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QMO

Abstract

In this paper, a class of Choquard equation with Hardy potential in the whole
space R" will be considered, where the parameters p, q and « in the

convolution-nonlinearity term are under a suitable range. Without the hy-
pothesis of pointwise decay estimates for solutions, the symmetry of positive

solutions in Dl'Z(RN )mC(RN \{0}) to such an equation is obtained via

some subtle integral estimates and moving plane techniques.
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1. Introduction

The following Schrédinger equation with convolution nonlinearity

PO gy 1w,

—Au(x)+V (x)u(x)= J.]RN|X e (1)
where O0<a <N with V>0 as usual, is called as Choquard equation. The
Choquard equation, as a significant class of nonlinear partial differential equa-
tions, plays a crucial role in self-gravitational quantum field theory. It can charac-
terize some special physical phenomena, such as interactions among particles.
When the potential function V is singular, the Equation (1) involving singular
potential can simulate singular interactions of the motions of particles in an envi-
ronment with a singular potential field. That is one of reasons why such Schro-
dinger equations containing such potentials in R" have been paid great atten-

tion by many scholars in recent years.
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When F(t)=t" and f(t)=t, Moroz and Van Schaftingen [1] respectively

discussed existence, nonexistence and sharp decay estimates of super-solutions to
(1) in exterior domain with four different types of potentials: unperturbed Lapla-

cian V(x)=0, fast decay potentials V(X)=ﬁ with 1eR and y>2,
X

2
Vz_[N—2)
2 )

M

Hardy potentials V (X)= with v >0 and slow decay potentials

2
V(x)==— with 2eR and y<2. As for symmetry results involving such

X
Choquard-type nonlinearity, it should be noted that Le [2] established the classi-
fication of solutions to the integral equation

u®(y) u(z) N
u(x)=1_, N —dzdy, xeR",
( ) J.]R |X_y|Nfa.|‘R |y—z|N B y €

where O0<a,f<N and p+qg= w , by the method of moving planes

in integral form.

For V (X) = K(X)—# with K>0 and v >0, Zhu and Tang [3] consid-
X
ered existence and asymptotic behavior of solutions for (1) by virtue of variational
methods and some analysis techniques. And analogous cases may be seen in [4]
[5]. Moreover, Guo and Tang [6] addressed the indefinite case in which K is 1-
periodic.
As a — 0, the Equation (1) degenerates to
—Au(x)+V (x)u(x) = f(u(x)). )
There are many noted works involving so-called Hardy-type potentials in the

Whole space R" . For instance, the study on entire solutions for (2) with

h(x
V(x)=- ( 2) has been concerned for a long time. Based on variational method
X

for minimizing problems together with sophisticated versions of the moving
plane technique, Terracini [7] derived different results concerning positive solu-
tions of (2), where heC* (SN"l,R) , N>3,and f isa super-linear function.
The author first proved there is no any positive solution in D"? (RN ) , provided
that f >0 and the first eigenvalue of the associated linear problem is non-
positive. And it was shown that there can be solutions in D"? (RN )ﬁ L? ifand

onlyif p=2" as f(x,u)=uP" and there is a positive solution u ¢ D** (RN )
which is homogeneous of degree —NT_Z. For the case of h=constant <0, it

was proved that there is a constant € <0 such thatif h<c there are two posi-
tive solutions in D"? (]RN ), where one is radially symmetric and another is not.
Felli and Pistoia [8] used the perturbation methods to obtain the singular or blowing-

up solutions for the critical case about the Equation (2). For the power-nonlinearity
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case, Cirstea and Farcaseanu [9] studied the existence and non-existence, uniqueness

and non-uniqueness and the behaviors near zero or at infinity of solutions in

N o (N-2)’ e
R \{0} when h=u with pe O,T and f——|X| u with >0

whose parameters are under distinct ranges. When h=ue [0,(N —2)2/4) ,

Chen and Zou [10] founded the existence and symmetry results of the doubly
critical Schédinger system. Kang [11] studied the existence of radial solutions for
elliptic systems involving critical power-nonlinearity. And Esposito, Lopez-So-
riano, and Sciunzi [12] completed the classification of positive solutions for such
systems with the singular-critical power nonlinearity by a suitable version of mov-
ing plane method. The case of normalized solutions can be found in [13] and ref-
erences therein. Such Schrodinger-Hardy equations were also discussed in [3]
[14]-[16] about the case involving nonlinearities satisfying Berestycki-Lions type
conditions.

In addition, when V (x) serves as a generalization of Hardy-type potentials,
there are many noted works arising from (2). Felli [17] dealt with the critical case

" ( X—a, )

. . K |X B ai| . 1{@N-1

with potential term formed .Z;‘—|x " |2 with h eC (S ) and proved the

existence of positive solutions by means of minimizing the associated Rayleigh
quotient. Franca and Sfecci [18] studied the corresponding dynamical systems of
(2) in the case where f isradialand h isradial function with different sign on
the interior and exterior of a ball by applying to the Fowler transformation.

The aim of this paper is to study the symmetry of solutions to the following
Schroédinger equation involving Hardy potential and Choquard-type nonlinearity,

as one of special cases of (1),
H _ up(y) q N
—Au(x)-—-5u(x) = J}RNﬁdy ut(x), xeR“\{0},
X x|
u(x)>0, x e R" \{0},

3)

N-2

2
where O0<a <2, N23 and O<pu <( j . And the pair of parameters

(p,q) lies in the set

{(p,q)e]R2 q>1, p+qzw}.

N-2

Clearly, the set is a part of a ray in 2-dimensional plane, which lies in a region
where allow the subsolution of (3) exists, see [1].

It should be pointed out that this is the first time the moving plane method has
been applied to address partial differential equations involving convolution-non-
linear term in weak or integral sense, in order to obtain the symmetry and mono-

tonicity of solutions. Indeed, many noted works about Choquard-type equations
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involving such singular potentials like Hardy potentialsin R" focus only on ex-
istence or non-existence of solutions. Especially, there are no optimal existence
results about equation (3) under different ranges of parameters p,  « and
M , albeit with the fact that there are partial results discussed in [1]. However,
this paper only concentrates on the behavior (more explicitly, symmetry) of so-
lutions under suitable range of those parameters. That is, althogh the range of
(a, 1, p,q) in this paper is not optimal for the existence result of solutions, it is
sharp for the symmetry result of solutions about (p,q) as (3) possesses a posi-
tive solution in D**(R).

And this work is motivated by the study of symmetry of solutions in the works
above, particularly the spirit of [7] which was faced with the same issue that all of
difficulties resulting from the lack of the C'-regularity of some possible solutions
force one to replace the pointwise decay estimates on the equation itself by integral
estimates as well as make the moving plane procedure work in weak or distribu-
tional sense. However, when dealing with the symmetric property, one prefer con-
structing suitable test functions in the concrete calculations rather than making
Kelvin transform as [7] to get rid of the decay hypothesis on solutions at the in-
finity, since such transform would make the calculations more complex and add
more extra assumptions on the integrablility of solutions in the presence of con-
volution nonlinearity. Furthermore, the equation cannot be reduced to ordinary
differential equations like [7]. So it is hard in this paper to directly derive the sym-
metry results unless combining necessary integral estimates about the convolution
term and moving plane technique briefly mentioned in [7]. It is also necessary for
the application of strong maximum principle about weak solutions. Meanwhile,
in order to circumvent the possible impact on the singularity of origin and infinity
point, some standard cutoff functions in analysis will be also utilized subtly.

And the main result is as below.
2
(N-2)
Theorem 1. Let N >3, a€(0,2) and ue O,T . Andlet (p,q)

satisfiy >1 with p+q= N+2a+2 . Suppose that

N-2
ueD™? (RN )r\ C (RN \{O}) be a solution to (3), no matter whether u is singu-
lar at the origin or not. Then it follows that u is symmetric with respect to the
hyperplane {X eR":x = 0} and increasing in the X, -direction in {x <0} .
Further, if u isof C*, we have

u, >0 in {x <0}.

In particular, the solution is radial and radially decreasing about the origin.

Remark. As is known that moving plane technique firstly proposed by Ax-
elander [19] and Serrin [20] and subsequently developed by many others, see e.g.
Sciunzi for [21] and Chen and Li for [22], etc. In addition, unfortunately, there is
no any available approach to address the case of 2<a <N due to the deficiency
of the analysis techniques used in this paper and therefore it is still open for this
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case.

The organizations in this paper are as follows. Some notations and preliminary
results are stated in section 2 while the proof of main results are arranged in sec-
tion 3. Moreover, the whole paper always denotes C(-) or C(,) by any constant
whose value may be distinct from line to line, and, as for (), only the related

dependence is specified in what follows.

2. Notations and Preliminary Results

In this section, some useful preliminary results will be given as below. To begin
with, for any fixed 4eR, to set

T, ={XERN :x1</1},
R,(0):=0, =(24,0,---,0).

And the reflection of a point x € R" though the hyperplane T, ={x, =1}
isdefinedby x, and R, denotes by the reflection operator with respectto T,.
In other words, the change of the parameter A corresponds to the movement of

the plane T, . In the meantime,
U, (X)=u(x,)=u(22 =%, %+, Xy ).

Owing to the lack of decay estimates of solutions to (3), it is necessary to find a
function to “cut off” the infinity to ensure that integral estimates mentioned below
make sense. And note that the solution u has no definition at the point zero,
which makes it possible for 0, to be a non-removable singular point of uj, .
Hence, we must also truncate any small neighborhood of this possible isolated
singularity so as to make the following estimates meaningful.

It is easy to see that there exist ¢/ € C” (]RN \{0, }) satisfying

(i) ¢/ =1 on RV\B} and ¢’ =0 on R"\B/,
where B/ ::{XG]RN |dist(01,x)<g};

(ii) OSgofSl on RV;

(iii) @’ er'w(RN);

@) [ou
and ¢ ng‘l(RN \{Ol}) satisfying.

(i) ¢, =0 on R“\B,, and ¢, =1 on R“\B,,
where By Z:{XGRN |diSt(Ol,X)< R};

(i) 0<¢z <1 on RY;

212
VoI| dx<¢

2
(iii) |V¢R|<E.
Here ¢ is arbitrary sufficient small positive number and R >0 is any large
number as well asboth ¢ >0 and R >0 are independent with each other.
For convenience, Hardy’s and Hardy-Littlewood-Sobolev inequalities respec-

tively are as follows.
Lemma 2. (Hardy’s inequality) ([8] [23] [Lemma 1.1]) If ue D2 (RN ), then
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|uy|e L (RN) and

Cyf v —zdx <[ |Vuf dx,

2
N2
B

N-2Y
where C, = (TJ is optimal and not attained.

Lemma 3. (The (weighted) Hardy-Littlewood-Sobolev inequality) ([24] [25])
Let 1<t,r<+o, O<pu<N and a+f20 satisfying O<a+f+u<N.As-
sume that f el (RN) and gel’ (RN ) , then there exists a positive constant
C(t,r,a,f,u,N) not depending on f and ¢ such that

Jo o

latfru_o5 g1l s a4 1

N tNN

And the reader can refer [26] [27] and the references therein for more explicit

)ﬂdXdySC(t,r,auBuu’N)"f”t"g"r’
X |X yl Y]

where %+

details about cut-off functions.
Wesay ue D" (R"\)NC(R"\{0}) solves (3)if u fulfills

J.RN Vquodx—leN #U(odx = J-RN v(x)ulpdx, YoeCy (RN \{0}) (4)

u (y)

|X— y|N7a dy and the parameters «,p and ( are supposed

where V(X) = IRN
as mentioned in the introduction.

3. Main Results and Their Proofs

In this section, the proof of the main result will be shown later. Firstly, note that
e D" (RN )mC(RN \{Ox}) is the solution of

u, (x)e(x)dx— 0 () p(x)dx
JRNM Do) o 0 ()0 0 B
—I ) (x)dx

for any test function go(x) eC/ (RN \{0, }) .
Lemma 4. Under the assumption of Theorem 1, for 4 <0, we have that

e fase(mem e Mo ) ©

where W' i=max{w,0}, O* = {x :dist(R, (0),x) < %} . Apparently,

(u-u, ); Zs, € D+ (RN) for any 4<0. Here y, is the characteristic func-
tion of set X, .

Remark. The auxiliary set O* proposed in the term ||u ) in the formula

"L”(N

(6) is not necessary, unless 0 is a non-removable singular point of u . In addition,
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A
without loss of generality, we may assume 2¢ < % for simplicity, anyway.

Proof. For A1<0, without loss of generality, we simplistically denote by
@, =@, in the subsequent statements.

Define ¢ = (u -u, )+ P’ X, - By the density argument, one can plug ¢ asa
test function into (4) and (5), after subtracting (5) from (4), we have

I::_[ ‘V u—uﬁ) ‘ P phdx

:_2.[ V%(u u/l) %%{dx
-2 v ) Vor (u-u,) ¢l pgdx
(7)
+J.zl[#u(x)_ﬁui(xﬂ(u_ui) (DR(PZdX
g

# 1, (V00" (0 =v(x, )us (x))(u-u, )" oiplex
=L +L+1+1,.
In order to get the summability of V(u -u, )+ X, in 12 (RN ) it suffices to

estimate 1,1,,1; and 1, term by term. First, via Young’s and Hoélder’s ine-

qualities, we have

I, L V(u-u,) Vg, (u-u,)’ ¢€¢§dx‘

2

=2

V(u-u,)

u* Vo, | pldx

9L prdx+ g 5B \57)

= 5..'24 (85 \BZ )

1, 2 2
S5|+§||U"Lm(82/:).|‘8245|v¢75 dx

<51 +£g||u||2ch o

<5l +||u||

L 0’
for ¢ small enough with &< min {5 ,|/1| /4} , where we used the fact that

0<(u-u,) <u and Bj,cO*. And & is a fixed number between 0 and

2
w.mkewise,
2(N—2)
1 2 2
2 2" N N
||2|s(s|+g(ijZR\BR)u dx) (IBZR\BR|V‘/’R| dx) .
Since

2V (2N —1
J.BZR\BR |V¢R|N dXS(ZN/RN )|BZR \ BR| =(—)

o= o1+ (N)lullz o,

It follows from Hardy’s inequality that
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At last, we estimate |,, being similar to the calculation as above.
L= [, (vO)u® (%) =v(x, Jui (x))(u-u,)" preldx
= [, v (%) (u" (%) ~u3 (x))(u-u;)" prgldx

*l, ut (x)(v(x)-v(x,))(u-u,)" pheldx

=y, +1,,.

Write X = {X eX, lu(x)>u, (X)} , and the Lagrange mean value theorem
yields that

U (x)=u (x) =gt (x)(u—-u, ) (x) < qu*™ (x)(u-u, )(x)

forfixed x eX},where &, isanumberdependingonlyon x between u and
u, . By virtue of Hardy-Littlewood-Sobolev (short for HLS) inequality, we have

<l { fh%ﬁmdy]u“(x)[(u —u,)' T (x)eierox

|x
uP y +uf y +

< qj.zl [IEAWWJUQ Tdx

<qC(a,N )(”u o el (Zl)jllull‘ﬂ?(zl)

s qC (0(, N )"u"fz'(RN) "U qLZtl(Zl) '
Next, set

A= {(x, y)eZl xX, |(u—U4)+(Y)<(U_U/1)+(X)}
and
AC = 21 XZA \A

Since

v(x)-v(x,)
S e

|X— y|N a _|Xl _ y|N—a

similar to the estimate of 1,, by mean value theorem, HLS inequality and
Holder’s inequality, then we have
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|X—y|
< pIAu" (y)uq(x)[(l,: aui) ] (X)dxdy
[x=y]
oo, SO TO)
x=y]|
<pf, . v 1(y)uq(x)[(r;uﬂ) J (X)dxdy
o x-y]|
ol - l<v>uﬁ(x>[(z;m ) gy
o x-y|
<pcfan)([,o7e) | (0w [
+ pC(a,N)(L]’uz*dX)zq' Ll up_l[(u_uz)ﬂz mdx

<2pC(aN)Jul7i""

Summing up all estimates of 1,,1,,1, and 1, above, we get

1 <281 +]uff o+ C (Nl

4
+(N_'u2)2 J'ZA V(u-u,) ‘ dx+C(a N ||u||L2 . j

Using Lebesgue’s dominated convergence theorem to take the limit on the

right-hand side (and Fatou’s lemma on the left-hand side), it yields that

(1-20)[. [v(u-u,)| dx<(1-26) lim 1
A 0"
R+
4
S(N—ﬂz)z L; V(u-u,) ‘ dx+C(a N, ull. (o )

Namely,

412
v(o-u,) [ sl ol o ol o )

L,

This completes the proof.

With the above lemma, we give the next lemma, which makes sure the moving
plane can start from negative infinity along X, -axis.

Lemma 5. Under the assumption of lemma 4, for any A<0 with |/1| suffi-

ciently large, we have
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A=,
where
A={A<0Ju<uy inZ \{0}, Vte(-w,A]}.
Proof. Analogous to the proof in the Lemma 4, taking the same test function
¢ . We give more explicit estimates for 1,1,,1; and 1,. At first, for |, and
(N—-2)" +4u

I,, choosing the parameter & = 5
4(N-2)" +4u]

, then Young’s and Hélder’s in-

equalities yields that
1
NEX) +g||u||ﬁw(8§é_) Jig V0. o o
8
1
<81+ —zfulior)
and
1 2 2
2" 4|2 N N
|IZ|S5I +E(L;.“(32R\BR)U dX) (IBZR\BR|V¢R| dX) (9)

<81+ C(N)[ulls s, -

(B2r\BR)) ’
And uel? (RN) implies

5
.[Zlm(BZR\BR)|u| dx -0

as R — +oo due to the decay property of Lebesgue’s integral. Next, by virtue of

Hardy’s inequality, we get

u(x)-u, (%)
2

X

[(w-u,) T (0

5 Qf(pédx (10)

ly<uf (u-u,)" (x)p’phdx

=uf,,

while

‘V[(u—u/1 )+ %%}

2 +2 . 2
=[V(u-u) | oigk+[(u-u) ] (EIVa.l +oivei)

+2V(u-u,) Vo, (u-u,) 9,0

+2V(u—ul)+ Voq (U_Ux)+ P20q
4 2

+2Vo,V o, [(U—Uﬂ) } PRP

Thus, putting it into (10), it follows that

Au
= (N —2)2 {I +-[2m(52ﬂ.\53)u2 |V%

2 2 2
dx + RN |V g | dx

(11)

+|I1|+|I2|+2.[ZA((u—u1)+ Vo, (pg)((u—ul)+|V¢)R|¢)R)dx}.
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Write the last term in the curly bracesas J, ; as below, ie.

Jow=2f ((u=u) [Ve,le,)((u=u) [V e

*dx + )u2|V¢R|Z dx

2, N(Br\Br

2 dx)

)u2|V(pg

<]
s, m(zsz’; \B2

<[l o) (o,

2 2
* Tx N —
+(J'7:Aﬁ(BzR\BR)UZ dX)2 (J.BZR\BR|V¢R| dX)N

<ol o+ SN,

Vo,

2;0(Bar\BR))’

Let (8, R) - (0+ , +OO) as mentioned above, and taking the double limit, it fol-
lows that J, . — 0. Moreover, the second and third term in the curly braces are
both infinitesimals as & — 0" and R — +o, respectively. Indeed, we have the
estimates as before:

2

Vel des aullon

.[ s, m(BZ{: \B}
and

Vo ax (Nl

J‘Z;LN(BZR\BR (Bar\Br)) '

where C(N) isa constant depending only on dimension N . Up to now, there
is still term 1, left. Based on the estimates for I,, and I,, in the preceding

lemma, together with the Sobolev’s embedding theorem, we have

l,,<q g (Ll %{:i{(y)dy}“ (x)[(u -u, )+ T (x)¢§gp€2dx

[x=

<qC(a, N)(”U EZ*(El) +u Ez*(]RN)J
q+1
2 i ’
. +1
S O e
<qC (O!, N )[”u":}(zﬂ) +||u"|’j2*(RN)J .

2

S L:l 4 2" 2
X(-[EszR u? dX) 2 [J‘ziﬂBzR [(u _ua) J dXJ
asic(an)jl,, bl |

_ NE
it (£ (e-u) T o)

where S is the Sobolev embedding constant from D" (RN) to L2 (RN).

Likewise, we have
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q+2

2 2

2|q+2

dx

uq[(u—ul)ﬂ

l,, <pC(a,N) (.[ u dY)le[_[zi

p+1
2 7

+pC(a, N)(J'ZA uz*dx)zq* (Ll utt [(u —u, )+T o dx} (13)

Z
<2pC(e,N ||u||p+q N [Li[(u—ul)jz dez
2
(u—ul)+‘ dx).

Inserting (8)-(13) into (7) and making it up, then we deduce that

4u < + 4p + elulf., ..
{1_W]|_2[1 (N_2)2]5| C (kN &l (o)

2

CUL ST
2, 0(Byr\BR)
rac (M)l oIl

it (17
N

+2pC(a,

<2ps°C (N (1,

(u-uy) dx)
sl (1,

4
S[“W]& +C (Nl o) &+ C (NI 5, ey

(14)

(u—uﬁfdxj

2 P g
+{C(a,N)S {(ZDW)IIUIIL;M+q||“||Lz*(R~)}
= + 2
Bl (1, tou o)

Employing Fatou’s lemma again, it follows (14) that

k.,

V(u-u,)

2
bz 20 ()5 2 allll, wall |

B 2
* "u"iflm ) J, ‘v (u-u)

Note that q>1 and "u"LZ*(Zl) —0 as |/1| — 400 with 41<0. As a result,

there exists M >1 such that for A <—M , it holds that

2C (,U,a: N)SZ ( p+q)"u"r_)2*(RN) "u|q|_;1(z;) <12
This means that

J‘EA‘V(U—UAY‘Z dx=0
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for any A<-M . Namely, (u—u, )+ =constant . Observe that u=u, on T,,
so u<u, forany A<—-M due to the continuity. This is as desired.

Before the proof of the main result, we give a weaker version of strong compar-
ison principle whose proof is similar to the classical strong maximum principle
for elliptic equations or inequalities with divergence structure.

Lemma 6. Let  be a weakly superharmonic function in X, \{0,}.If
we DY (224 ) is continuous over ¥,\{0,}, then either ®>0 in Z,\{0,}
or =0 in $,\{0,}.

Proof:Since >0 in £,\{0,},if @>0 in X,\{0,}, we have done. Oth-

erwise, setting
2 ={xex,\{0,}|o(x)=0}

and it means ¥ # . Thus, it suffices to prove that ¥/ =%,\{0,}. And o
weakly solves the following differential inequality

-Aw>0 in £,\{0,}.
That is, for any nonnegative ¢(x)e C;® (ZIi \{0, }) , it holds
Iz VoV pdx > 0.
A

On the other hand, note that ¥, is relatively closed to X, \{0} due to the
continuity of w.Let X, €%’ with p>0 small enough satisfying
B,,(%)<=X,\{0,}, then

>
J‘BAP(XO)Va)VgodX >0

for any nonnegative ¢ €C (B4 , (XU)). So  restricted to B,,(X,) is also a
weak superharmonic function in B, (x,). And
we D? (B4p (X )) =H;, (B4p (% )) is still nonnegative with a minimum point
X, - Whence, it follows from the weak Harnack inequality [[28], Lemma 2.113] (in
the caseof p=2 and g=a=c=1) that
1 .
_stp(XO)w(xo)dx < C(N)BLI'(]IO)CO =C(N)w(x)=0,

which implies that @(x)=0 in B,(x,) and thus B,(x,)c ). Thatis, X,
is a interior point of X; . Consequently, X’ is also open. Concluding all above,
3, =%,\{0,} andthereby @=0 in X,\{0,}. This accomplishes the proof of
the lemma.

With crucial lemmas all above at hand, next, we take up proving Theorem 1
with moving the hyperplane T, from negative infinity along the X, -axis.

Proof of Theorem 1. Now, we take up the proof of Theorem 1. And it is split
into three steps.

Stepl: We have u<u, in X, for A<0 with |ﬂ| large enough, which
contributes to Lemma 5.

Thus, define

Ay =SUPA,
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where
A={A<0]u<u, in 2, \{0,} forallt & (o, A]}.

Step2: We assert that A, =0. Arguing by contradiction and assume that
Ay <0. By the continuity, we see that u<u, in X, \{020 } . Note that

v(x%)—V(X)=f%(ug(y)—u”(y)) |X 1y|”"_|x—$|“" dy >0
.
and
_ Up U
IZMV(U_UAD)V¢dX_ﬂjZm |X%|2 |X|2 ¢dx

 [v0s) w00 Jus, (o
+J‘%v(x)(ujO (x)—u® (x))(p(x)dx
>0
for any nonnegative geC; (X, \{0, }). It suffices to take @=u, —u , via
Lemma 6, then we immediately deduce that u<u, in £, \{0, | as u#u, .

Indeed, u would be undefinedat 0, €X, aslongas u=u, ,whichisacon-

tradiction. Now, we manage to obtain the contradictory conclusion resulting from
the fact that there exists some small 7 >0 such that, for any 7 e[4;,4,+7 ], it

holds u<u, . in X, \{O /10} whenever A, <0 . Actually, for arbitrary

5>0, there are 7, =7,(y,4)>0 and a compact set K (depending on y
and 4,) so that I u” dx<Z and Kcx,\{0,} forevery
Zio\K 2
A €[y, Ay +1,]. Define g(x,4):=u(x)—u(x,) on the compact
K x[4,A+7,]. So it follows that K c X \{Oﬂow} and u<u,  forany

re€[0,7,] withsome 7, =7,(y,4,)e(0,7,). Also, we can assume that

Aol

7, <= Since uel®|X and I u? dx <2, we assert that there is
2= g o 2

ol

7e(0,7,) such that

.[ uwdx< L,
Ao+7\Zy 2

and thereby .[} « u? dx < y forall Ae[Z,, 4 +7].Next, we repeat the proof of
Lemma 5 but using test function
p=(u-u,..) O20ixs, .-

Hence, after recovering the first and last inequalities in (14), forany 0<7<7,
we have
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+ 2
J.ZAAOH\K V(u _UAOH) dx
<2C(u, e, N)S{(ZDN)HU EZ*(&) +qu i’z*(RNJ (15)
71 . 2
X”u iz*(zi.gﬁ\K) '[Z/0+1\K V(u _u%+f) dX.

Since (u —u%”)+ and V(u U ., )+ both vanish in a neighborhood of K,

via the previous construction. Now, fix
1

LZ*(R”J ’

Wt <i vosc<r
2 1 ) <2

y<{8(p+q)C(y,a,N)Sz||u
then

4C (u,a,N)S* (p+q)|u

p
12

2
dx=0 for every

combining with (15), we deduce .[E » V(u U, .. )+

Jo+r
V(u-us..)

means that u<u, . in X, \{O %H} , which demonstrates the claim of step 2.

2
0<7<7.Hence, I dx=0 forevery r€[0,7),and it

Eﬂow

Step3. Conclusion. Similar to the step 1 and step 2, we may define

/~\::{/T>O|u2ut foranyte[i,+oo)}

and
Jo =inf A.
Simultaneously, we consider another test function y = (u ; —u)+ 00} Xs >
~ ~ A
where X = {x1 > l} . Continuing the proceeding procedure, we see which u is
increasing along X -direction in {x <0} and symmetry with respect to
{¥, =0} . This completes the proof of Theorem 1.l

Remark. Actually, since in R" the x, -axis is a direction that can be taken
arbitrarily in the proof, we may get the radial symmetry of solutions.

4. Conclusions and Suggestions

The symmetry and monotonicity with respect to the plane

{(X1 Xpu0ee Xy ) 1% = 0} of solutions to a class of Choquard with Hardy potential
is derived in this paper via applying the moving plane method. The key is to com-
pare the size between solution u and its reflection u, with respect to hyper-
plane T,.Bymoving T, to thelimit positionto get u=u,, weprove A must
be zero as the limit position is reached, Z.e. T, must stop at the position of T,.
We can get the opposite monotonicity of the solution towards to opposite direc-
tion along the according coordinate axis, thereby resulting in the symmetry of the
solution. That is the idea of the moving plane technique. Of cause, there are two

many mathematical techniques to deal with the problem in this paper which are
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partly distinct from others’ works introduced in the introduction.

As mentioned in the introduction, if there exists a solution of this class of
Choquard equation within the range of parameters assumed in this paper, it must
be symmetric about some hyperplane throughout the oringin point. And there are
still some interesting open problems for further investigations in Mathematics or
Physics. For instance, as for the case that potentials V is nonnegative and
g = p—1, the physicial explanations can be found in [29]. However, is there any
physical significance about (p,q) in such Choquard-type equations with Hardy
potential ? In Mathematics, can the symmetry results be generalized to the system
coupled by over two Choquard-type equations with Hardy potentials in different
domains including R" ? When (p,q) does not belong to the set mentioned in
the introduction, is there any symmetric positive solution to the equation?
Namely, more difficultly, what is the sharp range of (p,q) for such problems?

Thess points are quite fascinating in both Mathematics and Physics.
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