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Commons Attribution International

License (CC BY 4.0). We introduce the following equations, see [1] and [2] (see also [3]), such that:
http://creativecommons.org/licenses/by/4.0/ ou oa
—+AW-A =-A— 1.1
s av ()22, )
u=v—=ehv, £>0, (1.2)
06 Ou
—+divq=——, q=-V0. 1.3
5 === 4 (1.3)

In this context, u is the order parameter, v is the microconcentration
variable, ¢ isthe inverse of a penalty modulus and is expected to be small, 6 is
the relative temperature (defined as #=60-6, , where 6 is the absolute
temperature and 6, is the equilibrium melting temperature), q is the thermal

flux vectorand f is the derivative of a double-well potential (a typical choice of

the potential is F(s):%(s2 —1)2 , hence the usual cubic nonlinear term

f(s)=s"—s). Moreover, all physical constants have been set equal to one. This

system models, e.g., melting-solidification phenomena in certain classes of
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materials (see, e.g., [4]-[14]). However, the Fourier law

q=-V0 (1.4)

has drawback which predicts that thermal signals propagate with an infinite speed,
which violates causality.
In this paper, in order to correct this unrealistic feature, by reformulating the

problem in terms of order parameter # and the enthalpy / , recalling that

OH
9 _ _diva, 1.5
ot v (1:3)
where
H=u+8, (1.6)
replacing the Fourier law q=-V& with the Maxwell-Cattaneo law
(1+§jq=—v9. (1.7)
ot
We define the thermal displacement variable « as
a(x,t)za(x,0)+f;9(x,f)dr, (1.8)
where
oa
0=—-. 1.9
2 (1.9)

This model can be derived as follows: One introduces the (total Ginzburg-

Landau) free energy (see [15] and [16])
1 2 2 1
‘P=_[Q(Z(u—v) +|V| +F(u)—u9—592jdx, (1.10)

where Q is the domain occupied by the system and we assume here that it is a
bounded and regular domain of R” (n=1,2 and 3), and the enthalpy equation
is written

H=u+0 (:Ha_a} (1.11)
ot

As far as the evolution equation for the order parameter is concerned, one
postulates the relaxation dynamics (with relaxation parameter set equal to one)
DY
du_\D¥ (1.12)
ot Du

D L o . .
where n denotes a variational derivative with respect to u. Then, we obtain the
u

following phase-field system:

ou ) oa
M A% Af () =222 1.13
6t+ % f(u) o ( )
u=v—=ehv, (1.14)
2
5_‘2"_A5_"‘_Aa=_a_”, (1.15)
Ot Ot ot

Our aim in this article is to study the existence and uniqueness of solutions to
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this problem. In particular, the existence of a solution is based on proper a priori
estimates and a classical Galerkin scheme. We are also interested in the study the

dissipativity of the associated solution operators.

2. Statement of the Problem

We consider, in a bounded and regular domain QcR", n=12 or 3, the

following initial and boundary value problem:

Ou 2 oo
—+Av-A :_A_a 2.1
6t v f(l/l) 6t ( )
u=v—ehv, (2.2)

2

‘ ?—Aa—a—AOt:—a—u, (2.3)

ot ot ot
Qu O 0V _0% 4 on g0, (2.4)

on on on  On
o

u|t:0 =u,, a|t:0 =a,, Et:O =aq, (2.5)

op

where 7 denotes the exterior normal to 8Q and 6—=V§0-77 denotes the
n

normal derivative on 0Q.

We assume here that

O<e<eg <l (2.6)

As far as the nonlinear term  f  is concerned, we assume that

feC*(R), f(0)=0, (2.7)

f'z-cy, ¢, 20, (2.8)
f(s)s=cF(s)—c,2—¢;, ¢,>0, ¢,,¢;20, seR, (2.9)
F(s)zecs*—cs, ¢,>0, ¢520, seR, (2.10)

|/ (s)|<eF (s)+c., Ve>0, seR, (2.11)

where
F(s)= jo"f(g)dg.

In particular, these assumptions are satisfied by the usual cubic nonlinear term,
we take, for simplicity, f(s)=s"—s.

Notation

We denote by (.,.) the usual [*(Q)-scalar product, with associated norm

(A,

Laplace operator associated with Neumann boundary conditions. More generally

|||| We set ||||7] = , where (—A)_1 denotes the inverse of the minus

||, denotes the norm in banach space X. We also note that

wwjﬁ

2

ors ([t
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and acting on function with null overage and where it is understood here that

1
<> = ﬁ(’ 1>H"(Q),Hl @)

1

o (|2 +(o) )

o> (97 + (o))
and
o> (87T + (o)

are norms in H'(Q), I’(Q), H'(Q) and H?(Q), respectively, which are
equivalent to the usual ones.
For peL'(Q), we set

(@=ﬁkﬂﬂm

and, for pe H™'(Q),
1

(0)= ﬁ(‘p’ 1>H’1(Q),H1(Q) ’
with (,) the duality product. Furthermore, we set
P=0+(p).
We introduce the operator 4 defined by

(Au,w)H,l(Q)’Hl(Q) =(Vu,Vw), Voe H'(Q),

for pefl'(Q),
H' (Q)={peH'(Q),(p)=0}.
We also set
2 (Q)={pel’(Q),(p)=0}.

It then follows from elliptic regularity results for linear elliptic operators of
order 2 that 4 is a strictly positive, selfadjoint and unbounded linear operator
with compact inverse and is an isomorphism from H'(Q) onto its dual, with

domain

D(A)Z{WGHz (Q)mH‘(Q),Z—f;:O on 69}

and

Au=h,peD(A),he’(Q),
is equivalent to

—Agozh,a—wzo on 0Q.
on
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We will therefore write —A instead of A in what follows.
Throughout this paper, the same letter ¢ (and, sometimes, ¢"and ¢”) denotes

constants which may change from line to line, or even in a same line.

3. A Priori Dissipative Estimates

Integrating (2.1) over 2, we have, owing to (2.2),
ou

Zdx =0, 3.1
0 (3.1)
which yields

d

={u)=0, 3.2

e (32)

we obtain, after integration between 0 and ¢
(u(t))=(uy), V£ 20. (3.3)

Integrating then (2.2) over (), we obtain
<v> = <u>, (3.4)

so that, also,

d

a(v) =0. (3.5)

Now, integrating (2.3) over €2, we have

d<aa>:_M

55 dr

b

which yields, after integration between 0 and ¢ and owing to (3.2),

<aa—‘:> = (&) (3.6)

this yields, integrating between 0 and ¢
<a(t)>:<al>t+<ao>. (3.7)
We assume that

[uo)| < M, ()| <N, (3.8)

for fixed positive constants M and N, which yields, owing to (3.3), (3.6) and
(3.8),

<N, t20 (3.9)

(u(0))|< M, ‘<‘2—‘;‘(¢)>

and

(e (2))] <[(eto)] + Ve, £=0. (3.10)

Now, it follows (3.2), (3.5) and (3.6) that we can rewrite (2.1)-(2.5) as

ow o T oa
—+AV-A =-A—, 3.11
ot Y f(u) ot ( )
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i =7 —eAv, (3.12)
2— — —
0a_p\08 jg__ 00 (3.13)
o’ ot ot
Ow v _0AV _0& _ oo, (3.14)
on on on On
I I oal  _
il =y =uy—(uy). @l =% =y~ (), —| = =a,—(e), (3.15)

where we set ﬁzu—(u), \7:v—<v> and &za—(a).

We rewrite (3.11) in the following equivalent form:

(- A)_la—u—Av+f( )=%—‘f_. (3.16)

Multiplying (3.16) by a—u and integrating over (2 and by parts, we have,
t

_(A auj_ﬁ,_i F(u)dx: a_a’a_u .
ot ) dt”? ot ot

Noting that it follows from (3.12) that

G __ NP (3.17)
o ot or

owing to (3.1),

a_u 2
ot

we obtain

d 2 2 oul]
IV + Al +2f, F (w)dx) =

:2(6_“,8_”) (3.18)
o’ o

-1

We multiply (3.13) by 66_0: and find
t

L ywaf +122 |+2|v daf’ _ z(a“ a”j (3.19)
dt ot o ot ot
Summing (3.18) and (3.19), we find, setting
6a

E =V +e|avf +2 jﬂ w)dv +[ Ve +

this yields the decay of the total free energy.

an equality

dE,

—+ 2 (3.20)

We now multiply (3.16) by u , owing to (3.9), (3.10) and the generalized

Poincaré inequality

(Q), (3.21)

we have

2
S+ el e x|V X vt e0. @22
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We multiply (3.13) by & and find, owing to (3.9),
i["w"z +z(a,a_5jj [Vaff <
dr ot

Summing (3.20) o, times (3.22) and &, times (3.23), where 0,,0, >0 are
small enough, and we get, setting

b5l vuff +2( w2

2 2

+c V@a

=1 (3.23)

ou
2

-1

an inequality of the form

2
£+c E,+ a—u +HVa—a
ot|, ot

2
<ci, ¢>0. 3.24
dr j M (3.24)

We finally multiply (3.11) by & to obtain, owing to (3.8), (3.9) and (3.21),

d,. oal’
R A N c("vu”z o J (3.25)
We sum (3.24) and 0, times (3.25), where &, >0 is small enough, and find,
setting
12 , Joa\’
Ey=E, + &, il +{u)” +(—
ot
an inequality of the form
2 2
%+C[E3+€"VAV"2+ 224 jsc;m, c>0 (3.26)
dr N ot

where FE; satisfies, owing to (2.10),

oa

ot

2
E, > c[”u";(m +IQF(u)dx + ‘9"""22(9) +||ﬁ||j{1(g) + J—c}w\,, c>0. (3.27)

It follows from (3.26) and Growall’s lemma that
E (t)<e “E;(0)+cyy, ¢>0, 120, (3.28)
which yields the dissipative inequality

Ey (1)< e (oo + o F )+ £ gy #1@alE oy Hlen )+ €l > 0. 9020, 3.29)

and
et 2] <2
0 H(Q) | ot » ot (@) (3.30)
< o™ (oo * o F (0 )5+ 2y + 1@l )+l )+l > 0,920,

with v, = (7 —&A) " u, . Together with estimates on v e L* (R*;Hl (Q)) ,

% el’ (R*;H’1 (Q)) uniformly with respect to &, @el” (JR*;H1 (Q)) and
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oa w (Tp+. 72 2 1
€L (R (Q))n 2 (0.T;H'(Q)).

ePvel” (R+;H2 (Q)) NI (O, T H’ (Q)) uniformly with respect to ¢.
Moreover, according to (2.2)-(2.8), we have ||u||£||v||+gé/zgl/2 ||Av|| , hence we
conclude that ue” (IRZL4 (Q))mL2 (O, T;H' (Q)) uniformly with respect to
.

Since v _ (1- SA)_] u , it also follows that v belongs to I’ (O, T;H' (Q))
ot ot ot

but this estimate is not uniform.

Remark 3.1. When ¢ —>0", v—u, then the problem (2.1)-(2.5) converges
to the generalization of the Caginalp phase-field system based on the theory of
type III thermomechanics with two temperatures for the heat conduction, namely,

Ou oa

—+Nu—Af(u)=-A—=, 3.31
o AU (W)=AT (331
2

T 79 pg=-, (3.32)
ot ot ot

which, in [17] the author proved the well-posedness results, the existence of

exponential attractors and, thus, of finite-dimensional global attractors.

4. The Dissipative Semigroup S, (¢)

Here, we consider that ¢ >0 is fixed. We start with the following theorem.
Theorem 4.1. We assume that hat (2.6)-(2.11) hold. Then, for every
(g, euy, oy, ) € H' (Q)x H? (Q)x H' (Q)x I (Q) such that

%=%=%=0 on 0Q, the system (2.1)-(2.4) possesses a unique weak
on dn  on

solution (u,v,a,aa—aJ such that, V7 >0
t

uel” (R*;L4 (Q)) NI (o, T:H' (Q)),aa—‘t‘ el’ (o, T:H™ (Q)),

vel” (]R*;Hz (Q))mL2 (o,T;H3 (Q)),% el (O,T;H] (Q)),
and
ael” (R:H' (Q)),‘Z—’: e " (R 1 (Q))n L (0,7 H' (Q)).

Proof. i) Uniqueness:

1 1 1 aa(l) 2 2 2 aOC(Z)
Let u(),v(),a(),F and | u' ),v(),a(), Py be two solutions to

(2.1)-(2.4) with initial data (u(()l),a(()l),al(l)) and (uéz),aéz),afz)) , respectively.

We set
oa ) (1 160((1) N () (o oo?
(u’v’a’_j: u()’v()aa()r_ - u( )’V( )7a( )’
ot ot ot

and
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(1102 1) = (u(()l)’a(()l)’al(l))_(u(()Z)’a(()Z)’al(Z))‘

Then, we have

N O_ ()92
( A) o Av+ f(u f(u )— o (4.1)
u=v-¢eAv, (4.2)
(u)y={(v)=0, V20 (4.3)
2— — —
00 _p\9% pg-_% (4.4)
ot ot ot
?:Z—aﬂ onT, (4.5)
v v
_ _ 0
u|l:0 =u,, a|l:O =q,, 6_? =aq,. (4.6)
=0
We multiply (4.1) by u and have, owing to (2.8),
1d ox
L Juf () < o + @5) (47)
Note that it follows from (4.2) that
(u, —Av) = ||Vv||2 + 8"AV"2 (4.8)
and
el = [V + 26 9o + &7 ] (4.9)
We thus deduce that

Spul, 9 + < (o + 269+ ||AV||2)+z(u,5a_fj (4.10)

and (4.10) yields, by the Poincare-Wirtinger inequality

d oa
Shuf+ (1= <ol + z(ua_‘f] (4.11)
Writing next
_ 2
[, =|-a) ! (vmean)] =P, +2e b+l @a2)
it follows that
d oa
SJuf,+ (1= )l < S, +2(u,5). (4.13)
Now, we rewrite (4.4) as
A(o’a ou) oa  _
(—A) (?-FE]—FE—F& =0. (414)
Multipling (4.14) by 6@—‘?+ u and integrating over (2, we obtain
—112 —12 —
i{ us 2 +||a||2]+ %@l —2(a—a,uj+||a||2 . @as)
de ot ||, ot ot
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Summing (4.13) and (4.15), owing to (4.9), we have in particular, setting

.
R e R
an inequality of the form
% <c,E, (4.16)
and hence
E,(1)<e“E,(0). (4.17)

Noting also that
<u (t)> = <v(t)> =(u,)=0 and |<a (t)>| < |<a0 >| + |<a1>

we deduce from (4.17) and (4.18) the uniqueness as well as the continuous

t, Vt>0, (4.18)

dependence with respect to the initial data.

ii) Existence: The proof of existence is done as follows

First of all: Approximated problems

Let e,e,,- bean orthonormalin [*(Q) and orthigonalin H'(Q) family
associated with the eigenvalues 0< 4 <A, <--- of the operator A associated with

Neumann boundary conditions,

Ae, = Ae,

We set, for me N

E, =span{el,~-,em}

and

oa,, _Oa
B, = = (resp. p= 5 j

We introduce the following approximated problems:
Find (u,,v,.q,.8,):[0.T] > E,, T>0 given, such that

d

E((_A)*‘ Em,¢)+(V\7m,V¢J)+(f(um),(o) =(B,.¢) n D'(0.T), YpeV,, (4.19)

(@,.0)=(v,.9)+(Vv,., Vo) in D'(0,T), VpeV,

m?2

(4.20)

%(ﬁm,(p)+(Vﬂ_m,V(p)+(V§m,V¢) - —%(ﬁm,w) in D'(0,T), VpeV,, (421)
ﬁm|t—0 = L_lO,m’ &m =0 &0 mo Bm =0 = 0_!]’,,,9 (422)

where
L_lO,m = Pm”_l()’ C_IO,m = Pm&O’ al,m = Pmﬁl’ (423)

P, is the orthogonal projector from L*(Q) onto E, (for the L’ -metric).

This means that

m

m m
T Z(uo,ei)ei, gy = Z(ao,e,.)ei, a,, = Z(al,el.)e,.. (4.24)
i=1 i=1

i=l1
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Note that (4.19)-(4.22) is equivalent t to the following problem:

A Y%y g p ()= 3% i p(0.7), (4.25)
dr dr
i, =v,+edv, in D'(0,T), (4.26)
N _
4, | 49% g = Y i pr(07), (4.27)
dr dr dr

Secondly: Existence of a local in time solution

The existence of a local, and then maximal, (in time) solution to the approximate
problem (4.19)-(4.23) is standard. Indeed, we have to solve a Lipschitz finite-
dimensional system of ODEs to find (u,,,v,.,,. 8, ), definedon [0,7,).

Thirdly: Energy decayH

All constants below are independent of m.

We note that (3.20) can be rewritten, equivalently, as (u,, =u, v, =v and

a,=a)
5 2
dEy,, +2 Oty +2HV 0, =0, (4.28)
dr or ||, Ot
where
—_12
By =0, +eliv, [ +2] F () dx+[Var, [ + ‘% ,

i.e., the energy decay also holds for the approximated problems. This also yields
that the maximal solution is global in time, i.e., T, =T .
Fourth: Further a priori estimates

Similarly, we rewrite (3.24) as

dE 2 2
R Ou, + Vaa’" <ey, (4.29)
dt et |, ot
where
— 2 — da.
EZ,m = El,m + 51 Z/lm 1 + 52 ||Vam + 26‘2 (am,a_tm]
satisfies
oa |
2 2 2 - ,
E2,m 2 c("um ||L4(Q) TE WV H2(Q) + ||06m "Hl(g) + ot ]_ Cy» C> 0. (4.30)

Fifth: Passage to the limit
It follows from the above and standard Aubin-Lions compactness results, and

@ such that
u, —u in L*'((Q)x(0,T)) weakly and a.e.,

Ou,  Ou . -
- —in L(0,T;H™' (Q)) weakly,
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v, —>vin L* (O,T;H1 (Q)) weak star,

1

g2, —@in L* (O,T;H2 (Q)) weak star,
a, —>ain L* (O,T;H1 (Q)) weak star

and
ox oa .

8tm —>E in L” (O,T;L2 (Q)) weak star and in I’ (O,T;Hl (Q)) weakly

as m—>+oo,forall 7>0.
Next, it follows from the above almost everywhere convergence of [ (u,, ), we
can note that it follows from on classical (Aubin-Lions type) compactness results

that, at least for a subsequence that we do not relabel,

u, > u in L'(Qx(0,7T)) weakly and a.c.,

for a proper u, f(u,)=u, —u, ,which implies that

f(u,)— f(u)ae. and f(u,)is bounded in L% (x(0,7)).

4
Therefore, f(u,)—> f(u) in L (QX(O,T)) weakly (see, e.g., [18]), which
is sufficient to pass to the limit in the weak formulation.
Sixth: Continuity with respect to time
We first note that it follows from standard results that, since, e.g.,
ue C([O,T];L4 (Q)w), ve C([O,T];H2 (Q)) , ae C([O,T];H] (Q)) and

aa—(: eC ([0, T, (Q)), where the index w denotes the weak topology and the

weak continuity follows from the Strauss lemma (see, e.g., [19]).

It follows from Theorem 4.1 that we can define the family of solving operators

= - - _ _,\ Oa
5.(1): @, ﬁ@MN,(uo,ao,al)H(u(t),a(t),a(t)j, V20

where
Dy ={(pv. 2) €D,y .(0) =0}
with
®,y ={(p.v.2) € ®.[()| < M.[(7)] < N}
and

O =H'(Q)xH'(Q)xL*(Q).

Furthermore, this family of solving operators forms a semigroup, i.e., S, (0)=1
and S (t+7)=5,(¢t)>S,(z), t,7>0, which is continuous with respect to the
H™'x I’ x H™' -topology.

Finally, it follows from (3.29) that we have the

Theorem 4.2. The semigroup S, (¢) is dissipative in ®,,, , in the sense that
it possesses a bounded absorbing set B, c®,, (ie, VBc® 3t =1, (B)
such that ¢>¢, implies S, (¢)BcB,).
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Remark 4.1. The dissipativity is a first step in view of the study of the (temporal)
asymptotic behavior of the associated dynamical system. In particular, an important
issue is to prove the existence of finite-dimensional attractors: such objects describe
all possible dynamics of the system; furthermore, the finite-dimensionality means,
very roughly speaking, that, even though the initial phase space ®,,, has infinite
dimension, the reduced dynamics can be described by a finite number of parameters
(we refer the interested reader to, e.g., [20] for discussions on this subject). This will

be studied elsewhere.

5. Conclusion

We proposed in this article a phase-field model based on Type III Heat Conduction.
In particular, we proved the existence and uniqueness of solutions, as well as the

dissipativity of the associated solution operators.
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