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Abstract 
Based on the geometrically exact beam theory, the mathematical model of the 
tapered cantilever beam is built, and analysis of the structures under load is 
completed. With the stress-strain relationship of geometrically exact beam 
theory, and the principle of virtual displacement and D’Alembert principle, 
the virtual work balance equation of the tapered cantilever beam element is 
derived. The internal force, external force, and inertial force virtual work of 
the beam element is discretized by weak form quadrature element method. 
The numerical results show the variation of the natural frequency of the 
beam with the taper when the tapered cantilever beam is not subjected to the 
load and the free end is subjected to the concentrated load and bending mo-
ment. 
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1. Introduction 

The tapered cantilever beam, renowned for its straightforward design and excep-
tional mechanical properties in terms of mass and strength distribution, holds im-
mense potential for widespread application in the engineering domain [1]-[3]. How-
ever, in practical work, the mechanical behavior of the tapered cantilever beams is 
complex and variable. Therefore, research on the mechanical behavior of the beam 
not only provides a theoretical basis for the optimization of structural design, but 
also improves the reliability of structural operation. 
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Many scholars have analyzed the vibration characteristics of the tapered canti-
lever beam, Wagner [4] studied the large-amplitude free vibration of the canti-
lever beam and obtained the nonlinear frequency of the elastic beam under large 
dynamic deflection. Mabie and Rogers [5] derived the differential equation devel-
oped from the Bernoulli-Euler equation for the free vibrations of a double-tapered 
cantilever beam, and established the table to study the effect of taper ratios on 
frequency. Nageswara Rao and Venkateswara Rao [6] studied the large amplitude 
vibration of the free end of the tapered cantilever beam, proposed the correspond-
ing vibration equation and solved the frequency of the beam. Abdel-Jaber et al. [7] 
[8] derived the mathematical model of the beam, and analyzed the nonlinear char-
acteristics of the beam. Al-Raheimy [9] studied the free transverse vibration charac-
teristics of the cantilever beam under the conditions of conical thickness and con-
stant width and conical width and constant width. Wang [10] solved the vibration 
frequency of an equal-thickness cantilever beam with a linearly tapered width, and 
analyzed the influence of tip mass, base solidity, and taper on the natural frequency. 
Baghani et al. [11] proposed an efficient and accurate analytical expression for the 
large amplitude free vibration analysis of single and double tapered beams on elas-
tic foundation, and studied the influence of different parameters on the nonlinear 
natural frequency of beams under different modal shapes. For the vibration prob-
lem of a tapered-shaped cantilever beam, many researchers have proposed many 
methods that can solve its vibration problems under complex geometrical shapes 
and various boundary conditions. These solutions have high efficiency and accu-
racy [12]-[16]. 

From the above reference, it can be found that many scholars have extensively 
studied the dynamics of the cantilever beam, exploring the effects of taper, loading 
conditions, and varying amplitudes through diverse theoretical approaches. How-
ever, few scholars have considered the geometrically exact beam theory, which has 
obvious advantages in dealing with the nonlinear problems of beams. Geometri-
cally exact beam theory, as a beam theory that can efficiently and accurately deal 
with the large displacement and large rotation of beams, provides a solid theoret-
ical basis for establishing an idealized mathematical model of beams. Geometri-
cally exact beam theory [17]-[23] is a kind of nonlinear beam theory with obvious 
advantages in dealing with beam structures affected by large displacement and large 
rotation. This theory is also called Simo-Reissner [17] beam theory. It was first pro-
posed by Reissner [19]-[21], and then developed by Reissner [19], Simo and Vu-Quoc 
[21] [22] and other pioneers to consider shear and torsional distortion. Many schol-
ars have obtained many research results based on geometrically exact beam theory 
[24]-[26]. 

According to the author’s knowledge, there is no relevant research on the vi-
bration analysis of the tapered cantilever beam based on geometrically exact beam 
theory. Therefore, based on the geometrically exact beam theory, combined with 
virtual displacement principle and d’Alembert principle, the nonlinear dynamic 
model of the tapered cantilever beam is established. Considering the influence of 
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shear strain and moment of inertia, the frequency variation of the variable cross-
section cantilever beam is studied when the height (width) changes linearly along 
the axis of the beam. The influence of different taper ratios and slenderness ratios 
on the frequency of the beam is analyzed. The weak form quadrature element method 
[27] is used to discretize the dynamic equations. The natural frequency of the can-
tilever beams is solved and compared with the existing literature to illustrate the 
effectiveness of the theoretical method. For the vibration analysis of the cantilever 
beam, the linear frequency and mode of the cantilever beam under different loads, 
and different bending moments at the free end of the beam are given. 

2. Found the Mathematical Model 

Considering the length of the cantilever beam is L , the initial centroid axis of the 
beam coincides with the X-axis of the rectangular coordinate system, as shown in 
Figure 1. 

 

 

Figure 1. Initial and deformed configurations of the beam. 
 

The u , v , and θ  respectively represent axial displacement, transverse displace-
ment, and rotation angle, where u , v  and θ  are all functions of X . The shape 
of the beam is represented by displacement vector ( )T, ,u vς θ= . The cross-section 
direction vectors 1λ  and 2λ , which are perpendicular and parallel to the cross-
section respectively 

 1 2

cos sin
    

sin cos
θ θ
θ θ

−   
= =   

   
λ λ  (1) 

For the beam shown in Figure 2(a), let h l oh hα = , the height, cross-sectional 
area and moment of inertia at any position of part of the beam can be expressed as 
follows 

 ( )X o o lh h h h X L= − −   (2a) 

 X XA bh=  (2b) 
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 3 12X XI bh=  (2c) 

where oh  is the height of the fixed end of the beam, lh  is the height of the free 
end of the beam, and b  is the width of the beam, Xh  is the height of the cross-
section at point X , XI  is the moment of inertia the cross-section at point X . 

For the beam shown in Figure 2(b), let b l ob bα = , the width, cross-sectional 
area and moment of inertia at any position of part of the beam can be expressed as 
follows 

 ( )X o o lb = b b b X L− −  (3a) 

 X XA b h=  (3b) 

 3 12X XI b h=  (3c) 

where ob  is width of the fixed end of the beam, lb  is the height of the free end 
of the beam, and h  is the height of the beam, Xh  is the height of the cross-
section at point X , XI  is the moment of inertia of the cross-section at point 
X . 

 

 
(a) Height changed linearly 

 
(b) Width changed linearly 

Figure 2. Plane diagram of the cantilever beam. 
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In the Lagrange description, suppose that the position of a point on the beam is 
( )T,X Y=X  in the initial state, and the position of the point on the current con-

figuration is ( )T,x y=x  after deformation. Suppose that the section is not deformed, 
then the current position vector x  can be expressed as follows 

 2    
x X u

Y
y v

+   
= = + =   

   
r x r λ   (4) 

Based on the geometrically exact beam theory, the Reissner strain vector χ  
[17]-[19] expressed as follows 

 

T
1

T
2

1
γ

θκ

ε  ′ − 
  = =   

   ′   

′
r

rλχ
λ

 (5) 

where ε  is the corresponding axial strain, γ  is the shear strain, κ  is the 
bending strains, ′r  represents the stretching of the beam axis after deformation,

T
1 ′rλ  represents the projection of the stretching of the beam axis in the vertical 

direction of the section. T
1 ′rλ  represents the projection of the stretching of the 

beam axis in the horizontal direction of the section. The derivative of χ  

 

T T
1 2
T T
2 1

1 2

0
0

0 1 0

δ
δς

δ δθ
δθ

δθ×

   
′     ′= = −   

′


   

′




′

 

r r
r

λ λ
λ λχ Γ  (6) 

Derived from Reference [28], the equivalent section force is cN , and the consti-
tutive relation matrix is cD  

 
0 0

0
0

EA X

c c S X

EI X

N k EA
V GA
M k E

k EB
B IE

ε
γ
κ

     
    = = =    
         

N D χ  (7) 

which N , V  and M  represent the axial force, shear force and bending mo-
ment of the section respectively, E  and G  are Young’s modulus and shear 
modulus respectively. The correction coefficients are obtained from Reference 
[29]  

 ( )
( )

2 248 45
1  2 51        

453 1 6EIEA skk k
µ

τ
µ

τ
µ

 − 
 

− −
= = + =

+
 (8) 

where µ  is the shear Poisson’s ratio. 
When the taper angle parameters of the beam with a linear height change and a 

constant width are 

 ( ) ( ) ( ) ( )22 ,   5 3 9 9o l Xh h L EB Eb hτ µ τ µ= − = + +  (9) 

When the beam with linear width variation and constant height, the taper angle 
parameters are  

 ( ) ( ) ( ) ( )22 ,   5 3 9 9o l Xb b L EB Eb hτ µ τ µ= − = + +  (10) 

Based on the principle of virtual displacement and D’Alembert’s principle, the 
weak form dynamic equation of the geometrically exact beam expressed as follows 
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 0int ine extW W Wδ δ δ+ − =  (11) 

Then, the whole beam structure is divided into several elements, and defined 
the dimensionless coordinate 2 1eX Lξ = −  on [ ]1,1− , where eL  is the length 
of the beam element. For the beam element, the virtual work of internal force ex-
pressed as follows 

 
1T T

0 1
d d

2
eL

t
ee

in c c
LW Xδ ξδ δ

−
= =∫ ∫N Nχ χ  (12) 

where δχ  as shown in Equation (6), and cN  as shown in Equation (7). 
The virtual work of inertial force of the beam element expressed as follows 

 ( ) ( )1T T T T
0 1

d d
2

eLe
ine r r

eX LW δ δθ θ δ δθ θδ ξ
−

= + = +∫ ∫r m r J r m r J 

   (13) 

where r  is the acceleration of the centroid of the beam section, θ  is the angular 
acceleration of the beam section, rm  is the mass of the beam per unit length, J  
is the moment of the inertia of the section around the central axis, respectively 
expressed as follows 

 
0

,   ,   
0r

u A
I

v A
ρ

ρ
ρ

   
= = =   

   
r m J







 (14) 

where u  represents the second derivative of axial displacement with respect to time, 
v  represents the second derivative of transverse displacement with respect to time, 
ρ  is the density of the beam, ρ  is the cross-sectional area of the beam, and I  is 
the moment of inertia of the cross-section. 

The beam element distributed load vector f  and the element concentrated load 
vector F  are defined as follows 

 
T T

,    P Q M P Q Mf f f F F F   = =   f F  (15) 

The virtual work of external force of the beam element expressed as follows 

 
1T TT T T T

1 0 10 1 0d d
2

e e
N L N L

Le
ext

LW Xδ ς ς ς ς ξ ς ςδ δ δ δ δ δ
−

+ + = += +∫ ∫F F Ff Ff  (16) 

where f  is the element distribution load vector, 0F  and LF  are from Equation 
(15), respectively, which represent the concentrated load vectors applied to the fixed 
end and the free end of the beam. 

Substitute Equation (12), Equation (13), and Equation (16) into the Equation (11), 
the dynamic equation of the geometrically exact beam element states that 

 
( )1 1

T T

T T T
1 1

1 T
1 1 0

d d
2 2

d
2

e e

e
N L

c r
L L

L

δ δ δθ θ

δ δ δ

ξ ξ

ς ξ ς ς

− −

−

+

 − + + 


+

=


∫ ∫

∫

N r m r

F

J

Ff





0

χ
 (17) 

Using the weak form quadrature element method [27] [30] to discretize Equation 
(17), we can obtain the following equation 

 
( )

1

T T
1 0

1

T T T

1

T

2 2

2

N

k ck k k rk k k k k

N
e e

k
k

N
e

k k N L

k

k
k

L Lw

L w

wδ δ δθ θ

δ δξ δξ

==

=

+

 − + =

+

+ 
 

∑ ∑

∑

N r

F

m

f F

r J 



0

χ

ξ
 (18) 
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where k is represents the k-th node. 
Define the element node displacement vector: 

 
TT T T

1 , 1, ,e
k N k N = = d ς ς ς    (19) 

Using the differential quadrature principle from Reference [31] and Equation (6), 
we obtain kδχ  represented by eδ d  

 e
kk

k
k k

k

δς
δ

δβ
δ

′ 
= 


=


B dχ Γ Γ  (20) 

where [ ]1 3 3 3 3 3 3,e
k k k k ki knδδζ δ δ δ× × ×= =A d A I I I  , I  is identity matrix. 

The differential quadrature positioning matrix can be expressed as follows 

 [ ]1k k ki kn=B b b b   (21) 

where ( )
T

1
3 3

2
ki ki kie C

L ×
 =   

b I α  , ( )0,0,ki kiδ=α  , 
1,
0,ki

k i
k i

δ
=

=  ≠
 , ( )1

kiC   is first-

order differential quadrature weight coefficient from Reference [31]. 
Substitute Equation (19), Equation (20), and Equation (21) into the Equation (18), 

we can obtain the dynamic equation 

 1

T

T T T T

1

T T T
1 0

1

2 2

2

NN
e e ee e

k k k k k
k

N
e e

ck
k

k kk N L
k

L Lw w

L w

δ δ

δ

=

=

=

+

 + 


− 


+ =

∑

∑

∑d B d m d

d A A F

N

Ff A



0

Γ
 (22) 

where ed  is the second derivative of ed  respect to time, km  is the node mass 
matrix of the beam element is expressed as 

 T T T
k k X k kX k k X kA A Iρ ρ ρ= + +m E E E E E E1 1 2 2 3 3  (23) 

where ρ  is the density of the beam, E1  represents an 3N N×  matrix where 
the element in the k-th row and the (3k-2)-th column is 1, and all other elements 
are 0, and kE1  represents the k-th row of E1 . E2  represents an 3N N×  ma-
trix where the element in the k-th row and the (3k-1)-th column is 1, and all other 
elements are 0, and kE2  represents the k-th row of E2 . E3  represents an 

3N N×  matrix where the element in the k-th row and the 3k-th column is 1, and 
all other elements are 0, and kE3  represents the k-th row of E3 . 

The mass matrix of beam element can be expressed as follows  

 
12

1, ,
N

e
e k k

k

L w k N
=

= ,  =∑Μ m   (24) 

According to the principle of virtual work, the dynamic equation of the beam 
element is expressed as follows 

 ( )Te e e e
e int extδ + − =d M d R R 0  (25) 

From the independence of the Teδ d , the equation given as 

 t
e e e e

e int ex e=−+ + + =M d R R M d R  0  (26) 

For solving the frequency of the beam, the equation needs to be linearized. 
Without considering the increase of external load, linear increments T∆ = ∆R K d  
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and ine∆ = ∆R M d  can be obtained. Therefore, the linearized equilibrium equation 
in the incremental form is as follows  

 T∆ + ∆ =Μ d K d 0  (27) 

where ∆d  represents the second-order differential of coordinates to time, and TK  
is the overall tangential stiffness matrix. 

The tangential stiffness matrix of the element as follows 

 ( )T T

12 k k

n
e e
T k k k k k

k

L w
=

= +∑K B D BΓ Γ Ξ  (28) 

where kΞ  is: 

 
2 2 2 1 1 2

1 2
T T T T

1 2 1 2

0 0
0 0 0

0

k k k k

k

k k k k k k k k k k

V N

V N N V

λ λ

λ λ λ λ

× ×

×

− + 
 =  
 ′ ′− + − − r r

Ξ  (29) 

All the global matrices can be obtained by assembling element matrix mentioned 
above. For the internal nodes of the element, the corresponding component of TK  
is equal to the component of e

TK . For the end point of the unit, the corresponding 
component of TK  is equal to the sum of the e

TK  corresponding components of 
all the units connected at this point. The total mass matrix M  can also be obtained 
by assembling eM  in this way. 

For the linear problem, let the initial displacement vector be =d 0 , the obtained 
tangential stiffness matrix is a general stiffness matrix, and the result after one iter-
ation is the solution of the linear problem. When the structure is in equilibrium, the 
equation of state is as follows  

 
( )

1

1 1
11

,   ,   

N
T

E
−

       = = =       −        
M

ς
dd

d d d
dd

ς K









0

0
 (30) 

the natural frequency can be obtained by solving the state equation. 
The following dimensionless parameters are introduced for convenience 

 
24 2

,  ,  ,  ,  
2

Ql o M
o

l o l l

F LA L I F Lr M Q
EI A L EI EI

ρ ψω = = = = =
π

xx  (31) 

where lA  is the cross-sectional area at the free end, lI  is the moment of inertia 
at the free end, oA  is the cross-sectional area at the free end, oI  is the moment 
of inertia at the free end. 

3. Numerical Results and Discussion 

This paper uses two units for numerical calculation, each unit contains 11 nodes 
to ensure the accuracy of numerical calculation results. The Young’s modulus of 
the beams used in all numerical examples are 720 GpaE = , the Poisson’s ratio is 

0.3µ = , and the density of the beam are 37800 kg mρ = . 
Based on the mathematical model of the tapered cantilever beam, the natural 

frequencies of the beam with the slenderness ratio 100r oL L r= =  are obtained 
by the numerical calculations. The first three frequencies for varied taper ratios are 
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shown in Table 1. 
 

Table 1. Natural frequencies of the tapered cantilever beam. 

  First frequency Second frequency Third frequency 

 
bα  Ref [5] 

Present 
work 

Error 
(%) 

Ref [5] 
Present 
work 

Error 
(%) 

Ref [5] 
Present 
work 

Error 
(%) 

1.hα =  

1.0 3.5160 3.5154 0.17 22.035 22.0070 0.13 61.70 61.5140 0.30 

0.5 4.3152 4.3143 0.21 23.519 23.4898 0.12 63.20 63.0108 0.30 

0.2 5.3977 5.3963 0.26 25.656 25.6226 0.13 67.54 65.5474 3.04 

0.hα =  

1.0 7.6469 7.6417 0.68 36.632 36.6110 0.06 94.52 94.3768 0.15 

0.5 9.2495 9.2496 0.00 39.092 39.0702 0.06 97.14 97.0009 0.14 

0.2 11.4291 11.4288 0.00 42.700 42.6744 0.06 101.36 101.2169 0.14 

0.hα =  

1.0 21.4573 21.4616 0.02 78.682 78.6852 0.00 184.33 184.2551 0.04 

0.5 25.5096 25.5146 0.02 83.973 83.9747 0.00 190.11 190.0158 0.05 

0.2 30.9770 30.9802 0.01 91.895 91.8940 0.00 199.09 198.9875 0.05 
 

Due to space limitations, this paper chooses part of the data to compare with 
Reference [5]. By comparing the numerical results in Table 1, it can be seen that 
the maximum relative error between the numerical results obtained and those in 
Reference [5] is less than 3.5%, not only which proves the correctness of the model, 
but also demonstrated the efficiency of the model, which can ensure the calculation 
accuracy while selecting fewer parameters. 

From Figure 3, it can be found that for the same values of the taper ratio, the 
natural frequencies of the beam increase as the slenderness ratio increases. At the 
same rL , the frequencies increase with the increase in the taper ratio. The first mode 
frequency shows little variation with the hα , while the second and third mode fre-
quencies exhibit more noticeable changes. Notably, when the 25rL > , its impact 
on the natural frequencies becomes minimal. 

 

 
(a) First-order frequency 
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(b) Second-order frequency 

 
(c) Third-order frequency 

Figure 3. The first three natural frequencies of the beam with vary taper ratio, solid line 
represents 0.1bα = , dashed line represents 1bα = . 

 

 

Figure 4. The deformation configuration diagram of the cantilevered beam. 
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Figure 4 shows that the deformation configuration diagram of the beam under 
the action of a dimensionless bending moment when 1.0hα = , 1.0bα =  and 

15rL = . Comparing the data in Figure 4 with that from Reference [29] verifies that 
the correctness of the cantilever beam model under the action of the load. 

From Table 2, it can be found that when the free end of the beam is subjected to 
the same dimensionless bending moment, the first three frequencies of the beam in-
crease with the taper ratio. The frequency variation is more significant for the height 
taper ratio than for the width taper ratio. When the taper ratio is the same, the fre-
quencies of the beam increase as the bending moment at the free end increases. 

 
Table 2. Frequencies of the tapered cantilever beam with an end torque at vary taper ratio. 

  0.5M =  1.0M =  
 

bα  1ω  2ω  3ω  1ω  2ω  3ω  

1.0hα =  
1.0 4.2909 13.4701 45.5735 7.5797 12.3882 27.1590 

0.5 4.7000 17.9835 55.2122 6.0567 14.1787 42.0872 

0.1 6.1006 26.6177 66.4940 6.2182 25.3815 65.0183 

0.5hα =  
1.0 7.8123 33.8417 91.2561 8.3262 29.1235 84.7660 

0.5 9.3484 37.7692 94.9692 9.6545 35.0479 91.4079 

0.1 12.7977 45.3293 104.1842 12.8366 45.1562 103.7606 

0.1hα =  
1.0 46.4775 149.9264 328.5651 46.4889 149.9439 328.5319 

0.5 54.6250 159.6463 338.9920 54.6346 159.6777 339.0139 

0.1 72.0465 186.6498 370.2163 72.0487 186.6694 370.2977 
 

The first three transverse modes of the beam under the different taper ratios when 
0.50M = , 15rL =  and 1.0bα =  are shown in Figure 5. 

 

 

Figure 5. The first three transverse modes of the tapered cantilever beam when 0.05M = , 
15rL =  and 1.0bα = . 
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Figure 6 shows the displacement-load curve of the beam under the action of a 
transverse force at the free end when 1.0bα =  and 15rL = . 

 

 

Figure 6. Displacements of the cantilever beam with a tip force. 
 

From Table 3, it can be found that when the free end of the tapered cantilever 
beam is subjected to the same dimensionless tip force, the first three frequencies of 
the beam increase with the taper ratio. The frequency variation is more significant 
for the height taper ratio than for the width taper ratio. When the taper ratio is the 
same, the frequencies of the beam increase as the tip force at the free end increases. 

 
Table 3. Frequencies of the tapered cantilever beam with a tip force at vary taper ratio. 

  2.0Q =  10.0Q =  
 

bα  1ω  2ω  3ω  1ω  2ω  3ω  

1.0hα =  

1.0 4.2681 21.2361 57.5136 7.1911 23.2032 55.7280 

0.5 4.7198 23.1183 61.1726 7.1736 23.9482 59.3031 

0.1 6.1017 27.1116 66.9963 6.7926 27.3135 66.8312 

0.5hα =  

1.0 7.7676 36.4492 93.5793 9.4152 36.2363 92.3561 

0.5 9.3064 38.9609 96.3218 10.3346 39.0826 96.3082 

0.1 12.8052 45.4247 104.3674 12.9347 45.5605 104.5289 

0.1hα =  

1.0 46.2998 149.0949 327.1543 46.3101 149.1161 327.1827 

0.5 54.5022 159.0421 337.9115 54.5086 159.0588 337.9327 

0.1 72.0262 186.5087 369.8805 72.0271 186.5130 369.8875 

 
The first three transverse modes of the beam under the different taper ratios when 

2Q = , 15rL =  and 1.0bα =  are shown in Figure 7. 
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Figure 7. The first three transverse modes of the tapered cantilever beam when 2Q = , 
15rL =  and 1.0bα = . 

4. Conclusions 

Based on the theory of geometrically exact beams, this study establishes a math-
ematical model for the tapered cantilever beam and analyzes the free vibration of the 
beam. According to the numerical simulation results, the analysis results of the free 
vibration of the tapered cantilever beam are as follows: 

1) Without loading, the natural frequencies of the tapered cantilever beam de-
crease with an increasing taper ratio, with height taper variation exerting a more 
pronounced influence on the natural frequency compared to width taper variation. 

2) For the same taper ratios and slenderness ratios, the first, second, and third-
order frequencies of the beam increase with an increase in amplitude. Similarly, for 
constant taper ratios, the first three frequencies of the beam increase with an increase 
in slenderness ratio. 

3) When the tapered cantilever beam is subjected to the same dimensionless bend-
ing moment, the first three frequencies of the beam increase with the taper ratio. 
The frequency variation is more significant for the height taper ratio than for the 
width taper ratio. When the taper ratio is the same, the frequency of the beam in-
creases as the bending moment at the free end increases. 

4) When subjected to dimensionless tip force, the first three frequencies of the 
beam increase with the taper ratio. The frequency variation is more significant for 
the height taper ratio than for the width taper ratio. When the taper ratio is the same, 
the frequencies of the beam increase as the tip force at the free end increases. 

The geometrically exact beam theory is the beam theory that can efficiently han-
dle large deformations and large displacements of structures. This paper establishes 
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a mathematical model of the tapered cantilever beam based on the geometrically 
exact beam theory and analyzes the linear vibration of the structure. In the future, 
considering the actual working conditions of the structure, we will conduct research 
on the nonlinear aspects of the structure, thereby being able to describe the mechan-
ical behavior of the structure more accurately, and provide a more comprehensive 
theoretical basis for the structural reliability and optimization design. 
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