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1. Introduction
Consider D;/fﬂ (R) the space of linear differential operators of order & on

tensor densities 7, (R) with values in the space of tensor densities 7, (R). The

space Dj u (R) hasa Vect(R)-module structure. It is isomorphic to a direct

sum of tensor densities spaces as follow [1] [2]:
D/I{y (R) = *7:(>‘+k (R) ® ‘7:(5+k—1 (R) ®---0 ]':5 (R)
We then consider an isomorphism of vector spaces called symbol map

0, Dy, (R)—> Pol(T*R) ta, (x);x—kk+---+al (x)%+a0 (x)>¢&° zklfkip (x)

where (x,f) denotes the standard coordinates on T~ (R) and
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a, (x)e Fsip (R)=C”(R). We use the general formula given in [2] and make it
explicit in the case of the space of second linear differential operators.

The vector space Pol(T *R) of polynomials of degree <k is also called the
space of symbols denoted S (R). We can see that the vector space Sk (R) is
also isomorphic to the vector space Fy,, (R)® 7y, (R)®---® F; (R).

The goal of this paper is to compute, on the one hand, the Casimir operator on
the sl, -module ’DL

sl,-module S§(R) of principal symbols and on the sl, -module F;,, (R) of

(R) and on the other hand, the Casimir operators on the

tensor densities. We finally establish the Schur lemma.

2. Notation and Problem Setting

2.1. Tensor Densities and Differential Operators on R

Firstly, we begin by the definition of a tensor-density on the real line [1]-[3].
Consider the determinant bundle A'7TR > R.
Definition 2.1. A homogeneous function of degree 1 on the complement of

the zero section A'TR\R of the determinant bundle
F:ATR\R > R: kot k' F (o)

is called tensor-density of degree 4 on R.
By F, (R) , we denote the space of tensor-densities of degree —A . Itis clear that
on the real line a tensor-density ¢ takes the form ¢=g(x) (a’x)_ﬂ eZ, (R).
Consider a 1-parameter familly of Vect (R) -actionson C”(R) defined by
E o (9)= 1 ()8 () 27 ()9(3) e
dx
where ¢(x)eC”(R) and AeR. By F,(R), we denote the corresponding
Vect(R)-module structure on C*(R). It is clear that Lj . is the operator of

Lie derivative on F, (R). &

Now, we define a differential operator A as follow.

Definition 2.2. A differential operator A4 is a linear operator

A:F,(R)> F,(R), A,ucR.

By DL (R), we denote the space of theall % -order differential operatorson R.
Thusa k -order differential operator on R is defined by

4(0)=a, ()T a, ()G v (L ra (g @2

where a,(x),4(x)eC”(R) and ¢eF,(R).
The action of Vect(R) on the spaces DL (R) is defined by

L (A)=LioAd—Ao L,

where L% is given by (2.1). Thus, we obtain a 1-parameter familly of Vect(R) -
modules on DL (R) . The spaces Df# (R) are endowed with their structure of
Vect (R) -modules. In other words, the module DL (R) means the representation
(D" (R),L}).

DOI: 10.4236/jamp.2025.134077

1429 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.134077

A. Nibirantiza, P. Ndayisenga

2.2. The Lie Subalgebra sl, of Vect(R)

Consider [4] the Lie algebra sl, of the special linear group SL(2) which

consists of all 2x2 matrices with trace zero where we use the basis

Lo
1 1
R R =YY 2.3)
0 0 o L 10

2

Then we obtain the commutator table

[...] A A As
A 0 A -2A;
A -Ai 0 As
As 24, -A; 0

such that the structure constants are
Cllz = C233 =1 C332 = Czll =-1, C123 =-2, C32| =2.
Now consider the three-dimensional Lie algebra spanned by the following
vector fields

v =0, v,=x0,, v,=x0,. (2.4)

x?

The commutator table for this Lie algebra is as follows:

[...] Vi %) 1
4t 0 i 2w
V2 -V 0 V3
1] -2w -n 0

If we replace v, by —v, =-x0_, then we find the same commutator table as
that of sl, with basis given by (2.3). This shows that there is a local action of the
special linear group SL(2) on the real line with 0.,x0,,—x"0, serving as the
infinitesimal generators. We can see that this group action is just the projective group

I—)Ziig U‘ QGSL(z)

being the real analogue of the complex group of linear fractional transformations.
This shows that the Lie algebra s[, with the basis (2.3) can be embedded as a Lie
subalgebra of Vect (R) generated by the basis {X =0,,H=x0_,Y= —xzﬁx} of

vector fields.

2.3. Casimir Operator of a Representation

Definition 2.3. The Killing form of a Lie algebra g on the field K is a
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symmetric bilinear application defined by
Bgxg—>K:(4,B)— tr(ad(A)ad(B))

where ad denotes the adjointe representation of g.

Definition 2.4. A Lie algebra is semi-simple if and only if its Killing form is
nondegenerate.

In this case, the Killing form defines a duality in the Lie algebra and obtain the
following definition.

Definition 2.5. If g is an » -dimensional semi-simple Lie algebra, then for
every basis (u,,--,u,) of g, there exists the dual basis (u]* ,---,u:) such that
ﬁ(u,.,uj.) =0¢, forall i,j<n.Such basis is dual-Killing.

We can define the Casimir operator associated to any representation (V, p)
of a semi-simple Lie algebra as follow.

Definition 2.6. If (V,p) is a representation of a semi-simple Lie algebra g,

then the casimir operator of this representation is defined by
C, :V—)V:xl—)Zp(ui)p(u:)x
i=1

where (ul. i< n) and (ul (i< n) are given by the definition 2.5.

Proposition 2.7 For a representation (E , p) of a semi simple Lie algebra g,
the following hold:

i) The Casimir operator C, is an intertwining operator of the representation
(E,p) and

p(x)eC,=C,op(x),Vxeg. (2.5)
ii) If (E',p') isanother représentation of g and if
T:(E,p)—(E.p") (2.6)
is an intertwining operator, i.e.
Top(x)=p'(x)eT,Vxeg
then
C,oT=ToC, 27)

iii) If y:(E,p)—>(E',p') is an isomorphism of vector spaces E and E’
and v is an eigenvector of C, associated to the eigenvalue « , then 7(v) is

an eigenvector of C,, with the same eigenvalue « .
3. Main Results

3.1. Explicit Formula of Casimir Operator

We compute explicitly this result in this theorem.
Theorem 3.1. Let’s consider A # g #0. Then the Sturm-Liouville operator

2
A =%+u(x) at F, (R) of the —% -densities having values in the space
2

F(R) of %—densities on the real line.
2
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dZ
Proof. Let’s consider the Sturm-Liouville operator A=§+u(x). This

operator acts as an differential operator
4:F,(R) > F, (R).

We must compute A and u by using the following formula
A(Li( (¢)) =14 (A(¢)) ,where ¢eF, (R) .
Computing the expression 4 (Lﬁ( (¢)) , we have

2

A5 0)-[ 500 (9 -20°099)

X(x)¢ —ﬂ,X'(x)¢)+u(x)X(x)¢'—/1u(x)X'(x)¢.

Further computations provide that A(L‘ @ ) is equal to
(1-22)X"(x)¢'+(2-2) X'(x)¢"+ X (x)¢" - AX"(x)¢
+u(x) X (x)¢' = Au(x) X'(x)4.

Now, we compute the expression L% (A(¢)) and have

24 ((9) = (X (3) - X (5)) (8" +u(2)9)
=X (x)¢"+X (x)u'(x)p+X (x)u(x)¢’
—uX'(x)¢"—pX'(x)u(x)g.
Equating the corresponding monoms, we obtain the following:
1-24=0
{2—/1 =-u

and hence 4 21 and u= —3.
2 2
Theorem 3.2. Consider the spaces Dfﬂ (R) and the representation
(Df” (R), p) of the semi-simple Lie algebra sl,. The Casimir operator C, is
an intertwining operator and it is a multiple of the identity.

Proof. Consider the differential operator
2

A=a, (x)%+ a, (x)%+ a,(x)e Dfﬂ (R). With respect to the basis

XzinzxiszﬁAi
dx dx dx

of the Lie algebra sl, it corresponds a matrix basis
1
01 5 0 0 0
4 = A, = A, = .
00 0 - 1 10

Due to the subsection 2.3, we compute its dual basis and find the vector fields
X' =Y,H =2H,Y =X corresponding to the matrix of the dual basis. Therefore,

we can compute the Casimir operator by using the formula
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C,(A)=Ly oLy (A)+Ly oLy (A)+Lj oLy, (4).
Firstly, to see that C » (i.e., C_rho) is an intertwining operator, it suffices to
compute the commutators and verify that
(€5 ]-[Co)-[C, 5] -0
Secondly, the contribution of the first term of C, (A) is
a(

Lﬁ(oL?,(A):Lﬁf(—x2%+2/lxj(a (x ) x) +ay (x )]

and we find

3 3
Ly oLy (A)=-2xa; (x ) -x "(x)——x 5 (x )dx3 —Zxaz(x)ﬁ
! d3 d4 ’ " d
—-xa, ()c)g—xza2 (x)w—bcal (x)a—xzal (x)a
2 3

2 1 d d2 2 d 2
-Xx"a (x)a—2xal(x)§—x a, (x)g—x al(x)@
2
—2xa)(x)-x"ay(x)+22a, (x) +2/1xa2( )%

3

+2Axa, (x)%+ 2Axa, (x)%+ 2Axa| (x)%
2
+2Axa, (x)%+ 22a,(x)+2Axag(x).

For the second term of C,(4), we find
A v 2 n dz 2 d3 ’
Ly oLy (A)=—x"a) (x)y—x a; (x)E+2/1xa2 (x) o

4
2 n

3
-x’a, (x)%+2/1xa2 (x)%—x a, (x)%—xzal’ (x)@
2 2
+2Axa, (x)%—x%l (x)%—xzal (x)%+2/1xal (x)%
—x’af (x)+2Axa)(x)

and for the third term,
3 2

—2Axa, (x)%

L, oLy, (A)=2xa, (x)i+2x2a”(x)i+2x2a' (x)d—
u ° Loy 2 A 2 A 2 FRE
3 3 4 3
+2xa, (x)%+2x2a; (;c)%erca2 (x)%—Zﬂxaz (x)%

2
+2xa, (x)%+ 2x2a]"(x)%+ 2x°a] (x)%— 2xa, (x)%

2 2

d VRN & 2 d’ d
+2xa, (x)y+2x a, (x)y+2x a, (x)a—Z/lxal (x)w
d’ d’
+2xaf (x)+2xay (x)—2Axa) F—Zﬁxaz (x)@
2 2

+21%a, (x)%— 2xa, (x)%— 2Axa, (x)%+ 21%a, (x)%

—22xa)(x)+22%a, (x).
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The sum of the all contributions of C, (4) gives
d’ d d d
C, (az (x)@+a, (x)a+a0 (x)} = 2/1(/1+1)(a2 (x)§+a1 (x)a+a0 (x)]

Thus, we conclude that C, =24(4+1)Id.

O

We can do the similar computations on the space Djﬂ (R) and generalize
these computations on the space Dfﬂ (R) of differential operators of an arbitrary
order on the real line.

Theorem 3.3. Consider the space ’DL (R) with & an arbitrary integer and
the representation (Df# (R), p) of the semi-simple Lie algebra sl,. Then the
Casimir operator C, is a intertwining operator and it is a multiple of the
identity.

Proof. The proof is similar to that of the previous Theorem 3.2. Considering a

k -order differential operator on R as follows

d* a! d
A=a, (x)w—i-ak_l (x)m—i----—i-a] (x)a+a0 (x),
we obtain
C, =2A(A+1)1d
o
3.2. The sl,-Equivariant Symbol Map
We begin with the computations for k=2.
Proposition 3.4. The Lie algebra Vect(R) actson D;, (R) by
2
D4 (A)=a (x)%ﬂzf (x)%+a(f (x) (3.1)
where
ay (x) =L (a)
a (x)=L" (a))+(224-1) X"(x)a, (x)
a; (x) =L (a,)+ A(a (x) X" (x)+a,(x) X"(x))
Proof. We use the action L% (A)=L{oA-Ao I, and compute
Lt (4)= (X(x)i—,uX’(x)j a (x)i—i-a (x)i—i-a (x)
X dx 2 dx? 1 dx 0
d’ d d '
_[az () ()L va, (x)j(X(x)a—/iX (x)j.
O

Consider the cotangent bundle 7"R =R* with the coordinate & on the fiber.
The space Pol(T*R) of functions on the cotangent bundle 7°R of polynomials
on the fibers is also denoted by S;(R) and Sy (R) isits subspace. The space of

symbols is isomorphic to sum of subspaces of —(& + p) -tensor densities as follows:
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SH(R)= @ 7,

p=0

In a local coordinate system (x,&),
k
P(x,&)= 5525”% (x), a,(x)eC”(R).
p=0
As in [2], for an element A€ D)';, (R), we define the symbol map o, asa
map from Dj (R) to Sy (R)

Lk
0, D5 (R)> 85 (R): A 0,, (4)=EY &%, (x), S=p-1 (3.2)
p=0
where a, (x) are defined by

a,(x)=>a alv?) (x) (3.3)

k .
J
L P
J=pr
and the coefficients a;. are given by
(j](bl_pj
. 24—j
al =PI (3.4)
P20+ j+p+1
20+2p+1

Due to the formula (3.4.), for the particular case of k =2, we obtain that
0, (A)=E7a, (x)+ &g (x)+ £, (x) (3.5)
where
a,(x)=a,(x)

a,(x)=a,(x)+ 2;_:21 ay(x)

o i 22(24-1)
ao(x)—ao(x)+mal(x)—i—maz(x).

The Lie algebra Vect(R) acts on an element
0, (A)=P(x,£)=&"Y" &'a, of S}(R) as follows:
Ly (P(x.8)) =821 (@) + £ Ly (@) + £ (a,) (3.6)
or equivalently, i we use the identification
§H(R) > F5 (R)OF,, (R)OF (R),
such that

£ z £ra, (x) o F =(a@,(x).a (x).3, (x)).

this action is written as follows:
5 (@ (x).a (x).3, (0) = (52 (@) 1 @).15 @) 67)
Theorem 3.5. A second differential operator L);‘(A) has a symbol sl, -
equivariant o, (L);’ (A)) = 5‘52;05”67; (x) where @ (x)=L}" (Ep) .
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Proof. The formula defined by (3.3) implies that c_z;( =zz a’ (a),( )(H?) .

J=p P \"J
Replacing aj.( (x) by its values in (3.1) and using (3.5) which show the relation

between 7,(x) and a,(x), we obtain

@' =a) (x)=Ly"(a,)=Ly"(a,)

2L X (0)ad (5) (54 2)a (4)]

X 22-1
= L(j\, ! (al (x)+ma2 (X)j

-1 (@)

chx =a]X (x)+

at =at +%{ﬁ;§ (@) +(22-1) X" (x)as ()}

22(22-1) (.
N
)

5 24+6 (22-1)(6+2) ) ...,
- @222 A e,

For X esl, which are at most of degree two, these last formulae become

a’=1(a,), p=0.12

p p

"

and o,, definesan s, -equivariant symbol map.
m

Remark 3.6. The computations were made in the case of k=2, but these
computations can be generalized to arbitrary & (see [2]).

Definition 3.7. A symbol P(x, f) = 5522:0 &la, (x) of the higher term
EMa, (x) of P(x,f) , is called a principal symbol on the space S; (R) .
Denote the space of principal symbolson R by Sj(R).

Note that

St (R)= {S =& (x),@, (x) € Fyp (R)}.

We use the isomorphism 7 :S§(R) - F;., (R): £, (x) > @, (x) of vector
spaces and and to transport the structure of sl, -modules. Thus, the Lie algebra
sl, actson S§(R) by the formula

Ly (8)=¢&""1" (@) (3.8)
while it acts on the space F,, (R) by
@(Ek):L(?k (Ek)' (3.9)

The spaces S (R) and F;,,(R) become the sl,-modules.

Now, we compute the Casimir operators on the sl, -modules S’ (R) andthe
Four (R)

Theorem 3.8. Consider y:Sj(R)— F,, (R):&g, (x)>a,(x). If S is
an eigenvector of the Casimir operator C, related to the eigenvalue a on
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Sk (R) , then 7(S ) is the eigenvector of C_ related to the same eigenvalue o .
Proof. The computation of the Casimir operator C,. on Sj(R) is obtained

by using the formula

€, (8)= L5 (S)+2L4,L5 (S)+ L5 (9)

P

2 4

for the principal symbol S, where the vector fields are X :% , Y=—x ©

and H = x% and the formula (3.8). We obtain that C ', is the multiple of the
identity on F;, , (R) and

C,(S)=2(5+k)(5+k+1)E7T, (x).

P
Similar computation is done on the space Fj,, (R) using
C. (@) =L5L (@) +20,L (@ )+ L5 (),
and the formula (3.9). The Casimir operator C, is related to the projection

™ éofthp (R) = F5.. (R):(Ek (). @i (x), @, (x)) - @ (x).

Thus the common eigenvalueis @ =2(5+k)(5+k+1).
o
We note that these results can be used to compute the explicit formulas of the
sl, -equivariant quantization on the real line. In other words, it is to compute the
isomorphism of the representation of the Lie algebra sl, between the space of
symbols on the real line and the spaces of differential operators on the real line

satisfying the normalisation condition [5] [6].
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