(s1-Be™) ol

Combining this with the Lemma 2, we have

0 (Z+Z')a+]

'C(Q; ("T))(s) = e’”j o

T ) dz+e77L(Q7 (1)) (s)

= ﬁe”ﬁr e (z+ r)‘H dz+e™ -(s“] — e )71 ﬁa

s
-1
=(s1-pe) 1.
This proof is completed.

Theorem 1. The fractional delay differential equation (1) has a unique solution

y(t),and y(¢) can be written in this form

y(0)=Q: ()n+ W (eym+ [ Q (1-7-£)(*D%,p)(§)dE+Q: (t-7)x £ (1).  (12)

Proof. The implicit form of this solution is presented by the lemma 6 by using
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the Laplace transformation. Now all that is needed is to solve the Laplace inverse

transformation of this
o (s1-pe) (g [ o () £(£ (1)(5))) 1)
By Corollary 1, we need only discuss £ ((s“l —Be" )_1 L(f (t))(s))(t)
' ((s”‘] —pe ) f(t))(s))(t) = £ (£(Q (1-7)) () £ (£ (1)) (5)) (1)
=L (L(Q(t=1)* £ (1))(5))(0) (13)
=Q: (t=7)*f(1).
Hence
y(0)=Q: ()n+ W (ym+ [ Q (1-7-&) (" D7, 0)(£)dE+Q: (1) £ (1).
This proof is completed.

3. Hyers-Ulam stability

Theorem 2. Let feR™, a€(1,2) and f(¢) is a function defined on R”,
then the system (1) is Hyers-Ulam stable on (0,77].

Proof. Let y(¢) satisfy the inequality (11) and the conditions of system (1).
Putting

K(t)="D" y(t)-py(t—7)~f(t),t(0,T]. (14)

From the Definition 3, it follows that ”IC (t)" < ¢ . Using the Laplace transform
for the left and right sides of (14), we have

L(R(1)(s)=(sT=pe ™) L(7(0))(s)=Be [ e "p(2)dz=L(f (1)) (s)-
Thus

e(stoio- LD £

According to Theorem 1, we find a solution y(¢) of equation (1). By the

Lemma 6, we have

(500 - )

Using the convolution theorem and formula (13), we obtain

ERONO) _ (e (1=e))(s)- £ (1) (5) = £(02 (1= #K(0)) ).

s“I— fe

Hence, we have y(7)—y(1)=0Q;(t—7)*K(¢). For any te(kr,(k+1)r} ,
k=0,1,2,---,N -1, we get
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[7(6)-»(r)]|= —T)dfu
o
. ﬂ](f kr )/+1al|
ké FGe) |

Let C =max,_,; .
(1) has Hyers-Ulam stablhty

||d§ then "y y(t)" < Cg. Thus the system

Hypothesis 1. Assume that g(¢) is a non-negative function and belongs to
L(0,T]. Then there exists ¥, >0, such that

1 ¢ g(s)
m O(I_S)I*adSSng(t)’tEJ'
¥ ()= py(t-7) H<8g t), t€(0,T], where

&> 0. Assuming that there exists a number M >0 such that ﬂ(t—s)aH <M,
then 3 asolution z(t)eJ of (1) with

ly(t)-z()| < eK (1),

then the system (1) is the generalized Ulam-Hyers stable.
Proof. Since

—eg(t)< RDiJ/(t)—ﬂ)}(t—f)—f(t)S eg(1),

then, we get

U gls) (s
Rl 1 s

For the following equation RD:z(t) = ﬂz(t —T)+ f(t) , we obtain
z(t)=BJz(t—7)+J“f () . Therefore,

|y(t)—z(t)|:|y ﬂJ"y(t r) Jf(t)+ﬁJ”’ (t r)|
<£Wg |ﬂJ“ z)(t—z')|

smg@+§)omFa“D@%4m@
(s)]ds.

Based on the Gronwall’s inequality, we have the following estimates

<eW,g(1)+

|y(t)—z(t)|§£C2(1+Clec"), where C,=W,g(t), C,=——>0. Thus, the

( )

system (1) is the generalized Ulam-Hyers stable.

4. Example

This section will confirm the soundness of the theoretical results with a concrete
example.
Example. Assume that « =1.8,7=0.15,k=4 and T =0.6. Consider
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D" y(t)=py(t-0.15)+ f (1), 0<t<0.6,7>0,

-0.15

2 (14015 )
f)=| (t+0.15) ~—" |, 0.15<1<0,
o(0) [(+ F S < -

Jo? Y(—0.15+) =m=0,

-0.15%

R pos Y(—0.15+)=n =0,

-0.15*

were 30 =050 5= O] =[50

According to Theorem 3, the solution of system (7) will exhibit a particular

form when the time parameter ¢ is in the interval (0,0.6] .
() =0 (1) n+ WSS (1) -m+ [ 0L (1-0.15-)(* DLy, 0)(£)dé
+00 (1-0.15)* £ (1),
where

[0 00 (1-0.15-£)(* D'} s,0)(£)de

2.64 (l+0.15)o.2 B[3,0,2]
0 s r(0.2)
:Lo.lsQl;g (1-0.15-¢&)- i

r3(g.22) (1+0.15)” B[4,0.2]

Let C=max,_. [ [OF" (£-0.15)|d =0.002207 , then
() -=(0] <<

That is to say, the system (1) is Hyers-Ulam stable on (0,0.6].

o (&~ r)||d§ <0.002207¢.

5. Conclusion

In this paper, we discuss the Laplace transform of the higher-order derivative that
is integrable on [a,+oo) and the Riemann-Liouville derivatives with a lower
limit a. Based on these transforms and the generalized delayed Mittag-Leffler
type matrix functions, we study the exact solutions of the nonhomogeneous
Riemann-Liouville fractional oscillatory differential equation of order « €(1,2)
by using the Laplace transform technique. And explores the Hyers-Ulam stability
of the nonhomogeneous fractional oscillatory differential equation with pure
delay. We successfully solved the difficulty left over from the literature[16].
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