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[1] As I mentioned in my paper, the following equation:

2

(GZA—I)%+;/2AM =F

It is called the Boussinesq equation. A where is the Laplace operator, o,y fixed
numbers F ifitis u isalinear or nonlinear function depending on derivatives
of order less than the left-hand side derivatives of the solution function. This equa-
tion and its analogs appear in the study of long-wave motions in plasmas and liquids
[1]-[35] They examined the solvability of initial boundary value problems and the
stability of the solutions.

In this paper we investigate the asymptotic stability of the solution of the initial

and boundary value problem for an equation which is an analog of the sixth-order
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Boussinesq equation with respect to space variables.

2. Discussion

In this paper, we have investigated the asymptotic behavior of the strong solution
of the initial boundary-value problem for the sixth-order nonlinear Boussinsq

type equation with a dispersion term.

3. Methods

By using the multiplier method and the integral estimate methods, we prove
that the strong solutions of the problem decay to zero exponentially as the time
tends to infinite, under weaker conditions regarding the nonlinear term. And

Gromwells lemma.

4. Results

Now let’s move on to the content of the article.
In this study xe (0, 1),620 of the initial boundary value problem for a sixth-
order nonlinear partial differential equation of Boussinesq type given below

u, —Au—Au, —Au, —ANu= f(u), xe(0,1), 120 (1)
u(x,O):u0 (x),ut(x,O):ul(x), xe[O,l] 2)
u(0,6)=u(1,¢)=0, 120 (3)

We will study the asymptotic behavior of the solution satisfying the initial con-
ditions (2) and boundary conditions (3). Here u(x,t) is the sought solution
function, f (s) is a nonlinear function and u, (x),u] (x) are the initial data.

Theorem 1. Suppose,
0<-F(u)<—f(u)u VYueR, F(u J'f s)ds.

Let u be the solution of the problem (1) - (3). Then for positive constants C
and A

E(t)<C-E(0)e™, 0<t <+ (4)
inequality is true.
Here
wl Vul |V v
AL N O o

It is a function of energy.

Proof: Let us scalar multiply Equation (1) by u, and integrate it from 0 to 1:
J‘ uttutdx J'uxxutdx Juntutdx J. u)octtutdx J‘ xx)n'u t J' f
0 0 0 0 0

Now if we use the partial integration formula

d 1
S + Sl - [ () dx=0
2drt 2dt 2dt 2dt des
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d| ful” , Ivul IIW I ||V3 [ IF

a2 2 e el =0 ©
we obtain equality.
If we substitute (6) in (5):
9 () |va | =0 7)

we get.

Let us multiply the inequality (7) by e” provided that & >0:
e LE(0)+e" [Vu [ =0

We can write this equation as follows.
d

E(e‘”E(r)) +e |V || = 5¢”E () (®)

If we integrate Equation (8) from 0 to &

jd%_(e&E(r))dr + -:[e&

0

2
Vu,

t
—§je&E(r)dr
0

e E (1)~ E(0)+ [ e

0

=6|e"E(r)dr
0

t

”E(1)+ _[e&

0

T||2 dr= E(O)+§£e§rE(T)dr

we obtain. In the integral on the right side of the equation E(t) if we use (5)

instead:
e(s’E(t)-l-j'e& VuT"2 dr
0
oo el Vel ||V” I ||V3 [
0)+5]e 2 > J' F(u 9)
0

2
3
\Y u"

; 2 2 2 ;
= E(0)+5[e | 1 +"Vu" + Vi, dr+o|e”| I—L —
o+of [ LI 1L

0

j.F(u)dx}dr

we get.

Considering the conditions of Theorem 1, let us evaluate the last integral in (9):

ol
i {
0

[l
5 —_([F(u)deT—J.f(u)udx
As seen in this inequality, if we substitute the left side of Equation (1) for f (u)

" jF }drﬁé'j.e&[%u”—jf(u)udedr (10)

0

in the expression J: f(u)udx in the integral on the right side of the inequality
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" ()~ |Vulf _%uw"z _(wﬂw)}df (11)

u)—"Vu" ||Vu|| Vu Vu)}d

we get.
From the right hand side of (11)
Vul
Bl 2”" and —|Vu’

If we drop terms that are strictly negative, such as (11), then (11) becomes the

I["JFJ
‘ (12)

<é‘je”( u,,u ——||Vu|| Vu u)jdr

following inequality.

Let us consider the terms on the right hand side of inequality (12) respectively:

before

—5_[; e (u,u)dr

Let’s look at the integral:
For this, let’s examine the following expression

t t t
—i[.fe& (uru)drj = —5Ie5T (uru)dr—je& (u
dl 0 0 0

2
“¢| dr

Lu)dr —j'e‘sr

0

t t t
—e” (uu )+ (uuy ) = —é'f e’ (uu)dr —J‘e‘sr (u,u)dr— J.e& u
0 0 0

Now multiply both sides of the equationby &, (6>0) and leave the desired

integral alone

t
—5J‘e&(unu)d2'=—5e'5’ (uu)+ 8 (uu, +52Ie& uu)dr+5je§r | dr
0

we obtain equality.
If we apply Young’s inequality to the remaining terms in this equation except

the last term, we obtain the following inequality.
ulf )+ (Jf + )

e )ar - 5[ fu
0

—5j.e& u u dr< (
0

+7£e&(

(13)

u

T
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Now let’s look at the following integrand
t
~sfem ~Lvulf ar
o 2dt
For this, let us examine the following expression:

_.([2(1 ( 5

Vu" dr— J-e‘” |Vu|| dr

vl )dr———J-e‘”

2:__J'e5r

Now multiply both sides of the equation by &, (6>0) and leave the desired

Vu || dr— _[65’2 |Vu|| dr

integral alone

Vu||2 dr

5oL P =L e vl + S+ e
of e Sqe IVl dr =S Vulf + v+ [e

we obtain equality.
If we drop the strictly negative term in the above equation

5je5’2 Vu| dz <= ||Vu0|| +—je5f Vul' dr (14)

we obtain the inequality. Finally, let us look at the following integrand:
t
—5J e’ (Vu, Vu)dr
0

For this, let us examine the following expression:

t t t t
i[.[e& (VuTVu)dTJ = —5I e’ (Vu,Vu)dr - I(VuTTVu)dr —je&
0 0

0 0

2
Vu || dr

2
Vu, | dz

t
—e” (Vu,Vu)+(Vu,Vu, ) = —5J‘e& (Vu,Vu)dzr - .[(VuﬂVu)dr —J‘e‘sr
0 0
Now multiply both sides of the equation by &, (6>0) and leave the desired
integral alone

—é"[ e’ (Vu, Vu)dr =-5e” (Vu,Vu)+5(Vu,Vu,)

0

2
Vu | dr

t t
+52J'e‘5T(VuTVu)dr+5J.e§T
0 0

we obtain equality.
If we apply Young’s inequality to the remaining terms in this equation except

the last term, we obtain the following inequality.

~5[e” (Vu,Vu)dr < e (|9 +wulf )+ (1wl + 17
0

52 t 5

+?.([C (

If we consider inequalities (13), (14) and (15) in (9) and (12)

(15)
VuT"2 dr

Vir [+ vl )z + 5
0
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1

e‘S’E(t) +Ie&

0

sE(o)+5je&[ ”;2+||V;’"2+"VZT Jdﬂr& & (Ve +[vu)

0

2
(s +||Vu0||2)+5—je&( Vi Z)dﬁaie& vi['dr (1)
5 T
+3||Vu0||2+ I e [Vul dz 4+ a’(IIWII +|val’)
é‘ 521 . t .
+5(||vul||2+||vuo||2)+7 £e§ (Vur ’ 2)dz’+5£e5 vu, [ dr

inequality is obtained.

(16) in the inequality

gjeér

0

V| Vu | T,geét ||Vu||2

5_Zt or
,2£e

Using the Sobolev-Poincare inequality Vu e Hy(Q), [ul <4 |[Vul we ob-

Vu”2 dr, 5je5’
0

tain the following inequalities.

5]‘ e&r
0

%Jﬁe‘;’ u,

55[

2
Vu,

u, | dr < 5/10je"‘f
0

dr < %gje&

0

2

2
Vu,

e <ﬁ " [vulf

Vu"2 dr

5_2 or
2 {e

If we substitute these inequalities in (16)

u||2 dr <2, ?J.e&
0

(StE J'edr Vu

s vl ve ]
+ +
2 2 2

dr

<E(0)+ 5_[ e
0
o o
+3(||V”t [+ A [val’) +5(||W1||2 +[Vu )
+5—2je§f (

—IIV of +—f ”

t
Vu | 2)d1+&0je§f Vu_ | (17)

vl dH e (||w I+ Vel )

2)dz’

2
Vu,

+E(||vul|| |V | )+7 ie&(

+ 5je5’ VuT”2 dr
0

we obtain the inequality.
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We can rearrange the terms on the right-hand side of inequality (17) as fol-
lows.
t
= or

Vu, ’ VuT”2 dr

3 0 or
5&0£e

&&[uu,n NN AN | e ]W@,E(t)

Vur||2dr:%5(l+/10)je&
0

2 2

||V3 [

: 2 2

B 7
2

t
J.F Jdrﬁczdzj.e&E(f)dr
0

If we substitute these expressions in (17)

2
Vu_ | dr

1
e”E(1) +Ie5’
0 , t (18)
_E(O)+%5(1+AO) [e [V, [ de+ e 8e™ B (1) + 87 [ E(r)dr
0 0

we get.

From (18), substitute & for 0< min{ L} to get the following in-

3(1+ 4) " 2¢,
equality

2
," dr

1
eﬁ’E(t) +Ie5’

0

t
<E(0)+[e”
0

2
Vu,

(1) +cz52J65’E(1)dr
0

ot

¢E (1)< E(O)+%E(t)+0252 [eE(r)de
0

ot t
%E(r) < E(O)+c252J.e‘5TE(r)dr
0

¢”E(1)<2E(0)+ 20252.[e§’E(T)dT
0

we get.
If we apply Gronwall’s lemma here
¢"E(1)<2E(0)e**, 0<1 <o
and
E(1)<CE(0)e™

we get.

If we select & from the following range

0< 0 <min ;,L,L
3(1+4,) 2¢ 2,
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(4). That is, we show that the solution of the problem converges to zero of ex-

ponential order when ¢— o under the condition ¢,c, >1.

5. Conclusion

This paper has investigated the asymptotic behavior of the strong solution to a

class of sixth-order nonlinear evolutions equations with both dispersive terms.
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