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1. Introduction

This research focuses on developing Lyapunov functions for systems of nonlinear

differential equation by intrinsic Lyapunov methods to establish stability and
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boundedness in drug user population models. Unlike conventional Lyapunov
functions, intrinsic Lyapunov functions are coordinate-independent and often tied
to the system’s geometry or physical principles [1]. These functions are particularly
useful in systems governed by conservation laws, Hamiltonian structures, or other
intrinsic dynamics [2]. As dynamical systems theory has advanced, researchers
have sought Lyapunov functions expressed in intrinsic terms, often utilizing
differential geometry and functional analysis to describe stability properties
independent of specific coordinate systems [3]. Intrinsic Lyapunov functions
find applications across diverse fields such as in Control Systems—Stabilizing
controllers for robotic systems and power networks, Mechanical Systems,
Thermodynamic and Biological Systems. Research on intrinsic Lyapunov Methods
are considerably few. Chin [4] treated the construction of the generalized intrinsic
Lyapunov function and its extension for (k + l)th, kth equations of a set of n first

order nonlinear differential equations:
X1 = Sen (xlsxzax3s"'axn)
X =i (xl,xz,xp‘--,xn)

Shi-Zhang [5] examined qualitative properties such as stability and boundedness

solutions of the non linear systems:
"+ f (x)x+fZ (x,x)+f3 ()'c)+f4 (x,x) = P(t,x,)'c,k',')'c')

where f, f,, f;, f, are continuous functions. Other approaches to intrinsic
Lyapunov methods have been explored by Chin, Tunc [6]-[8]. In this research,
the construction of the Lyapunov functions is carried out using population models
of drug users. The dynamics of drug user populations in a heterogeneous
population can be analyzed using mathematical models that incorporate stability
theory. These models often describe how the number of drug users changes over
time, influenced by intra- and inter-subpopulation interactions, as examined by
Fikiri and Andreas [9]-[11]. Resmawan [12] examined the dynamic model
analysis of the spread of drug addicts with educational effects on the model

%:A—,uN—FIU—FZUe

where N=U+S+R+S,+U,+R, is the total number of population and the
variables are defined in their respective arguments. Other results on dynamical

analysis include results from Oni, Olutimo, Omoko ([14]-[15] etc.).

2. Statement of the Problem

Our major emphasis in this research is the construction of the Lyapunov function
using intrinsic methods. This method has advantages over explicitly methods
since it overcomes the barriers and complexities involved in dealing with
nonlinear systems of several compartmental variables. Lack of straight forward
procedure in the Lyapunov function construction is minimized. The application

of this method is a fundamental tool for analyzing the stability and boundedness
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of solutions to nonlinear system describing the dynamics of stratified population

models.

3. Main Results
Mathematical Models

The population models are categorized into four classes: those at risk of using
drugs(susceptible) denoted by S, lighter users Z, Heavy users / and drug users on
treatment 7. Building on results of Shi-Zhang, Chin, Chin, Tunc, Fikiri ([4]-[9],
Resmawan, [12]), the stability and boundedness of solutions for a stratified drug
user model are examined through the following system:

S=8-aS-bS+cL

Lzas+czH—d1L )

H=elL+c¢,T-d,H

T=fH-d,T

Each compartment represents a category within the population. S, Susceptible

individuals are at risk of using drugs. L which are light users have started using
drugs but are not heavily dependent. H, are heavy users with severe drug
dependence and consequently, 7 individuals in treatment, are attempting to
recover. Parameters are; & —total population, b—natural death rate to the
susceptible class; a—drug mortality rate of the susceptible class; ¢, —light users
rate at first exposure to the susceptible class, d, drug mortality rate among light
users, ¢, —heavy users first exposure to the susceptible class, e—migration rate
from heavy users to light users due to effective treatment, ¢, quality treatment
to improve recovery rates, d, drug mortality rate on the heavy users, /—rate of
transition from light users to heavy users due to treatment relapses and d,,

Relapse rate among individuals in treatment.

4. Construction of Intrinsic Lyapunov Function

This method is for a general class of non-linear systems expressed in state
variables as n first order non-linear equations. It applies integration by parts
procedure, derives a Lyapunov function directly from the differential equation
under study. For this, the integration is along trajectories and the limits for the
integral with respect to time are from zero to £, [4]. The derivation of the Lyapunov

function Vand its derivative, ' are based on the equation
V+ It —Vdr =0
0

and do not require the gradient of the scalar function V to be obtained [6] [16].
Definition 1. An intrinsic Lyapunov function V(x) is a scalar function

defined globally (or invariantly with respect to the system’s structure), satisfying:
« Positive Definiteness: 7 (x)>0 forall x,and V(x)=0.

» Monotonic Decrease: Along trajectories of the system, the derivative

. d
14 (x) = E V (x) <0.Thisensures V (x) decreases or remains constant over time.
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From the systems (1) we derive the following differentials as

dS _5-aS-bS+cL

dL  as+c,H-d L

dL  as+c,H-d|L

dH  eL+e,T—dyH
dH _eL+cT-d,H
T~ fH-d,T

B

dH dS dS dL

, etc., and obtain the integrals by parts as follows;
A7 dT dH dT

2 2
I, :%+C2HS+§L—(a+b—dl)LS+CIZL

_[ [ —ad,S* —(ac, +bc, ) [’ - (a2+2ab+b2—d12+cze)LS
—(cydy —cyd, ) HS — ¢,c;ST —(a+b) 5L |dt
I, =el’ +¢,LT—(d, +d,) HL—aHS - c,H’
—Ig[(c3f+df +d; —ac, )HL—(c3d3 +¢,dy)LT

~del’ +(a* +ab+b’ —ad, ) HS —c,d, H’ — a5 H |dt

Iy=fH* ~(dy+d,) HT —eLT —¢,T” = [/ =d, fH* +c,d;T”
—(d3 +cre+d,dy ) HT +(ed, + ed, ) LT — aeST |dt
I, =eLS—c,ST —d,HS — 5H +(a +b) HS + ¢,LH
~[[(ac+ac))$* +(ce—csf —d3 —a® ~2ab-b" +c,c, | HS
—(ed, +ed, +c,d, ) LS +(cydy — c;d, ) ST —(ac, + be, ) HL | dt

Iy = fHS —(a+b—dy)ST =T +c,LT —[ | efLS +(cyf +d3 —a’ —ab) ST
—(d,f +d,[)HS +(a+b) ST +(ac, +be, —cd, ) LT |dt

I :fHL—(d3—all)LT—aST—czHT—J‘Ot[e‘sz+(c3f+d32 —ac, —cze—dlz)LT
~(dyf +d, ) HL=aST +(a* +ab+ad, ) ST = c,e;T” +(c,d, + e,d, ) HT | dt

From [,i=1,---,6, the Lyapunov function are the terms outside the integrals
given as

2V =aS*+2(c,—a-d,a+b)HS+S5(L-H+T)+(d,—a—b+e)LS
+(c,+e) ' +(c;—e+c,—(dy—d,)) LT +(f +¢,—(d, +d,) HL )
+(f-c,)H* —(c; —(dy+d,)HT —(a+b—d; +c;+a) ST -, T’

Time derivatives along system trajectories (1) are the values within the integrals
which do appear as
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V =-ad,S* —(ac, +be,) ' —(a’ +2ab+ b’ —d} +c,e) LS

—(csd, —,d, ) HS = ,¢,ST = (a+b)SL+(cyf +d} +d; —ac, ) HL
—(cidy +,dy ) LT —dyel’ +(a* +ab+b* —ad, ) HS - ¢,d, H* —asH
—dyfH* +¢,d,T* = (d3 +c,e+dydy ) HT +(ed, +ed, ) LT - aeST
+(ac+ac,)S* +(c,e—c,f—d; —a’ —ab—ab—b" +¢c, | HS

—(ed, +ed, +c,d,) LS +(c;d; — c3d, ) ST —(ac, + be, ) HL + ¢fLS
+(c3f+d2—a —ab) ST —(d,f +dyf ) HS +(a+b)ST
+(ac, +be, —cd,) LT +efL’ +(c, f +d; —ac, —c,e—d} | LT

~(d,f +d, f)HL adT +(a* +ab+ad)ST e,e;T* +(c,d, +c,d, ) HT

This method provides a geometric perspective on stability theory and boundedness
analysis describing the dynamics of drug users, rehabilitated individuals, etc. It proves
whether the state is asymptotically stable or the conditions which drugs prevalence

stabilize or grow.

5. Stability Analysis

In the context of the Intrinsic Lyapunov Methods, stability determines whether
small perturbations or changes in initial conditions lead to bounded or unbounded
deviations in the solutions over time [17]. The stability of solutions to the nonlinear
four-compartment drug model can be rigorously analyzed with the choice of the
Lyapunov function, V(S L .HT ) to equilibrium, its time derivative
V(S ,L,H,T) and evaluating its behavior along the trajectories of the system [18].
This equilibrium represents the steady-state population in each compartment. A
simple definition of stability is explained bellow.

Definition 2. The zero solution of Equation (1) is STABLE if given €¢>0,

1, >0, there existsa v(f,,€)>0 such that whenever,

|Xo|< V(to,e) ,

0)|<e forall t2>¢,.

Drawing from this definition in Omoko [15], we present the assumptions that
stability theory are be proved.

Theorem 1. In addition to the assumptions imposed on the model parameters,
a,b,c,,c,,d,,d,,d;,e, f in (1) as non negative values, this study also assumed
that

(a(a+b)+a(a+b+e—d1))>0, ((a+b)d,d2d3) >0, (¢;—c,—d,—d;)>0
(¢;—cy—dy—d;)>0, (a+b—-d,)>0,

then the zero solutions to (1) satisfy |S| -0, |L|—> 0, —0 as

t—>o0.

-0,

Proof: We select (2) as the Lyapunov function which can be rewritten as

W =kS® +h P +kH? +k,T* + kLS + ko (H + L)’ o
ey (L+TY + kg (H+S) +ky (S+T) +hky(H+T)
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k =(4a+b-c,+c;—d,+d,—d;—e)>0
ky=(-a-b-3c,—c;+d,+d,+d;+e—f)>0
ky=(-b—c,—c,+d,+d,—d;)>0
k,=(2a+b-c¢,—c,—¢;—6—d,+d, +d,; +¢)>0
ks=(d,—a-b+e)>0, ky=(f+c,~(d,+d,))>0
ky=(c;—e+c,—(dy—d,))>0, ky=(c,—a-d,a+b)>0
ky=(a+b-d,+c;+a)>0, kyy=(f—c,)H —c,—(dy+d,)>0
Therefore, V>0 along system trajectories (1). In summary,
V=-|nS +0,l’ +0,H +7,T° +7,LS
+7HL+7,LT + 7 ,HS +7,ST + 7, HT |
where
r,=a(a+b)+a(a+b+e—d,),
7, =(a+b-e—d)c +d (e—c)+e(d +d,—c, - f),
ty=d,(c,— f), 1, =¢;(dy—¢,)+dy(¢c; —¢c, —d, —dy)
r;=(a+b) +e(a+b)+c (a+b)+a(etc)+d, (b+e)+e(d,—c,)
to=c (b+c,—d;)+c,(e+c)+d,(c,—d —d,)+ f(e—c,—c;—d, +d;)
t,=(a+b+dy)c,+d (e—c,—c;+dy)+¢;(f+¢,—d, —d,)
+e(c,—d,—dy+d;(e—c,—c,—d, +d,))
ty=c,(a+b)+d,(a+b)+c,(a+b—d )+d,(b—c,+d,)
+f(2a+b+cy+d,)
ty=(a+b) +a(a+b)+c,(a+b)+a(e +c,+d, —d,)
+¢(b-d,)+dy(2a+b+c,—d;)
Tm:cz(e—c3—dl+d3)+d2(cz—d2—d3)+f(c2—c3—d2—d3)
V<0
provided 7,,i=1,---,10>0. Since ¥ >0,V <0, the conditions ensure asymptotic

stability. A well-posed model requires that the total population remains within

realistic bounds.

6. Boundedness of Solutions

Boundedness of solutions for the nonlinear system describing the dynamics of a
population ensures that the population within each stratified class does not grow
indefinitely and remains biologically feasible and demonstrate how targeted inter-
ventions can stabilize or reduce heavy drug users. Introducing P(t,S,L,H,T)

into the system (1), the population models becomes
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S=8-aS—bS+c,L
L=as+c,H-d,L
H=eL+c,T—d,H
T=fH-d,T+P(t,S,L,HT)

(4)

P(#,8,L,H,T) is a functional response [19], [20], which involves all the four
compartments. It include creating total awareness to the susceptible class, drug
users, of dangers and negative effect on hard drugs, highlighting effective invention
strategies. This is suitable for creating boundedness of the Lyapunov function
V(S,L,H ,T) to ensure the drug population do not grow endemically and
indefinitely. From the definition on boundedness.

Definition 3. A solution X (Z,S L, H,T ) of Equation (4) is said to bounded if
exists a constant K >0 such that |X (¢,S,L,H,T )| <K, where K may depend
on each solution.

Theorem 2. In addition to the assumptions imposed on the parameters in
Theorem 1, let |P (t,5,L,H T)| <u(t (|S| |L| |H|+|T|) where u is a positive
continuous function of t, IO (s)ds <Q<ow, >0, a constant, then there exist
another constant, I' >0 such that every solution of (4) satisfies |S| <I, <I,
|H|<T, |T|<T, Vt>0.

Proof. Define an intrinsic Lyapunov function V(S,L,H ,T ) (2) as the total

population’s deviation from a biologically realistic bound. Automatically the
Lyapunov function is positive definite from (3). Time derivative with
P(t,S,L,H,T) using notation
g W OV Oy, OV
oS oL oH oT

where
ZZ =(h(a-a+b+c,—d,)—t(a+a+b+c,—dy)
+1(-a—b+d, +e)+as)(5—aS—bD+c,L)
=—[a(a+b)s*+ (a+b)2+e(a+b)+cl(a+b))SL
+((a+b +a a+b)+c3(a+b))ST+5(bH+aS(a+b e)L
+(2a+b)T+((a+b+dy)c, ) LT +((a+b—e—d,)c, )’
+(c,(b+c,—dy))HL+(c, (a+b)+d, (a+b))HS
%L— [a(a+b+e—d,)S* +(a(e+c,)+d, (b+e)) LS+ (aS+c, H
+(a(e,+cy+d,—dy))ST +c,(e+c,)HL—c, (a+b—d,) HS
—¢,(e—c;—d, +d,HT —d,(e—c,) [ +d, (e—c,—c; +dy) LT
SIZ =—[e(dy+c,— f)+d,+d,(¢c,—d,~d,)HL+e(d, +d,—c,— [) [’

+6eL+e(d,—c,)LS+c¢;(f+¢,—d, —d,+e(c,—d,—d,) LT
+d, (c2—a’z—d3)HT+c3(b—dz)ST+c3(dz—cz)T2
+d,(c,— f)H* +d,(b—c,+d,)HS
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Z—ZT:—[f(e—cl —c,—d,+d;)HL~ f (2a+b+c,+d,)HS + 5 fH
+dy(2a+b+c;—d,)ST +d,(c;—c, —d, —aQ)TZJ—i-aQ(e—c1 -
—d,+d;,)LT + [ (¢, —¢;—d, —d,)HT +((2a +b+c, —d;) S
+8+(c,+¢y+d —dy)L+(cy—c, —d, —d;)T) P(t,S,L,H,T)

V=-|0S+0,0 +0,H +7,T° +1,LS + 1 HL+7,LT
+ 1 HS +7,ST +7,,HT +7,,P(1,S,L,H,T)
where
7, :a(a+b)+a(a+b+e—dl),

r,=(a+b-e—d))c,+d (e—c)+d (e—c))+e(d, +d,—c;— [),
ty=d,(c,— f),
t,=c¢,(dy—¢,)+d,(c;—c,—d, —d,)
r,=(a+b) +e(a+b)+c (a+b)+a(ete)+d (b+e)+e(d,—c,)
to=c(b+c,—dy)+c,(e+c))+d,(¢,—d —dy)+ f(e—¢,—c;—d, +d;)

75 =(a+b+0l3)cl+a’1(e—cl—c3+d3)+c3(f—i-cl—d1—a’2
+e(c2 —d,—dy+d,(e—c,—c;—d, +d3))

ty=c,(a+b)+d,(a+b)+c,(a+b—d)+d,(b—c,+d,)
+f(2a+b+c,+d,)

t,=(a+b) +a(a+b)+c,(a+b)+a(c,+c,+d,—dy)+c,(h—d,)
+d;(2a+b+c,—d,)
=0 (e—c;—d +d,)+d, (e, —dy —d,)+ f (cy —cy —dy —d)
7, =(2a+b+c;—d;)S+5+(c,+c;+d, —dy) L+ (c;—c, —d, —dy)T
V=—|&S + &0 +EH +ET 41, (0 + S )+ 1, (H + )
+r7(L2+T2)+r8(H2+S2)+r9(S2+T2)+110(H2+T2)
+ & (S|l [ +{71) 4(0)
where
& =max{a(a+b)+a(a+b+e=d,),((a+b) +e(a+b)
+¢(a+b)+a(e+c)+d (b+e)+e(d,—c,),(c,(a+b)
+d,(a+b)+c,(a+b—-d,)+d,(b-c,+d,)

+f(2a+b+c,+d;),(a+b) +a(a+b)+c,(a+b)
+a(c,+c;+d —dy)+c;(b—d,)+dy(2a+b+c,—d,)}
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& =max{(a+b-e—d,)c,+d,(e—c)+d (e-c,)
ve(d +d, ¢~ f),((a+b) +e(a+b)+c (a+h)
+a(e+c)+d (b+e)+e(d,—c,),(c,(b+c,—dy)+c,(e+c,)
+dy (¢, —d —dy)+ f(e—c,—c;—d, +d,),((a+b+d;)c
+d(e—c,—¢;+dy)+ ¢ (f+¢—d, —d, +e(c, —d, - d,
+d,(e—c, —c3—d1+d3)}

g@zmax{a’z(cz—f),(c1 (b+c,—dy)+c,(e+c))
+d,(¢,—d,—d,))+ f(e—¢,—c;—d, +d,),(c,(a+b)
+d,(a+b)+c,(a+b—d,)+d,(b—c,+d,)
+f(2a+b+c,+d,),c,(e—c;—d, +dy)
+d,(c,—dy—d,)+ [ (¢, —¢;—d, —d; )}
§4:max{c3(d2—cz)+d3(c3—cz—dl—d3),(a+b+d3)c,
+d,(e—c,—¢;+dy)+cy(f +¢—d, —d,)
+e(e,—dy—d, +d,(e—¢,—c,—d, +d,),(a+b)
+a(a+b)+cy(a+b)+a(c +cy+d, —dy)+cy(b—d,)
+d,(2a+b+c,—d,),c,(e—c;—d, +dy)
+d,(c,—dy—d,)+ [ (¢, —¢;—d, —d, )}
&=max{(2a+b+c,—d,),0+(c, + ¢y +d, —dy),(c; — ¢, - d, — )}
|\P(,8, L, H,T)| <(|S]+|L|+|H|+|T]) ue(¢)
V:—[§652+§7L2+§8H2+§9T2+§10(4+SZ+L2+H2+T2)y(t)J
stlly(t)+§lo(S2+L2+H2+T2),u(t)
integrating the inequality from 0 to £ we have

V(t)-V(0)< §11J.;u(s)ds+§10I;V(s)u(s)ds,

By Gronwall inequality from results of Olutimo and Omoko et al [15] [20].
V(t)<&,exp f,l'[; V(s),u(s)ds) =1I", Thus the solution of (4) satisfies
|S|<T,|L|<T,|H|<T,|T|<T This demonstrates that the total population in each

class will stabilize within feasible bounds.

Simulation Results

Wolfram Mathematica provides a powerful symbolic and numerical computing
environment for analyzing nonlinear population models giving exact conditions
for stability and bounds of solutions. It generate high quality plots for analyzing
population trends. Here are some results.

7. Results and Discussions

Construction of the intrinsic Lyapunov functions play a fundamental role in
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analyzing asymptotic stability and boundedness of population models without
solving the equations since they do not have explicit and analytical solutions. This
method is applicable to nonlinear systems with several compartments. According
to Theorem 1 conditions in the derivation of the Lyapunov function are satisfied,
Mathematica’s visualizations in Figure 1 illustrates stability of solutions. Susceptible
population gradually decreases as individuals transition into drug use. Light Users,
L Peaks and then declines as some progress to heavy use or perhaps, exit the
system. Heavy users, H on the other hand, increase initially, stabilize, and decline
due to treatment effectiveness T. Figure 2 is the corresponding Wolfram
Mathematica code to simulate the stability of the four-compartment drug user
model. Figure 3 indicates another population dynamics plot and confirms visual
boundedness. The Lyapunov derivative helps mathematically to verify the
bounded nature of the solutions. Non-negativity ensures that the populations stay
within biologically meaningful bounds. Figure 4 shows the population dynamics
of heavy drug users H under different scenarios, Red, Green, Blue, Magenta : The
population of heavy users stabilizes at a higher level without any interventions.
Increased Treatment and enhancing the treatment rate ¢; significantly reduces
the steady-state population of heavy users. Reducing the progression rate d,
from lighter to heavy users results in fewer heavy users over time. Figure 5 is a
vector stream plot or Phase Plot between light users and heavy users to visualize

the population trajectories for stability analysis.

Stability in Population Dynamics

Population

1.4x10°

1.2x108 S-usceptible (S)

1.0x106 — Light Users (L)
—— Heavy Users (H)

800000 — Treated (T)

600000

400000

200000

t
100 200 300 400 500

Figure 1. Stability of solutions while increasing ¢, =0.08, reducing d;=0.06, 6=100.

s = NDSolve[{S'[t] == 160 - @.@@2S[t] +@.@1L[t], L'[t] == ©0.@01S[t]
+©.01H[t] -0.86 L[t], H'[t] ==0.05L[t] +@.@8 T[t] -©.09 H[t],

T'[t] =@.08H[t] -@.86 T[t], S[@] == 900, L[@] == 5@,

H[e] == 3@, T[@] == 20}, {S, L, H, T}, {t, @, 500}];
Plot[Evaluate[{S[t], L[t], H[t], T[t]} /. s], {t, @, 5@@},]
Plotstyle -» {{Thick, Green}, {Thick, Magenta}, {Thick, Red},

{Thick, Blue}}, PlotLegends - Placed[{"Susceptible (S)",

"Light Users (L)", "Heavy Users (H)", "Treated (T)"}, 5],
AxesLabel - {HoldForm[t], HoldForm[Population]},

PlotLabel -» HoldForm["Stability in Population Dynamics"],
Labelstyle » {FontFamily - "8514o0em", 12, GrayLevel[@], Bold}]

Figure 2. Wolfram code for stability.
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Boundedness in Population Dynamics

Population
40000 —— Susceptible (S)
— Light Users (L)

30000 — Heavy Users (H)
- — Treated (T)

20000

10000

t
100 200 300 400 500

Figure 3. Maintaining the bounds of 1(#) at d, =0.06,c, =0.08,6 =100.

Treatment on heavy users

Population
8x1015
— H,y
6x1075 — H:
— H3
4x10%5 — Hy
2x1015

. t
100 200 300 400 500

Figure 4. Enhancing different drug treatment rate at ¢, =0.1,0.08,0.06,0.04.
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Figure 5. Stream plot showing interactions between light users, L and heavy users H.
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8. Summary & Conclusion

In summary, an intrinsic Lyapunov method defines a Lyapunov stability function
that respects the inherent structure of the system, whether geometric, algebraic,
or topological. It provides a powerful tool for analyzing complex dynamical
systems such as the population models with integration by parts procedure. The
dynamics of drug user populations in a heterogeneous population are analyzed
using mathematical models that incorporate stability theory. The choice of
V(S,H,L,T) reflects system-specific properties, and its derivative V(S,H,LT)
ensures stability conditions like asymptotic stability to equilibrium. These models
often describe how the number of drug users changes over time, influenced by
interactions within and between sub populations. Boundedness ensures the model’s
solutions remain practically feasible and demonstrate how targeted interventions
can stabilize or reduce heavy drug users. This implies that the total population heavy
drug users does not grow indefinitely. Stability and Boundedness criteria depend on
the balance of parameters such as c,,d;,0 Effective treatment c,, reduction of
relapses d, , preventive measures and implementing education campaigns targeting
youth and vulnerable groups, ¢ , all reducing the steady-state A , and conse-
quently, improving public health outcomes. Proper parameter tuning ensures
asymptotic stability (¥ <0,/ <0) and minimizes heavy drug users over time.
Lyapunov functions evaluate the impact of rehabilitation programs and preventive
measures by establishing conditions under which control efforts, such as rehabi-

litation and awareness programs, effectively eliminate drug use.
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