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Abstract 
In the present paper, we study the finite time domain dynamics of a scalar field 
interacting with external sources. We expand both the scalar field and the cor-
responding Hamiltonian in annihilation and creation operators and evaluate 
the relevant path integral. So, we get the Green function within a finite time in-
terval. We apply the solution to the relevant Cauchy problem and further, 
we study the dynamics of scalar fields coupled with electromagnetic fields via 
perturbative methods. 
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1. Introduction 

Quantum field theory constitutes a large area of physics with a variety of uses [1]-
[5]. It deals with the properties of the various particles and fields. Here, we aim to 
consider analytic techniques for their finite time evolution as opposed to methods 
such as the numerical simulations of the dynamic equations [6] [7] or the use of 
lattice quantum field theory [5]. For previous analytic attempts, see, for example, 
[8]. Under appropriate preparations, finite time methods may be of value in the 
prediction of corresponding finite time results and effects in various systems con-
trasted, for instance, with asymptotic scattering theories. 

In the present paper, we consider scalar fields [9]-[11] in a finite time domain 
and develop path integral methods for their dynamics. We start from the corre-
sponding Lagrangian and Hamiltonian densities, decompose the scalar fields in 
expressions with annihilation and creation operators and evaluate their relevant 
path integral [12] [13]. In that way, we can extract the relevant Green function if 
we consider vacuum-to-vacuum transitions. It describes completely the whole dy-
namical system. We use it in the solution of the relevant Cauchy problem and further 
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in their finite time propagation in spacetime. We study dimensions two, three and 
four. We suppose them to be coupled with electromagnetic fields and, more par-
ticularly, plane waves. We develop and apply perturbative techniques with respect 
to those electromagnetic fields. From the derived expressions, we can obtain results 
on the scalar fields’ current densities. 

The present paper proceeds as follows. In Section 2, we describe the present 
scalar field systems, decompose them in annihilation and creation operators, de-
rive the Hamiltonian in a form with annihilation and creation operators and eval-
uate the relevant path integral in a finite time interval to obtain the transition am-
plitudes between coherent and more particularly vacuum states. Then, in Section 
3, we use these results to evaluate the Green functions in an integral or series form 
for certain spacetime dimensions. In Section 4, we use those Green functions to 
solve the Cauchy problem for the present finite time domain Klein-Gordon equa-
tion. Then, in Section 5, we consider scalar fields, obeying the Klein-Gordon equa-
tion within a finite time interval and coupled with weak classical electromagnetic 
fields. We derive their time evolution via using, on the one hand, the obtained Green 
function and, on the other, perturbation theory with respect to the electromagnetic 
field. Finally, in Section 6, we give our conclusions. 

Throughout the paper we use a Minkowski metric with signature 
1

(1, 1, , 1)
d−

− −



, 

where d  is the spacetime dimension. Moreover, we set 1c = = . Then, 
2 1

137
e α=  , where α  is the fine structure constant. In our expressions, we 

maintain the mass symbol m  for clarity. The scalar particle’s rest energy is 2mc  

and the units of length, time and energy are 
2

2me
 , 

3

4me
  and 

4

2
me


 respectively. 

2. System Hamiltonian and Path Integration 

We intend to study a real scalar field ϕ  of mass m  coupled to a current J  in a 
d -dimensional spacetime. Let it have Lagrangian 

 ( )
2

2 21
2 2

mL Jϕ ϕ ϕ= ∂ − +   (1) 

and corresponding classical action 

 ( )
2

21 2
0

1( , ) d d
2 2

d mI J x Jϕ τ ϕ ϕ ϕ−  
= ∂ − + 

 
∫ ∫   (2) 

Then, according to variational considerations, it obeys the equation  

 ( )2m Jϕ+ =   (3) 

where 


 is the d’Alembert operator. The corresponding homogeneous equation 
is the Klein-Gordon equation. We intend to confront the whole problem via path 
integral methods. Its quantum Hamiltonian has the form 

 ( )
2

21 2 21 1d
2 2 2

d mH x Jπ ϕ ϕ ϕ−  
= + ∇ + − 

 
∫    (4) 
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where π  is the conjugate momentum. It describes an assembly of quantum os-
cillators coupled to external forces. 

π  and ϕ  must satisfy equal-time canonical commutation relations, 

 ( ) ( ) ( ) ( )1, , , dt t iϕ π δ −= −  x y x y   (5) 

 ( ) ( ) ( ) ( ), , , , , , 0t t t tπ π ϕ ϕ= =      x y x y    (6) 

We decompose the fields in annihilation and creation operator components  

 ( ) ( ) ( )d e ei ik a aϕ ⋅ + − ⋅ = + ∫ k x k xx k k   (7) 

 ( ) ( ) ( )d e ei ii k a aπ ω ⋅ + − ⋅ = − − ∫ k x k x
kx k k    (8) 

where 

 
( )

1

1
dd

2 2

d

d
kk
ω

−

−=
π k

   (9) 

 2 2mω = +k k   (10) 

In order commutation relations (5) and (6) to be obeyed, a  and a+  must obey 

 ( ) ( ) ( ) ( ) ( )1 1, 2 2d da a ω δ− −+ ′ ′= π −  kk k k k    (11) 

 ( ) ( ) ( ) ( ), , 0a a a a+ + ′ ′= =    k k k k    (12) 

Now, on substituting expressions (7) and (8) in the Hamiltonian (4), we obtain 
the following diagonal expression for the present system’s Hamiltonian, up to a 
constant which in fact is cancelled in Equation (23)  

 ( ) ( ) ( ) ( ) ( ) ( )d , ,kH k a a f t a f t aω + + ∗ = − − ∫ k k k k k k

    (13) 

We have set 

 ( ) ( )1, d e ,d if t x J t− − ⋅= ∫ k xk x    (14) 

The Hamiltonian (13) is diagonal with respect k  and therefore on path inte-
grating its diagonal terms, we easily obtain the coherent states propagator 

 

( ) ( )( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )

, ; , ;

exp d e

d e , , e

1 d d , e ,
2

f i

f
f i

i

f f

i i

f f i i

i t t
f i

t
i t t i t t

f i
t

t t
i t t

t t

U z t z t J

k z z

i t z f t f t z

t t f t f t

ω

ω ω

ω

∗

− −∗

− − − −∗ ∗

′− −∗

 =  
 

+ +

′ ′− 


∫

∫

∫ ∫



k

k k

k

k k

k k

k k k k

k k

   (15) 

To get the final form of the coherent state’s evolution amplitude, we integrate 
diagonally [12] [13], i.e. 
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( ) ( )( )
( ) ( ) ( ) ( ) ( )( ) ( ) ( )

0

2

, ; , ;

d
, ; , ;

f i

f i
k

U t t J

z
z U z t z t J z

ζ η

ζ η

∗

∗ 
   =      π 

∏ ∏ ∏∫
k k

k k

k
k k k k k k



 (16)  

So, since 

 ( ) ( ) ( ) ( ) ( ) ( )2 21 1exp |
2 2

z z zζ ζ ζ ∗ = − − +  
k k k k k k    (17) 

and  

 ( ) ( ) ( ) ( ) ( ) ( )2 21 1exp
2 2

z z zη η η∗ = − − +  
k k k k k k   (18) 

we get 

 

( ) ( )( )

( ) ( ) ( ) ( )
( )

( )( )
( ) ( ) ( ) ( )

( ) ( ) ( )

0

2 2

, ; , ;

1 1exp d ln 1 e
2 2 1 e

e ed , ,
e e e e

, , , , , , d d

f i

f i

f

f fi i
i

f

i i

f i

i t t

i t t

t i t i t

i t i ti t i t
t

t t

f i
t t

U t t J

k

i t f t f t

f t t t t t f t t t

ω

ω

ω ω

ω ωω ω

ζ η

ζ η
ζ η

ζ η

ξ

∗

∗
− −

− −

−
∗ ∗

−−

∗

 = − − + − −
 −

 
+ − + 

− − 

′ ′ ′− 


∫

∫

∫ ∫



k

k

k k

k kk k

k k

k k
k k

k k k k

k k k

   (19) 

We have set 

 

( ) ( ) ( )( )
( )

( ) ( )

( )

2cos
, , , , e

1 e

cos
2

sin
2

f i

i t t
f i i t t

f i

f i

t t
t t t t

t t
t t

i
t t

ω

ω

ω
ξ

ω
ω

ω

′− −

−

′−
′ = +

−
 −

′ − −
 
 =

 −
 
 
 

k

k

k

k
k

k

k

   (20) 

Finally, 

 

( ) ( )( )

( ) ( ) ( ) ( )
( )

( )( )

( ) ( ) ( ) ( )

( )

( )

0

2 2

, ; , ;

1 1exp d ln 1 e
2 2 1 e

e ed , ,
e e e e

cos
21 d d ,

2
sin

f i

f i

f

f fi i
i

f

i

f i

i t t

i t t

t i t i t

i t i ti t i t
t

f i

t

t

U t t J

k

i t f t f t

t t
t t

i t t f t

ω

ω

ω ω

ω ωω ω

ζ η

ζ η
ζ η

ζ η

ω
ω

∗

∗
− −

− −

−
∗ ∗

−−

∗

 
 
 = − − + − −  − 

 
+ − + 

− − 

 −
 ′− −
 
 ′−

∫

∫

∫



k

k

k k

k kk k

k
k

k k

k k
k k

k k k k

k
( )

( ),

2

f

i

t

t f i

f t
t tω



′ 

  −       

∫
k

k

   (21) 
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We can use the above considerations to obtain the finite time interval Green 
function of scalar fields. We do it in the next section. 

3. Green Function Evaluation 

Now, we intend to derive Green functions for the present system. Green functions 
are useful as they constitute the functional inverses of the dynamic operators, giv-
ing the evolution of the various dynamic systems. They can be combined with 
perturbation theory giving a powerful tool. We apply that mathematical structure 
here. 

According to the results of the previous section, the correlation functions’ gen-
erating functional of the present system has the form 

 ( ) ( )0 0, ;0, ;f iZ J U t t J=    (22) 

Then, the d  dimensional Green function obeys the relations 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
2

0

, ; 0 Τ , , 0

1
0

d

J

G t t T t t

Z J
Z J t J t

ϕ ϕ

δ
δ δ

=

′ ′ ′ ′− − =

= −
′

x x x x
  (23) 

where Τ  is the time ordering operator. 
Upon performing the functional derivations according to Equations (21)-(23), 

we get the form 

 ( ) ( )
( )

( )
1

1

cos
2, ; e

2 2 sin
2

d
d i

d

Tt t
d kG t t T i

T

ωω

ωω

−
′⋅ −

−

 ′− − 
 ′ ′− − =

 π
 
 

∫
k

k
k x x

k
k

x x    (24) 

where f iT t t= −  and 0 t t T′≤ − ≤ . 
On writing the sine function in terms of exponentials and performing certain 

manipulations in Equation (24), we can take the form 

 ( ) ( )
( )

( )
1

2
1

cos
1 2, ; e e

1 e2

Td id i
d i T

Tt t
d kG t t T

ω

ω

ωω

ω

− −′⋅ −
− −

 ′− − 
 ′ ′− − = −

−π∫
k

k

k
k

k x x

k

x x   (25) 

So, after an appropriate geometric series expansion, we get 

 

( ) ( )
( )

( )
( )

1
2

1
0

1
1

1
0 0

1, ; e cos e e
22

1 e e e e e
22

Td id in Ti
d

n

d
i ii n T in Ti

d
n n

Td kG T

d k

ω
ω

ω τ ω τω ω

ωτ ω τ
ω

ω

− ∞− −⋅
−

=

− ∞ ∞
−− + −⋅

−
= =

 = − − 
 

 = − 

π

+
π 

∑∫

∑ ∑∫

k
k

k kk k

k x k
k

k

k x

k

x

  (26) 

We notice that the poles appearing in Equation (25) can be bypassed by intro-
ducing a parameter µ  that is smaller but close to one and using the equation 

 ( ) ( )
( )

( )
1

2
1

cos
2d 1, ; e e

1 e2

k
Td id i

d i T

T
t t

kG t t T
ω

ω

ω
ω

ω µ

− −′⋅ −
− −

 ′− − 
 ′ ′− − = −

−π∫
k

k

k
k x x

k

x x



  (27) 
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We have applied such an approach in [14]. 
Alternatively, we can perform the integration on k  in Equation (26) analyti-

cally. If 2d = , we obtain 

 

( ) ( )

( ) ( )

( )( ) ( )

( ) ( )

( )

2

1

0 00

2 22 2
0 0

0 0
1 2 22 2

0 0
0

2 2
0

, ;

1 1d cos e e e e
2
1 11

2 2
1 1

2 2
1

2

k k ki ii n T in T

n nk

n n

n n

G x T

k kx

K im n T x K im nT x

K im nT x K im nT x

K im nT x

ω τ ω τω ω

τ

ω

τ τ

τ τ

τ

∞ ∞ ∞
−− + −

= =

∞ ∞

= =

− ∞

=−∞ =

 = − +  

   = − + − − − + −      
   = − + − − + −      

π

π π

π π

π
= − + −

∑ ∑∫

∑ ∑

∑ ∑

k

( ) ( )22 2
04n n

i H m nT xτ
∞ ∞

=−∞ =−∞

   = + −      
∑ ∑

  (28) 

In the first sum from the second to the third line, we have replaced 1n n+ →  
and then we have replaced n n→− . 0K  is a modified Bessel function of the third 
kind. ( )2

0H  is a Hankel function of the second kind. 
If 3d =  on expanding the factor ei ⋅k x  in terms of exponentials and Bessel func-

tions [15] and integrating angularly, the Green function (26) takes the form 

 

( ) ( ) ( ) ( )

( )
( )

3 1
0

0 00

2 2

2 2

1, ; d e e e e
4
1 1 exp

4

i ii n T in T

n n

n

kG T kJ k

i im nT
nT

ω τ ω τω ωτ
ω

τ
τ

∞ ∞ ∞
−− + −

= =

∞

=−∞

 = − + π  

 = − + − π  + −

∑ ∑∫

∑

k kk k

k

x x

x
x

  (29) 

In the last equality, we have evaluated the integrals. 
Similarly, if 4d ≥  on expanding the factor ei ⋅k x  in terms of Gegenbauer pol-

ynomials and Bessel functions [15] and integrating angularly, the Green function 
(26) takes the form 

( ) ( )
( )

( )
( )

( )
2

1
1

0 002

1, ; d e e e e
2 2

d
i id i n T in T

d
n n

J k kG T k
k
ν ω τ ω τω ω

ντ
ω

∞ − ∞ ∞
−− + −

−
= =π

 = − +  
∑ ∑∫ k kk k

k

x
x

x
 (30) 

where 
3 0, 1, 2,

2
dν −

= ≠ − −  . Jν  is a Bessel function of the first kind. So, the 

whole problem has been reduced to the evaluation of the k -integrals in Equation 
(30).  

So, if 4d =  on writing the Bessel function 1
2

J  in terms of the sine function 
[15], the corresponding Green function takes the form 

( ) ( ) ( )

( )
( )

( )
( ) ( )

4 ( 1)
2

0 00

2 2
12 2 2

2 22
12 2

sin1, ; d e e e e
4

1
4

1
8

i ii n T in T

n n

n

n

k kG T k

mi K im nT
nT

mi H m nT
nT

ω τ ω τω ωτ
ω

τ
τ

τ
τ

∞ ∞ ∞
−− + −

= =

∞

=−∞

∞

=−∞

 = − +  

 = + − 
 + −

 = + − 
 + −

π

π

π

∑ ∑∫

∑

∑

k kk k

k

x
x

x

x
x

x
x

 (31) 
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1K  is a modified Bessel function of the third kind. ( )2
1H  is a Hankel function 

of the second kind. 
We can apply the above considerations in the study of the propagation of scalar 

fields in spacetime. 

4. Boundary Value Problem 

Now, we apply the above expressions of the Green functions to the solution of the 
Cauchy problem and the propagation of the present scalar fields obeying the Klein-
Gordon equation. 

We consider a spacetime region Ω  bounded by the space-like surfaces 0σ  
and σ . Let ( ), tϕ x  be a solution of the field equations such that on 0σ , it takes 
the initial values ( )0 , tϕ x  and ( )0 ,n tµ

µϕ∂ x  for its derivative, where nµ  is nor-
mal on 0σ . x  is a 1d −  dimensional vector. Further, we suppose ( ),F tµ x  be 
a function that vanishes as →∞x  of the form 

( ) ( ) ( ) ( ) ( ) ( ) ( ), , ; , , ; ,d dF t G t t T t G t t T tµ µ µϕ ϕ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= − − ∂ − ∂ − −x x x x x x x  (32) 

( ) ( ), ;dG t t T′ ′− −x x  and ( ), tϕ x  are both solutions of the Klein-Gordon 
equation. So, 

 ( ), 0F tµ
µ∂ =x    (33) 

in Ω  and therefore 

 ( ) ( ) ( )
0

, d , d , d 0dF t F t F t xµ µ
µ µ µ µ

σ σ

σ σ
Ω

′ ′ ′ ′ ′ ′ ′ ′ ′ ′− = ∂ =∫ ∫ ∫x x x    (34) 

Now, we observe that if we use Equation (24) 

 ( ) ( ) ( ) ( )1

0

, ;
2

d diG T
τ

τ δ
τ +

−

=

∂
=

∂
x x   (35) 

So, if we let 0σ  to be a hyperplane with t t′= , 
1

(1,0, ,0)
d

nµ

−

= 



 and use the 
above equations, we obtain 

 
( ) ( ) ( ) ( ) ( ){ ( )

( ) ( ) ( )}
0 0

1
0 0

, 2 , ; ,0; ,

, ; , d

d d

d d

t i G t t T G T t

G t t T t

ϕ ϕ

ϕ −

 ′ ′ ′ ′ ′ ′= − − − − ∂ 

′ ′ ′ ′ ′ ′− ∂ − −

∫x x x x x x

x x x x
   (36) 

where t t′≥ . 
Equation (36) solves the boundary value problem relevant to the present field. 

5. Application to Charged Scalar Fields 

Now, we proceed to an application of the above theory. We intend to study the 
propagation of a charged scalar particle. We start from the Lagrangian of a free-
charged scalar field 

 
22

2 2
0

1

1
2 2i i i

i

mL mµ µ
µ µφ φ φ φ ϕ ϕ ϕ∗ ∗

=

 
= ∂ ∂ − = ∂ ∂ − 

 
∑    (37) 

where 
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 ( )1 2
1
2

iφ ϕ ϕ= +   (38) 

 ( )1 2
1
2

iφ ϕ ϕ∗ = −    (39) 

where ,  1, 2i iϕ =  are real scalar fields (see Equation (1)).  
We suppose that the charged scalar field interacts with an electromagnetic field 

of potential Aµ  in the Lorentz gauge and performs the minimal substitution 

( )ieAµ µ µφ φ∂ → ∂ + . Then, the action becomes 

 ( ) 1 2, d ddI A x D D mµ
µϕ τ φ φ φ φ− ∗ ∗ = − ∫ ∫    (40) 

where 

 D ieAµ µ µφ φ φ= ∂ +   (41) 

We can apply the variational principle for the field φ  to derive the equation 

 ( )2 0D D mµ
µ φ+ =   (42) 

or equivalently 

 ( )2 22m ieA e A Aµ µ µ
µ µ µφ φ φ∂ ∂ + = − ∂ +    (43) 

The above equation describes the present scalar field interacting with an elec-
tromagnetic field. It can be confronted for instance with numerical methods. Al-
ternatively, we can use the present finite-time analytic methods combined with 
perturbation theory. Then, proceeding with the Green function ( )( ) , ;dG x t T , de-
rived in the previous sections, obeys the equation 

 ( ) ( ) ( ) ( ) ( ) ( )12 , ;d dm G t T i tµ
µ δ δ−∂ ∂ + =x x    (44) 

Under perturbative considerations, we set 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 2, , , ,φ σ φ σ φ σ φ σ= + + +x x x x     (45) 

and suppose that initially both ( ),φ σx  and ( ) ( )0 ,φ σx  obey boundary values 
( )0 ,0φ ′x  and ( )0 0 ,0φ′ ′∂ x  for their derivative, while the other terms obey ho-

mogeneous boundary conditions (here and below, we set 0t′ = ). Then, accord-
ing to Equation (36), the zeroth order term of the field ( ),ϕ σx  at time σ  has 
the form 

 
( ) ( ) ( ) ( ) ( ) ( ){ ( )

( ) ( ) ( )}

0
0 0

1
0 0

, 2 , ; ,0; ,0

, ; ,0 d

d d

d d

i G T G T

G T

φ σ σ ϕ

σ ϕ −

 ′ ′ ′ ′= − − − ∂ 

′ ′ ′ ′− ∂ −

∫x x x x x x

x x x x
  (46) 

Now, we suppose that Aµ  is small enough. That point is essential in order 
Equation (45) to converge. Further, the magnitude of the electromagnetic field must 
be small in order for the stability of the present whole system to be ensured against, 
for example, the generation of other particles. 

Then, perturbatively to first order, we get 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 01

0

, 2 d d , ; , ,
T

dde tG t T A t tµ
µφ σ σ φ− ′ ′ ′ ′= − − − ∂∫ ∫x x x x x x    (47) 
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and further in general at order r > 1, if we group in powers of e  of the same order, 
the scalar field satisfies the recurrence relation 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

1

0

22

1

, d d , ;

, , ,

2 , ,

T
r dd

r

r

tG t T

ie A t A t t

eA t t

µ
µ

µ
µ

φ σ σ

φ

φ

−

−

−

′ ′= − −

 ′ ′ ′× −
′ ′− ∂ 

∫ ∫x x x x

x x x

x x

  (48) 

The current density jµ  is 

 2b a b aj i eA
x

µ µ

µ

φ φ φ φ∗ ∗∂
= −

∂



   (49) 

where a  and b  are the quantum numbers of any two solutions. On using the 
present results, we can derive its finite time evolution and therefore predict pos-
sible outcomes in various systems and experiments. 

Now, we let Aµ  be the potential of a plane electromagnetic wave with polari-
zation vector ε , wavevector phk , frequency phω , and amplitude 0∆ . It has the 
form 

 ( ) ( ) ( )( )0, e eph ph ph phi iω τ ω ττ − ⋅ − − ⋅
= ∆ +

k x k xA x ε ε    (50) 

and  

 ( )0 , 0A τ =x    (51) 

0e∆  must have dimension of energy (see also the discussion at the end of the 
introduction). This is the parameter that has to be small in order convergence to 
be ensured within the whole present perturbation theory. 

Now, we consider the scalar field evolution. So, we suppose that initially 

 ( ),0 eiφ ′⋅′ = p xx    (52) 

 ( )0 ,0 0φ′ ′∂ =x   (53) 

p  is the 1d −  dimensional initial momentum. Then, from Equation (46), we 
can extract ( )0φ . It is 

 ( ) ( )0
sin

2
, e

sin
2

i

E T
E

E T

σ
φ σ ⋅

 
− 

 =
 
 
 

p
p

p x

p
x   (54)  

The corresponding energy appearing in Equation (54) has the form  
2 2E m= +p p .  

If we let T →∞ , we obtain the standard result: 

 ( ) ( ) ( )0 , ei E
T

σφ σ ⋅ −
=∞ = pp xx    (55) 

Further, we can insert the solution (54) in Equation (47) to get ( )1φ . At Tσ = , 
it has the form 
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( ) ( ) ( )

( )
( ) ( )

( ) ( )

1
0

0

1 1, e
1 e 1 e

e 1 e e

e e e e

ph

ph
ph

ph phph ph

ph ph

ph ph phph

ph ph

i
iE T i T

i E T i Ti E T

ph p ph

i T i E TiE T i T

ph ph

T e

E E

E E

e

ω

ω ω ωω

ω ω ωω

φ
ω

ω ω ω ω

ω ω ω ω

−

− −

− −

− ⋅

− −

−

− − −−

− −

− − +−

− −

= − ∆ ⋅
− −


− −× + − − − +




− − − − + − + + 


− ∆

p p k

p p k p kp

p k p k pp

p k x

p k

p k p p k

p p k p p k

x p



ε

ε ( )

( )
( ) ( )

( ) ( )

1 1e
1 1 e

e 1 e e

e e e e

ph

ph
ph

ph phph ph

ph ph

ph ph phph

ph ph

i
iE T i T

i E T i Ti E T

ph ph

i T i E TiE T i T

ph ph

e

E E

E E

ω

ω ω ωω

ω ω ωω

ω

ω ω ω ω

ω ω ω ω

+

+ +

+ +

+ ⋅

− −

+

− + + −− +

+ +

− + − +− −

+ +

⋅
− −


− −× − + + + − − +




− − − − − + − − + + 


p p k

p p k p kp

p k p k pp

p k x

p k

p p k p p k

p p k p p k

p
  (56) 

Then, we can proceed to higher-order terms by applying Equation (48) recur-
sively. We observe that ( )rφ  is of order ( )0

re∆  (see Equation (51)). 
We conclude from the above considerations that the scalar particle is scattered 

by the photonic system and emits or absorbs photons. Moreover, according to 
Equation (49), there appear currents along the various wavevectors and the polar-
ization of the photonic system, i.e. along the directions ε , p , ph+p k , ph−p k  
and so on for higher order terms. 

6. Conclusions 

Here, we considered the dynamics of scalar fields in a finite time domain. We ex-
panded them into annihilation and creation operators and integrated them func-
tionally in the case of dimensions equal to two, three and four. We extracted their 
Green function in both an integral and a series form and applied that Green func-
tion to the perturbative study of the dynamics of scalar plane waves supposed to be 
coupled with weak electromagnetic fields. From the derived expressions, the scalar 
fields’ current density can be obtained. So, under appropriate preparations, finite-
time predictions and possible outcomes can be extracted. 

The present method appears as an alternative to the direct numerical integration 
of the dynamic equations within finite time intervals or the use of lattice quantum 
field theoretic techniques for the study of quantum field systems. 

In conclusion, the present approach is applicable to the dynamics of various field 
systems and can give interesting results within finite time domains. In subsequent 
papers, we aim to study the case of other such free or interacting quantum fields 
and give their dynamics. 
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