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Abstract 
The research paper investigates the computation of Casimir operators on 2sl

-modules associated with linear differential operators and symbols on the real 
line. The study considers spaces of differential operators and principal sym-
bols related to tensor densities, and derives explicit formulas for the Casimir 
operators. It extends previously known results about 2sl -modules and Schur’s 
Lemma, enriching the understanding of their role in differential geometry and 
representation theory. 
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1. Introduction 

Consider ( )k
λµ   the space of linear differential operators of order k  on 

tensor densities ( )µ   with values in the space of tensor densities ( )λ  . The 
space ( )k

λµ   has a ( )Vect  -module structure. It is isomorphic to a direct 
sum of tensor densities spaces as follow [1] [2]:  

( ) ( ) ( ) ( )1 .k
k kλµ δ δ δ+ + −≅ ⊕ ⊕ ⊕        

We then consider an isomorphism of vector spaces called symbol map  

( ) ( ) ( ) ( ) ( ) ( )*
1 0

0

d d: Pol :
d d

k k
k k

k pk
p

T a x a x a x a x
x x

δ
λµ λµσ ξ ξ

=

→ + + + ∑    

where ( ),x ξ  denotes the standard coordinates on ( )*T   and  

How to cite this paper: Nibirantiza, A. and 
Ndayisenga, P. (2025) Casimir Operators on 
the 2sl -Modules of the Linear Differential 

Operators and the Associated Symbols on 
the Real Line. Journal of Applied Mathemat-
ics and Physics, 13, 1428-1438. 
https://doi.org/10.4236/jamp.2025.134077 
 
Received: March 14, 2025 
Accepted: April 21, 2025 
Published: April 24, 2025 
 
Copyright © 2025 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2025.134077
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2025.134077
http://creativecommons.org/licenses/by/4.0/


A. Nibirantiza, P. Ndayisenga 
 

 

DOI: 10.4236/jamp.2025.134077 1429 Journal of Applied Mathematics and Physics 
 

( ) ( ) ( )p pa x Cδ
∞

+∈ ≅  . We use the general formula given in [2] and make it 
explicit in the case of the space of second linear differential operators. 

The vector space ( )*Pol T   of polynomials of degree k≤  is also called the 
space of symbols denoted ( )k

δ  . We can see that the vector space ( )k
δ   is 

also isomorphic to the vector space ( ) ( ) ( )1k kδ δ δ+ + −⊕ ⊕ ⊕     . 
The goal of this paper is to compute, on the one hand, the Casimir operator on 

the 2sl -module ( )k
λµ   and on the other hand, the Casimir operators on the 

2sl -module ( )k
δ   of principal symbols and on the 2sl -module ( )kδ +   of 

tensor densities. We finally establish the Schur lemma. 

2. Notation and Problem Setting 
2.1. Tensor Densities and Differential Operators on   

Firstly, we begin by the definition of a tensor-density on the real line [1]-[3]. 
Consider the determinant bundle 1T∧ →  .  

Definition 2.1. A homogeneous function of degree λ  on the complement of 
the zero section 1 \T∧    of the determinant bundle  

( )1: \ :F T k k Fλω ω∧ →     

is called tensor-density of degree λ  on  .  
By ( )λ  , we denote the space of tensor-densities of degree λ− . It is clear that 

on the real line a tensor-density φ  takes the form ( ) ( ) ( )x dx λ
λφ φ −= ∈  . 

Consider a 1-parameter familly of ( )Vect  -actions on ( )C∞   defined by  

( )
( ) ( ) ( ) ( ) ( )d

d
f x

x

L f x x f x xλ φ φ λ φ′ ′= −              (2.1) 

where ( ) ( )x Cφ ∞∈   and λ∈ . By ( )λ  , we denote the corresponding 
( )Vect  -module structure on ( )C∞  . It is clear that 

( ) d
d

f x
x

Lλ  is the operator of 
Lie derivative on ( )λ  . 

Now, we define a differential operator A  as follow.  
Definition 2.2. A differential operator A  is a linear operator  

( ) ( ): , , .A λ µ λ µ→ ∈     

By ( )k
λµ  , we denote the space of the all k -order differential operators on  .  

Thus a k -order differential operator on   is defined by  

( ) ( ) ( ) ( ) ( )
1

1 1 01
d d d ,
d d d

k k

k kk kA a x a x a x a x
x x x
φ φ φφ φ

−

− −= + + + +      (2.2) 

where ( ) ( ) ( ),ia x x Cφ ∞∈   and ( )λφ ∈  . 
The action of ( )Vect   on the spaces ( )k

λµ   is defined by  

( )X X XL A L A A Lλµ µ λ= −   

where XLλ  is given by (2.1). Thus, we obtain a 1-parameter familly of ( )Vect  -
modules on ( )k

λµ  . The spaces ( )k
λµ   are endowed with their structure of 

( )Vect  -modules. In other words, the module ( )k
λµ   means the representation 

( )( ),k
XLλµ . 
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2.2. The Lie Subalgebra 2sl  of ( )Vect   

Consider [4] the Lie algebra 2sl  of the special linear group ( )SL 2  which 
consists of all 2 2×  matrices with trace zero where we use the basis  

1 2 3

1 00 1 0 02, , .
0 0 1 1 00

2

A A A

 
    

= = =    
    − 

 

        (2.3) 

Then we obtain the commutator table 
 

[...] A1 A2 A3 

A1 0 A1 −2A2 

A2 −A1 0 A3 

A3 2A2 −A3 0 

 
such that the structure constants are  

1 3 3 1 2 2
12 23 32 21 13 311, 1, 2, 2.C C C C C C= = = = − = − =  

Now consider the three-dimensional Lie algebra spanned by the following 
vector fields 

2
1 2 3, , .x x xv v x v x= ∂ = ∂ = ∂                  (2.4) 

The commutator table for this Lie algebra is as follows: 
 

[...] v1 v2 v3 

v1 0 v1 2v2 

v2 −v1 0 v3 

v3 −2v2 −v3 0 

 
If we replace 3v  by 2

3 xv x− = − ∂ , then we find the same commutator table as 
that of 2sl  with basis given by (2.3). This shows that there is a local action of the 
special linear group ( )SL 2  on the real line with 2, ,x x xx x∂ ∂ − ∂  serving as the 
infinitesimal generators. We can see that this group action is just the projective group  

( ), SL 2xx
x

α βα β
γ δγ δ
 +

∈ +  
  

being the real analogue of the complex group of linear fractional transformations. 
This shows that the Lie algebra 2sl  with the basis (2.3) can be embedded as a Lie 
subalgebra of ( )Vect   generated by the basis { }2, ,x x xX H x Y x= ∂ = ∂ = − ∂  of 
vector fields. 

2.3. Casimir Operator of a Representation 

Definition 2.3. The Killing form of a Lie algebra g  on the field   is a 
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symmetric bilinear application defined by  

( ) ( ) ( )( ): : ,A B tr ad A ad Bβ × → g g  

where ad  denotes the adjointe representation of g .  
Definition 2.4. A Lie algebra is semi-simple if and only if its Killing form is 

nondegenerate.  
In this case, the Killing form defines a duality in the Lie algebra and obtain the 

following definition.  
Definition 2.5. If g  is an n -dimensional semi-simple Lie algebra, then for 

every basis ( )1, , nu u  of g , there exists the dual basis ( )* *
1 , , nu u  such that 

( )*,i j iju uβ δ=  for all ,i j n≤ . Such basis is dual-Killing.  
We can define the Casimir operator associated to any representation ( ),V ρ  

of a semi-simple Lie algebra as follow. 
Definition 2.6. If ( ),V ρ  is a representation of a semi-simple Lie algebra g , 

then the casimir operator of this representation is defined by  

( ) ( )*

1
: :

n

i i
i

C V V x u u xρ ρ ρ
=

→ ∑  

where ( ):iu i n≤  and ( )* :iu i n≤  are given by the definition 2.5.  
Proposition 2.7 For a representation ( ),E ρ  of a semi simple Lie algebra g , 

the following hold:  
i) The Casimir operator Cρ  is an intertwining operator of the representation 

( ),E ρ  and  

( ) ( ) , .x C C x x gρ ρρ ρ= ∀ ∈                  (2.5) 

ii) If ( ),E ρ′ ′  is another représentation of g  and if  

( ) ( ): , ,T E Eρ ρ→ ′ ′                     (2.6) 

is an intertwining operator, i.e.  

( ) ( ) ,T x x T xρ ρ= ∈′ ∀  g  

then  
C T T Cρ ρ′ =                         (2.7) 

iii) If ( ) ( ): , ,E Eγ ρ ρ→ ′ ′  is an isomorphism of vector spaces E  and E′  
and v  is an eigenvector of Cρ  associated to the eigenvalue α , then ( )vγ  is 
an eigenvector of Cρ′  with the same eigenvalue α .  

3. Main Results 
3.1. Explicit Formula of Casimir Operator 

We compute explicitly this result in this theorem.  
Theorem 3.1. Let’s consider 0λ µ≠ ≠ . Then the Sturm-Liouville operator  

( )
2

2
d
d

A u x
x

= +  at ( )1
2

  of the 1
2

− -densities having values in the space 

( )3
2

−
  of 3

2
-densities on the real line.  
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Proof. Let’s consider the Sturm-Liouville operator ( )
2

2
d
d

A u x
x

= + . This  

operator acts as an differential operator  

( ) ( ): .A λ µ→    

We must compute λ  and µ  by using the following formula  
( )( ) ( )( )X XA L L Aλ µφ φ= , where ( )λφ ∈  . 

Computing the expression ( )( )XA Lλ φ , we have  

( )( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( )

2

2

2

2

d
d

d .
d

XA L u x X x X x
x

X x X x u x X x u x X x
x

λ φ φ λ φ

φ λ φ φ λ φ

 
′ ′= + − 

 

′ ′ ′ ′= − + −

 

Further computations provide that ( )( )XA Lλ φ  is equal to  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 2 2

.

X x X x X x X x

u x X x u x X x

λ φ λ φ φ λ φ

φ λ φ

′′ ′′ ′′′′ ′− + − + −

′+ −

′

′

′′
 

Now, we compute the expression ( )( )XL Aµ φ , and have 

( )( ) ( ) ( )( ) ( )( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) .

XL A X x X x u x

X x X x u x X x u x

X x X x u x

µ φ µ φ φ

φ φ φ

µ φ φ φ

′= − +

′ ′= + +

′ ′

′′

′′− −

′′′  

Equating the corresponding monoms, we obtain the following:  

1 2 0
2

λ
λ µ

− =
 − = −

 

and hence 1
2

λ =  and 3
2

µ = − .  

□ 
Theorem 3.2. Consider the spaces ( )2

λµ   and the representation  
( )( )2 ,λµ ρ  of the semi-simple Lie algebra 2sl . The Casimir operator Cρ  is 

an intertwining operator and it is a multiple of the identity.  
Proof. Consider the differential operator  

( ) ( ) ( ) ( )
2

2
2 1 02

d d
d d

A a x a x a x
x x λµ= + + ∈  . With respect to the basis  

2d d d, ,
d d d

X H x Y x
x x x

= = = −  

of the Lie algebra 2sl  it corresponds a matrix basis  

1 2 3

1 00 1 0 02, , .
0 0 1 1 00

2

A A A

  
      = = =     

     −    

 

Due to the subsection 2.3, we compute its dual basis and find the vector fields 
* * *, 2 ,X Y H H Y X= = =  corresponding to the matrix of the dual basis. Therefore, 

we can compute the Casimir operator by using the formula  
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( ) ( ) ( ) ( )2 .X Y Y X H HC A L L A L L A L L Aλ λ λ λ λ λ
ρ = + +    

Firstly, to see that Cρ  (i.e., C_rho) is an intertwining operator, it suffices to 
compute the commutators and verify that   

, , , 0.X H YC L C L C Lλ λ λ
ρ ρ ρ     = = =       

Secondly, the contribution of the first term of ( )
XLC A  is  

( ) ( ) ( ) ( )
2

2
2 1 02

d d d2
d d dX Y XL L A L x x a x a x a x
x x x

λ λ λ λ
  = − + + +  

   
  

and we find  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2 2 3 3
2 2

2 2 2 22 2 3 3

3 4
2 2 2

2 2 1 13 4

2 2 3
2 2 2

1 1 1 12 2 3

2 2
2

0 0 2 22 2

3

2 3

d d d d2 2
d d d d
d d d d2
d d d d
d d d d2
d d d d

d d2 2 2
d d

d2 2
d

X YL L A xa x x a x x a x xa x
x x x x

x a x x a x xa x x a x
x x x x

x a x xa x x a x x a x
x x x x

xa x x a x a x xa x
x x

xa x
x

λ λ

λ λ

λ λ

′ ′′ ′= − − − −

′ ′ ′′− − − −

′ ′− − − −

′ ′′ ′− − + +

′+ +



( ) ( )

( ) ( ) ( )

1 1

2

1 0 02

d d2
d d

d2 2 2 .
d

xa x xa x
x x

xa x a x xa x
x

λ

λ λ λ

′+

′+ + +

 

For the second term of ( )C Aρ , we find  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2 3 2 3
2 2 2

2 2 2 22 3 2 3

4 3 2
2 2 2

2 2 1 14 3 2

2 2 2
2 2

1 1 1 12 3 2

2
0 0

d d d d2
d d d d
d d d d2
d d d d

d d d d2 2
d d d d
2

Y XL L A x a x x a x xa x x a x
x x x x

x a x xa x x a x x a x
x x x x

xa x x a x x a x xa x
x x x x

x a x xa x

λ λ λ

λ

λ λ

λ

′′ ′ ′ ′= − − + −

′′ ′− + − −

′+ − − +

′′ ′− +



 

and for the third term,  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 3 2
2 2

2 2 2 2 22 2 3 2

3 3 4 3
2

2 2 2 23 3 4 3

2
2 2

1 1 1 12

2 2 3 2
2 2

1 1 1 12 2 3

d d d d2 2 2 2
d d d d

d d d d2 2 2 2
d d d d
d d d d2 2 2 2
d d d d
d d d d2 2 2 2
d d d d

H HL L A xa x x a x x a x xa x
x x x x

xa x x a x xa x xa x
x x x x

xa x x a x x a x xa x
x x x x

xa x x a x x a x xa x
x x x

λ λ λ

λ

λ

λ

′ ′′ ′ ′= + + −

′+ + + −

′ ′′ ′ ′+ + + −

′+ + + −



( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2

2 3

0 0 2 22 3

2 2
2 2

2 1 1 12 2

2
0 2

d d2 2 2 2
d d

d d d d2 2 2 2
d d d d

2 2 .

x

xa x xa x xa xa x
x x

a x xa x xa x a x
x x x x

xa x a x

λ λ

λ λ λ λ

λ λ

′ ′′ ′+ + − −

′+ − − +

′− +

 

https://doi.org/10.4236/jamp.2025.134077


A. Nibirantiza, P. Ndayisenga 
 

 

DOI: 10.4236/jamp.2025.134077 1434 Journal of Applied Mathematics and Physics 
 

The sum of the all contributions of ( )C Aρ  gives  

( ) ( ) ( ) ( ) ( ) ( ) ( )
2 2

2 1 0 2 1 02 2
d d d d2 1 .
d d d d

C a x a x a x a x a x a x
x x x xρ λ λ

   
+ + = + + +   

   
 

Thus, we conclude that ( )2 1 IdCρ λ λ= + .  
□ 

We can do the similar computations on the space ( )3
λµ   and generalize 

these computations on the space ( )k
λµ   of differential operators of an arbitrary 

order on the real line. 
Theorem 3.3. Consider the space ( )k

λµ   with k  an arbitrary integer and 
the representation ( )( ),k

λµ ρ  of the semi-simple Lie algebra 2sl . Then the 
Casimir operator Cρ  is a intertwining operator and it is a multiple of the 
identity.  

Proof. The proof is similar to that of the previous Theorem 3.2. Considering a 
k -order differential operator on   as follows  

( ) ( ) ( ) ( )
1

1 1 01
d d d ,
d d d

k k

k kk kA a x a x a x a x
x x x

−

− −= + + + +  

we obtain  

( )2 1 Id.Cρ λ λ= +  

□ 

3.2. The 2sl -Equivariant Symbol Map 

We begin with the computations for 2k = .  
Proposition 3.4. The Lie algebra ( )Vect   acts on ( )2

λµ   by  

( ) ( ) ( ) ( )
2

2 1 02
d d
d d

X X X
XL A a x a x a x

x x
λµ = + +              (3.1) 

where  

( ) ( )2
2 2
X

Xa x L aδ +=  

( ) ( ) ( ) ( ) ( )1
1 1 22 1X

Xa x L a X x a xδ λ+= + ′′−  

( ) ( ) ( ) ( ) ( ) ( )( )0 0 1 2
X

Xa x L a a x X x a x X xδ λ= ′ + ′′′+ ′  

Proof. We use the action ( )X X XL A L A A Lλµ µ λ= −   and compute  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

2 1 02

2

2 1 02

d d d
d d d

d d d .
d d d

XL A X x X x a x a x a x
x x x

a x a x a x X x X x
x x x

λµ µ

λ

  ′= − + +  
   
   ′− + + −  

  

 

□ 
Consider the cotangent bundle * 2T ≅   with the coordinate ξ  on the fiber. 

The space ( )*Pol T   of functions on the cotangent bundle *T   of polynomials 
on the fibers is also denoted by ( )δ   and ( )k

δ   is its subspace. The space of 
symbols is isomorphic to sum of subspaces of ( )pδ− + -tensor densities as follows:  
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( )
0

k
k

ppδ δ +=
≅ ⊕   

In a local coordinate system ( ),x ξ ,  

( ) ( ) ( ) ( )
0

, , .
k

p
p p

p
P x a x a x Cδξ ξ ξ ∞

=

= ∈∑   

As in [2], for an element ( )kA λµ∈  , we define the symbol map λµσ  as a 
map from ( )k

λ   to ( )k
δ   

( ) ( ) ( ) ( )
0

: : ,
k

k k p
p

p
A A a xδ

λµ λµ δ λµσ σ ξ ξ δ µ λ
=

→ = = −∑     (3.2) 

where ( )pa x  are defined by  

( ) ( ) ( ):
k

j pj
p p p

j p
a x a xα −

=

= ∑                    (3.3) 

and the coefficients i
jα  are given by  

2
2

2 1
2 2 1

j
p

j p
p j

j p
p

λ
λ

α
δ
δ

−  
  −  =

+ + + 
 + + 

                    (3.4) 

Due to the formula (3.4.), for the particular case of 2k = , we obtain that  

( ) ( ) ( ) ( )2 1
2 1 0A a x a x a xδ δ δ

λµσ ξ ξ ξ+ += + +             (3.5) 

where  

( ) ( )2 2a x a x=  

( ) ( ) ( )1 1 2
2 1

2
a x a x a xλ

δ
− ′= +
+

 

( ) ( ) ( ) ( )
( ) ( ) ( )0 0 1 2

2 2 1
.

1 2 1 2 3
a x a x a x a x

λ λλ
δ δ δ

−
′ ′′= + +

+ + +
 

The Lie algebra ( )Vect   acts on an element  
( ) ( ) 2

0, p
ppA P x aδ

λµσ ξ ξ ξ
=

= = ∑  of ( )2
δ   as follows:  

( )( ) ( ) ( ) ( )2 2 1 1
2 1 0,X X X XL P x L a L a L aδ δ δ δ δ δ δξ ξ ξ ξ+ + + += + +        (3.6) 

or equivalently, if we use the identification 

( ) ( ) ( ) ( )2
2 1 ,δ δ δ δ+ +↔ ⊕ ⊕        

such that  

( ) ( ) ( ) ( )( )
2

2 1 0
0

, , ,p
p

p
a x F a x a x a xδξ ξ

=

↔ =∑  

this action is written as follows:  

( ) ( ) ( )( ) ( ) ( ) ( )( )2 1
2 1 0 2 1 0, , , , .X X X XL a x a x a x L a L a L aδ δ δ δ+ +=       (3.7) 

Theorem 3.5. A second differential operator ( )XL Aλµ  has a symbol 2sl -
equivariant ( )( ) ( )0

2λµ δ
λµσ ξ ξ

=
= ∑ p X

X ppL A a x  where ( ) ( )2X
p X pa x L aδ += .  
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Proof. The formula defined by (3.3) implies that ( )( )2 α
−

=
= ∑

j pX j X
p p jj pa a . 

Replacing ( )X
ja x  by its values in (3.1) and using (3.5) which show the relation 

between ( )ja x  and ( )ja x , we obtain 

( ) ( ) ( )2 2
2 2 2 2
X X

X Xa a x L a L aδ δ+ += = =  

( ) ( ) ( ) ( ) ( ){ }

( ) ( )

( )

1 1 2 2

1
1 2

1
1

2 1 2
1
2 1

1

X X

X

X

a a x X x a x a x

L a x a x

L a

δ

δ

λ δ
δ

λ
δ

+

+

− ′′= + − +
+

− ′= + + 
=

 

( ) ( ) ( ) ( ){ }
( )

( )( ) ( )( )

( ) ( )( )
( )( ) ( ) ( )

1
0 0 1 2

2
2

0 2

2 1
1

2 2 1
2 3 2 2

2 1 22 .
1 2 3 1

X X
X

X

X

a a L a X x a x

L a

L a X x a x

δ

δ

δ

λ λ
δ
λ λ

δ δ

λ δλ δλ
δ δ δ

+

+

= + + −
+

− ′′+
+ +

 − ++
= + −  + + + 

′′

′′′

 

For 2X ∈ sl  which are at most of degree two, these last formulae become  

( ) , 0,1,2X p
p X pa L a pδ+= =  

and λµσ  defines an 2sl -equivariant symbol map.  
□ 

Remark 3.6. The computations were made in the case of 2k = , but these 
computations can be generalized to arbitrary k  (see [2]).  

Definition 3.7. A symbol ( ) ( )0, δξ ξ ξ
=

= ∑ p
p

k
pP x a x  of the higher term  

( )k
ka xδξ +  of ( ),P x ξ , is called a principal symbol on the space ( )k

δ  . 
Denote the space of principal symbols on   by ( )k

δ  .  
Note that  

( ) ( ) ( ) ( ){ }, .k k
k k kS a x a xδ

δ δξ +
+= = ∈    

We use the isomorphism ( ) ( ) ( ) ( ): :k k
k k ka x a xδ

δ δγ ξ +
+→     of vector 

spaces and and to transport the structure of 2sl -modules. Thus, the Lie algebra 

2sl  acts on ( )k
δ   by the formula  

( ) ( ): k k
X X kL S L aδ δ δξ + +=                     (3.8) 

while it acts on the space ( )kδ +   by  

( ) ( ).k
X k X ka L aδ δ +=                      (3.9) 

The spaces ( )k
δ   and ( )kδ +   become the 2sl -modules. 

Now, we compute the Casimir operators on the 2sl -modules ( )k
δ   and the 

( )kδ +  . 
Theorem 3.8. Consider ( ) ( ) ( ) ( ): :k k

k k ka x a xδ
δ δγ ξ +

+→    . If S  is 
an eigenvector of the Casimir operator Cρ′  related to the eigenvalue α  on 
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( )k
δ  , then ( )Sγ  is the eigenvector of Cπ  related to the same eigenvalue α .  
Proof. The computation of the Casimir operator 'Cρ  on ( )k

δ   is obtained 
by using the formula  

( ) ( ) ( ) ( )' 2Y X H H X YC S L L S L L S L L Sδ δ δ δ δ δ
ρ = + +  

for the principal symbol S , where the vector fields are d
d

X
x

= , 2 d
d

Y x
x

= −  

and d
d

H x
x

=  and the formula (3.8). We obtain that Cρ′  is the multiple of the 

identity on ( )pδ +   and  

( ) ( )( ) ( )2 1 .k
kC S k k a xδ

ρ δ δ ξ +
′ = + + +  

Similar computation is done on the space ( )kδ +   using  

( ) ( ) ( ) ( )2 ,k Y X k H H k X Y kC a a a aδ δ δ δ δ δ
π = + +       

and the formula (3.9). The Casimir operator Cπ  is related to the projection  

( ) ( ) ( ) ( ) ( )( ) ( )1 00
: : , , , .

k

p k k k kp
a x a x a x a xδ δπ + + −=

⊕ →      

Thus the common eigenvalue is ( )( )2 1k kα δ δ= + + + .  
□ 

We note that these results can be used to compute the explicit formulas of the 

2sl -equivariant quantization on the real line. In other words, it is to compute the 
isomorphism of the representation of the Lie algebra 2sl  between the space of 
symbols on the real line and the spaces of differential operators on the real line 
satisfying the normalisation condition [5] [6]. 
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