4

X/
*

Scientific
Research
Publishing

()

<
X8

%

Journal of Applied Mathematics and Physics, 2025, 13(4), 1523-1544
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Viscoelastic Bending Analysis of
Inhomogeneous Fiber-Reinforced
Moderately Thick Sandwich Plates

Hamada Fawzy El-Mekawy?*, Ashraf M. Zenkour23

'Department of Management Information Systems, College of Business and Economics, Qassim University, Buraidah, Saudi Arabia
“Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia
*Department of Mathematics, Faculty of Science, Kafrelsheikh University, Kafrelsheikh, Egypt

Email: *hamf.halawa@qu.edu.sa

How to cite this paper: El-Mekawy, H.F.
and Zenkour, A.M. (2025) Viscoelastic Bend-
ing Analysis of Inhomogeneous Fiber-Rein-
forced Moderately Thick Sandwich Plates.
Journal of Applied Mathematics and Phys-
ics, 13, 1523-1544.
https://doi.org/10.4236/jamp.2025.134082

Received: March 27, 2025
Accepted: April 24, 2025
Published: April 27, 2025

Copyright © 2025 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

A higher-order shear deformation plate theory is used to study the bending
response of inhomogeneous viscoelastic sandwich plates. Several kinds of
sandwich plates are considered taking into account the symmetry of the plate
and the thickness of each layer. The effective moduli and II'yushin’s approxi-
mation methods are used to solve the equations governing the bending of simply
supported inhomogeneous fiber-reinforced viscoelastic sandwich plates. Nu-
merical results for deflections and stresses are presented. The effects due to
time parameter, aspect ratio, side-to-thickness ratio, and constitutive param-
eter are investigated.
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1. Introduction

Composite structures are widespread in aerospace, automotive, and marine in-

dustries, and several plate theories have been developed to analyze deformations

of composite plates. A sandwich structure consists of three distinct layers (i.e., the

top face, the core, and the bottom face), which are bonded together to form an

efficient load-carrying assembly. During the past decade, Sandwich plates have

been increasingly used in civil engineering structures, due to their high strength-

to-weight ratio.

The classical Kirchhoff thin plate theory (CLT), which ignores transverse shear

effects, provides reasonable results for thin plates. However, it may not give accu-
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rate results for moderately thick plates. An improvement on the CLT is the first-
order shear deformation theory (FSDT), such as the Reissner-Mindlin theory,
which accounts for transverse shear effects but needs a shear correction factor.
Higher-order shear deformation plate theories are those in which the displace-
ments are expanded up to quadratic or higher powers of the thickness coordinate
and can be used to compute inter-laminar stresses more accurately and do not
require shear correction factors. The first scientists that developed the theories of
plates and shells were Hildebrand et al [1]. Nelson and Lorch [2] and Librescu [3]
presented higher-order displacement-based shear deformation theories for the
analysis of laminated plates. Lo et al [4] [5] have presented a closed-form solution
for a laminated plate with a higher-order displacement model, which also consid-
ers the effect of transverse normal deformation. Various higher-order theories
that lead to a parabolic distribution of transverse strain through the thickness have
also been developed [6] [7]. Of all the higher-order theories, the one proposed by
Reddy [8]-[10] was the first to obtain the equilibrium equations consistently using
the principle of virtual displacements. Zenkour investigated deflection, buckling,
and free vibration [11] [12] using various plate theories.

The rapid development of the industry motivated the development of more
general and rigorous plate theories to offer a better representation of the kinemat-
ics of plates. So, the transient behavior of composite plates has long been a main
subject of many studies. However, these studies are limited to the response of ho-
mogeneous composite plates. Even the few studies accounting for the structural
response of non-homogeneous composite plates deal with special cases of non-
homogeneity and anisotropy, and the reported results in open literature are rare
[13]-[17]. Various theories of homogeneous laminated plates [16] are extended to
the non-homogeneous ones. Fares and Zenkour [18] devoted to the free vibration
and buckling problems of non-homogeneous composite plates. Fares and Zen-
kour [19] used a higher-order theory to investigate the response of non-homoge-
neous anisotropic laminated plates. Zenkour and Radwan [20] studied the bend-
ing and buckling behaviors of inhomogeneous plates resting on elastic founda-
tions in a hygrothermal location. Ellali et al [21] presented the wave propagation
of an inhomogeneous plate via a new integral inverse cotangential shear model
with temperature-dependent material properties. Garg et al [22] used the zigzag
theory and finite element method to study the free vibration of inhomogeneous
sandwich plates in hygrothermal conditions. Garg et al [23] presented a compar-
ative study on the buckling response of exponential, power, and sigmoidal inho-
mogeneous sandwich plates under hygrothermal conditions.

The viscoelastic core for the analysis of sandwich beams was performed in 1965
by DiTaranto [24] and in 1969 by Mead and Markus [25] due to the beam axis
and bending vibration. Several careful phase viscoelastic heterogeneous media
with known stress suppression relationships demonstrate that the effective relax-
ation and creep functions can be obtained through the corresponding principles

of the theory of linear viscous flames. Wilson and Vinson [26] discussed the sta-
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bility of viscoelastic correction plates exposed to biaxial compression.

The viscoelastic load of sandwich panels with cross sherry faces was examined
by Kim and Hong [27] and Huang [28]. Dynamic reaction isotropic viscoelastic
plates were analyzed by Pan [29]. Librescu and Chandiramani [30] have presented
a paper dealing with the dynamic stability analysis of lateral isotropic viscoelastic
plates exposed to levels of biaxial edge loading systems. Zenkour [31] examined
the quasi-static stability analysis of fiber-reinforced viscoelastic rectangular plates
exposed to edge loading systems. Zenkour [32] has investigated the static thermo-
viscoelastic responses of fiber-reinforced composite plates using a refined shear
deformation theory. Zenkour and El-Shahrany [33] [34] discussed the hygro-
scopic forced vibration and frequency control of viscoelastic laminate plates
equipped with a strict actuator of magnets above viscoelastic foundations. Zen-
kour [35] discussed the nonlocal thermal vibrations of embedded nanoplates in a
viscoelastic medium. Sobhy et al. [36] examined hygienic waveform analysis of
metal foam microplates reinforced by graphs embedded in a viscoelastic media.
Pham et al [37] examined higher-order nonlocal finite element modeling for vi-
brational analysis of viscoelastic orthotropic nanoplates on top of viscoelastic
foundations. Zenkour and El-Mekawy [38] investigated the bending analysis of
inhomogeneous elastic/viscoelastic/elastic (e-v-e) sandwich plates using hyper-
bolic shear deformation theory. Recently, Zenkour et al [39] investigated bending
analysis of uniform and heterogeneous viscoelastic sandwich plates using classical
plate theory.

In this work, higher-order shear deformation plate theory was investigated for
the bending response of inhomogeneous viscoelastic sandwich plates. We will ex-
plain two different cases of sandwich plates. In the first (e-v-e) case the core is
made from an isotropic viscoelastic material, and the surface is made from an iso-
tropic elastic material, which has the same elastic properties. In the other (v-e-v)
case, the core is an isotropic elastic material, and the faces are viscoelastic material
with the same viscoelastic modular. Effective-moduli method [40] and Illyushin’s
approximation method [41] can be used to solve equations that regulate the bend-
ing of simply supported, simple fiber-reinforced viscoelastic sandwich plates. Var-
ious results are presented. Symmetrical analysis of pathological fiber-reinforced

viscoelastic rectangular sandwich panels.

2. Problem Formulation

Consider a flat sandwich plate made up of three microscopically heterogeneous lay-
ers (see Figure 1). The Cartesian coordinates ( x, y,z ) of the rectangle are used to
describe the infinite deformation of a three-layer sandwich elastic plate occupying
the region xe [O,a] , V€ [O,b] ,and z= [— h/2,h/2] of unknown references.
The intermediate level of the beam is defined by z=0 the outer boundary
level is defined by z=+/h/2 . The layers of sandwich plate layers are made of iso-
tropic non-uniform materials with material properties that change smoothly only

inthe z (thickness) direction.
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Figure 1. Geometry and coordinate system of viscoelastic sandwich panels.

The effective material properties of any layer, such as Young’s modulus, are:

E,(z)=Ee ", k=123. (1)

(0
Normal towing o, =¢(x,y) is applied to the top of the top, but no towing is

applied to the bottom is applied on the upper surface, The shift of the material
point at (x, v, z) of the beam is based on the Tymoshenko beam theory.

w13 o2
" =v+{[l—§(§ﬂ¢z —%] @

where (u,,u,,u;) is the shift corresponding to the coordinate system and is a
function of spatial coordinates; (u,v,w) is the shift along the axes x, y,and
z, respectively, and ¢ and ¢, are the rotations around the y - and x -axes.
All the generalized shifts (u,v,w,¢,,¢,) are functions of (x,y).

Six compatible stretching components of displacement field Equation (2) are

g =64z + 26 6,20, &, =l + 2 + 22D, )
&y = 850) + 228£2), &= ggo) + 228§2), & = &‘éo) + Zgél) + 23823),
where
©_%u 0 _  0_ O _y4 Lo_Ov Ou
& =—, & ) & - > & - s & __+_;
o 2 o 4 ¢2 5 ¢1 6 ax oy
0 ow 0 ow
o242, -2y
Ox Ox oy oy
0 ow 0 ow
o = -2+ 24 ——j,
ox oy ) Oy ox
2 4 (0 2 4 0 3 4 04
=), = hll, o B0
4 0
g§3) =__2ﬁ’ 823) =_i2 %4_% ] (4)
3h° oy 3 ox Oy
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The relationships for stretching stresses taking into account the lateral shell de-

formation coordinates for the kth layer can be expressed as follows:

o, “r ¢, ¢, 0 0 O ™ g
o, ¢, 0 0 0 &
Oy = Cee 0 0 E¢ (> (5)
o, ¢y 0 &
Os " Css| s
where clg.k) are the transform elastic modulus depending on the material of each
layer,
E vV.E E
(= ) (2w B o w_ E(2) ©)

> O > Cygq’ = Css 66 >

inwhich E, and v, are Young’s modulus and Poisson’s ratio of layer k.

3. Government Equation
The principle of virtual shifting of available problems can be expressed as follows:

,[Q {j+h/2|:gl(k)5gl +o'§k)5gs:|dz—qé‘w} dQ=0. (7)

—hf2
or

_[ [N]&‘](O) + N25g§0) + N65¢9§0) + M]é'g](') + Mzé'g +M, 58 + Q45g
, (8)
+ 008 + Roel) + Rl + Roel? + Boel" + Roel) [dQ =0

N, and M, arethe fundamental components of stress resultants and stress cou-
ples, P, arethe additional stress couples,and Q, are resultants of shared stress.

i

They can be expressed as

(N.M,P}=3" ljhk {1 z,z }dz,(i:1,2,6)

QI’RI Zkl."hk { } (.:4’5) (9)

where %, and /#,_, are the top and bottom z-coordinates of the th layer.
The governing equilibrium equations can be derived from the above equation
by integrating the displacement gradient in &, by parts and setting the coeffi-

cientsof ou, ov, ow, 84 and ¢, to zero separately. Thus, one obtains

su: N ON, 8N 0, 6v: ONg %:0’
8x 8y ox Oy
2 ZM 2
5W:a]l;[1+26 6+6A/2[2+q=0, (10)
Ox ox0y Oy
6P aP A 6P 8P A
0 —L+—L-0. =0, & —+——
3 x oy 0O; P, : x o 0,=
where
=M - P (i=1206)
i i 3h2 i
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0=0- R, (i=4,5). (11)

Using Equation (5) in Equation (9), the stress resultants can be related to the
total strains by

:4/5,50)+Bi,5()+E g() M. :B.g( )+D 5()+Fg(3)

i“j > i ij J

P=E;e" + e+ H e, (i,j=1,2,6), (12)

/A [/ /A

0,=4,"+D,e?, R =D, +Fe? (i, j=4,5)

yej 2 g gy 2

where 4. B , etc., are the non-homogeneous laminate stiff

ij >

{4,.B,.D,.E .F.H,}= Z“jhkl {1zz 2.z z}dz,(i,j=1,2,6),

{A”,D”,F Zk IJ-hk . {1 Z5z }dz,(i=4,5), (13)

(%)

and c¢;’ depend on the material properties and orientation of the 4th non-ho-

mogeneous layer.

4. Exact Solutions for Sandwich Beams

Rectangular plates are generally classified following the type of support used. We
are here concerned with the exact solution of Equation (10) for a simply supported
sandwich plate. The following boundary conditions are imposed at the side edges
v=w=¢=N,=M,=B=0 at x=0,a,

u=w=¢,=N,=M,=P,=0 at y=0,b. (14)

To solve this problem, Navier presented the external force for the case of sinus-
oidally distributed load,

q(x,y)=qysin(Ax)sin(uy), (15)

where A= TC/ a, u=n/b and g, represents the intensity of the load at the
plate center. Following the Navier solution procedure, we assume the following
solution form for (u,v, w,é,, ¢2) that satisfies the boundary conditions,

u U cos(Ax)sin(py)

v Vsin(Ax)cos(uy)

w =94 Wsin(Ax)sin(py) (16)

& X cos(Ax)sin(uy)

@, Ysin(/lx)cos(,uy)

where U, V, W, X,and Y are arbitrary parameters to be determined.
Substituting from Equation (16) into Equation (10), we obtain

[Cl{A}=1{F}, (17)
where {A} and {F} denote the columns

(A} = (U7, {FY =(0.0.4,,0.0) as)

The elements C; =C,; of the coefficient matrix [C] are given by
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G =—A4,~ i 4, Cp :_ﬂ"u(A” +A"6) ’

Ciy=A[A’B,+(B, +2By) 1|,
C,=-A*B, —u’B, +%(12E“ + 1 Egg) s
C =—l,u(Blz+BG6)+%/1;1(E“+E66), (19)
Cpy ==A Ay =17 Ayy, Coy = | (B, +2Byg) A2 + Byl |
C,, =C, Cys=—A*B — 1B, Jr%(mz66 +1'Ey),
Cyy=-A'D, =2(D,, +2Dy ) A’ 1’ — ' D,

4
Coy==A[ 4Dy +(Dyy + 2D ) | =5 5 A[ Ry +(F 20 ],

4
Cus =~ 4Dy +(Dyy +2D3g) 2 |~ 4By + (B +2F ) 47
16
C,, =—A*D,, — 11’ Dy — A —W(/IZHH + 10 Hy )

8 6
+W(3D55 +12E1 + /leéo _h_zF;5)7

8 16
Cys :_A’IU(D]Z +D66)+W/11u(1:{2 +F‘66)_Wﬂﬂu(l_]l2 +H66)’

16
Cys =—A"Dgg = 1’ Dyy — Ay, _W</12H66 +ﬂ2H22)

8 6
+W[3D44 +A’F + 1°F,, —h—2F44).
Additionally, the formula will be replaced Equation (16) into Equation (4), Can

we get the voltage components related to Young’s modulus and the arbitrary pa-
rameters U, V', W, X,and Y asfollows:

2
I-v,

Gl(k) :_Ek(z){ﬂU_i_Vk'uV—Z(ﬂz-‘rVk,Uz)W

+z(l—%zzj(/1)(+vk,uY)}sin(/lx)sin(,uy),

ng) :_Ek (Z){Vkﬂ,U‘FﬂV_Z(Vklz +/.12)W

1-v;
+z(l—%zzj(vki)(+,L1Y)}sin(ﬂ.x)sin(,uy),

(k) _ Ek(z) (_i zj .
o, —2(1+Vk)1 Pk Y sin(Ax)cos( ), (20)

E (z 4 .
o =Z(IkT(Vz)(l—h—zzszcos(ﬂx)sm(uy),
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AR YA
i 2(1+vk){” s

+z(l—%zzj(yX+1Y)}cos(/1x)cos(,uy).

5. Viscoelastic Solution
5.1. The (e-v-e) Sandwich Plate

In this issue, the core of the sandwich plate as an isotropic viscoelastic is made of

an isotropic viscoelastic material with the same elastic properties,i.e. E, =FE,=F

and v, =v; =v. Note that a viscoelastic modulus of the core layer is given
_9Kw

= , 21
2+ @ 21)

2

K is volumetric compression (mass module) and is assumed unrelaxed. In other
words, K = constant and @ is dimensionless kernel of the relaxation func-
tion, which are related to the corresponding Poisson’s ratio of the core according
to the equation.

l-@
2+@

(22)

v,

5.2. The (v-e-v) Sandwich Plate

Here, the core of the sandwich plate is used as an isotropic elastic material, but the

surface is made of viscoelastic material with the same viscoelastic properties.

E,=E and v, =v. The viscoelastic properties of the two faces are given by
9Kw l-a

E=E = vV, =V

> = . 23
2+ @ 2+ w (23)

To solve the quasi-static problem of the linear theory of viscoelastic composites,
this method can be used to reduce the non-homogeneous isotropic viscoelastic
problems to a sequence of continuous anisotropy, as is done in the elastic case (see
[40] [41]). Get it with Equations (21), (22), and (23) into Equation (20)

of) = F (@), (1), i=1,2,4,5,6, j=12, k=123, (24)

ij ij
However, ¢, (t) is a temporary function that performs a viscoelastic response
to a bending problem. According to II'yushin’s approximation method [40], the

function F,(A)

;  can be displayed in the form

F) (@)=, 40 (@), (25)

where © (w) are some known kernels, constructed based on the kernel @ and

may chosen in the form

= 1 — —
CDI:1,®2:w,®3:H:;,CD4:gﬁl,®5:gﬂz, (26)
1 . .
where g, =———, m=12. The coefficients Aé.k) are determined by the
"1+ p,@
system of algebraic equations
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le ul = z/l)’ (27)

where
L=[0,(a)0,(o)do, BY =| o (2)F (o)da. (28)

The viscoelastic solution may now record to obtain explicit formulae for
(k)

stresses o' as functions of the time ¢. Then,

ol = 4, (1) + AR [ (1 ~7)dgy (1) + 4 [ 7 (1) dg, (1)

(29)
+A15'Z)J‘Og/il t_f)d%(t)"' 5‘1;).[0&52 t_T)d%(t)'

Taking q(t) =q,H (t) , where H (t) is the Heaviside’s unit step function

H(1)= 1 ift>0, 30)
o ife<o,

the above formulae for two problems take the form
o) (@)=, 4)H (1) + Ao (c) + 7 (0)+ 4}z, (1) + 4g,, (7). (B

where w(t)=@,z(t)=11 and g, (t)=g, .(m=1.2).
Assuming an exponential relaxation function

o()=c +ere ™, a :tl (32)

where ¢,,c, are constants that to be determined, and ¢, is the relaxation time.
The function 7(t),g, (¢),(m=1,2). This can be determined by deducing the
Laplace-Carson transform of these functions. Transformation of known Laplace-

Carson function @(¢), specified in Appendix A.

1 o
z(t)=— 1-—& _cae | =g, (33)
Cl Cl +02
~(+e1fu)r
1 +e+c
gﬁm (t) — 1— CZIBm el (c1+¢2) B . (34)

I+¢p, 1+(cl+cz),3m

Therefore, the final shape of the bending stresses load concerning the time param-

eter 7
A(k) _qat
(k) _ (k) (k) -at A G o
Zij —Ay ()+AU2 [c1+cze ] : 1 C]+cze 1+¢
(k) (14 )t
Al]4 1— Czﬁ’l el+(q+cz)ﬂ] (35)
1+¢p 1+(c, +¢,) B,
(k) —(l+¢ )7
A!'l'5 1— Czﬂz e1+(01+52)ﬂ2 ,
1+¢f, 1+(¢,+¢,) B,
where Z /%
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6. Various Types of Sandwich Plates
6.1. (1-2-1) Sandwich Plate
Here, the t

hy=—h/4, h, =h/4. (36)

6.2. (1-1-1) Sandwich Plate
The plate consists of three layers of the same thickness. So, one takes

hy=—h/6,h, =h/6. (37)

6.3. (2-1-2) Sandwich Plate
In this case, the core thickness is half the thickness of the face. It shows it

hy=—=h{10, h, = h/10. (38)

6.4. (1-0-1) Sandwich Plate

In this case, there is no core layer, and made of only two equal-thickness layers,
i.e. Thus,

h=h,=0. (39)

7. Numerical Results and Discussion

The simple supported numerical results on sandwich plates are achieved. The re-
laxation time ¢ is still unknown, and the time parameter 7=-atf is given
about it. Poisson’s ratio for the elastic plate is taken for a value of 0.25, with
¢ =E/K being a constitutive parameter. Unless otherwise stated, this is assumed

to be accepted

bla=0.5, £=0.1, alh=5, ¢,=0.1, ¢, =09. (40)

The following nondimensional response characteristics are used throughout
the calculations:

64224(%,0,3), O 225[05§’Ej> Wzgw(gaéj (41)

inwhich z=z/h.

Tables 1-3 include the stresses and bending deflection of two uneven viscoelas-
tic (e-v-e) and (v-e-v) sandwich panels. The influence of constitutive parameters
¢, from thickness a/h and aspect ratio b/a is shown. The results obtained
with the current theory are compared with those in Ref. [42]. As shown in Table
1, the stresses o, |0'6| , 0, and deflection w increase with the increasing of

side-to-thickness ratio a/h for both cases (e-v-€) and (v-e-v). The stresses o,
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|0'6| , and deflection w increases with the increasing aspect ratio b/a for the

two cases (e-v-e) and (v-e-v), as shown in Table 2. However, the shear stress o,

is decreasing with the increase in the aspect ratio b/a for the two cases. The de-

flection w is rapidly increasing with the increase in both a/h and b/a ratios

for both cases. Table 3 follows as the constitutive parameters increase. The stresses

in the first (e-v-e) case (viscoelastic core) are reduced and increase in the second

(v-e-v) case (elastic core) case. The deflection w is decreasing with increasing

constitutive parameters ¢ for both cases.

Table 1. Non-dimensionless deflection and stresses vs different values of side-to-thickness
ratio a/h for both (e-v-e) and (v-e-v) sandwich plates (Z =1/12, @=0.1, b/a=0.5,

and £ =0.1).
o, o, o, w
alh
Ref. [42] Present Ref.[42] Present Ref.[42] Present Ref.[42] Present
e-v-e
5 1.816 1.762 1.012 1.100 -0.765 —0.742 29.243 28.634
10 7.264 7.210 2.023 2.206 -3.059 -3.036 391.838 389.478
15 16.343  16.289 3.034 3311 -6.882 —6.859 1912.391 1907.112
20 29.054  29.000 4.045 4416 -12.234 -12.211 5965.244 5955.878
25 45.397  45.343 5.056 5.520 -19.115 -19.092 14474.470 14459.850
v-e-v
5 0.137 0.127 0.177 0.316 -0.103 -0.095 10.937 12.782
10 0.546 0.535 0.353 0.639 —-0.409 -0.402 125.321 132.956
15 1.227 1.216 0.529 0.960 -0.920 -0.912 587.874 605.160
20 2.181 2.170 0.705 1.281 -1.636 -1.628 1806.463 1837.260
25 3.407 3.397 0.881 1.602 -2.555 -2.548 4352.104 4400.273

Table 2. Non-dimensionless deflection and stresses vs different values of aspect ratio b/a

for both (e-v-e) and (v-e-v) sandwich plates (Z =1/12, w=0.1, a/h=5,and {=0.1).

b/a 7 % 7 v

Ref. [42] Present Ref. [42] Present Ref.[42] Present Ref. [42] Present
e-v-e

0.5 1.816 1.762 1.012 1.100 -0.765 -0.742  29.243 28.634
1.0 5974 5903 1.264 1378 -2.390 -2.361 159.003 157.518
1.5 9.543 9461 1.167 1273 -3.054 -3.028 296.397 294.351
2.0 11.851 11.763 1.012 1.103 -3.059 -3.036 391.838 389.478
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Continued
v-e-v
0.5 0.137  0.127 0.177 0.316 -0.103 —0.095 10.937 12.782
1.0 0.533  0.517 0.221  0.399 -0.320 -0.310 52.834 57.574
1.5 0.908 0.888 0.204 0.369 -0.409 -0.400 95.781 102.376
2.0 1.159  1.137 0.177 0.320 -0.409 -0.402 125.321 132.956

Table 3. Non-dimensionless deflection and stresses vs different values of constitutive
parameter ¢ for both (e-v-e) and (v-e-v) sandwich plates (z =1/12, 0=0.1, b/a=0.5,

and a/h=5).
o, o, o, w

alh

Ref. [42] Present Ref.[42] Present Ref.[42] Present Ref. [42] Present

e-v-e
0.1 1.816 1.762 1.012 1.100 -0.765 -0.742 29.243 28.634
0.3 0.964 0.921 0.586 0.792  -0.406 —0.388 12.939 13.307
0.5 0.681 0.647 0.413 0.623 -0.287 -0.273 8.532 9.109
1.0 0.400 0.377 0.237 0.407 -0.169 -0.159 4.666 5.239
1.5 0.284 0.267 0.167 0.303 -0.120 -0.113 3.222 3.707
2.0 0.220 0.207 0.129 0.241 -0.093 -0.087 2.462 2.874
5.0 0.094 0.088 0.054 0.108 -0.040 -0.037 1.021 1.229
10.0  0.049 0.045 0.028 0.057 -0.021 -0.019 0.518 0.630
v-e-v

0.1 0.137 0.127 0.177 0.316 -0.103  -0.095 10.937 12.782
0.3 0.350 0.330 0.433 0.641 -0.263 —0.247 9.735 10.402
0.5 0.514 0.489 0.610 0.807 —0.385 —0.367 8.886 9.094
1.0 0.812 0.782 0.882 1.006 -0.609 —-0.586 7.54 7.399
1.5 1.03 0.998 1.035 1.1 -0.773  -0.749 6.729 6.525
2.0 1.208 1.175 1.134 1.156 -0.906 -0.882 6.171 5.963
5.0 1.939 1.907 1.368 1.297 -1.454 -1.431 4.538 4.415
10.0  2.682 2.654 1.47 1.382  -2.011 -1.991 3.411 3.352

The variations in plate thickness and time parameter 7 for various types of

non-uniform viscoelastic sandwich plates are shown in Figures 2-11. The re-

sults obtained for various values of side-to-thickness ratio a/h , aspect ratio

b/a, and constitutive parameter ¢ in two cases (a) (e-v-e) and (b) (v-e-v).
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Figure 2 and Figure 3 illustrate the transverse shear stresses o, and o vs
several types of thickness of the two cases. The dimensionless stresses take
greater values in the core (viscoelastic) in the first case (e-v-e) and vice versa in
the second case (v-e-v). Also note that in the first case, the stresses increase with
reduced core thickness compared to other surface thicknesses, while for the
other case, it decreases. Without a core, this means that the plate is completely
elastic in the first case and completely viscoelastic in the second case. The
stresses have the same curve-related shape.

Figure 4 shows the dimensionless stress o, versus the time parameter 7
at various values of z for the two cases of (1-1-1) sandwich plates. The varia-
tion of o, for the two cases at different layers is clearly shown as a variation of
the time parameter 7 and is constant at 7 >12. Figure 5 and Figure 6 show
the tangential stress o, and bending deflection w for the time parameter =
for the two cases of the sandwich plates at the core layer (Z =1/12), for different
types: (1-1-1), (2-1-2), and (1-2-1) sandwich plates. The tangential stress of the
(e-v-e) plate increases as core thickness increases compared to the thickness of
the face (upper and lower) layers. In this case, o, increasing with increasing
time parameter and receiving high and fixed values for a larger time. However,
the tangential stress of the (v-e-v) plate increases with the decrease in the core
thickness compared with the thickness of the face (upper and lower) layers.
Also, o, is very sensitive to the variation of time parameter. It is no longer
decreasing to get its local minimum value, then it is no longer increasing to get
its local maximum value then it is decreasing again to get its low and fixed value
for a larger time. For both (e-v-e) and (v-e-v) cases, the (1-1-1) sandwich plate
yields the largest deflection, while the (1-2-1) sandwich plate yields the smallest
deflection. Also, the deflection w is very sensitive to the variation of the time
parameter for the second case.

Figure 7 and Figure 8 show variations of dimensionless stress o, and the de-
flection w for the time parameter 7 at the core (zZ =1/12) and different values
of a/h.Itshould be noted that as the ratio of thickness ratio a/# dimensionless
stress and deflection increase. However, the (e-v-e) plate provides the maximum
stress and deflection compared with the (v-e-v) plates.

Figure 9 shows the variations of dimensionless shear stress o, compared to
the time parameter 7 at the core (Z =1/12) with different aspect ratios b/a in
the two cases. The shear stress increases with increasing aspect b/a , and it is very
sensitive to variation of the time parameter. The (e-v-e) plate provides the maxi-
mum shear voltage compared to the(v-e-v) plates.

Finally, Figure 10 and Figure 11 show variations of dimensionless stress o,
and deflection w versus the time parameter 7 at the core (Z =1/12) with
different values of the constitutive parameter ¢ . Stress increases with reduced
constitutive parameter ¢ for the (e-v-e) plate, and vice versa for the other
plate. However, in two cases the dimensionless deflection increases as ¢ de-

creases.
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8. Conclusion

A refined, higher-order plate theory has been developed for the bending response
of non-homogenous viscoelastic sandwich plates. The current theory includes the
same dependent unknowns as first-order shear deformation theory [42] but
considers that no transverse shear correction factors are needed because a correct
representation of the transverse shear strain is given. Numerical results for stresses
and deflections were presented for the quasi-static analysis of heterogeneous
viscoelastic sandwich plates exposed to sinusoidal loads. Numerical calculations
include side-to-thickness a/h, constitutive parameter ¢, and aspect ratio b/a,
at time parameter 7 on deflections and stress show how the dimensionless
stresses and deflection depend on the elastic properties of the layers i.e., both face
layers are elastic or viscoelastic. Furthermore, dimensionless stresses and deflection
variation compared to time parameters have high sensitivity to the viscoelastic face

layers or core layer.
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Appendix

The function 7z(¢) and g, (¢),(m=1,2) canbe determined by deducing the La-
place-Carson transform of these functions which are made with the known Laplace-

Carson transform of the function a)(t) , that can be written in the form:
w*(s)zs_[:a)(t)e’”dt (A1)
Using Equation (28), one obtains
o (s)= sj':(cl +c2e"””)e'”dt (A2)

Then by integrating the above function, we get

o (s)=sc {[_Tle_”} —czliaise_(“”)’} }:c1 +czs(ot+s)71 (A3)
0 0

But we have

1 1

7 (s)=———= - (A4)
( ) @ (S) cl+c2s(a+s)1
then
”*(S _ a+s :i o +c¢s+sc, —sc, (A5)
qa+s(e+e,) ¢| cqa+s(c+e,)
or
PO e e | 0
1 1 1 2 1 1 2 1 45
¢ +c,

Therefore, by using inverse Laplace Carson in the form, we find the function

7(1)

_ar_
ﬁ(t)Zill—i—ze”“”],z’:at. (A7)
G 616
Similarly,

g (s)=— - ! —m=12 (A8

" 1+ 5,0 (s) 1+ 8, (cl+scz(a’+s)7 )

or
N 1 sc, f,

_ 1- 2 m , A9
gﬂm (S) 1+clﬂm{ a(1+clﬁm)+s(1+(cl+62)ﬂm)j| ( )

and in the other form takes

. 1 B o p, s
gﬂ’”(s)_1+c]ﬂ”[1 1+(c,+cz)ﬂm(a(1+clﬂm)/(1+(cl+cz)ﬁm)+s]] (A10)

Then we can find the function g, () in the form
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—(1+¢1 8, )t

1 Cﬁ (e +¢)A,
)= 1_ 2Mm 17€2 )Pm , All
gﬂ’”() 1+¢p, 1+(cl-|-c2)ﬁme ( )

where ﬂlzé and g, =2.
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