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Abstract

In this paper, by constructing the smallest equivalence relation 6" on a finite
fuzzy hypergroup H , the quotient group (the set of equivalence classes)
H / 6" is a nilpotent group, and the nilpotent group is characterized by the
strong fuzzy regularity of the equivalence relation. Finally, the concept of 6 -
part of fuzzy hypergroup is introduced to determine the necessary and suffi-
cient condition for the equivalence relation & to be transitive.
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1. Introduction

The theory of hyperstructures originated from the eighth Congress of Scandina-
vian Mathematicians in 1934 [1]. Marty introduced the concept of hypergroups
as a generalization of groups at the conference. He first used hypergroups to solve
some problems of groups, algebraic functions, and rational fractions. Fuzzy subset
was introduced by Zadeh in 1965 as an extension of the classical concept of set [2].
In 1971, Rosenfeld introduced fuzzy sets in the context of group theory and pro-
posed the concept of fuzzy subgroups of groups [3]. In 2001, Pelea proposed the
equivalence relation on multiple algebras and gave the general theory of con-
structing basic algebras [4].

Equivalence relation is one of the most important and interesting concepts in
hyperstructures. Ordinary algebraic structures are derived from hyperstructures.
In 2013, Aghabozorgi et al. constructed an equivalence relation v* on a hyper-

group such that the quotient group H / V" is a nilpotent group [5]. In 2014,
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Ameri et al. constructed an equivalence relation &° on a hypergroup such that
the quotient group H / &" isan Engel group [6]. In 2015, Mohammadzadeh et al.
constructed an equivalence relation ¢” on fuzzy hypergroups such that the quo-
tient group H / ¢" is a solvable group [7]. In 2016, Jafarpour et al. constructed
an equivalence relation 7z° on a hypergroup such that the quotient group H / T
is a solvable group [8]. In 2016, Nozari studied the basic relation B on fuzzy
hypersemigroups, and studied the smallest strongly regular equivalence relation
7" on fuzzy hypersemigroups H , such that H / y" is a commutative semi-
group [9].

Equivalence relations play a crucial role in fuzzy hyperstructures, as they allow
us to capture the fuzziness and uncertainty inherent in fuzzy concepts. By defining
equivalence relations, we can partition the elements of a fuzzy set into different
equivalence classes, thereby revealing the similarities and differences between
them. This paper focuses on studying the equivalence relation &° of a finite
fuzzy hypergroup, with the goal of ensuring that the quotient group H / 6" is
nilpotent, and exploring the necessary and sufficient conditions for the equiva-

lence relation to be transitive.

2. Preparation

For a nonempty set H ,afuzzysubset 4 of H isafunctionfrom H to the
real number interval [0,1]. We use P*(H) to denote the set of all nonzero
fuzzy subsets of H [6]. At the same time, for two fuzzy subsets g and g, of
H,if 44 issmaller than 4, itis denoted by g4 < u,,and for Vxe H, there
is g4 (X) < 4, (X). Thus, we define:

(v 12y )(x) = max {1, (), 45 (X)} 1
(1 A y)(X) = min{,ul(x),yz(x)} (2)

A fuzzy hyperoperation on H isamapping o: HxH > P"(H) denote by:
(a,b)>ach=ab (3)

the structure (H,o) is called a fuzzy hypergroup.
Definition 2.1 [10]. A fuzzy hypergroup H is called a fuzzy hypersemigroup
if the following conditions are satisfied. For Va,b,c,e H, (ao b) oC=ao (b o C) ,

where for any fuzzy subset x of H,for VreH,wehave:

(aoﬂ)(r):{[:/H((aot)(r)Ay(t)), u#0 @

0, u=0

Y (u(0)a(ta)(r)). a0
0, u=0

(ﬂoaxr):{ ©)
Definition 2.2 [10]. Let g, v be two fuzzy subsets of a fuzzy hypergroup
(H,O),thenforany te H, wedefine pgov as

(mov)(t)=V (u(p)A(pea)(t)av(a))-

teH
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Definition 2.3 [7]. If for Vxe H, XoH =Hox= g, , then a fuzzy hyperse-
migroup (H,e) is called a fuzzy hypergroup, where y,, is the characteristic
function of H .

Theorem 2.4 [7]. Let (H,o) bea fuzzy hypersemigroup, thenforall a,beH,
Xa©Xp =20D.

Definition 2.5 [4]. For any non-empty subsets A and B, we define, for
Vae A, beB,

ApB < apb. (6)

where p 1is an equivalent relation on a fuzzy hypersemigroup (H,O) , and
pcHxH.

Definition 2.6 [11]. An equivalence relation p of a fuzzy hypersemigroup
(H,o) is called strongly fuzzy regular on the left (on the right), if
Xpy = aoxpaoy (Xpy=>Xoapyoa).If p is strongly fuzzy regular on the
left and on the right, then p is called strongly fuzzy regular.

If p is an equivalence relation on a fuzzy hypersemigroup (H , 0) , then we
consider the following hyperoperation on a quotient structure H/p forall ap,

bp e H/p, we have,
apobp ={cp:(a’ob’)(c)>0,apa’bpb’}. 7)

Theorem 2.7 [7]. Let (H,o) be a fuzzy hypergroup and p be an equiva-
lence relation on H . Then

(i) If (H/p,o) is a semigroup, then the relation p is fuzzy regular on
(H,o).

(ii) I (H / p,o) is a group, then the relation p is strongly fuzzy regular on

(H,°).
3. Strong Regular Relation ¢ on Fuzzy Hypergroups

In this section, we will construct and analyse the equivalence relation 6, defined
on a fuzzy hypergroup and prove that its strong fuzzy regularity makes the quo-
tient group H / 6 is a nilpotent group.

Definition 3.1 [7]. Let (H,o) be a fuzzy hypergroup. We define, for every
k>0,

@) L(H)=H;

(i) L, (H)={teH]|(xy)(r)>0,(tyx)(r)>0,inwhich x,yel, (H),reH}.

Let VneN,and 6, =]
m>1, 6, is the relation defined as follows: X,y < 3(z,-,2,)eH",

m,n

JoeS,:if z 2L, (H), o(i)=i,wehave:

(1 oe2)(0=([T2 (>0 ®

(20 °"'°Za<m>)(y):(

10nn > Where 6 is the diagonal relation and every

zg(i)](y)>0 9)

m
i1

DOI: 10.4236/jamp.2025.131006

150 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.131006

Y.Yanetal.

where S, isasymmetric group of order m.
Obviously, the relation 6, is reflexive and symmetric. We call 6, to be tran-
sitive closure of 6, .

Theorem 3.2. Since 6, is a transitive closure of 6, , for every ne N, there is
Bt cr (10)

Theorem 3.3. For VneN, therelation 6, isa strongly fuzzy regular relation.

Proof. Suppose VneN, 6, is an equivalence relation. If we want to prove
that @, isstrongly fuzzy regular, we need to prove that it is strongly fuzzy regular
on the left and on the right. So, for VX,y,zeH:

xeny:>Xo25n*yoz, Zon*Zoy. (11)
If x6,y,then 3meN(xz)(r)>0,suchthat xd,,y,and there
Nz, 2,)eH",and JoeS,:if 7, ¢L,(H), o(i)=i, then

(H|m1 I)(X) >0, (H. 225 ))(y) >0, where S, isthe symmetric group of or-
der m.

Let zeH ,for Vr,s, wehave (xz)(r)>0 and (yz)(s)>0,so

(T2 )2) (N =V, {(TT72 ) () A (P2)(r)] (12)

let p=x,then ((HLZI) )( )>0,if z¢L,(H), o(i)=i,so

(172200 )(2))(8) =V {(TT T 200 (@) A (02 ) (13)
let q=vy,if z ¢L,(H), o(i)=i,thenwehave ((HLZU(”)(Z))(S)>O.Sup-
pose that 7, =7 and we define 3o'€S,,,:0'(i)= { (+)1 Viei{:l,rTZ],;i,m}'

Thus for wr,seH, ([T, )(r)>0, (TT2,))(s)>0if z €L (H),
o'(i)=i.
If x8,y,thenfor 3k e N and exists X:uo,ul,---,uk:yeHM,suchthat:
X=U,0,Uu6, 60U, =y (14)

by the above result, we have Xoz =u, o Zgn*u1 ° Z6:’n* @ U 0oz=yoz,and

Xo zgn* yoz. Similarly, we can show that zo xgn*z °y.
Therefore, 6, is a strong fuzzy regular relation on fuzzy hypergroup H. ©
Theorem 3.4. For VneN,wehave 6,6, .
Proof. Let X6,,,y,then 3(z,---,z,)eH", JoeS,,if z¢L,(H),

o(i) =i, such that (Uzij(x)>0, [gza(i)j(y)>0,let o, =0, then

L.(H)cL,(H),s0 6,,<6;. a]

Corollary 3.5.1f (H,) isacommutative fuzzy hypergroup,then B* =6 =
Definition 3.6 [12]. For any group G, we said:

G=Q12Q22'”2Qs+1=1 (15)
is a central group series of G.If [Q,G]<Q,,, i=1--,5, then said s the
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length of the central group column. A group with a central sequence is called a nilpo-
tent group. Any term of the central cluster Q, <G, and Q, / Q.1 <Z(G/Q,y)-

Iffor every n, Z,(G)/Z,,(G) isthe centerof G/Z, ,(G), calla group col-
umn 1=Z7,(G)<Z,(G)<---<Z,(G)<-- is the upper central series of G .
Then Z (G) iscalled the nth centerof G.

Theorem 3.7 [5]. Agroup G isnilpotentofclass n ifandonlyif ¢, (G)={e},
where / (G)= <Ln (G)> .

Theorem 3.8 [7]. If (H,o) isa fuzzy hypergroup, and ¢ is a strongly fuzzy

regular relation on H , then:
L.1(H/e)=(tte L (H)) (16)

Theorem 3.9. H / 6, isanilpotent group of the class at most n+1.

Proof. Since 0, is strongly fuzzy regular relation, and H / 0, isagroup. Ac-
cording to theorem 3.7 and 3.8, then we have Lk+1(H/0:) = <t_|t el (H )> Us-
ing ¢,(G)= <Ln (G)> ,sowecanget L (H/@:) ={e}.

That is, the following only needs to prove L, . (H/é’:) <Z,,for VO<i<n.
For the case of n=0, there is no need to consider.

Solet ae H/é’: and bel (H/@:) Hence aba™b™el,, (H/H:) , and
so aba'btez,.

Thus, according to L, (H/H:)S Z and bel (H/@:) , then we have
beZ, .So,wehave ac LO(H/HJ): Z,.,,then H/G =Z ..

In summary, H / 6, is anilpotent group of class at most n+1.

Theorem 3.10. If H/@ is a nilpotent group of class n,then H/@; ~H .

Example 3.11. Let H ={e,a,b,c,d} is a fuzzy hypergroup, and o is the
fuzzy hyperoperation (Table 1).

Table 1. The result after fuzzy hyperoperation.

° e a b c d
e e a b c d
a a a aob aocC aod
b b aob b boc bod
c c aoc boc c cod
d d aod bod cod d

Let 6, is a strongly fuzzy regular relation on H, H / 6, is the quotient
group. Then exist Q; <H/@. , such that H/§ =Q >Q, >--->Q,,, =1. Hence
H / 6, is a nilpotent group.

4. Nilpotent Groups Based on Finite Fuzzy Hypergroups

In this section, we construct and analyse the smallest equivalence relation 6° de-
fined on a finite fuzzy hypergroup H , and prove its strong fuzzy regularity such
that H/6" is a nilpotent group.

Definition 4.1 [7]. Let (H,o) is a finite hypergroup. Then we define the
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relation 0" onthe H asfollow:

o =6, (17)
n>1
Definition 4.2. The relation 6" is a strongly fuzzy regular relation on a finite
hypergroup (H,o) suchthat H / 6" is a nilpotent group.
Proof. Because 6" =6, ,then 6, isa strongly fuzzy regular relation. Then

nx1

0" is a strongly fuzzy regular relation on (H,o). Then exist k € N, such that
6;.,=6,,s0 6 =6,. According to the arbitrariness of k, then H/6, isa
nilpotent group. Thus, H / 0" is a nilpotent group on a finite hypergroup. i

Definition 4.3. The relation 6" is the smallest strongly fuzzy regular relation
on a finite hypergroup (H,o) such that H / 6" is a nilpotent group.

Proof. Let p is a strongly fuzzy regular relation on (H,o) such that H/p
become a nilpotent group of class n. Suppose that x@y.Then X6,y,for VneN
and 3meN such that x6,,y < 3(z,-,2,)eH", JoeS,: if z¢L,(H),

o(i)=i.Wehave (H Zij(x) >0, [H Z"(i)j(y) > 0. From this, we can be ob-
i=1 i=1

tained

Lk+1(H/p)=<p(t);teLk(H)>={e} (18)
then for Vz, e L (H),wehave p(z)p(0)=p(6)p(z). Therefore
p(x)=p(y) which implies that Xxpy. O

5. Transitivity Condition of Strongly Regular Relation ¢

In this section we introduce the concept of @ -part of a fuzzy hypergroup and we

determine necessary and sufficient conditions for the relation & to be transitive.
Definition 5.1 [9]. Let X is nonempty subset of (H,o). Then, we say that

X isa @-partof H iffor VkeN, (z,--,z,)eH" and VoeS,,if

Z eULn(H), O'(i):i ,then for VxeH and VyeH/X ,wehave:

S (e

Theorem 5.2 [7]. Let X isanonempty subset of a hypergroup (H,e). Then,
the following conditions are equivalent:

(i) X isa @-partof H;

(i) xe X, xX0y=>yeX;

(iii) xeX, x'y=>yeX.

Theorem 5.3. The following conditions are equivalent:

(i) For VxeH, O(x) isa @-partof H;

(ii) @ is transitive.

Proof. ((i) = (ii)) Suppose that x&y, then 3(z,---,z,)eH", such that
X=2,02,0---0z, =y .For 0<i<m, 6(z) isa @-partof H.Wehave
z,€0(z_,),for ie[0,m]. Thus ye@(x) which means xdy.
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((i)) = (i)) Suppose that xe H, ze@(x) and z0y. By transitivity of &, we
have ye@(x).Accordingto xeH, yed(x),wehave ye X,so 6(x) isa
0 -part of H. o

Definition 5.4 [5]. The intersection of all @ -part which contain A is called
O-closureof A in H and it will denoted by K(A).

Follow, we will determine the set D(A), where A is a non-empty subset of
H . We set:

(i) D,(A)=A;

(i) Dy (A)={xeH[3(z2,) € H™(TT72)(x)> 0, 3o e, if

=1
z,¢L,(H),suchthat o(i)=i,and JaeD,(A), such that (Himzlzi)(a)>0}.
We denote D(A)=[JD,(A).

n>1
Theorem 5.5. For any nonempty subset of H which has the following state-
ments:

(i) D(A)=K(A);
(i) K(A)=UK(a).

acA

Proof. (i) Since K (A) is the intersection sets of all @ -parts containing A.

We suppose (Himzlzi)(a)>0 and JoeS,, if z eEUnZan(H) , such that

o(i)=i. Then for IneN, ae Dn(A), we have (ﬁzij(a)>0. So JteH,
i=1
such that [ﬁ Zg(i)j(t) >0. From this can be obtained teD,,;(A). Because of
i=1

n>1

D(A)=[JD,(A),so teD(A).According to the arbitrarinessof n, D(A) is
p

a @ -part. According to the lemma, if Ac B, then B isa @-part, such that
D(A)c B.Wesuppose D,(A)cB.If zeD,, (A),thenthere JkeN,

(2,2, ) € H™, such that [ﬁzi](z)>0 and there JoeH,,if
i1

z,¢|JL(H),suchthat o(i)=i and thereexists te D, (A), such that

t>1
(lm[ za(i)j(t) >0. Accordingto D,(A)cB,wehave teB.So B isa @-part
i=1

then z e B, therefore D(A) =K (A)
(ii) Know by definition, Vae A, K (a) ckK (A) . Bu part (i), we have
K(A)={JD,(A) and D,(A)=A=|J{a}. Therefor VneN,

n>1 aeA

D,(A)=JD,(a).If zeD,,(A), thenthere 3keN, (z,-,z,)eH",

acA

(ﬁzij(z)>0 and 3oeH,,if 7 ¢(JL(H), such that o(i)=i and there
i-1

t>1

m
JaeD,(A), such that (H Zo(i)j(a) >0. According to the arbitrariness of n,

i=1
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there exists a D, (A)=[J D, (b). Then for va'eW,(b), be A, we have

beA
(lm[ Za(i))(a’) >0. Therefore 3z€D,,, (b) ,andso D, (A) c bU D, (b) .
i=1 A
Hence K(A):UK(a). o

aeA

Theorem 5.6. The following relation is an equivalence relationon H,

xDy < xe D(y)
for every (X,y)eH?, where D(y)= D({y})

Proof. It is easy to see that D is reflexive and transitive. We prove that D is
symmetric. To this, we check that:

(i) Forall n>2,and xeH ,wehave D, (D,(x))=D,.,(x);

(ii) xeD,(y) ifandonlyif yeD,(x).

We suppose a e D, (D, (x)), such that (H Z; j(a) >0, then for 3o €S, , if

i=1

z,¢|JL,(H), o(i)=i.And 3Jye D,(x), such that (ﬁza(i)J(y)>0.Let

m>1 i=1

(DZ (X)) =D,.;(x), then

Dnﬂ(Dz(x)):{a|3meN,(zl,-~,zm)e Hm,(ﬁzij(a)>0, JoeS,,if

zenglL H), o(i)=i, then 3teD, (D (_)) [Hz ]() }Therefore

xeD,(y) ifandonlyif yeD,(x).Suppose xeD,(y) ifand only if

VEDH(X).Let xeD (y),thenthereexists meN, (21:' )EH"‘

n+l

(ﬁza(i)j(t)>0, doeS,,if z ¢|JL,(H),suchthat o(i)=i,and
i-1

m>1

1 m

te D,(x).Since te D,(y), then by hypotheses of induction y e D, (t) and we
see that te D, (x), therefore ye D, (D,(x))=D,.,(X). o

Definition 5.7 [7]. Let H isa fuzzy hypergroups,then H/6 isagroup. And
@:H — H/0 isacanonical projection. We denote by 1 the identity of the group
H/0.Theset ¢*(1) iscalled the @-heartof H anditisdenotedby w,.

Theorem 5.8 [6]. If H is a fuzzy hypergroup and G is a nonempty subset
of H,then:

(i) ¢*(¢(G))={xeH:(w,G)(x)>0}={xeH:(x)(x,G)>0};

(i) If G isa O-partof H,then go’l(go(G)) =G.

Definition 5.9 [7]. Let (H,o) is a fuzzy hypergroup, H, c H is called a
fuzzy subhypergroup of H if:

(i) (aeb)ec=ao(boc),for Vab,ceH;

(i) aeH; =y, ,for VaeH,.

Theorem 5.10. @, is the smallest fuzzy subhypergroups of H , which is also
a @-partof H.

Proof. First, we check that @, isa subhypergroup of H . Because w, c H
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and so (ach)ec=ac(bhoc), Va,b,cew,. Let X,yew,, then there IzeH,
such that (zy)(x) > 0. There Z_y =X, which implies that Z=1. Thus zea,,
consequently @,y =y, for VyeH .Hence w, isafuzzyhypergroupof H.

Now wo prove @, isa @-partof H.Let zeg™ ((p({x})) if and only if
¢(2)=¢(x),which means z6x.Therefore 6"(z)=6"(x) which means z6°x.
From the above, if 7€ 6"(z),then z€6"(z)= a)({x}) =H,(x).

Therefore, if X € w,,then H (X)=w,.Itshowsthat @, isa @-partof H .
And @, isthe smallest fuzzy subhypergroupsof H . m
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