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Abstract

As an appendix of [Gao et al Sharp isolated toughness bound for fractional
(k, m) -deleted graphs, Acta Mathematicae Applicatae Sinica, English Series,

2025, 41(1): 252-269], the detailed proof of Theorem 4.1 in this work is pre-
sented.
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1. Introduction

Let keN and h:E(G)—[0,1] be an indicator function defined on the edge
set. A fractional k -factoris a spanning subgraph induced by
E,={ecE(G)|h(e)>0} if do(v)= Zv,eN(V)h(vv') =k for each vertex v.For
meN, we say that G is a fractional (k,m)-deleted graph if removing any
m edges from G, the resulting subgraph still admits a fractional & -factor.
The isolated toughness variant was defined by Ma and Liu [1] to measure the

vulnerability of the network, which is formalized by:

r(c;):min{L

Z(G_S)_lScV(G),i(G—S)ZZ}

if G isanon-complete graph. Moreover, [ '(G) =+ if G isacomplete graph.
In [2], Gao et al. provide the tight /'(G) bound for a graph G to be frac-
tional (k, m) -deleted. Theorem 4.1 in [2] revealed the isolated toughness variant
bound of fractional (k,m)-deleted graphs, but the detailed proof was not pro-
vided because its proof trick is similar to that of the main theorem in [2]. As an

appendix of Gao et al. [2], the aim of this paper is to present the detailed proof of
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Theorem 4.1 in [2]. It is stated that all symbols and notations are consistent with

reference [2].

2. Proof of Theorem 4.1 in [2]

If G iscomplete, then Theorem 4.1 is obvious in light of &§(G)>k+m. We
always assume that G is not complete in the subsequent discussion. Suppose
that G meets all the conditions of Theorem 4.1, but is not fractional (k,m)-

deleted. In what follows, k=2 and m>1 are two positive integers, L%J ,

lkLm, Z/Zm and ZXETdH(xlz—eH(S,T)

*

are denoted as the statements in

proof of Theorem 1.1. Also, it is akin to the definition of LJ* during the subse-
quent proof process.
In view of Lemma 2.2 in [3] and Lemma 2.2 in [4], there exist disjoint subsets
S and T of V(G) satisfying
k|S|=k|T|+ Y dg_s (x)

xel

=k|S|+ Y. (dg_s (x)—k) (1)

xel

<> dy,(x)-e, (S,T)-1<2m-1.

xel

Weselect S and T such that |T | is minimum. Thus, we immediately yield
T#@,and d; g (x)<k-1 forany xeT.

Dueto 7#@ and &(G)=k+m,we have the following observation.

Observation 1. |S| >m+1.

Let / be the number of the components of G[T]| which are isomorphic to
K, andlet T = {x € V(G[T]) |dg_s(x)= 0}. Let G’ be the subgraph inferred
from G[T]-T, by deleting those / components isomorphic to K, . Let S’
be a set of vertices that contains exactly k—1 vertices in each component of K,
in G[T ] .

Claim 1. [V'(G")|>0.

Proof of Claim 1. If |V(G')| =0, then from (1) and Observation 1, we obtain

5

m+1S|S|S|TO|+l+t27mJ since |S| isan integer. We verify

|7},|+12m+1—L27mJ > 2. Hence, i(G—SuS’)=|TO|+lZZ and we discuss the

following subcases.
« If />0, =1, +1,then H canbeselected with m edgesin G[T].We

need to compare the value of m+1- L%J and [,

If k>3, we check that

om | 2m
m+l—|—| 2 s (2)
k k(k—l)
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s

which implies m +1—L27mJ >, by the definition of l/ffm , and hence we use

m+1—L2TmJ as the lower bound of |TO|+Z. If k=2, then [/, =m and
2m [ Zm U

m+1— e =2. Hence, if k=2 and m=1 or 2 then m+1- o 20,

still holds. Only when k=2 and m 23, then Z,Zm>m+l—{27mJ and [, is

acted as the lower bound of |TO| +1.

Collectively, if k=2 and m >3, then

2m |
oy sost ] ey
i(G-S- S) s |T|+l 1
|T|+l e I, 1
g xmol g 2
m—1 m—1

which contradictsto I'(G)>3+ 2 . For other combination of (k,m), we get:

m—
SUS] |T|+l+[ :J +1(k-1)
! <
I(G)_i(G—S—S’)—l |T|+1-1
k+{2mJ k+Vlsz
i S’”m_w i
k

m+k
&
m—| 22
k
* If [<I;,,then the number of edgesin G[T] issmaller than m and

errdH (x)—ey, (S,T)<k(k—1)I. We verify
k(k—=1)1
k

which contradicts to /'(G)>k—1+

|S| <|Ty|+1+ ~1=|T,|+ki-1.

If |[T,|21,then k+m<|S|<|T|+k-1,
[Sus|  _[B|+k-1+1(k-1)

i(G-S-8)-1"  |f|+i-1
2(k—1)1£1+ 2(k-1)1
ITo|+1-1"" k+m—k+I

I'(G)<

If /=0,then /'(G)<1, which contradicts to the hypothesis of I'(G). Sup-
pose [>1, then
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I’(G)£—1+ 2k +2m < 14 2k +2m _
k+m—(k—1)l k+m—(k—1)lk’m
If k=2,then -1+ 2k +2m —1+2m.N0tethat

k+m—(k=1)IF,
|7})|2k+m+1—k12k+m+l—kl,im=5—m when k=2. When m=3 (resp.

m=4) then I'(G)< 1+32m =% (resp. 1'(G)< 1+32m =§), which contradicts

to I'(G)>3+i:4 (resp. I'(G)>3+i:4).When m>5, we use |T0|21
m+1 m

instead of |T0| >5—m . Thus, we have:

I’(G)£1+2(k_l)l B Ul LB PR
|T|+1-1 !

which contradicts to the hypothesis of I’(G). For (k,m) = 2,1) (resp.

(k,m) =(2,2) ), we have ]'(G) < 1+32m =§ (resp. I'(G) < 1+32m =§), which
contradicts to I'(G)>k—l+Lk*:4 (resp. I'(G)>5). For k>3, we
2m
N kJ
yield:
k+m+2—m
I'(G)<-1+ 2kt am = k
2m 2m
k+m—(k—1) k+m——
k(k-1) k
. . , k+m
which contradicts to I'(G)>k—1+ —.
2m
m—| =™
&
If |TO|=0, then m+l£|S|£kl—1, and 2m >lkLm >[> m+2 which re-
k(k-1) *
m+2

veals k=2 and m=>3. Hence, l,f’mzlimzm—l, [> 5 if m is even,

lZm;3 if m isodd. Hence, if m>4 iseven, then
Sus’ lk—1+1(k-1 -
I'(G)< [Sos]  _t-tel(k-l) o 2k=2
i(G—S—S')—l -1 -1
<ok-142K22 3,4
m+2_1 m
k
. . , 4
which contradicts to [ (G) >3+—.
m
If m>3 isodd, then
Sus’ lk—1+1(k-1 -
r'(G)< [Sos]  dkolri(k-l) o 262
i(G-S-5")-1 -1 -1
<ok-14-2k=2 5, 4 ,
m+3_1 m+1

k
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4
which contradicts to 1'(G)>3+——. O
m+1

Let G'=G, UG, where G, is the union of components of G’ which satis-
fies that d; ¢(v)=k—1 for each vertex veV(G,) and G,=G'-G,.In terms
of Lemma 2.2 in [5], G, has a maximum independent set [, and the covering
set C;=V(G,)—1I, such that

|V(G1)|Si(k—iﬂ)‘ﬂ”‘—@g[k—%jm, (3)
i1
and

oL

i=1
where I(i):{vell,dGl (v):k—i} for 1<i<k and ﬁ‘l(i)‘:|ll|. Using the
i=1

definition of G’ and G, , we verify that each component of G, has a vertex of
degree at most k—2 in G-—.S.We have the following observation by the defi-
nition of G, and 5(G)=k+m.

Observation 2. If G, #J, then k>3 and |S| >m+2.

Denote 7, by an independent set of G, which is selected by the procedure
described in Gao et al [2]. Set W =V (G)-S—T and
U=SUS'UCU(N; (L))" )UN, (1,)=SUS' UN, s (1,)UN, s (1,).

The following discussion is divided into two cases by means of whether
|T,|+1=0.

Case 1. |T0|+121.

The two claims below consider two extreme cases respectively.

Claim 2. If |T)|+[ 21, then |I,|#0.

Proof of Claim 2. Suppose |I,|=0,then |/,|#0 by |V(G’)| >0.

In view of (1) and (3), we obtain |T| = |V(G1 )| +|7})|+lk ,

KIS H17 |- o (1) S () (5:7) |1

xel
s(k—%)|1,|+k|To|+lk+[ZdH (x)—ey (S,T)j—l
xel’

and

2 erdn (¥)=¢s (S.T)
k

1 1
|S|s[1—ﬁj|11|—;+|T0|+z+

S|11|+|T<)|+1+F“Td’f(")‘eﬂ (S,T)J

k

s|11|+|T0|+1+[27mJ .

Then, we infer:

s

m+1g|s|s|11|+|ro|+z+[27mJ ,
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*

which implies |TO| +1+ |11| >m+1- LZTmJ . Therefore,

1(6)< |SUS"UN, (1)
i(G-SUS'UN, (1)1

|M{ZM@w%%me

p J +|T|+1+1(k=1)+|1|(k-1)
|1]+1+|T| -1

[zmmﬁur«Aarwjk
<k+

k
|Il|+l+|T0|—1

* If G[T] containsatleast m edges,then ) _d,(x)—e,(S,T)<2m and

|I|+1=1f, +1=1, .1t is necessary to compare the value of m +1—L27mJ and

I, ., hence to determine the lower bound of |TO| +1 +|Il| . Using the same fashion

in Claim 1, we know that if k=2 and m>3, then [/ > m+1—t2—mJ , and

otherwise the opposite is true.

Hence,if k>3 or (k,m):(2,1) or (k,m):(Z,Z),then

ZXETdH(x)-eH(S,T)J*% f’"Jﬁ

k <k
|Il|+l+|1})|—1 - Lsz*’
m—| =™

1'(G)sk+[

which contradicts to I'(G)>k—1+Lk*.If k=2 and m>3,then
m—| =™
k

2 erdn ()= (S.T)

k

|1|+1+|1]-1
m+1: 2

ik
<k+=—F =2+ 3+
bew—1 m—1 m—1

s

+k

>

which contradicts to the hypothesis of 1'(G).
o If |E(G[T])|<m,then zxerH(x)—eH(S,T)SZm—l.Weget:
d,(x)-e, (5.7)[ ‘
2 H(xlz e (S, )J +k tzm_lJ +k
<k+ k —,
|I|+1+|1| -1 LZmJ
m—

1'(G)skl

k

*

a contradiction to I’(G)>k—1+m—+k if k>3 or (k,m)=(2,1) or
2m

m—

k
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(k.m)=(2,2).
Suppose k=2 and m>3.Then, /<m-1, |T|:|Il|+|7})|+21,

2|8 <2|T|-dg s (T)+[ZdH (x)—ey (S,T)j—l

xel’

s|[1|+2|T0|+2l+(ZdH (x)-ey (S,T))—l,

xel

> dy(x)-ey (S,T)—l’

2

|S|s@+|TO|+l+

and

|SUS'UN, (1)

1'(9)= i(G-SUS'UN, ¢(1,))-1
|121|+|T0|+1+ ZXefd”(’“);eff(S’T)_1+l+|11|
- |1|+|T|+1-1
L e
=2+
[+]1|+|T| -1

d - S, T)-1
If ZXET H(x)zeH( 7) —|7})|—%|Il|+2<0,then I'(G)<2, acontradic-

Zosto (ST gy Yyjiaao
To maximize err dy (x)—e, (S.T), wefirsttake / edgesfrom IK, into H

(each edge contributes2to D" d, (x)—e,(S,T)), then take min{m—L1,|}

edges between I, and W into H (each edge contributes 1 to

> +dy(x)—e,(S.T)), and finally randomly select m—I[—|I;| edges in the rest

subgraphs if m—/ —|I,| 21 (each edge contributes zero to

Y rdy(x)—e, (S.T)). We have:

2]+min{m—l,|]l|}—l

tion. Thus,

1
_|T0|‘5|[1|+2

r(G)=2+ TR AR

Suppose |T0|21.If min{m—l,|]l|}:m—1,then m—1£|ll|,

+1—|I
max {mTH} =m—1 and it reaches the maximum value when /=m—-1 and
|Il| =1, and hence

m+[-1

1 3
—|T0|—5|11|+2 m—1+5—1

I'(G)<2+ 2 <2+
1| +|T|+1-1 || +1+1-1

-l
=2+ 2<2+—=3,
|1|+1 m
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a contradiction to the hypothesis of 1'(G).If min{m—1,|I,|}=|I|, then

m—12|ll| and

20+|1,|-1

1
r(o)<2s—2 1Pl

|1 +|T|+1-1
20+|1]-1
<2+ 2

1
—1—5|11|+2

|| +1+1-1
1
=2+ l+5 <2+li=3
I|+1 1+/
4|

a contradiction to the hypothesis of 1'(G).
Considering |TO| =0, hence /=1 and

20 +min {m—-1,|1,|} -1

I'(G)<2 2
(G)=2+ |1|+1-1

s max{%_']l'}zm—l and it

reaches the maximum value when /=m—-1 and |Il| =1, and hence

1
—5|1,|+2

If min{m—l,|1]|}:m—1, then m—lS|I1

m+1-1
I'(G)<2+—2

1
_EVJ+2<3
|L|+1-1 =7 2(m-1)

a contradiction to the hypothesis of 1'(G).If min{m—L|1|}=|I,
m—1[2 |Il| and

, then

20+|1|-1

“Drgea
r'G)<2+—2—2

|1 +1-1

Since the numerator part refer to |S US"UN (1, )| which is an integer, we
infer:

I’(G)s2+ I+1 <4 I+1 :3+1.
|I]+1-1 1+7-1 !

Note that when |Il| =1, according to

m+1<|S|<m+|T|+l+zxerH (x)_eH(S’T)_l
hS < > 0 >

Sl+l+21+min{m—l,|[1|}—l
2 2

:l+ﬂ,
2

m+1

we have 2/>m+1 (ie [2>

1 2
). Hence I'(G)£3+7£3+ , a contra-

m+1
diction to the hypothesis of I'(G). O
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Claim 3. If |T|+[>1, then |I,|#0.
Proof of Claim 3. Suppose |I |—0 We yield |I |¢0 by |V |>0 and hence

k>3 (thus we don’t consider the casein k=2).
Let v,vy,+,, beverticesin /, such that dg_s(v)<k-2 and
dg s (1)< dg s (v,) << dg () Then [T]=V (G,)|+[1;|+ ik,

k|s|s1«|r|—d6S<T>+[zdﬂ<x>—e,,<s,r>j—1

xeT

<k|T|+1k+2( dgs(v,)+1)(k=dg(v,))
+[ZdH(x)—eH(S,T)j—l

xel

and

5] Zalecs () 1) (ko (1)

k
+erTdH (x) ey (SvT)_l

k k'

Weacquire i(G-U)>2 where U=SUS'"UN, ¢(I,) and
U1 81+8+[Nos (L)

S|73|+1+le( s () +1)(k—dg 5 (%))

k

zzerd () ey (5.7) ]i +(k-1)+ %dG—S(Vi)

k
|1
_|T|+lk+ [ 4 ;{ 2—%)dcs(vl.)+1}

i=1

err dy (x)-ey (S’T)__

k k

g|TO|+lk+(|12|—1)[—@+(2—%)(1{—1)+1]

+[—@+(2—%)(k—2)+1}

+erTdH (x) €y (S’T) 1
k k
S, T
:|T0|+lk+k|12|+ZX€T ”(xz e )_3,

Hence, |U|s|7[)|+lk+k|lz|+[z‘d H("g € (5 T)J .

It ensures that to maximize

,only one vertexin 7, hasdegree k-2 in
G -8 ,and others have degree k—1 in G—S.Hence,
by:

S| can be re-bounded
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|S|S|T|+Z+Zilzl(dG—S (Vi)‘H)(k—dG_S (vl.))
' k
+erTdH(x)_eH (S,T)_l

k k

< (1L ((k=1)+1) (k= (k=1))+((k—2)+1)(k—(k-2))
k
errdﬁ (x)_eH (S’T) 1

|To|+1+ p -

S (-6 (ST) 3

k k

:|T0|+l+|12|+

E

which reveals m+2S|S| £|To|+l+|12|+l+{

T|+1+|L|>m+1- 2 (¥) = (S.7) =3 >m+1- 2m )
0 2 k

k

ZM%u»%wfrTam

k

Furthermore, we get:

|an+H5p{Zmﬂm02—%oan

i(G—U)—1S AEAEE
kwu”+mn%§La%k2ﬂawmw
|L|+|T|+1-1
{errdH (xlz_eH (S’T)J*"'k
=k+
|]2|+|75|+l—1

which contradicts to the hypothesis of I'(G). O
From Claim 2 and Claim 3, we have |I,| 21, |12| 21 and k=3 (hence we
don’t consider the special circumstances of k=2).

Denote v;,v,,--,v, | asverticesin [, as defined in Claim 3. We obtain:
[71=1 (G| (Go)|+ [T+ k.
1 |12
K[s] < k(|TO|+l)+(k—Ej|ll|+Z(dGS () 1) (k—dy s ()
i=1
+(ZdH (x)—e, (S,T)j—l
xel

and
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" Vi)t - v,
wmmﬂ{piyﬁid%x»g@dmu»
+ zxerH (x)_eH (SyT) _l.
k k

We confirm that i(G—U)ZS where
U=SUS'UC U(N,(I,)nW)UN, s(1,) and

2 erdn (¥) =y (S.T)

k

U|< |T0|+lk+k|ll|+k|12|+[ J since |U| isan integer.

By maximizing |U | , we can see that in the extreme value setting, only one ver-
texin 7, hasdegree k-2 in G-S,andtheothershavedegree k-1 in G-S.
Thus, |S | can be re-bounded by:

B[ (k=) +1) (k= (k1)) +((k=2) +1)(k—(k-2))

s !
psts(1- )i Bl (57) 1
2k & 3
e oo s 2 ()= (8T) 3
k k
which reveals m+2s|s|s|To|+l+|11|+|12|+1+{2xerdﬂ(x);eﬂ(s,m—s J by

Observation 2. We further infer |7,|+/+|/,|+|7,[>m+1 —LZTmJ )

Therefore, we infer:
vl
i(G-U)-1

|To|+1k+k|11|+k|12|+errdn (xz—eu (SaT)J

|Il|+|12|+|T0|+l—1

) [erTdH(X)—eH(S,T)J:k {szxk

I'(G)<

! 2m
Sk * 9
AR R +m_{sz

a contradiction.
Case 2. |TO|+I =0.
Again, we consider two extreme cases in Claim 4 and Claim 5 respectively.
Claim 4. If |T,|+1=0, then |I,|#0.
Proof of Claim 4. Suppose |12| =0, then we infer |Il| #0, T| = |V(G1 )| and
k|S|<k|T|=dg s (T)+(erde (x)-ey (S,T))—1:|T|+errdy (x)—ey (S.7)-1.
If |1,| =1, then |T| <k-1 and
< |T|+(zxerH (Z)_eH (S’T))_l < 2rdn (x);eﬂ (8.7)-2 +1. Thus,

151
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d - S, T)-2 _
k+m£5(G)S|S|+(k—1)§k+ZXET H(x)keH( 7) £k+2mk 2 , a con-

tradiction. Hence, |11| 22.

>

|S|S |T|+(zxerH (x)_eH (S’T))_l S(l_ijvlh_ zxerH (xlz_eH (S’T) 1

k Tk

We acquire |7 < (k —%)VI

>

2 dn (¥) =€y (S,7)-1

k

> dy(x)—ey (S,T)—lJ

k

ie. m+1< |S| < |Il|+\‘ J . Therefore,

|11|2m+1—[

Set U=SUC U(N,(I,)nW),wehave i(G-U)=|l,|>2. According to (4),

we yield:
k A
plssteicls S0
2k k
o
L. '(f)‘l‘k. 0]
_E+;(k—z)‘l ‘—T+;(z—l)‘l ‘
sk|11|+errdﬂ(x)_eH(S’T)_ﬂ_l,
k 2k k
Hence,

|U|Sk|ll|+errdH(X,Z_e”(S’T)J*

,and
|| 2 (5) e (S.T)

(I k
i(G-U)-1" |11

{zﬂdAx)—eH(s,T)Jlk

k

=k+
|11|_1

due to the integer property of |U

I'(G)<

o If |E(G[T])|2m, then zxerdH(x)—eH(S,T)§2m and |[l|211€/,m‘ If

k>3 or (k,m)=(2,l) or (k,m)=(2,2),then m+1—[27mJ >l,€{m,hence,the

lower bound of |Il| takes m+1— LZTmJ and
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[ZXETdH(x)_eH(S’T)J +k Lsz*—‘rk
k k
I'(G)<k+ <k+ o
|7,|-1 lsz
m—| =™
k
a contradiction to I’(G)>k—1+Lk*.If k=2 and m>3,then
m
Lk

5 (1) (5.7) J y

k
[1]-1

*

2m

— | +k

k m—1+2 2
i =2+ =3+

Lew =1 m—1 m—1

<k+=

>

a contradiction.

o If |E(G[T])|<m,then zngdH(x)—eH(S,T)SZm—l.If k>3 or
(k,m)=(2,1) or (k,m)=(2,2),then

3 (x)=e (S:T)J*HC <kl2m_lJ*+k

k k

|7,]-1 - tsz

m—| "

k
m+k

&5l

m—| "
k

Suppose k=2 and m=>3. Then, ) _ d,(x)—e,(S.T)<min{m,

|I,|§m,then

I'(G)gkl

k9

a contradictionto I'(G)>k—1+

k

a2

m+1S|S|S|[1|+\‘ZXETdH (‘x)_eH (S,T)—IJ

>

2 2 2

12241, and

II(G) < |SUN075 (11 )|
Ti(G-SUN, 4 (I)))-1
3| 1
B s
N
5 2
gm

5 3
:—+—’
2 m

Il

|} . 1f
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a contradiction to the hypothesis of 1'(G).
If m< |I,|, then

sl o| Zuae DD

k
m—1
S| 7t <l
and thus
1, +|I
1(G)< [SUNG (1)) _||Jr ||
i(G-SUN,_¢(I))-1 |1| 1
=2+ m+3 <2+ m+3 =§+i

2(r]-1) " 2(m+1-1) 2 2m

a contradiction. [J

Claim 5. If |T,|+[=0, then |I|#0.

Proof of Claim 5. Suppose |Il| =0, then |12| #0 interms of |V(G’)| >0,and
hence k2>3.

If |I,|=1,thenweset d,, =min{d, ;(v)|veG,} and zeV(G,) such that
dg_s(z)=d,;,,thus d; e{l,---,k—2}. Hence, we deduce:

k|S|<k|T|-dg_g (T)+(§Tdﬁ (x)-ey, (S,T))—l
< |T|(k—dmm)+(z dy(x)-e, (S,T)J—l,

xeT

|T|(k_dmi“)+<zxerd1i (x)_eH (S’T))_l

k

k) (kdy) 1, X () (57)

k k

NE

and
k+m<8(G)<d,, +|5

(k)1 Yy ()6, (S.7)
k

min k
k- 1+dmm _ 1 +erTdH (x)_eH (S’T)
k k k
<ko1 k=2 1, 2m
kK k k
:k+£’
k

a contradiction.

Hence, we get |I |>2 Let v, v, beverticesin [/, asdefined in Claim
3, thus d g(v)<k-2 and d; g (v)<dsg(v,)<<d, s( ‘1‘). We have
7= (G)]-

]

k|S| <

Z(dcfs (v,.)+1)(k—dcfs (vi))+(ZdH (x)—eH (S,T)j—l

i=1 xel
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and

|S|S zyj(dc—s (vi)+1)(k_dG—S (Vi))+ s (x)-ey (S’T)_l'
k k k

In terms of (G- U):|I|>2 where U=SUN; (I,) and

zxeT H(x) Cn ( )

k

|U|£k|[2|+[2“7d” (x)‘e”(S’T)J  We yield:

[U|< kL) +

—= which implies

b

It is clear to see that to maximize |U |, only one vertex in |12| has degree
k=2 in G-S, and others have degree k-1 in G-S. Using the same fash-
ion as Claim 3,

can be formulated by:

A e

k

and hence

|IA2rn+1—{§:“Td”(x)_eH(SxT)_3Jz;n+1—[2£zJ. (5)

k

Hence, we have:

3 (3)-6 (S.7) J*”f
k

k
<
|1,]-1 lsz
m—| ="
k
a contradiction. [

From Claim 4 and Claim 5, we ensure |I |>1 and |I |>1 and thus £ >3.
Denote v,,v,,- V|
ir|=[r (G)|+7 (G )I

flf (k-3 s () )0 )
+(ZdH(x)—eH(S,T)J—1,

xel

{1 Yoo ZE s it s )

k
+ 2 @u (%) =€y (S.7) 1
k k

I'(G)skl

by verticesin 7, as defined in Claim 3. We get

b}
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i(G-U)22 where U=S8UC U(Ny(I,)"W)UN, (I,) and

|U|S(k_i)|ll|+k|[z|+ 2o dn(x)=es (5.T) 3
2k k 3
o |U|Sk”"%'lz'*F“dH(xzz_eH(S’T)J snce [U] is an ineger.

By maximizing |U | , we can see that in the extreme value setting, only one ver-

texin 7, hasdegree k-2 in G-S,andtheothershavedegree k-1 in G-S.
Thus, in terms of the similar discussion in Case 1, |S | can be re-bounded by:

erTdH (x)_eH (S’T) +1_§
k k

>

[SI<[0]+|L] +

which reveals m+2S|S|S|Il|+|12|+l+{zxerH (x)=en (S’T)_3J and

k

|11|+|12|2m+1_[zxerdﬁ () ey (5173 zm+1{27mJ : ©)

k

Collectively, we infer:

{erTdH(xz‘eH(S’T) +k V’”J +k

|U| <k+ < =,

(G-0)-1 [+l n
m—

I'(G)<

a contradiction.

In all, the proof of the desired theorem is completed. [J
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