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Abstract

In this paper, we investigate the transformation phenomenon of the first-or-
der breather and the second-order breather. First, we obtain the 2-solitary
wave and 4-solitary wave solutions of the (2 + 1)-dimensional Boiti-Leon-
Manna-Pempinelli (BLMP) equation by using the Hirota bilinear method.
Then by analyzing and controlling characteristic lines, we derive several types
of nonlinear transformantion waves and give the corresponding figures.

Keywords

Hirota Bilinear Method, The (2 + 1)-Dimensional Boiti-Leon-Manna-Pempinelli
Equation, Characteristic Line, Breather

1. Introduction

With the development of technology, linear equations are often insufficient in
fully capturing the complexity and intricacies of natural phenomena. As a result,
nonlinear partial differential equations (NLPDEs) have emerged as essential mod-
els for describing intricate behaviors in nature. The study of soliton equation is an
important direction dedicated to uncovering the nonlinear phenomena, which
originates from many fields such as applied physics, life sciences, oceanography
and other fields [1] [2] [3] [4].

Recently, the study of solitary wave solutions of the soliton equation has been a
focus and many methods have been developed, such as the Darboux transform
method [5] [6], the inverse scattering method [7] [8], the Hirota bilinear method
[9] [10] [11] [12], tanh-function method [13], ansatz method [14] and other ap-

proaches [15]. The Hirota method used in this paper is a powerful and effective
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tool to investigate the exact solutions of NLPDEs. The (2 + 1)-dimensional Boiti-
Leon-Manna-Pempinelli (BLMP) equation was initially derived through the study
of the weak Lax pair associated with the KdV equation [16]. Originally, this equa-
tion was introduced to describe nonlinear wave phenomena and shock wave prop-
agation in incompressible fluids. Beyond fluid mechanics, the BLMP equation
has also been widely applied in wave analysis within optical fiber communica-
tions, plasma physics, and solid mechanics. Many studies have been carried out
on solving the exact solutions of the (2 + 1) and (3 + 1)-dimensional BLMP
equations and structures of their solutions [17] [18] [19] [20] [21] by using dif-
ferent methods.

In this paper, we study the (2 + 1)-dimensional BLMP equation
Uy + Uy —3U, U, —3U,U, =0, (L.1)

XXXY

where U= U(X, y,t) is a function of X, y and t. Through the transfor-
mation [22] with a parameter u,

u=-2[Inf] +u,y, (1.2)

the (2 + 1)-dimensional BLMP equation can be rewritten as the following Hirota

bilinear form
(D,D,+D,D} -3u,D} ) f - f =0, (1.3)
where
D;'DyD/f -g

i ) ; (1.4)
= (ax _ax’) (ay _ay') (at _at') f (X’ y’t)g (X', y"t,)

X=xy'=yt'=t "’

For soliton equations, exact solutions include solitary wave solutions, breather
solutions, lump solutions [23] [24], etc. A solitary wave that exhibits periodic os-
cillations within a certain region, resembling a breathing motion, is defined as a
breather [25]. Some researchers have discovered that transformations can occur
between different types of nonlinear waves under certain conditions. Yin in
[26] investigated the transitions and mechanisms of nonlinear waves in the (2
+ 1)-dimensional Sawada-Kotera equation using characteristic lines and phase
shift analysis, focusing on the dynamics of transformed waves. Chowdury [27]
analyzed a quintic integrable equation of the nonlinear Schrodinger hierarchy,
demonstrating how a breather solution can transform into a non-pulsating soliton
solution.

In this paper, starting with an examination of relative positions of the charac-
teristic lines, we consider the conditions under which the first-order and second-
order breather solutions of the BLMP Equation (1.1) can transformed into other
nonlinear waves and explore their localization and oscillatory behavior. Accord-
ing to the Hirota bilinear method, we obtain the 2-solitary wave and the 4-solitary

wave solution [28]

u, ==2[Inf,] +uyy, f,=1+e™+e™+A,e""", (1.5)
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4 4
u, =-2[Inf,] +u,y, f,= exp{zmyi +Z/quAjJ, (1.6)
x=01 i-1 i

where
2
7 =kX+py+ot+d, a)i:%—kf, i=1234, (1.7)
Pi
2
U (kipi —kipi) +kikipipi(k =k )(p;—p;
eAij: O(ij Jpl)z i Jplp](l J)(pl p])7 1§i<j$4, (18)
Uy (ks —k;p ) +kik;pip; (ki +k;)(p+ p;)
and k;,p,,¢4 are arbitrary constants, U, isa nonzero constant, »  _  isthe

summation with all possible combinations of x;, x; =0,1.

The structure of this paper is as follows. In Section 2, we first provide a detailed
expression for the first-order breather and obtain the corresponding two charac-
teristic lines. Various nonlinear transformed waves are obtained by controlling
the relationships between the characteristic lines and adjusting the parameters. In
Section 3, three types of transformation phenomena including non-transformed,
semi-transformed and full-transformed are discussed. In Section 4, we present

some conclusions.

2. State Transformation of the First-Order Breather Solution

In this section, starting with the 2-solitary wave solution and by taking the com-
plex conjugate of the parameters, we derive the first-order breather solution of the
(2 + 1)-dimensional BLMP Equation (1.1) and analyze its transformation mecha-

nism. Firstly, taking
k1=a1+iﬂ1=k; p1=V1+iO'1=p;’ ¢1=§1+i/ul=¢;’ (2.1)

in f, defined by (1.5), where * denotes the complex conjugate, ¢, S, Vv,

0,, & and g are arbitrary real constants. Then f, can be rewritten as

f, = 2e™ [\/I\Tl cosh (A, +In M, )+cosr1], (2.2)

where
A =ax+vy+ogt+&, T =px+oy+o,t+u, (2.3)
2 2 2 2 2
M. = Uo (B, — 407 ) +ﬂ10'1(a1 +p )(0'1 v ) (2.4)
" (B, —aa)z—av(a2+ﬁ2)(az+vz)’ '
0 171 11 171 1 1 1 1
_ 6 fioquy +3augv; — 367Uy +3a vy +3ey oy — vy —aioy 2.5)
R ol +v}
AAZ —3a7U,0, +3Bu,0, —3a B} —3a fo} + Bivi + flot (2.6)
= ) .

2 2
oy +V,

The w; and @, denotethereal andimaginarypartsof @, respectively. By
substituting (2.2) into u, , which is defined by (1.5), the first-order breather solu-

tion takes the form
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~20,,[M, sinh (A1 +In M)+ 2B,sinT,
"= Mcosh(Al+InM)+cosF1

From the above equation, a singularity arises in the solution when the denom-

— 20, +UyY. (2.7)

inator equals zero. Therefore, we require that M, >1 in all cases. Furthermore,
by the properties of hyperbolic functions, the extreme values of the equation move
along theline A; +In \/M_l =0.

For the first-order breather solution 2.7), we take the parameters

4,=3 B=2 wv=1 o,=-2, &=1, m=1 u,=1 (2.8)

The graph shows that the distance between adjacent peaks is uniform. In each
periodic module, the single breather waveform has a main peak and two valleys,
resembling a single lump. Therefore, it can also be viewed as an arrangement of

multiple lump waves. In addition, the movement of the breather wave along the

line 3x+Yy —%t +1+%In% =0 is periodic in the propagation direction and

decays exponentially in the perpendicular direction.

By analyzing the solution, we can draw the following conclusions about the
first-order breather: the first-order breather solution (15) consists of hyperbolic
and trigonometric functions from which some properties of the solution can be
determined. The hyperbolic functions sinh (Al +In \/W ) and
cosh (Al +1In \/E ) determine the local properties of the breather, while its peri-
odicity is determined by the trigonometric function sinI'; and cosT,. Conse-
quently, the nonlinear wave structure can be viewed as a superposition of two
wave solutions: a solitary wave governed by A, and a periodic wave governed
by I;.

From the first-order breather solution (2.7), we notice that it has two key char-

acteristiclines L, and L,:

L taX+v,y+opt+ InMw:l =0, (2.9)
L, i Bix+oy+ayt+u =0, (2.10)

where the characteristicline L, determines the direction of movement. Then, by
adjusting the parameter «,, f, v,, 0,, & and u,weconsider the phenom-
ena arising from the transformation of the first-order breather state when the two
characteristic lines are parallel or non-parallel in the xOt plane.

The characteristic lines L, and L, areparallelinthe xOt plane if and only
if
T

By

4 _ @

B oy

In the following, we will explore the transformation mechanism of the first-

=0. (2.11)

order breather based on the above conditions. It is important to emphasize that
ensuring the non-singularity of the solution is a critical requirement, and it is nec-

essary to require M, >1 in all cases.
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o R

@y

(i) If the relation between L, and L, satisfies 20, ie, L and

L, are not parallel in xOt plane, we can obtain the first-order breather where

no transformation occurs in Figure 1.

Figure 1. The first-order breather (2.7) with (2.8) at y=0.

a,
(i) If the relation between L, and L, satisfies | ' “ie =0, ie, L and
By
L, areparallelin xOt plane. In this situation, we have
A 3u,2,0; (2.12)

= 2 2!
3Upv, —2vi oy — 20,
and the first-order breather can be transformed into various nonlinear waves by

choosing different parameter relations.

Taking parameters with

U =1 o =1 v, =1 /)’l=%, o =-3 &=L u=1 (2.13)

9

ﬁ =— The
17

o

D |
DR

figure illustrates a kink solitary wave converted from the first-order breather. In

in (2.7) as shown in Figure 2(a) and Figure 2(b) where

this case, the solution maintains the characteristics of a solitary wave, without ex-

hibiting oscillatory or periodic behavior.

Taking parameters with
7 21
u =1 o =E, vw=2 p =2—6, o=-2, §=1 w=1 (2.14)
in the (2.7) as shown in Figure 2(c) and Figure 2(d) where A e T E
o |wg| 13
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Figure 2. Transformation waves of the first-order breather (2.7) at y=0.

discover that the first-order breather can be transformed into m-shaped kink sol-
itary wave in Figure 2(c), which possesses two different wave peaks. In this paper,
this structure is called m-kink type solitary wave.

Taking parameters with

1 3
U, =1, al:? v, =2, ﬂlz? o, =-2, &=1 =1 (2.15)

A

o

@y

Wr

=3. The

in the (2.7) as shown in Figure 2(e) and Figure 2(f) where

figure shows a multi-kink type solitary wave phenomenon with multiple peaks,
where the periodicity becomes more apparent and the solitary wave characteristics
weaken.

Taking parameters with

4 1
U=gs @=se n=l A=l oy=-1 &=1 m=1 (@216

B

2]

— %l _ 0.
DR

in the (2.7) as shown in Figure 2(g) and Figure 2(h) where

From the figure, it can be seen that the oscillation of wave is more apparent, and
the peak value decreases. The first-order breather will be transformed into a peri-

A

a

odic wave. As the ratio of increases gradually, the periodicity of the breather

becomes more and more obvious, and the solitary wave property almost disap-
pears.

From the analysis above, we can observe that the solution (2.7) exhibits either
dominant solitary wave characteristics with weak periodicity or dominant perio-
dicity with weak solitary wave characteristics. Therefore, the first-order breather

can be interpreted as a nonlinear superposition of solitary and periodic waves.
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When the velocities of the two components are identical, the breather may tran-

sition into different types of nonlinear waves.

3. State Transformation of the Second-Order Breather
Solution

In this section, we investigate the conversion mechanism of the second-order
breather derived from f, defined by (1.6). Similarly, we select conjugate param-
eters to derive the second-order breather, and under specific parameter con-
straints, the breathers undergo partial or complete transformation.

The parameters k, k,, p,, p,» ¢ and ¢, defined by (2.1) and we take

ks =a, +if, :k:l Py =v, +io, = pZ, $y =&, +ip, :¢Za (3.1

in f, defined by (1.6), where «,, f,, v,, 0,, & and g, arearbitraryreal
constants.

Then f, can be rewritten as
f, =1+ 2e™ cosT, +2e™ cosT', + M,e? + M,e?"? + M, M g2z htz)
+2eM 2 cos (T, +T, +a, ) +2e™ ™2™ cos (I, - T, +a,) (3.2)

+2M e?Mh2 1 cos(T, +a, —a, )+ 2M e 242" cos(T', +a, +a,),

where A, T, and M, are defined by (2.3)-(3.6), in addition

B 2 2 B ImA,
bl_ln\/(ReAis) +(ImA;)", a =arctan ReA, ' (3.3)

3

2 2 ImA,
b2=ln\/(ReAi4) +(ImA,)", a, =arctan ReA, (3.4)

4

2 2 2 2 2
Yo (ﬂzvz —0!20'2) + 3,0, (0!2 +5; )(‘72 +V2)

M, 2 2 2 2, 2\’ (3.5)
Uy (B, = @,05) =y, (0‘2 +p, )(0'2 TV, )
N, =a,X+v,Yy+ot+S&,, T, =L,x+0,Y+0,t+u,, (3.6)
6a, f,0,U, +30:22u0v2 —3/322u0v2 +30:2/322v22 +30:2ﬂ220'22 —a§v§ —a230'22 (3.7)
W, = , (3.
R o +Vvi
2 2 2.2 2p 2, p3.2 3 2
- 6a, B,v,U, —3a, U0, + 3, U0, —3a; Bov, —3a; B0, + Bovy + B0, (3.8)
= . (3.

2 2
o, tV,

We can obtain the second-order breather solution by combining the transfor-
mations (1.2). Then we analyze its asymptotic propertiesin XxOt plane to under-

stand the nature of this solution. Without loss of generality, we assume

o O
a, >0, a,>0, —&>_—2R, (3.9)
a a,

Before collision (t — —o0):

(a) Fixing A,, one can obtain A, — 4+, then
f, =2e™™% [ /M, cosh(A, +b; +b, +InM, )+ cos(Iy +a +3,) |, (3.10)

and
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U~uy, Uy
20, [M, sinh (A, +b; +b, +In M, )+ 23, sin (T, +a, +3,) (3.11)

— 20, +UyYy.

\/M_lcosh(/\1+b1+b2 +In\/M_1)+cos(l"l+a1+a2)
(b) Fixing A, , one can obtain A, —> —o0, then
f, = 2e™ [Mcosh (A2 +1In M)+ cos Fz] (3.12)
and
) —2052\/M725inh(A2 +In M)+ 2p,sinT,
rr e = Mcosh(Az +In M)+cosl’2

After collision (t — +0):

—2a, +UyY. (3.13)

(c) Fixing A,, one can obtain A, — —o0, then
f, =2e™ [Mcosh(A1+ln M)+cosrl], (3.14)
and
. . —20:1\/M715inh(A1+ln\/M71)+2/;’lsin1“l
nr BT Mcosh(Al+lnM)+cosF1
(d) Fixing A, , one can obtain A; — 4w, then

f, = 2e2 b2 [JMZ cosh(A, +b, +b, +InM, )+cos(I', +a, —a, )] (3.16)

—2a, +U,Y. (3.15)

and
u~uy, Uy
20, M sinh (A, +b; +b, +In M, )+ 28, sin (T, +a, -3, ) (3.17)

= —2a, +U,Y.

\/M_zcosh(Az+bl+b2+ln\/M_2)+cos(1"2+a1—a2)

The above analysis allows us to obtain an asymptotic expression for the solution
defined by (1.2) and (3.2), namely

Uy, +Uy,, -,
u— (3.18)
uy +uy, t— oo,

The second-order breather can be obtained in Figure 3 by taking

1 1 7 1
U0=11 =, ﬂlz_! Vi=T5 O1=77, §1=l’ 'ul:O’
2 2 12 12
1 1 5 1 (319)
0‘2251 ﬂzzal VZ:E' Gzzﬁ! & =1 u,=0,

in (1.2) and (3.2). As can be seen from the figure, there is no transformation be-
tween breathers. According to the first-order transformation mechanism, the
breather can be converted by controlling the characteristic lines. In this paper, the
transformation of the second-order breather can be classified into non-trans-
formed, semi-transformed and full-transformed according to the type of transfor-

mation.
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L
20 10 0

Figure 3. The second-order breather (1.2) and (3.2) with (3.19) at y=0.

In the following, the transformation of the second-order breather solution of
the BLMP Equation (1.1) will be investigated based on the relationship between
the two sets of characteristic lines in xOt plane. The second-order breather has
two groups of characteristiclines L, and L, defined by (2.9) and (2.10) as well
as L, and L,:

L @, X+ v,y + ot +InyM, + &, =0, (3.20)
L, : Bx+ o0,y +w,t+ 1, =0. (3.21)

Case I (Non-transformed): We suppose that L, and L, are not parallel, and
L, and L, arenot parallel which means that they satisfy

@ W

B

a; Wy
By

At this stage the two breathers collide elastically and neither transforms, as

#0, #0. (3.22)

shown in Figure 3.
Case II (Semi-transformed): We suppose that L, and L, are not parallel,

and L, and L, are parallel which means that they satisfy

& g

B

a; Wy
By

One of the breathesr does not transform and the other one transforms into

=0, =0. (3.23)

other nonlinear wave when the condition in the above is satisfied.
Taking parameters with
U =1 =1 p=1 v=1 o0,=-3 ¢&=1 x=0,

9 (3.24)
@=1 f=r vi=l 0=3 &=1 1=0

in (1.2) and (3.2), the plots of the solution are shown in Figure 4(a) and Figure 4(b).
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Z.

Figure 4. Semi-transformation waves of the second-order breather (1.2) with (3.2) at y=0.

The figures show the interaction of a breather and a kink solitary wave, describing
the phenomenon that one of two breathers is a non-transformed wave and the
other is transformed into a single kink solitary wave.

Taking parameters with

Uo:]-v alzl, ﬂ1:g1 V1=l, 0-1:_3’ fl:l’ /ul:O’
2 91 (3.25)
O‘ZZE' /82:2_6’ v, =2, 0,=-2, &=L =0,

in (1.2) and (3.2), the plots of the solution are illustrated in Figure 4(c) and Figure
4(d). The figures represent the elastic interaction between the breather and the m-
type kink solitary wave, and the phase shift of the two kink solitary waves is rela-
tively obvious.

Taking parameters with

uozll alz]_' ﬂl:]" V1:1’ 0'1:—3, 51:1, M:O:
1

3
aZZE' ﬂzzg’ v, =2, 0,=-2, =1 p,=0,

(3.26)

in (1.2) and (3.2), the plots of the solution are displayed in Figure 4(e) and Figure
4(f). The figures demonstrate the interaction of a breather with a multi-kink soli-
tary wave, namely, one breather does not transform and the other transforms into
a multi-peak nonlinear wave.

Taking parameters with
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4 1

u():_v o =—, ﬁlzly V]_::L O-]_:_ll fl:]" /Ll'l:O’
313 10 (3.27)
azzﬁ' B=1 v,=1 o,=-2 &=1 u,=0,

in (1.2) and (3.2), the plots of the solution are shown in Figure 4(g) and Figure
4(h). The figures show the phenomenon of the interaction between a breather and
a periodic wave, and we can learn that by controlling the parameters we can make
the periodicity of the transformed nonlinear wave more and more apparent.

Case III (Full-transformed): Supposing that L, and L, are parallel, as well
as L, and L, are parallel which means that they satisfy

o g

B oy

a, Wy

B @y

=0. (3.28)

At this stage, both breathers experience transformation. Under certain param-
eter conditions each breather can be transformed into a different type of nonlinear
wave, thus making the phenomenon more abundant.

Taking parameters with

U =1 o =1 ﬂl=%, v=1 o0,=-3 ¢&=1 u4=0,
7 1 (3.29)
O’ZZB: ﬂzZ%l v,=2, 0,=-2, & =1 pu,=0,

the plots of transformed nonlinear wave interactions are given by (1.2) with (3.2)
in Figure 5(a) and Figure 5(b). The figures describe the transformation of one of
two breathers into a single kink solitary wave and the other into an m-type kink
solitary wave.

Taking parameters with

9
U0=1, alz]_, ﬂlzﬁ’ V1=1, O'1=—3, 5121, M:Oy

1 3 (3.30)
a, 251 B, 251 v, =2, 0,=-2, §=1 u,=0,
the images of transformed nonlinear wave interactions are presented by (1.2) with
(3.2) in Figure 5(c) and Figure 5(d). Similar to the previous case, the figures de-
pict the transformation of one of the two breathers into a single kink solitary wave
and the other into a multi-kink solitary wave.

Taking parameters with

7 21
U0=1. al:_lo’ ﬂl:—ze, V1:2, 61:—2, 5121, ,ul:O,
(3.31)

1 3
azza' ﬁzzz’ v, =2, 0,=-2, =1 =0

in Equations (1.2) with (3.2), the plots of the solution are illustrated in Figure 5(e)
and Figure 5(f). One breather transforms into an m-type kink solitary wave, while

the other transforms into a multi-kink solitary wave.
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R \5/\} 5 0 X
- /\/\_\

(e) (f)

Figure 5. Full-transformation waves of the second-order breather (1.2) with (3.2).

4. Conclusion

In this paper, by means of the Hirota bilinear method, we obtain the first-order
and the second-order breather from the two-solitary wave solution and four-soli-
tary wave solution of the (2 + 1)-dimensional Boiti-Leon-Manna-Pempinelli
equation, respectively. Based on the solution expressions, the exact solutions con-
sist of hyperbolic and trigonometric functions, where the hyperbolic function rep-
resents a solitary wave, and the periodic wave describes a trigonometric function.
The transformation mechanism of the first-order and second-order breathers pre-
sented in this paper primarily depends on adjusting the parameters and control-
ling the characteristic lines of the breathers. For different characteristic lines, sev-
eral types of nonlinear waves in the xOt plane are illustrated, including kink
solitary waves, m-kink type solitary waves, multi-kink type solitary waves and pe-
riodic waves. The periodic features of the transformed nonlinear waves become

evident with the slope of the characteristic lines.
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