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Abstract

In this paper, we define some non-elementary amplitude functions that are
giving solutions to some second-order nonlinear ODEs with forcing term and
systems of ODEs with chaotic behavior, such as the chaotic cases of the Lorenz
system. For this purpose, we will introduce a special function, that is a function
of the dependent variable ¢ and the independent variable ¢ and place it into
the solution-function. These solutions are equal to the amplitude, or upper
limit of integration in a non-elementary integral that can be arbitrary. The first
derivative to these amplitude functions contains one or two integrals that dis-
appear at the second derivation or at the third derivation. We are giving the
solutions a name, a symbol and putting them into a group of functions and
into the context of other functions. Using these integral amplitude functions,
we can define solutions to some well-known second-order ODEs and systems
of ODEs exhibiting chaotic behavior.
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1. Introduction

On page 1 in the book [1], we find the sentences: very few ordinary differential
equations have explicit solutions expressible in finite terms. This is not because
ingenuity fails, but because the repertory of standard functions (polynomials, exp,
sin and so on) in terms of which solutions may be expressed is too limited to ac-
commodate the variety of differential equations encountered in practice.

This is the main reason for this work. It should be possible to do something
with this problem. If we don’t have enough tools in our mathematical toolbox, we
must make the tools first. For this problem we will attempt to define some new
functions, or making extensions to the non-elementary amplitude functions, in
order to define solutions to forced second order ODEs or to systems of ODEs
exhibiting chaotic behavior.

If it is not possible to find a solution to a distinct second order nonlinear ODE,
or to a system of ODEs, working in the traditional ways, why not just define a
solution? How must this solution look like, and where in the landscape of func-
tions can we place this solution? If we are thinking that every reasonable problem
has a solution, even to dynamical systems, that exhibits chaotic behavior, let us try
to define solutions to some well-known ODEs, or systems of ODEs, like the forced
and damped pendulum equation or the chaotic Lorenz system. We will use the
one-integral and two-integral non-elementary amplitude functions defined in [2],
and combine them with elementary functions.

Studies of computer-generated solutions of forced second-order equations such
as Duffing’s equation and three-dimensional autonomous systems have revealed
unexpectedly complex solution structures arising from what might appear to be
relatively simple nonlinear differential equations [1].

Since a pendulum moves very slowly near the top of the swing, a small change
in initial conditions can make a big change in the timing and hence cause a change
in direction of the pendulum. This sort of behavior, which we now call chaos, can
be observed in a system as simple as the periodically forced pendulum, it should
not be surprising that it can also be found in nature [3].

If a bundle of solutions containing infinitely many unstable periodic solutions
is asymptotically orbitally stable, a chaotic phenomenon appears, which results
from the small uncertain factors in the real system [4].

The Lorenz equations, as they are now known, arose in a model for convective
motion in the atmosphere. The solutions calculated by computer display very
complex behavior for a wide range of parameter values. By complex behavior we
include seemingly random or “chaotic” output from the system although the so-
lutions remain deterministic in terms of their initial values and there is no “ran-
dom” input [1].

The Rossler attractor is the attractor for the Rossler system, a system of three
nonlinear ODE:s originally studied by Otto Rdssler in the 1970s. These differential
equations define a continuous-time dynamical system that exhibits chaotic dy-

namics associated with the fractal properties of the attractor. Rdssler interpreted
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it as a formalization of a taffy-pulling machine [5]. We have a chaotic attracting

set for ¢=4.449 . This is known as a strange attractor [1].

2. The Amplitude Functions
2.1. The Jacobi Amplitude Function

This function is defined as equal to the Jacobi amplitude ¢ [6]:

am(u,k)zwzj:dn(u',k)du' (1)
%am(u,k):dn(u,k) (2)
The second order nonlinear differential equation
2
d—f:—kzsinxcosx, 0<k<l1 (3)
dt
has am(z,k) as solution:
x(t)=am(t.k) =@ =g(t)= [} dn(u.k)du 4)
%:i—(tp:dn(t):ql—kzsinz(p (5)
P 1 (—kz)Zsinqocosgod—q)
- d7 — i sinxcosx (6)
" 2 \/1 —k*sin* @
2.2. The General Amplitude Function [7]
Define a function
amp(u):goztp(u):.[;adn(u’)du', —00 < U, <0 (7)

where ¢ is the amplitude or upper limit of integration in a non-elementary in-

tegral, that can be arbitrary.
d
—amp(u)zd—fzadn(u)=f(¢) (8)

The function f can be arbitrary. It may also be a square root or a fraction.
We have named the derivative to amp(u) for adn(u), in order to show the
relationship to the Jacobi elliptic function dn (u,k).

When f(q)) =l-k*sin* ¢, is adn(u) = dn(u,k) and amp(u) =am (u,k) )

The integral amplitude functions are an extension to the general amplitude
function [2]. The first derivative to the amplitude function contains one or two
integrals. The usefulness of these functions is to define solutions when the second-
order ODE is short, and when the equations in a system of ODEs are short, such

as the Lorenz system.

3. The One-Integral Amplitude Function
3.1. Definition

Definition 3.1: The one-integral amplitude function.

DOI: 10.4236/jamp.2025.134076

1408 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.134076

M. Stensland

Suppose a solution x(¢) is equal to the amplitude, or upper limit of integra-
tion in a non-elementary integral, and the first derivative to this solution contains
an integral, then this solution is an example of the one-integral amplitude func-

tions.

3.2. The Damped Pendulum Equation

2
d—f+k%+wzsinx:0 (10)
de dt
dzx dx 20 -
f?dt:—kjadt—w Ismxdt (11)
Summarizing the integration constantsto C.
ﬁ:c-m—wzjsinxdt (12)
dt

Define a one-integral amplitude function as solution x(¢)=amp(t)=p=p(1).

I have consistently used ¢ as notation for the amplitude, or upper limit of
integration, and x as the dependent variable in the ODEs. In the group of am-
plitude functions is the solution x(¢)=¢=¢(¢). Therefor the change from ¢
to x,orfrom x to ¢ canbeabitconfusing, because x and ¢ arethesame
functions, just different notation. When using the amplitude function, I change
the notation of the dependent variable from x to ¢, just to separate the solu-

tion x from the function ¢.
—:—:C—k(o—a)zjsin(pdt (13)
Inverting:

dr 1
de C—kgo—a)zj.singodt

0 do
t=t(p)=
(o) ‘[‘)C—ké’—a)z_[singodt

(14)

(15)

Here we see that the solution to the damped pendulum equation is an amplitude
function, the upper limit of integration in a non-elementary integral. This solution
is a member in the group of the one-integral amplitude functions, where the first
derivative of the function contains an integral. We can give this function the sym-

bol amp, , after the pendulum.

t
x(t):ampp(t)=¢:¢(t)=joaan(u)du (16)
diampP (t):adnp(t):C—k(p—a)zjsinq)dt (17)
t
Now, we change the notation of the dependent variable from ¢ to x.
de d 2f
—=—amp,(t)=C—kx—o" | sin xdt 18
dr  dr P (1) J (18)
2
d—f:—kg—a)2 sin x (19)
dt dt
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2
d—f-irk—+a)2 sinx=0
dr dr

x(t)=amp,(t) isa solution to the damped pendulum equation.

3.3. The Forced and Damped Pendulum Equation

2
d—f+kg+a)2 sin x = F cos ot (20)
dt dt
d2x dx 2 .
—dt =—k|—dt— " | sin xdt + F'| cos ewrdt 21

Summarizing the integration constantsto C.

g:C—loc—wzjsimcdwrfsina)z (22)
dt 1)

We are doing the same as above, and defining a solution

x(t)=amp(t)=@=¢p(t), and changing the dependent variable from x to ¢:

%zi—?zC—kq)—a)z.[singodt+£sinwt (23)
Inverting:
dr _ 1 (24)
d¢ 2 . F .
C-kop-—w _[smgpdt+—sm ot
@
do

(=1(p)=[ (25)

C—kH—aJZJ'singodt+Esina)t
)

Hereis ¢=x(¢) the upper limit of integration in a non-elementary integral,
and satisfy the definition of an amplitude function. We can name this amplitude

function amp,, (1), after the forced pendulum.
x(t):ampFP(t):¢:¢(t):_[(;aanP (u)du (26)

Changing the dependent variable from ¢ to x:

g:dﬁ:C—kx—a)2Jsinxdt+£sinwt (27)
dr dt 0]
2
d_;c:—k%—a)2 sin x + F cos wt (28)
dt dt
d’x

F+kd_+a)2 sin x = F cos wt
t t

The amplitude function amp,, (¢) is giving solution to the forced and damped

pendulum equation.

Notice that % =y=y,ty, (29)
2 . d
v, =C-kx-w Is1nxdt:aampp(t) (30)
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—Esina)t—i(—icosa)t] (31)
T dt\ o

The derivative to the solution x(t) is a sum of the derivative to the solution

of the homogeneous equation, and the derivative to the particular solution.

ampy, (t) # amp, (t)—%cos ot (32)

3.4. Ueda’s Chaotic Nonlinear Oscillator

This is a special case of the forced and damped Duffing equation.

2
d—f+k%+ax+bx3:Fcosa)t (33)
de dt
d*x dx 3
j?dt:—kjadz—j(aﬁbx )dt + F [ cos wrdt (34)
Summarizing the integration constantsto C.
Q:C—kx—j(ax+bx3)dt+£sina)t (35)
dt @

Define a solution x(¢)=amp(t)=¢=¢(t), and change the dependent varia-

ble from x to ¢.
dx de 3 F .
E_E_C—kgo—j(ago+bqo )dt+;s1na)t (36)
Inverting:
dr 1

a_ C—k¢—j(a¢+b¢3)dt+ﬂsinwt
0]

(37)

Here is ta function of ¢.

t=t(p)=|/ a6 7 (38)
C—k@—_[(a(p+bgo3)dt+—sinwt
@

The solution is an amplitude function, denoted amp,,,, after forced Duffing.
t
x(t)=amp,, (t):go:(p(t):J.OaanD (u)du (39)

d F .
< P (t)=adn, (1) = C—k¢—_|‘(ago+b(03)dt+;sm ot (40)

dx d F .
E:EampFD(t):C—kx—j(ax+bx3)dt+;sma)t (41)
2
d—f:—kg—ax—bx3+Fcosa)t (42)
dr dr
2
d—f+k%+ax+bx3:Fcosa)t (43)
dr dr

x(t)=amp,,(t) isa solution to the forced and damped Duffing equation.

Notice that ;ﬂ =y=y,*Y, (44)
t
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d
yh=C—kx—j(ax+bx3)dt=aamp0(t) (45)
v, =£sin wt (46)
o
F
amp,,, (t) # amp,, (t)—— cos ot (47)
®

amp, (1) is the solution to the unforced damped Duffing equation [7].

When F=7.5,k=0.05a=0,b=1,w=1, in the forced and damped Duffing
equation, we see chaotic behavior. “Explosion of strange attractors exhibited by
Duffing’s equation” [8]. This is Ueda’s chaotic nonlinear oscillator. The amplitude
function amp,, (¢) give solution to Ueda’s chaotic oscillator.

In the same way as done above, we can define an amplitude function as solution

to the forced Van der Pol equation.

4. The Two-Integral Amplitude Function

In this chapter, we will try to define amplitude functions that are giving solutions

to systems of ODEs with chaotic behavior. In the previous chapter the derivative

of the amplitude function was a function of ¢ and 7, (:1—20 = f(o.t). We will

use this idea and define amplitude functions where the first and second derivative
contains elementary functions of ¢, that disappear under the derivation, but they
are absolutely necessary in order to obtain chaos behavior. But first a definition:

Definition 4.1: The two-integral amplitude function.

Suppose a solution x(¢) is equal to the amplitude, or upper limit of integra-
tion in a non-elementary integral, and the first derivative of this solution contain
two integrals, where one integral disappears at the second derivation and the sec-
ond integral disappear at the third derivation, then this solution is an example of

the two-integrals amplitude functions.

4.1. The Shimizu-Morioka System

dr _
dt Y
dy
—=Xx- — Xz 48
" By (48)
—=—az+x’
dt

Define an integral function u:

uzu((p)ZJ‘(p dé

*C-po+| go( f-ge ™ [pledt)dr 4

The two integrals under the fraction line are with respect to the independent

variable 7, in all parts of the integrals, since ¢ isa function of 7. @=g(¢)
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du 1
P —at [ 2 at (50)
do C-po+[o(f-ge[ple dr)d
Inverting:
(:1_3=C—ﬂ¢+J.Q(f—ge_alj.gozemdt)dl (51)
Define a two-integral amplitude function as solution:
x(t)=amp(t)=p=0(t)
Changing the dependent variable from ¢ to x.
dx de g
— =L =C—-fx+|x| f-=z|dt= 52
& dr ﬁj(fhzjy 52
If:
z(t)=he™ [ edt (53)
d—y:—ﬁy+fx—§xz (54)
de h
dZ —at 2 at —at 2 _at
—=h(-a)e e“dr+he e 55
" (—a)e[x x (55)
% =—az+hx’ (56)

dt

t

Notice that the elementary functions ¢ * and e” disappear in the second

dz
termof —.
dt
We summarize the result, a system that we may name the general Shimizu-Mo-

rioka system:

@

%a’x—ﬁy—%xz (57)

=—qz+hx’

dt

When f=1,g=1,h=1, we will get the system that we started with
a =0.45,8=0.75 give chaos behavior, as we can see in Figure 1. One initial point.

The solutions to the general Shimizu-Morioka system:
x(t)=ampg, ()= p=p(t) = [ adng, (u)du, (58)

named after Shimizu-Morioka
y(1)=C=Po+[o(f g [pPe di)d (59)
z(1)= he"”.[goze‘”dt (60)

In Figure 2, we can see a 3D limit cycle as 2 loops meeting at (0,0,0), and filled

with spirals in Figure 3.
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<
/z‘éo.s x
1

0.6 "<
0.8 1.5

Figure2. f=0844,a=f=g=h=1.

Figure 3. The LC in Figure 2 is filled with spirals.
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In Figure 4 are the parameter values f=3,=08,a=05h=02,2=02,

one initial point.

g

10

Figure4. f=3,h=02,g=0.2.

4.2. The Lorenz System
dx

dtza(y—x)

dy

= _ —y— 61
P pPX—y—XZ (61)
dz

- +

” Pz +xy

As we find it in some textbooks. In order to give chaos behavior, the values of

the parameters are:

a=10,p:28,ﬂ:§

We repeat the attempt we did in [2] in order to define a function giving solution
to the Lorenz system. And then take a step further to define a solution to the chaos

cases.
Let us try the solution that we have found to the damped and unforced Duffing

equation:

x(t) =amp (t)
%:iampD(t):c_kx—j(aﬁbﬁ)dt (62)

Add and subtract cx:

dx
—:C+cx—loc—cx—j(ax+bx3)dt (63)
dr
dx
—=cx+h (64)
dr Y
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if:
C k+c 1

y(t) =Z__h x—zj(ax+bx3)dt

%: —%(k+c)(cx+hy)—%ax—%x3

dy 1

E:—Z(kc+cz +a)x—(k+c)y—xz
if:

z(t)z%x2
% :%x(cx+hy) =2cz +2bxy

Then we have the system:
dx
—=cx+h
dt Y

dy 1
E:—Z(kc+cz+a)x—(k+c)y—xz

& =2cz+2bxy
de
This system has the solution:

©(1)=amp, (1) = 0= ()

Changing dependent variable from x to ¢:

Choose these values of the parameters:

c=-10,h=10,k=11,a =-270,b=0.5
This gives the system:

dx
& jox+10
dr Y

dy
—=28x—-y—xz
di 4

dz
—=-20z+x

di 4

4.2.1. The Chaotic Lorenz System

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

This system (74) has three equilibrium points, two spiral sink and one saddle-

point. Only the parameter to the z-term in the third equation don’t have the value

that is giving chaotic behavior.

This makes us thinking that the solution that is giving chaotic behavior, must
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have the solution x(¢)=amp,(t) as a special case. The solution z(¢) :%(p2

must be a special case of the solution to the chaos-cases of the Lorenz system. Let

us try to add a function to %(oz , perhaps a function of both ¢ and ¢:

z(t)=%¢)2+g((/),t) (75)

When g =0, we have the special case amp,, (¢). Let us try the same term as
for z(¢) in the Shimizu-Morioka system.
Define an integral function u:

u=u(p)=[;

de
C-kO- J(a(p+b¢)((p +ge ’”I(pz od ))dt

(76)

The two integrals under the fraction line are with respect to the independent
variable ¢ in all parts of the integrals, since ¢ isa function 7, @=¢(t).
du 1

au _ (77)
de C—k¢—j(a(p+b¢((p +ge 'B’I¢2 d ))dt
Inverting:
d(" 2 [ pePd
" =C-ko- J.(ago+bgo(go +ge ’J.(p ! ))dt (78)
Define a two-integral amplitude function as solution:
£(1)=amp(1)=p =)
Changing notation of the dependent variable from ¢ to x:
E " =C—kx— f(ax+bx(x +ge?[xPe’d ))dt (79)
Add and subtract cx:
dx - B
E=C+cx—kx—cx—.f(ax+bx(x2+ge ﬂ’fxz ’dt))d (80)
& xihy, (81)
dr
if:

_C k+c 1 NN
y(t)—;—Tx—ZJ.(ax+bx(x +ge Ix ! ))dt (82)
%=—%(k+c)(cx+hy)—%ax—%x(x2+ge'ﬁtszeﬁ’dt) (83)

%:—%(kc+c2+a>x—(k+c)y—fxz (84)

if:
b bg B[ 2P
zZ(t)=— x“e (85)
()= + o]
%:%X(Cxﬂ'hy)—&e*ﬂtf 2 ﬂtdt+ g ﬂt 2 ﬁf (86)
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Add pz on both sides:
E+/32=ﬁx2+&e_ﬂ’szeﬁ’dt+z_m 2, 2b

X +—xy
fhb bg ! ®7)
——ﬂge’ﬂ’jx2 Pde+ 25
dz 2b 2
=—fz+—xy+ +2c+ 88
" ﬂzfxyfh(ﬁcg) (88)
The x*-term is zero when S+2c+g=0.
The general Lorenz system with 8 parameters:
dx
—=cx+h
ar Y
d—y:—l(kc+c2+a)x—(k+c)y—fxz (89)
dt h
E:—,Bz+z—bxy+ix2(ﬂ+20+g)
dr A Sh

The general Lorenz system has the two integral amplitude function amp,, (¢)
as solution.

x(t)=amp,, (1) = p = (1) = [, adn,, (u)du (90)
%=i—f=€—k(o J(a¢)+b¢)((0 +ge /’"[(pz e”d ))dt

y(t)=%—%(p—%j(aq)+b¢(¢ +ge ﬂ’.[q)z d ))dt (91)

z :i b -Ae e’ d 92

(=" +ﬂ1 [ore (92)

Test the result and change the notation of the dependent variable from ¢ to x:

Add and subtract cx from %

%—C+cx cx—kx— I(ax+bx(x +ge ﬂ’sz e”d ))dt=cx+hy (93)

% = —%(k+c)(cx+hy)—%x—x(%x2 +b7geﬂ’_[x2eﬂtdt) (94)
%:—%(kc+cz+a)x—(k+c)y—fxz (95)

dz b bg s o2 P g B 2P

— =—2x cx+hy —,B—e x“e’dt+—= (96)

dr fh ( ) Sh I fh

Add pz toboth sides:

—+,3 ﬂﬁx +ﬂ be S ES ﬁ’dt+2bc 2+%xy
bg s 2 p 2
-p—¢ jxe dt+—x
Sh
%:—ﬂz+2—;xy+%(ﬁ+2c+g)x2 (97)
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Choose the parameter values:

c=—10,h=10,k=11,a=—270,b:O.5,f:1,,8=§,g=2
And the goal is achieved, as shown in Figure 5:
dx
—=-10x+10
dr g
d—y:28x—y—xz (98)

Figure 5. Phase portrait of the Lorenz system.

In Figure 6, are the values of the parameters:

c=-10,h=-16,4=3,f =-1.6,b=08,k=11.1,a =—653,g = 23.4

dx
& lox-16
dr Y
dy
L =ALSx-Lly+1.6xs (99)

dz )
& 3 yi02x
dr v

Notice the change in values of the parameters, the opposite sign in some of the
parameters and the extra x”-term in the third equation. This system has chaotic
behavior. One initial point.

In Figure 7, the parameter values are:

c=-20,h=10,8=3, f =5,b=500,k =21.1,a =—2422, g =35

dx
—=-20x+10
dr Y

%:240x—1.1y—5xz (100)
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4 =—32z+200xy —20x"
dr

Figure 6. ;E contain +0.2x>.
t

Figure 7. % contain -20x.

The constant term (f+2c+g) don’t need to be zero in order to obtain cha-
otic behavior. When this term is not zero, there is an addition of x* in the third
equation. In Figure 6, this part is +0.2x’, and in Figure 7 is this part —20x".

And we can still see chaotic behavior.

4.2.2. Chen Chaotic Attractor [9]
This system is a special case of the general Lorenz system. The two-integral am-
plitude function amp,,(¢) give solution to this system.

Sealy-v)
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dy

P ()/—a)x—xz+7y (101)

dz
5 Y he

This system has chaotic behavior when « =35, =3,y =28
dx
—=35y-35x
a7

%:—7x+28y—xz (102)

dz
Zoxy-3
dt Xy z

Compare with the general Lorenz system with 8 parameters.
c=-35h=35f=1p=3,k=7,b=0.5,a=-735,g=67

Putting these parameter values into the general Lorenz system, and we become
the Chen system above. See Figure 8.

20

Figure 8. Phase portrait of the Chen system.

The next system has also amp,,

—_

t) as solution.

=&

=a(y-x)

dy
= —yy—x 103
dr ry-z (103)

dz

E=Xy—ﬂz

This system has chaotic behavior when « =36,8 =3,y =20

dx
K 36y -36x
a Y

—=20y—xz

- (104)
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dz
—=xy-3z
T
Compare with the general Lorenz system with 8 parameters.
c=-36,h=36,f=1=3,k=16,b=0.5,a=-720,g =69

Putting these parameter values into the general Lorenz system, and we become

the system above. See Figure 9.

Figure 9. x=0 in second equation.

4.3. The Réssler System

&

a

dy

—=Xx+4+a 105
dr y (105)

dz
—=—cz+bx+xz
dt

A simple system with a complicated behavior should imply a complicated solu-
tion. My attempt to define a solution is quite complicated, with 4 integrals!

Define an integral function u:

_ — ¢ dgo
u=u ((P) .[0 C—eatJ.(Deimdt _be—cnjwdtj'((oect—jq;dt)dt (106)

This is what Armitage and Eberlein says: We have permitted ourselves a famil-
iar “abuse of notation” in using ¢ for the variable and for the upper limit of
integration [6].

The four integrals under the fraction line are with respect to the independent
variable 7/ in all parts of the integrals, since ¢ is a function of 7, @=¢(r).

du 1
dg C—e”[ e dr—be 1 [ e 1 s

(107)
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Inverting:

i—z) =C-¢e I pedr —be 1o I ((/?e”’J ol ) dt

Define an amplitude function as solution x(¢)=amp(t)=¢@=p(t)
dr_do _
dr  dt

If, the constant C =0, and if:
y(t)= e“’jgoe"”dt

z(t) = pe o I ((pemj o ) dt

-y—z

Change the notation of the dependent variable from ¢ to x:
y(1)= e‘”j‘xe"‘”dt

d _ -
LA ae’”jxe “dr+e“xe™ =ay+x

dr
2(r) = be 1 [ (xe T ar

% _ _cbe—cz+jxdt.[(xect—jxdt )dl n xbe—ct+jxdtj‘(xect—jxdz )dt +be—ct+jxd1xecz—j'xdt

=—cz+xz+bx

We define the solution-function to the Réssler system:
x(t) =amp, (t) =p= ¢(t) = _[; adn,, (u)du

%ampR (t)=adn, (1) = (Z—(f = C—e"’jgoe""dt —be e f(goe“*f“’dt )dt

(108)

(109)

(110)

(111)

(112)
(113)

(114)

(115)

(116)

(117)

See Figure 10, where the values of the parameters are: a=0.4,6=0.3,c =4.449

Figure 10. The Réssler chaotic attractor.

What happens if the C # 0 ? Then we become the system:

DOI: 10.4236/jamp.2025.134076

1423 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.134076

M. Stensland

dx
A T
dr roE

dy
—=Xx+a 118
dr y (118)

=—cz+bx+xz

dr

Choose the constant C =10 and the other parameter values:
a=0.4,b=0.3,c =4.449 . See Figure 11. The trajectories are almost 4 times big-

ger than in Figure 10.

Figure 11. The constant C=10.

4.4. The Sprott-Linz F Chaotic Attractor [10]

d_
a ”

b _

- 119
de W (119)

—=x2—z

dt

Chaotic behavior when the parameter a=0.5.

This system reminds a bit of the Rdssler system, so perhaps we can use some
parts of this solution. Using more parameters, the system will become more gen-
eral.

Define an integral function u:

[ do
N 120
u=u(p) J.O C +hfe" _[ pe “dt + kbe™ I pledt (120)

I have used the “abuse of notation” as for the Rossler system.

e a21)
dp C+hfe” J'goe “dt + kbe™ Igo e“dt
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Inverting:

do_ C + hfe" I pe “dt + kbe’”’fwze”tdt (122)
du

Define an amplitude function as solution x(7)=amp(t)=¢=¢(t),and change
notation of the dependent variable from ¢ to x.

&_d9_c, hfe" [ xe e+ kbe ™ [ et =hy+kz+C  (123)

dt dt
If:
y(t)=fe" [ xe dt (124)
2(f)=be ™ [ x'e"dt (125)
dy — at —at at —at __
E—afe Jxe de+ fe“xe™ =ay+ fx (126)
% =—che™ J' x2edt +be “x%e” = —cz + bx* (127)

The general Sprott-Linz F system with 7 parameters:

%=hy+kz+C
de

dy

—— =ay+ fx 128
Y A (128)
E=—cz+bx2

dt

We may name the solution to the Sprott-Linz F chaotic attractor ampy, ().

x(1)=ampg, (t):(z):(o(t):j;adnSL (u)du (129)

%ampﬂ (1) =adng, (1) = ‘i—‘;’ =C+hfe" [pedt+kbe ™ [ p’e"dt  (130)

See Figure 12, where C=0,h=1k=1,a=0.5,f=-1,b=1

Figure 12. Sprott-Linz F chaotic attractor.

DOI: 10.4236/jamp.2025.134076

1425 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.134076

M. Stensland

5. Conclusions

The one-integral amplitude function, that is containing a trigonometric function
of the independent variable ¢in the first derivative of the amplitude function, is
giving solution to some forced and damped second-order nonlinear ODEs.

1) The forced and damped pendulum equation

2) The forced and damped Duffing equation

3) Ueda’s chaotic nonlinear oscillator

The two-integral amplitude function containing the function g (¢,?), give so-
lution to some 3D systems of ODEs that are exhibiting chaotic behavior.

4) The Shimizu-Morioka system with chaotic behavior

5) The chaotic cases of the Lorenz system

6) The Chen attractor

7) Rossler chaotic attractor

8) Sprott-Linz F chaotic attractor

Consider the function g(¢,7)= e_ﬂ’_[gozeﬂtdt, @=¢(t), in the solutions to
the chaotic Lorenz system, in the Shimizu-Morioka system and the Sprott-Linz F
system. We see a similar part in the solution to the Rdssler system. This equation
contains two elementary exponential functions with equal exponent, but opposite
sign. It seems to me that this part of the solution is absolutely necessary in order
to obtain chaotic behavior, for at least some systems of ODEs. This is the function
mentioned in the Abstract.

So far, I have discovered these examples of the function g(¢,?):
g (p.1)= e’ﬁ’f(/feﬂ’dt

2 (p.t)= eﬁ’que_ﬂ’dt

e—ﬂHj(pdt ﬁt—fwdtdt

g3(¢’t)= Iﬂl’e

A further investigation of these functions may perhaps explain the chaotic be-
havior of some systems of ODEs.

If the behavior of the solution curves in the phase diagrams reflects the qualities
of the amplitude functions, then we can see some of these qualities in the figures
in this paper.

The solutions described in this paper can be placed in the group of the ampli-
tude functions, and in the context of the elliptic functions.

Using the two-integral amplitude function and the function g(¢,7), it should

be possible to define solutions to some other systems exhibiting chaos behavior.
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