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Abstract

This paper introduces a new evolutionary system which is uniquely suitable
for the description of nonconservative systems in field theories, including
quantum mechanics, but is not limited to it only. This paper also introduces a
new exact method of solution for such nonconservative systems. These are
significant contributions because the vast majority of nonconservative systems
with several independent variables do nothave self-adjoint Frechet derivatives
and because of that can not benefit from the exact methods of the classical
calculus of variations. The new evolutionary system is rigorously mathemati-
cally derived and the new method for solution is mathematically proved to be
applicable to systems of PDEs of second order for nonconservative process. As
examples of applications, the method is applied to several nonconservative
systems: the propagation of electromagnetic fields in a conductive medium,
the nonlinear Schrodinger equation with electromagnetic interactions, and
others.
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1. Introduction

Nonconservative processes with several independent variables can notbe given a
variational description via the classical variational principle (in which the func-
tional is defined by an integral), because the Frechet derivative of the system of
equations is not self-adjoint. Thus, nonconservative processes can not make use
of the classical methods and machinery available from the Calculus of Variations.

In 2003, Bogdana Georgieva, Ronald Guenther and Theodore Bodurov introduce
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the generalized variational principle with several independent variables [1]
(Journal of Mathematical Physics, Vol. 44 (2003), No. 9, pp. 3911-3927) which can
give a variational description of non-conservative processes even when the Frechet
derivative of its equations is not self-adjoint. Noether-type theorems were found
[1]-[3], symmetries and corresponding identities were found [4]-[6], and a num-
ber of applications were published of this new variational principle, which con-
tains the classical one as a strictly special case, but is a lot more general than it.
More specifically, these applications are in: integrable systems, the calculus of var-
iations, dynamical systems, symmetry methods, control theory, optimal control
theory, dissipative dynamics, field theories, Hamiltonian dynamics, nonlinear dy-
namics, thermodynamics, contemporary quantum mechanics, electricity and
magnetism, nonholonomic systems, stochastic processes, celestial mechanics, the
study of the Universe, Vakonomic dynamics, Birkhofian systems, waves propaga-
tion, Bregman dynamics, contemporary general relativity, dark energy, virosol-
ogy, oncology and other branches of science.

As is well known, Hamiltonian systems emerged historically as a method of
solution for the second order Euler-Lagrange system of equations for a classical
variational functional defined by an integral in the case of one independent vari-
able. The method consists of converting the second order Euler-Lagrange system
into a first order system of ODEs, the Hamiltonian system. The transformation of
Legendre, which performs this “conversion” opened a gate from the Lagrangian
mechanics to the Hamiltonian mechanics.

This paper introduces a new exact method of solution for evolutionary systems
which are nonconservative and have variational origin. This is significant, because
nonconservative systems with several independent variables do not have self-ad-
joint Frechet derivatives and because of that can notbenefit from the methods of
the classical calculus of variations. Additional asset of this new method is that the
described process can be controlled through control functions. These are the func-
tions u(t,x), u E(ul,m,um). Here t and xs(xl,...,x") are the independ-
ent variables. Thus, this method covers nonconservative systems in control and
optimal control theories. This paper also rigorously derives the evolutionary sys-
tem which corresponds to the generalized Euler-Lagrange equations (a system of
second order PDEs) for the nonconservative process.

More specifically, the new exact method is a method of solution for the second
order system of PDEs which are the generalized Euler-Lagrange equations for the
functional introduced in [1] by B. Georgieva, R. Guenther and Th. Bodurov. This
method consists of “converting” this second order system of PDEs (which de-
scribes the nonconservative process) into a first order system of evolution equa-
tions. The present paper proves rigorously the equivalence of the system of gen-
eralized Euler-Lagrange equations to this system of evolution equations and rig-
orously derives the specific form of this system of evolution equations.

1.1. Some Historical Remarks

In 1932 Gustav Herglotz gave a series of lectures on the relationship between con-
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tact transformations and the generalized Hamiltonian system

d, _H

dt ' op;’

d oH

—27z=p,—-—H, 1
el (1)
ip —_ﬁ_p ﬁ J_l n

dt ' ax, oz’ o

where H is a function of X,-:+,X,,Z, P;,"**, P,. See [7]. This system is closely
related to the variational principle of Herglotz [8] [9]. In that variational principle
the functional z,whose extrema are sought, is defined by an ordinary differential
equation rather than by an integral:

E= L(t,x,%,z), 0<t<s

dt
where t is the only independent variable, x= (Xl,m, X”) are the argument
functions of t, X=dx/dt.For any arbitrary but fixed set of functions X (t) and
a fixed initial value for z at t=0 the solution of this ordinary differential equa-
tion depends both on t and on X(t) .If we take t=s=const. then the solution
= Z[X; S] is a functional of the set of functions X* (t) . For more detailed de-
scription of the definition of a functional via this class of ordinary differential
equations see [2].

Herglotz variational principle is uniquely suitable for giving a variational descrip-
tion of nonconservative processes involving one independent variable. It is more
general than the classical variational principle with one independent variable and
contains it as a special case, which occurs when L doesnotdependon z.

Herglotz showed that the value of this functional is an extremum when its argu-
ment-functions X" (t) are solutions of the generalized Euler-Lagrange equations

LodA oy
oxt  dtoxt Oz ox

In his lectures Herglotz revealed the remarkable geometry which underlines the
generalized Hamiltonian system. Herglotz’s work was motivated by ideas from S.
Lie [10] [11] and others. Furta et al show in [12] a close link between the Herglotz
variational principle and control and optimal control theories. For historical re-
marks through 1935 see Caratheodory [13]. The contact transformations, which
are related to the generalized variational principle, have found applications in
thermodynamics. Mrugala shows in [14] that the processes in equilibrium ther-
modynamics can be described by successions of contact transformations acting in
a suitably defined thermodynamic phase space. The latter is endowed with a con-

tact structure, closely related to the symplectic structure.

1.2. Contemporary Preliminary Remarks

In [2] and [3] B. Georgieva and R. Guenther formulated and proved first and sec-

ond Noether-type theorems which yields a first integral corresponding to a known
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symmetry of the functional defined by the Herglotz variational principle; and an
identity corresponding to an infinite-dimensional symmetry of the Herglotz func-
tional. For a summary of the resent results related to the variational principle of
Herglotz see [15].

In [1] B. Georgieva, R. Guenther and Th. Bodurov introduce a new variational
principle, which extends the Herglotz principle to one with several independent
variables (In honor of Gustav Herglotz we named it in his name). This new vari-
ational principle contains as special cases both the classical variational principle
with several independent variables and the Herglotz variational principle. It can
describe not only all physical processes which the classical variational principle
can, but also many others for which the classical variational principle is not appli-
cable. It can give a variational description of nonconservative processes involving
physical fields, even when the Frechet derivative of the equation(s) is NOT selt-
adjoint. In other words, if a PDE (or a system of PDEs) does NOT have a varia-
tional description via the classical variational principle because its Frechet deriv-
ative is not self-adjoint, then the generalized variational principle which Georgieva,
Guenther and Bodurov introduce in [1] can (in most cases) be used to give this
equation/equations a variational description. Another asset of this variational
principle is that it is not “sensitive” to nonlinearity. It is so general in form that it
handles nonlinear processes with the same ease as it does linear ones. For the con-
venience of the reader I state the precize definition of the Generalized Variational
Principle With Several Independent Variables:

Let the functional 7=1 [u; S] of U=u (t, X) be defined by an integro-differ-

ential equation of the form
dz n
E=J-Q£(t,x,u,ut,ux,z)d x, 0<t<s )

where t and Xz(xl,--~,x”)

are the argument functions, u, = (ui,---,u;"), u, = (uf,-n,utm) and

uixs(uix1,---,uixn), i=1---,m, d"x=dx!---dx", and where the function £ isat

are the independent variables, U E(ul,m,um

least twice differentiable with respect to u,, U, and once differentiable with re-
spectto t,x,z.Let n= (771 (t,x),,n" (t, X)) have continuous first derivatives
and otherwise be arbitrary except for the boundary conditions:
7(0,x)=n(s,x)=0
n(t,x)=0 forxeoQ, 0<t<s

where 8Q is the boundary of Q. Then, the value of the functional Z[U;S] is
an extremum for functions U which satisfy the condition
d
—Z|U+en;s =0.
d‘c" [ 7 ] =0
The function £, just as in the classical case, is called the Lagrangian density. It

should be observed that when a variation g7 is applied to U, the integro-dif-
ferential equation defining the functional z must be solved with the same fixed

initial condition Z (0) at t=0 and the solution evaluated at the same fixed fi-
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nal time t=s for all varied argument functions u+en7 .
Every function u= (ul, cum ) , for which the functional z defined by the in-

tegro-differential Equation (2) has an extremum, is a solution of

oL docL d oL oL oL

: . : . dx=0, i=1---,m. 3
ou' dtou dx“ou, ou @ oz ©)

These equations are called (in correspondence with the classical case) the gen-
eralized Euler-Lagrange equations. The summation convention on repeated indi-
ces is assumed in the entire the paper.

It is important to observe that the definition of the functional z by the integro-
differential Equation (2) contains as a strictly special case the classical definition
of a functional by an integral. This special case occurs if £ does not depend on
z . Similarly, the generalized Euler-Lagrange equations reduce to the classical Eu-
ler-Lagrange equations if £ does not dependon z.

Georgieva, Guenther and Bodurov, [8], formulated and proved a Noether-type
theorem which yields which gives an identity corresponding to each symmetry of
the functional defined by this new variational principle. From this identity a first

integral is readily obtained.

1.3. Example of a Nonconservative Field Theory of a Variational
Origin

A nonconservative system in the context of field theories is a field theory for which

the energy density function, represented by the Hamiltonian H = zrjn:l plul -2,

is not constant on solutions of the defining equations of the field theory.
Consider a specific example. Let’s look at the nonlinear Klein-Gordon equation
1 0%u .
Vzu——2—2+G(uu )u=0 (4)

Ve ot

describing the real or complex field U=U (X,t) , where U~ denotes the complex
conjugate of U, G is a differentiable function and V is a constant. Its linear
version, with G = constant plays an important role in relativistic field theories.
The one-dimensional version of (4) withreal U and G (u2 )u =sinu is the sine-
Gordon equation. The field equations of the form (4) can be derived from the

Lagrangian density

. lauau .
£(u,u,,Vu)=Vu-Vu —V—ZEE—F(UU ) (5)
where
dF(p)
-G d F(0)=0
A2 —6(p) ans F (0

We consider as physically meaningful only those solutions of (4) which are free

of singularities and for which

Ugﬁ(t'X'U,Ut,Ux)dx‘ <00
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holds over the entire time domain. The processes described with an equation of
the form (4) are conservative since the Lagrangian (5) does not explicitly depend
on time.

One is also interested in nonconservative processes involving fields. The sim-
plest modification of (4) which makes it suitable to describe nonconservative pro-
cesses is to include in it a term proportional to the time-derivative of the field.
Thus, a physically meaningful nonconservative version of (4) is

e E+G(uu*)u:0 (6)
where k is a constant. With k >0 the process described by (6) is generative,
and with k <0 it is dissipative. When U is a real field, equations of the form
(6) can be derived via the present generalized variational principle from the La-

grangian density
1(ouy 2
;C:VU-VU—V—ZEEJ —F(U )+0!(X)Z (7)

where OF (p)/ap =G (p) ,and a = a(X) is a given function of the coordinates
X = (Xl, e X”) which satisfies the condition

Uﬂa(x)d”x

Indeed, inserting the Lagrangian (7) into the generalized Euler-Lagrange equa-
tions (3)

<0

o doL d oL oL oL
+ 51 Zarx

ou dtou, dx*ou, ou @ oz
OF 20 ,o 20

=_2ua(uz)+v2 ot? v2 ot

Iga(x)d”x=0

we see that the last expression is the same as (6) with

k=iJ.Qa(X)d“X=const. (8)

VZ

Consequently, we may apply the first Noether-type theorem 5.1 to obtain con-
served quantities. In particular, observing that the Lagrangian (7) is invariant un-
der translations in time we may apply Corollary 7.1 in [1] to obtain the conserved
quantity

2
exp(—kv%)_[ﬂ[viz(%l:j +VUu-Vu-F (u2)+a(x) z]dx = const. 9)

where z isthe solution of the defining Equation (2). In accordance with the con-
servative case, we can interpreted the quantity

2
oL i(gt—uj —Vu-Vu+F(u2)—a(x)z

——u-L=-
au, v

as the energy density of the field U (t, X) . Then Equation (9) states that the total
field energy in not constant but instead increases exponentially when k >0 and
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decreases when k <0.
For the convenience of the reader we state from [1] Corollary 7.1:
Let

<o

URE(LX,U('[,X),U“UX,z)d”X

over the entire time domain and let the functional z, defined by the Equation
(2), be invariant with respect to translations in time. Then the quantity
E(t)j u/ 8_£i_ L |[d"x=const. i=1---,m
Bl oy
with E (t) given by
B te OL
E(t)= exp(—jo .[Rgd xdej,

is conserved on solutions of the generalized Euler-Lagrange equations (3).

2. One-Parameter Families of Contact Transformations

In his lectures on contact transformations, see [9], Gustav Herglotz derives the

generalized Hamiltonian system

Dy M b7 pd 4 Gp_ T p M 1.0 (0)
dt”’ o op dt oP, dt ox, laz

as a result of a demand on the solution of the general system

X =¢&(X,Z,Pt), Z=¢(X,Z,Pt), P=x(X,Z,Pt)

for 2n+1 unknowns X =(X1,---, Xn),Z, X =(Pl,---, Pn) to define a family of
contact transformations of the initial conditions. This remarkable calculation is a
result of an extraordinary intellectual insight, mathematical might and geomet-
rical vision beyond the ordinary. By its nature this accomplishment is of no less
value and significance to science than is the general theory of relativity, which in
much the same way is a consequence of geometry. Let us recall Herglotz’s deriva-
tion.

Consider the system of 2n+1 differential equations

X=¢(X,Z,Pt), Z=¢(X,Z,Pt), P=x(X,Z,P,t) (11)
for 2n+1 unknowns XZ(Xl,m,Xn),Z,X:(Pl,'--,Pn) which satisfy the in-

itial conditions
X=X, Z=2, P=p, whent=0. (12)

The functions &=(&,+,&,),¢, 7 =(m, . 7,) are all assumed to be con-

tinously differentiable. The solutions

X=X(xzpt), Z=Z(xzpt), P=P(xz0pt) (13)

to (11), (12) determine a family of transformations,

S :(x,z,p) > (X,Z,P). (14)

In the present section we give the necessary and sufficient conditions for the
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transformations (14) to be contact transformations uniformly in t.

Theorem 2.1. In order for the solution (13) of the system (11) to represent a
one-parameter family of contact transformations containing the identity, it is nec-
essary that (11) be a canonical system, that is, that there exists a function,

H= H(X 2, P,t) called the characteristic function, such that the system (11)
has the form (10).
Proof: From the theory of contact transformations is known that a one-to-one,

continuously differentiable transformation
X=X(xy,p), Z=Z(xy,p), P=P(x,y,p)

from a cylindrical domain in the xzp-space,
{(X,Z, p):(x,z)eD,|p|< P, paconst} onto a domain in XZP -space, with a
non-vanishing Jacobian, 8( X, Z, P) / a(xz, p) #0 iscalled an element transfor-
mation. We now recall the following criterion for an element transformation to
be a contact transformation: An element transformation is a contact transfor-
mation if and only if there exists a function p ( X, Z, p) , such that:

i ,O(X, Z, p) #0 on the domain of definition of the transformation;

ii. the functions p,X,Z and P satisfy

P.dX -dZ = p(p-dx—dz), p=#0. (15)

Equation (15) is supposed to hold when the differentials are calculated only
with respect to the spatial variables. When X,Z,P also depend on t,then dZ
is given by

0z = L ax, + Lz + Zop, + Lo,
X; oz op; ot

A similar assertion holds for the dX;. Thus, the condition (15) must be re-
placed by
x_az

PdX,—dz-| P
ot ot

jdt:p(pidxi —dz). (16)
By (11), oX,/ot=¢ (X,Z, P,t), oz, Jot :é'(X,Z,P,t). Let us introduce the

function
HEH(X,Z,P,I)EHé(X,Z,P,t)—{(X,Z,P,t). (17)

Then the relation (16) takes the form
P-dX —dZ = p(p-dx—dz)+ Ht. (18)

If dt=0, Equation (18) reduces to (15). Equation (18) represents a system of
2n + 2 equations relating the variables (X,Z, P,t) with those of (X, Z, p,t) ,
which is obtained by expanding the differentials and comparing coefficients. To
obtain the conditions we seek, we shall rewrite these conditions in the ( X,Z,P, t)
variables. This is most simply done by working directly with (18). First differenti-
ate (18) with respect to t and note that the differential operator, d, commutes
with the differentiation d/dt. This leads to
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7;dX; + Py d& —dS = p( p;dx; —dz)+ Hdt (19)
where 8Pj /8'[ =7, (X Z, P,'[) , the dot, as usual, represents d/dt . From (18) and
(19) we obtain

70X +Pd¢, —d(—Hdtz%(deXj—dZ—Hdt). (20)

From (17) we find dH = &;dP; +P,dS; —dg so that (20) takes the form
dH +7z;dX; - &;dP; :E(dexj—d2)+(H—Bdet. (21)
P P

Expand dH in the form
dH=Tlax + Mgz Map M
oX. oz op. ' ot

] ]

insert the result into (21) and compare coefficients to obtain the following system:

M pp M,

oX;; Yop ! oP; !

oH oH : (22)
M__p CUNY

oz P ot P

The & and 7; are obtained directly from (22) by eliminating the quotient
p/p and solving. To obtain ¢ combine (17) with (22). We find

oH
) P
oH
Cj:Pjé:j_H:Pjﬁ_Pj_H’ (23)
._—a—H—P»%, :11" N
! X, ‘oz

]

which is the system (10).[]

We see that the geometric demand that the solution is a family of contact trans-
formations of the initial conditions completely determines the form of the system.

The converse of this theorem is also valid. We state and prove.

Theorem 2.2. The solution to the canonical equations (10), which satisfy the
initial conditions (12), generates a one-parameter family of contact transfor-
mations, which for t=0 contains the identity.

Proof We must show that every solution of (10) and (12) satisfies the strip con-
dition (18). For notational purposes let us set (= Q(t) =P,dX; -dZ -Hdt and
Q(O) == p,dx; —dz . Then the strip condition, (18) takes the form
Q(t) = p®. Set up a differential equation for Q making use of (10). The proof
is simply a calculation. We find Q = Ijj dX; +P, dX i dZ — Hdt . Since
H=P,dX,-dz,

Q=P dX; - X;P,

| p T ax —Hgp
ox, oz | op )

]
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=— a—Holxj +ﬁdpj —a—H(Pj dX; )
X oP, oz

| M gx +Mgp | Mgz Mgt
X, T e
) jo|xj)+z—7;o|2+%o|t

oz
= —dH—a—H(P. dX —dz —Hdt)—a—HHdHa—Hdt
oz \ 1 oz ot

= —dH—a—HQ—a—HHdtJra—Hdt.
oz oz ot

Thus we obtain the ODE for Q
oH oH

Q= —dH——Q—a—HHdH—dt.
0z oz ot

Next we calculate, using (10)
ar_om X, ondP, onaz oM

— = + +
dt ox, dt oP dt oz dt ot
_ OH oM 8H[6H Pé‘HJ GH(P 6H_H] oH

+_ —_—
oz

= — 4P — —

oX; oP; 0P X, 'oz ! P, ot
VLU

oz ot
Thus,
dr =-H T at+ Pt
o0z ot
and so from the previous calculation
o--Mq,
oz

We integrate to obtain Q= pw where
tOH
=exp| —| —dt 24
p p( bz J (24)

which proves the assertion. []
We close this section with a few remarks on the characteristic function

H= H(X,Z, P,t).
From the forth equation in (22), we have

oH ., .
=== pH-pH.
pr=PH=p

Divide by P’ tofind
LoM_pH-pH_d(H
p ot p? dtl p )

Integrate with respectto t to find
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0
H_KH _ ‘iﬂdt, (25)

p P Ppat
where the subscript indicates that the arguments of # and p are to be taken
at t=0: p° =p(X,Z, p,O), H° :H(X,Z, p,O). The fact that p0 =1 isa con-
sequence of (24).
We consider two special cases.
Case 1. 0H/ot=0 sothat H does not depend explicitely on t.
Then the family, {St} , represents a one-parameter group of contact transfor-

mations (The proof can be found in [7]). The relation (25) implies that
H(X,Z,P)=H’(x,z,p) p(X,2,p). (26)

Equation (26) has a geometric interpretation. Let us think of the parameter t
as the time and the curve along which (X,Z,P)=S(X,z,p) moves in R*"*
as its orbit under the group of contact transformations. Along this orbit the func-
tion ’H(X,Z, P) , up to the factor H°, coincides with p(X Z, P) .

If in particular H® =0 at a point (X, Z, p), then 'H(X,Z, P) =0 along the
whole orbit through it. The strip condition is along the orbit. If we think of
(X Z, P) as an element in R, then we refer to the orbit as an orbital strip of
the group of contact transformations in R"*'. For points on the orbital strip, the
second equation in (10) simplifies to

dz P oH

—=P.—, j=1---,n
d ' oP, )

Case 2. 0H/0Z =0 so that H does not depend explicitely on Z and by
(24) p=p(X,Z,Pt)=1.
The canonical Equations (10) reduce to

X _om AR _ oM

i N1 (27)
dt 0P, dt oX;
together with the additional equation
d—Z:Pjﬁ—’H, j=1--,n (28)
dt oP,

for the construction of Z .
The transformations determined by (27) are the special, or xp -transfor-
mations which commute with translations along the z -axis. The Equation (18)

in this case reads
P,dX; - p,dx; =d(Z -z)+Hdt.

If in addition, 0H/ot=0,then H =H". The family determined by solutions
to (27) is a group of contact transformations which on the orbit passing through
(x,2,p) satisfies H(X,Z,P)=H"(x2p).

3. Evolutionary System for Nonconservative Processes

This section introduces the new exact method of solution for nonconservative sys-
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tems. It also introduces the evolutionary system of PDEs which is equivalent to
the nonconservative system of second order PDEs with which the nonconserva-
tive process is described. Theorem 3.2 proves with deepest rigor the equivalence
of theses two systems. The same theorem demonstrates how starting with this sec-
ond order PDEs system we can rewrite it with its equivalent system of evolution-
ary PDEs and proceed with solving this equivalent system. The solution obtained
is also a solution of the original nonconservative system. The key to obtaining this
valuable new exact method of solution for these systems, which in general can be
solved only numerically, is the generalization of the transformation of Legendre
with the definition (40), which gives the transition from the Lagrangian to the
Hamiltonian formalism. Theorem 3.2 rigorously proves that this new generalized
Legendre transformation transforms the original nonconservative system of sec-
ond order PDEs to the equivalent to it evolutionary system (38). Thus, the present
section makes 2 new contributions to mathematics and all of science which uses
mathematics: the exact method of solution for nonconservative systems and the
exact form of the system of evolution equations for nonconservative processes.

It is important to observe that this new evolutionary system contains as a strictly
special case the generalized Hamiltonian system (1) for nonconservative processes
with one independent variable, and has the same relation to the generalized vari-
ational principle with several independent variables which the generalized Ham-
iltonian system (1) has with the Herglotz variational principle (which has one in-
dependent variable).

Consider a generally nonconservative process in which t and dx'---dx" are
the independent variables and u = (ul,---,um) are the dependent variables. Let
the functional z be the functional giving the variational description of this pro-
cess. Then the functional Z=12 [u; S] of U=uU (t, X) is defined by an integro-dif-
ferential equation of the form

%:Jﬂﬁ(t,x,u,ut,ux,z)d”x, 0<t<s (29)

where U E(ul,---,um
u, = (utl’...’utm) and u; E(u)'(l,...,uin ), i=1--,m, d'x= Xm"'an, and
where the Lagrangian function £ is at least twice differentiable with respect to

) are the argument functions, u, = (ui REPATM ) ,

u,, U, and once differentiable with respectto t,x,z.
Theorem 3.1. Every function U= (ul, ceeum ) , for which the functional 1 de-

fined by the integro-differential Equation (29) has an extremum, is a solution of

6£ doL d oL aﬁfg%dXZO, i=1---,m (30)

This theorem was formulated and proved by Georgieva, Guenther and Bodurov
in [1]. We recall its proof here for convenience of the reader.

Proof: We will show that Equation (30) are consequence of the condition:

The value of the functional Z[U;S] is an extremum for functions U which

satisfy the condition
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=0. (31)

d%z[u +‘977;s]g:0

For this purpose let ¢ be the variation of the argument of the functional z
and denoteby ¢§ =¢ (t) the quantity

f;(t):d%z[u +emt] (32)

&=0
To find the differential equation for ¢ we apply the variation g7 to the ar-
gument function in the defining Equation (29), i.e.
d n
az[u +emt]= J'Qﬁ(t, X,U+&en,U, +&n,, U, +én,,2)d"X (33)
and differentiate the result with respect to ¢. Then, we set ¢ =0 to obtain
dg oL ; oL ; oL i |m;n oL .. .
==\ |—=n'+—n+— d"'x+4| —d", i=1---,m 34
dt J.Q[au' 7 au! g ou', e ¢, oz (34

where in the last term we have used the fact that ¢ does not depend on X. For

convenience we denote by A(t) and B (t) the quantities
oL ; oL ; oL oL
A t = —_— I+—. I+—. ! an, B t = —an.
() '[Q[au' 7 au! g ou', ka] © JQ oz
With this notation Equation (34) becomes

L8 awreme

which is the sought equation for ¢ ('[) Its solution ¢ (S) , evaluated at the end

of the time interval t=s, is the variation of 2 [u; S] and is given by
exp|-|; B(0)d0)¢ (s) = Jyew([;B(6)d0) A(t)ct (35)

since ¢ (0) =0. We are interested in those functions U which leave the func-
tional Z [U; S] stationary, ie. those for which the variation ¢ (S) is identically
zero. Hence, (35) becomes

Jyexp(~[;B(0)d0) A(t)dt =0. (36)

Inserting expressions A(t) and B(t) into (36), denoting the exponential

function by
E(t)= exp(—j; B(H)de)

and integrating by parts the terms containing nlk produces the equation
s oL ; oL ; d | oL i d ol
E(t)| | —n'+—n +—|—n' |-n'——— |d"xdt=0. (37
IO ( )'[Q[au' 7 au! T Xk (au'xk 7 ] T i au'xk] (37)

By Gauss’ theorem the space integral of the third term in (37)

ik 64 n' |d"x=[_ 7' 8@ da, =0
Q dx au'Xk " ou',

X
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vanishes because 7=0 on 8Q, by definition. Here, d"a stands for the Kk -
component of the surface element d"a=(da,,---,da,) of aQ. Next, we inte-
grate by parts (with respect to t) the terms involving 7; in (37) to obtain
s oL d oL | ; s ; d oL
E(t)| | —————|n'd"xdt - '—| E(t)— |dtd"x=0
J.U ( )J.Q{au' dx* ou, ]77 -LJOU dt[ ( )6UJ
because 77(0,X)=0 and 7(s,X)=0, by definition. Finally, expanding the sec-
ond integrand in the last equation and collecting terms, we get
e 2ty o
0 ou, 7 oz
Taking in consideration that 5 is arbitrary and that E(t) >0 forall t,we
obtain equations (30), which concludes the proof. [

Theorem 3.2. The functions (U, Z) for which the functional 7 has stationary
values satisty the following evolutionary system:

uti:a_,)—i[' i:]_'...'m
op
z, = Q[pia—Hi—Hde (38)
op
o) :—a—ﬁ+ikﬂ— if ﬁdx, i=1---,m.
ou' dx au'Xk Q 0z

Proof From the previous theorem we know that the functions U = (ul, —e,u” ) ,
for which the functional z defined by the integro-differential Equation (29) has
an extremum, are solutions of the generalized Euler-Lagrange Equation (30):

oL _doL_d oL oL oL
Q

dx=0, i=1---,m.

: _ | =
ou' dtau; dx“oul, ou "oz
Define
piEa_L;! |:1,,m (39)
ou,

The implicit function theorem can now be invoked to show that the system of
m algebraic Equation (39) relating the variables p',t,x’,u’,u ,uiXk ,Z can (in
principle) be solved for the U; variables in terms of the variables

p't,x)ul, uiXk ,Z, provided the mxm Hessian matrix

2
6i_£| , il=1---,m
ou; ou,
is nonsingular, 7e. satisfies the Jacobian condition
a( pl,...’ pm)
—— *0.
o(uf, - u")

Now we define the function + by
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H(txu,pu,z)=2" plu! —L(txu,u,u,,2) (40)

which we name generalized Hamiltonian, where the variables U; are regarded as
functions of p*,---, p™,ut,---,u™ Ut o um z, X e X T
X X

Let us observe that

: e
2_:::2?1( 6_4+ pJ]GUt- +Ut|:ut', i:].,"',m. (41)

ou) ap

t

Performing the above change of variables from the ('[, XU, U, Uy, Z) variables
of the Lagrangian to the (t, X,u, p,u,, Z) variables of the Hamiltonian in the gen-

eralized Euler-Lagrange Equation (30) we obtain the evolutionary equation for
i

p:
i oH d oH
=——+

ir OH .
=t ————p'| =—dx, i=1---,m 42
P T ou', Pl oz (42)

Finally, expressing £ via #, P and aH/ dp', we obtain the evolutionary

equation for z, namely
i OH
Zt :J‘Q(p a—pl—HJdX (43)

To conclude the derivation, we observe that Equations (41)-(43) are the system
(38) which was sought. [

We observe that the evolutionary system (38) contains as a special case the gen-
eralized Hamiltonian system (1). This special case occurs when no “space varia-
bles” x'---x" are present in the described process.

Theorem 3.2 rigorously proves the equivalence of the newly introduces system
of evolution Equation (38) to the system (30) of second order PDEs with which
the nonconservative process is originally described!

In conclusion, we observe that

The evolutionary system (38) serves two purposes: first—it is uniquely suitable
for the description of nonconservative processes via an evolutionary system and
second— it provides a method for solution of the original generalized Euler-La-
grange equations of the process. A great deal of machinery is present for studying
evolutionary systems and that machinery now becomes available to tackle the
complicated and often formidable system of the generalized Euler-Lagrange equa-
tions (30).

4. Applications

In this section we demonstrate the usefulness of the evolutionary system (38) to
the description of nonconservative processes and how it is used to obtain exact
solutions of such nonconservative systems.

1) Propagation of plane waves in a medium with losses or gains

The first process which we like to describe with this system is the propagation

of waves with losses or gains. Consider the equation
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i?—iz@ b il =0, b=const, c=const,

ox- ¢ ot
which describes the propagation of plane waves in a medium with losses or gains.
In the case of sound waves with gasses ( (t, X) is the acoustic pressure of the gas
(the local deviation from ambient pressure) at the point X at time t, C is the
speed of the sound wave and b is the rate oflosses (b < 0 ) or gains (b > 0). This
equation does not have a variational description via the classical variational prin-
ciple, but can be described variationally with the variational principle proposed
by Georgieva, Guenther and Bodurov in [1]. This equation is the generalized Eu-
ler-Lagrange equation for the functional z[q(t,x)]| defined with the integro-

differential equation

O

where Q= [0, 00) and «a (X) is such that j x)dx = bc?. Let us describe this
process with the evolutionary system (38). Here the Lagrangian is

2 2
£:(6_q) —iz(a—q) +a(x)z.Define p with
OX c \at

o

p=——.
o,

The generalized Hamiltonian is

252

cp

1

H:pqt qx qu-i-a(X)Z:— 4 —qf-i—a(X)Z.
The evolutionary system (38) is

g = oH

it ap

z =J‘ pa_H_H dx=j (a_qu—ipﬁa(x)z dx

tode( U ap ellox) 4

67‘( 0 0H
= —dx_ -2q,, —bc’
=T T oxoa, Iﬂ O >

2) Propagation of electromagnetic waves in a conductive medium

The second nonconservative process which we like to describe with the evolu-
tionary system (38) is that of propagation of electromagnetic waves in a conduc-
tive medium.

Consider the equations
C’V’E-—-——=0 (44)

where E = (El, E2, E3) is the electric field vector, C is the velocity of the elec-
tromagnetic waves, o is the electrical conductivity and ¢ is the dielectric con-
stant of the medium. Exactly the same equation holds for the magnetic field vector
B= (Bl, B?, B3) . These equations describe the propagation of electromagnetic
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waves in a conductive medium and are direct consequence of the Maxwell’s equa-
tions in conjunction with the medium’s property equations J=cE and
p =0, where J= (Jl, J?, J3) is the current density and p is the charge den-
sity.

Equations (44) are the system of Euler-Lagrange equations (30) for the func-
tional z defined by Equation (29) with Lagrangian

cEE _EE a(X)z i,j=123
ox'ox! ot ot

—= J'Qa(x)d3x = const.

We define p with

The generalized Hamiltonian is
OB OE E e

H=pE -L=pE -c?——
P P oxloxl ot ot

a(x)z, i,j=12,3.
The evolutionary system (38) is

Ef:ﬁ, i=123
op

i OH ici g, 2 OE' OE' OE' OF'
Z, :jg(p a—pi—dex:fg[p E - p'E +cz—_—_———+a(x)zjdx

i_ OH 0 OH it JH
e ipwraer=ranil Ul Ml A 2
OB ox" OE, oz a(xk) £

3) The sine-Gordon equation
As a third example consider the one-dimensional nonconservative sine-Gordon

equation

o’u 1o°u  ou
—5 5 tKk—+sinu=0.
ox: Ve oot ot

There is no classical Lagrangian for this equation, because its Frechet derivative
is not self-adjoint. But it has a variational description with the generalized varia-
tional principle (29), (30), introduced in [1]. It is the Euler-Lagrange Equation

(30) for the variational functional z defined by (29) with

2 2
L :(6_uj _%(a_uj —2cosu+a(x)z.
OX ve\ ot

Here k and Vv are constants, V represents the velocity of the wave and «
is a differentiable function such that Iga(x)dx =kv?. Define p with

o

pzaul'

Then
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and the generalized Hamiltonian is

auY 1(ouY
H = pu, - +—| — | +2cosu—a(x)z
P (axj vz(atj @(x)

2 .2
:_v4p —uZ+2cosu-a(x)z

The evolutionary system (38) is
oH
U =—

op

I [pﬁ—dex
op
2
=L{pu pu, +(Z§) —Viz(gt—uj —Zcosu+a(x)szx=L}£dx

oH o0 0H 0
A WA —dx 2sinu—2—u,_ + pkv’
P ou  oxau, pIQ OX P

=-2u,, + pkv® +2sinu.

Problem. Carry out the above procedure, for deriving the evolutionary system,
to obtain the evolutionary system for the non-linear non-conservative Klein-Gor-
don equation.

4) The nonlinear Schrodinger equation with electromagnetic interactions

As alast example let us consider the nonlinear Schrodinger equation

o¥ o .Y . i
i— 0¥+ | ——i Y-G(YY x)¥-p-¥Y=0, B=const. (45

ot (axk A‘J ( ) p 2 p (#5)
for the wave function ‘i’(t, Xt X2, x3) with electromagnetic interaction and
losses or gains, where there is summation over k =1,2,3. Here

(CD(t, Xl,xz,xa), A(t,xl,xz,XS)) is the electromagnetic potential, G is a real-
valued function, and A= (Au A, A3) is the vector potential. The losses ( f>0)

or the gains ( S < 0) are represented with the term -/ %‘I’ . This equation does

not have a variational description via the classical variational principle, because
its Frechet derivative is not self-adjoint. Equation (45) has a variational descrip-
tion via the generalized variational principle (29), (30), introduced by Georgieva,
Guenther and Bodurov in [1]. The functional z of the argument functions ¥

and ¥ is defined by the integro-differential equation
j( ( (—+I(D‘Pj—£ai—l(b‘l’ j\{/j
ot
ok 2NN ) . s
_ﬂ{axk +iIA Y j(%—u/wj—r(\y ‘P,x)+a(x)zjd X

where the function « (X) is such that Iga(x)d3X:ﬁ and the function

(46)
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F(p, X) is such that G (p, X) = ar(p, X)/@p . Now that we have the generalized
Lagrangian £ (the integrand in Equation (46)) for the Schrodinger Equation
(45), we define p with

oL

oV

p

where the t -subscript denotes partial differentiation with respect to time. Then
p* is
o = oL

oY,

Now we define the generalized Hamiltonian function as

H :IE( P, - p‘P:)—lZ(‘I’* (¥, +iow)-(¥; —iCD‘P*)‘{f)

+u(86\>1<jk* +iAk‘P*J(2TLI:_iA“\PJ+F(‘P*\P’X)_“(X)Z

The evolutionary system is

v {ﬂ(%) J
op op

oH .OH 3
z, :Iﬂ(pa_er p P —dex:jgﬁd X (47)
p —_a_H+i oH -p a_de—[ﬂ+Lj_Lp
CooY xov, ear 2) 27"

The equation for p inthe system (47) is alinear PDE and is immediately solv-
able with the method of characteristics!

In these applications we demonstrated how the generalized Hamiltonian sys-
tem (38) which this paper introduces can be used to successfully simplify and in
many cases solve the otherwise formidable generalized Euler-Lagrange equations
(30) for a nonconservative process with several independent variables. Useful ref-

erences which treat the matters discussed in the present paper are [16]-[21].
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