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Abstract 
We study the following modified transitional Korteweg-de Vries equation 

( ) 0p
t x xxxu f t u u u+ + = , ( ),x t + +∈ ×R R , ( 2p ≥  is an even integer) with in-

itial value ( ) ( ) ( )4,0u x g x H += ∈ R  and inhomogeneous boundary value  

( ) ( ) [ )( )20, 0,u t Q t C= ∈ ∞ . Under the conditions either (i) ( ) 0f t ≤ ,  

( ) 0f t′ ≥  or (ii) ( )f t α≤ −  where 0α > , we prove the existence of a uni- 
que global classical solution. 
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1. Introduction 

The Korteweg-de Vries equation (KdV) equation below  

 ( )0, ,t x xxxu uu u x t+ + = ∈ ×R R  (1.1) 

is a famous equation in mathematical physics. It was derived as a model for undi-
rectional propagation of small-amplitude long waves in a number of physical sys-
tems, such as the evolution of shallow water waves, ion acoustic waves, long waves 
in shear flows [1]-[5]. The KdV equation is a soliton equation with Hamiltonian 
structures and an infinitely number of independent motion constants in involu-
tion [6]-[8]. The existence of a unique global solution and well-posedness for the 
KdV equation with smooth initial data can be found in [9]-[14]. 

The Korteweg-de Vries equation (KdV) equation has a cousin, namely the 
modified KdV equation (mKdV) 
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 ( )26 0 ,t x xxxu u u u x tσ− + = ∈ ×R R  (1.2) 

also has been a subject of prolific study [15]-[23]. This equation has infinitely 
many conserved quantities. The famous Miura transformation establishes the 
connection between KdV and mKdV equations: namely, a solution of the mKdV 
equation ϕ   yields a solution of the KdV equation 2

xϕ δϕ+  . For the Cauchy 
problem of the mKdV Equation (1.2), there exists a unique global classical solu-
tion. For the following generalized mKdV equation 

 ( )6 0, ,p
t x xxxu u u u x tσ− + = ∈ ×R R  (1.3) 

where p  is a positive integer, it is found to be integrable only in two cases: 1p =  
(KdV) and 2p =  (mKdV) [24]. 

We notice that most of these studies are focused on pure initial value problems. 
However, in many cases of physical interest, the mathematical model leads pre-
cisely to a mixed initial-boundary value problem. For example, the KdV equation 
can describe long waves. In order to assess the performance of the KdV equation 
as a model for waves in a particular system, sometimes it is not quite convenient 
to consider the pure initial value problem since there may be difficulty associated 
with determing the entire wave profile accurately at a given time. One way to ob-
tain undirectional waves to test the appurtenance of KdV, is to generate waves at 
one end of a homogeneous stretch of the medium in question and to allow them 
to propagate into the initial undisturbed medium beyond the wavemaker (see 
[25]-[27] for details). This leads to the following inhomogeneous initial-boundary 
value problem in which global existence and well-posedness were established [28] 
[29]: 

 6 0, 0 , .t x xxxu uu u x tσ− + = ≤ < ∞  (1.4) 

 ( ) ( ) ( ) ( ),0 , 0, .u x g x u t Q t= =   

Meanwhile, for the famous n-dimensional nonlinear Schrödinger equation 
(NLS) ( 0, 1g p> > ) 

 1Δ , Ω ,p n
ti u u g p u x−∂ = − ∈ ⊂ R  (1.5) 

 ( ) ( ) ( ) ( ),0 , , , for Ωu x x u x t Q x t xϕ= = ∈∂   

under initial and inhomogeneous boundary conditions ( ) ( )1 Ωx Hϕ ∈ ,  
( )( )3 ,Q C∈ ∂Ω× −∞ ∞   (with compact support), there exists a global solution 

( ) ( ) ( )( )1 1
loc , ; pu L H L∞ +∈ −∞ ∞ Ω ∩ Ω  for t∈R  [30]. The PDE is understood in 

the sense of distribution while the boundary condition is understood as  

( ) ( ) ( )1
0, ,u t Q t H⋅ − ⋅ ∈ Ω   for a.e. t  . Furthermore, if 41 1

2
p

n
< < +

−
 , this solu-

tion is unique. 
Another example is the following initial and inhomogeneous boundary value 

problem for an n-dimensional Ginzburg-Landau equation which describes non-
linear amplitude evolution of wave propagation: 

 ( ) ( ) 2Δ , Ω n
tu a i u b i u xuα β= + − + ∈ ⊂ R  (1.6) 
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 ( ) ( ) ( ) ( ),0 for Ω, , , on Ωu x h x x u x t Q x t= ∈ = ∂   

where , 0a b >  and ,h Q  are smooth functions. If ( )1 4h H L∈ ∩ Ω , 0a > ,  
( )( )3 ,Q C∈ ∂Ω× −∞ ∞ , ( ),0Q h⋅ =  (compatibility condition), then (1.6) has an 

unique global solution in )( ) )( )* 1 4 2 * 2 60, , 0, ,u C T H L L T H L ∈ ∩ ∩ ∩   , for 
some * 0T > , ( ) ( ) 1

0, ,u t Q t H⋅ − ⋅ ∈ , for a.e. )*0,t T∈   [31]. 
For the following initial and inhomogeneous boundary value problem of a 

modified KdV: 

 6 0, 0 ,p
t x xxxu u u u x tσ− + = ≤ < ∞  (1.7) 

 ( ) ( ) ( ) ( ), , 0,u x t g x u t Q t= =   

where 2p ≥  is an even integer, 0σ > . The existence of a unique global classical 
solution [ ) ( )( ) ( ) ( )( )0 3 1 2

00, , 0, ,u C H C L+ +∈ ∞ ∩ ∞R R   is proved in [32] pro-
vided that ( ) ( )4g x H +∈ R , ( ) [ )( )2 0,Q t C∈ ∞ . 

As we know, transitional KdV equation arises in the study of long solitary waves 
in lakes and estuaries. It propagates on the thermocline separating two layers of 
fluids of almost equal densities (see [33] for example). Global well-posedness for 
the Cauchy problem of the following transitional KdV equation was obtained in 
[34]: 

 ( ) ( ) ( )3 0, ,0t x xu u f t u u u x xϕ∂ + ∂ + ∂ = =  (1.8) 

where ,x t∈R , ( )f C∈ R , ( )1
locf L′∈ R . 

This research is the continuation of an earlier paper [35] about the following 
modified transitional KdV equation posed in the quarter plane ( [ )( )1 0,f C∈ ∞ ): 

 ( ) ( )2 0, , ,t x xxxu f t u u u x t + ++ + = ∈ ×R R  (1.9) 

 ( ) ( ) ( ) ( ) ( ) [ )( )4 2,0 , 0, 0, .u x g x H u t Q t C+= ∈ = ∈ ∞R   

We proved a unique global classical solution  
[ ) ( )( ) [ ) ( )( )0 3 1 20, , 0, ,u C H C L+∈ ∞ ∩ ∞R R   for (1.9) under the conditions ei-

ther (i) ( ) 0f t ≤ , ( ) 0f t′ ≥  or (ii) ( )f t α≤ −  where 0α > . 
In this paper, we will study a more generalized version of modified transitional 

KdV equation under initial and inhomogeneous boundary conditions 

 ( ) ( )0, , ,p
t x xxxu f t u u u x t + ++ + = ∈ ×R R  (1.10) 

 ( ) ( ) ( ) ( ) ( ) [ )( )4 2,0 , 0, 0,u x g x H u t Q t C+= ∈ = ∈ ∞R   

where 2p ≥  is an even integer. We prove the global existence and uniqueness 
theorem under similar conditions. 

2. Local and Global Existence-Uniqueness Theorems 

We first define ( )e xu v Q t −= +  and subsitute this in (1.10) to get 

 
( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )

e

e e e

px
t x xxx

px x x

v f t v Q t v v

Q t Q t f t v Q t Q t

−

− − −

+ + +

′= − + +
 (2.1) 
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where ( ) ( ) ( ) ( ),0 0 e xv x h x g x Q −= = −  , ( )0, 0v t =  . Let ( )2
0H +R   be a sub-

space of ( )2H +R   with standard Sobolev norm, then (2.1) is converted to a 
quasi-linear equation of evolution 

 ( ) ( )d , , ,
d
v A t v v B t v
t
+ =  (2.2) 

 ( ) ( ) ( ) ( ) ( ),0 0 e , 0, 0,xv x h x g x Q v t−= = − =   

where  

 ( ) ( ) ( )( ), e ,
px

x xxxA t v v f t v Q t v v−= + +  (2.3) 

 ( ) ( ) ( )( ) ( ) ( )( ) ( ), e e e .
px x xB t v Q t Q t f t v Q t Q t− − −′= − + +   

Let ( ) 221
s

S D= +  , 3s ≥  , ( )3
0Y H += R  , ( )2

0X L += R  , then Y   is continu-
ously and densely embedded in X  with usual norms. Since  
( ) ( ) ( )3, ,A t v A v D b t v D= = +  where ( ) ( ) ( )( ), e

pxb t v f t v Q t −= + , the leading 
term 3D  in ( )A v  is the generator of a contraction semi-group in X , skew-
adjoint with ( )3

0H +R . The perturbing term ( ),b t v D  is quasi-accretive and rel-
atively bounded with respect to 3D . We consider the solution for (2.2) on any 
time interval [ ]0,T  . Since ( ) 1,tb t v C∂ ∈   as ( ) 2Q t C∈  , ( )A v   is a first-order 
differential operator with a smooth coefficient ( )b v . We have the following esti-
mate 

 

( ) ( )( ) ( ) ( )( )
( ) ( )
( )

, ,

, ,

xX X

xX

X Y

A v A z w b t v b t z w

b t v b t z w

T v z wα
∞

− = −

≤ −

≤ −

 (2.4) 

provided that ( ) ( )4,0u x H +∈ R  , ( ) [ )( )20, 0,u t C∈ ∞   and [ )( )1 0,f C∈ ∞  . 
Since 2Q C∈   and f   are locally bounded functions, we see that ( ),t B t v→  
is X -Lipschitz continuous for each [ ]0,t T∈ . Similar to the results on abstract 
quasi-linear equation of evolution in [36] [37], we have the following existence 
theorem. 

Theorem 2.1. (Local Existence and Uniqueness) For the modified transitional 
Korteweg-de Vries Equation (2.2) posed in the quarter plane, there exists a unique 
classical solution [ ) ( )( ) [ ) ( )( )0 3 1 2

00, , 0, ,M Mv C T H C T L+ +∈ ∩R R  for some  
0MT >  if ( ) ( )4,0v x H +∈ R . Thus there is a unique local classical solution  
[ ) ( )( ) [ ) ( )( )0 3 1 20, , 0, ,M Mu C T H C T L +∈ ∩R R   for (1.10) with inhomogeneous 

boundary data provided that ( ) ( )4,0u x H +∈ R , ( )1f C +∈ R  and  
( ) ( )2Q t C +∈ R . 
To prove global existence, we need to estimate the 1H  norm for any solution 
( ),u x t  and show it’s bounded on any finite interval [ ]0, MT . Write  
( ) ( )0,Q t u t=  , ( ) ( )0,xP t u t=  , ( ) ( )0,xxR t u t=  . Differentiate both 2

2u   and 
2
2xu  with respect to t  variable and substitute them in (1.10) to get 

 
( )( )

( )

2
0 0 0

1
0 0 0

d 2 d 2 d

2 2 d 2 d

p
t t xxx x

p
xx x xx x

u x uu x u u f t u u x

uu u u x f t u u x

∞ ∞ ∞

∞ +∞ ∞

∂ = = − −

= − + −

∫ ∫ ∫

∫ ∫
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2
00

2 2

2
2

2
2

2 .
2

p
x

p

f t
Q t R t u u

p
f t

Q t R t P t Q
p

∞ ∞+

+

= + −
+

= − +
+

 (2.5) 

 

( ) ( ) ( )( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
00 0 0

0

0 0

2

00

2
0

d 2 d 2 2 d

2 2 d

2 2 d 2 d

2 2 d

2 2 d .

t x x xt x t xx t

p
xx xxx x

p
xx xxx x xx

p
xx x xx

p
x xx

u x u u x u u u u x

P t Q t u u f t u u x

P t Q t u u x f t u u u x

P t Q t u f t u u u x

P t Q t R t f t u u u x

∞ ∞ ∞

∞

∞ ∞

∞ ∞

∞

∞∂ = = −

′= − − − −

′= − + +

′= − + +

′= − − +

∫ ∫ ∫

∫

∫ ∫

∫

∫

 (2.6) 

Now we differentiate ( )
( ) ( )

2
0

2
d

1 2
pf t

u x
p p

+∞
−

+ + ∫  with respect to t  variable to 

get 

 

( )
( )( )

( )
( )( )

( )
( )( ) ( )

( )
( )( )

( )
( )( ) ( )( )

( )
( )( )

( ) ( ) ( )

( )( ) ( )

2
0

2 1
0 0

2 1
2 0

2
2 1 2 1
2 0 0

2
d

1 2

2 2
d 2 d

1 2 1 2

2 2
d

1 2 1 2

2 2 2
d d

1 2 1 1

2
1 2

p
t

p p
t

p p p
xxx xp

p p p
xxx xp

p

f t
u x

p p

f t f t
u x p u u x

p p p p

f t f t
u u u f t u u x

p p p p

f t f t f t
u f t u u x u u x

p p p p

f t u
p p

+

+ +

+ +
+

+ +

∞

∞

+

+

∞

+

∞

∞

∞

 
∂ −  + + 

′
= − − +

+ + + +

′
= − − − −

+ + + +

′
= − + +

+ + + +

′= −
+ +

∫

∫ ∫

∫

∫ ∫

( )

( ) ( )
( )

( )
( )( )

( ) ( ) ( )

( ) ( )
( )

( )

2 1
2 0

2
2 2

20 0

2 1
2

2
2 2

20

2
1

2 d
1

2 2
1 2 1

2 d
1

p p
xx

p p
x xx

p p
p

p p
x xx

f t
u u

p

f t
f t u u u x u

p

f t f t
u Q t R t

p p p

f t
f t u u u x Q t

p

∞+ +

∞+

∞

+ +

∞

+

+

+
+

− +
+

′
= − −

+ + +

− −
+

∫

∫

 (2.7)

 

By adding (2.5)-(2.7) we obtain: 

 

( )
( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( )( )

( ) ( ) ( ) ( ) ( )
( )

( )

22 2
2 2 0

2 2 2

2
20

2
1 2 2

20

2
d

1 2

2
2 2

2
2

2 d
1 2

2
2 d

1 1

p
t x

p

pp
x xx p

p p p
x xx

f t
u u u x

p p

f t
Q t R t P t Q P t Q t R t

p
f t

f t u u u x u
p p

f t f t
Q t R t f t u u u x Q t

p p

∞

∞

+

+∞

+

+

+

+

 
∂ + −  + + 

′= − + − −
+

′
+ −

+ +

− − −
+ +

∫

∫

∫
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( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( )( )

( ) ( ) ( ) ( )
( )

( )

2 2 2

2
2 1 2 2

22

2
2 2

2
2 2

.
1 2 1 1

p

p p p
p

f t
Q t R t P t Q P t Q t R t

p
f t f t f t

u Q t R t Q t
p p p p

+

+ + +
+

′= − + − −
+

′
− − −

+ + + +

 (2.8) 

To prove global existence, we need to show that 1Hu   is bounded on any 
[ )0, MT . First we consider the case (i) ( ) ( )0, 0f t f t′≤ ≥ . From (2.8) we see that 
for any [ )0, Mt T∈  

( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( )

( ) ( ) ( ) ( )
( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2
2 2 0

2 2 2

2
2 1 2 2

22

2 2 1 2

2 2
0 1 2

2
d

1 2

2
2 2

2
2 2
1 2 1 1

2 2
2 2

2 1

p
t x

p

p p p
p

p p

f t
u u u x

p p

f t
Q t R t P t Q P t Q t R t

p
f t f t f t

u Q t R t Q t
p p p p

f t f t
Q P t Q t P t Q t Q t R t R t

p p

c c P t P t c R t R t m

+

+

+ +

∞

+
+

+ +

 
∂ + −  + + 

′= − + − −
+

′
− − −

+ + + +

 
′≤ − − + − − + + 

≤ + − + − ≤

∫

(2.9) 

for some positive number m  which depends on 0 1,c c  and 2c  which in turn 
depend on ( ) ( ) ( ) ( ), , ,g x f t Q t Q t′  and MT . By integrating (2.9) in t  variable 
and noting that ( ) 0f t ≤  we obtain 

 ( )
( ) ( )1

2 2 2 2
2 2 0 0

2
d d

1 2
p

x MH

tf t
u u u u x m t mT

p p
+∞

≤ + − ≤ ≤
+ + ∫ ∫  (2.10) 

which implies that 1Hu  is bounded on any [ )0, MT . 
Next we turn to case (ii) ( )f t α≤ −   where 0α >   with no restriction on 
( )f t′ . Again, from (2.8) we get 

 

( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( )

( ) ( ) ( ) ( )
( )

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )

( ) ( )
( ) ( ) ( )

2 2 2
2 2 0

2 2 2

2
2 1 2 2

22

2 2 2

21
2

2
0 1 2

2
d

1 2

2
2 2

2
2 2
1 2 1 1

2
2

2
22

2
1 1 2

p
t x

p

p p p
p

p

pp
p

f t
u u u x

p p

f t
Q t R t P t Q P t Q t R t

p
f t f t f t

u Q t R t Q t
p p p p

f t
Q P t Q t P t R t

p
f tf t

Q t Q t R t u
p p p

c c P t P t c R t

+

+

+ + +
+

+

++
+

∞ 
∂ + −  + + 

′= − + − −
+

′
− − −

+ + + +

′≤ − − −
+

′ 
+ − + + + + 

≤ + − +

∫

( ) 2 22
3 32 2

p p
p pR t c u m c u+ +

+ +
− + ≤ +

 (2.11) 

for some positive m  depending on 0 1 2, ,c c c  and 3c  which in turn depend on 
( ) ( ) ( ) ( ) ( ), , , ,g x f t f t Q t Q t′ ′  and MT . By integrating (2.11) in t  variable and 

noting that ( )f t α≤ −  we obtain 
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( ) ( )
( )

( ) ( )

( )

( ) ( )

2 2 2
2 2 2

2 2 2
2 2 2

2
3 20

2 2 2
0 2 2 20

2
1 2

2
1 2

d

2 d
1 2

p
x p

p
x p

t p
p

t p
M x p

u u u
p p

f t
u u u

p p

m c u t

mT m u u u t
p p

α

α

+

+

+

+

+

+

+

+

+ +
+ +

≤ + −
+ +

≤ +

 
≤ + + +  + + 

∫

∫

 (2.12) 

for some positive number 0m  which depends on 3c  and α . By Gronwall’s  

lemma, 2 2 2
2 2 26

p
x pu u uα +

+
+ +   is bounded on any [ )0, MT  , so is 1Hu  . From  

Gagliardo-Nirenburg estimate [38], we see that 2
2 2xu u uλ

∞
≤   for some 

0λ > , therefore u
∞

 is bounded on any [ )0, MT . 
Now consider the Cauchy problem for the linear equation  

 ( ) ( ) ( ) ( )d d , 0 , 0u t A t u B t t T u g x+ = ≤ ≤ =  (2.13) 

in a Banach space X  and if one assumes that ( )A t−  generates an analytical 
semigroup then the solution of (1.10) can be written as 

 ( ) ( ) ( ) ( )
0

,0 , d
t

u t U t g U t s B s s= + ∫  (2.14) 

where ( ) ( ), e t s AU t s − −=  is defined as the family of operators such that  

( ) ( ),u t U t s g=  is the solution of the homogeneous differential equation  
( )d d 0u t A t u+ =  with the initial value ( )u s g= . For the nonlinear case in a 

Banach space X : 

 ( ) ( ) ( )d d , , , 0 , 0u t A t u B t u t T u g+ = ≤ ≤ =  (2.15) 

we consider the linear equation ( )( ) ( )( )d d , ,u t A t v t u B t v t+ = , ( )0u g=  for 
certain functions ( )t v t X→ ∈  . If this equation has a solution ( )u u t=   then 
define a mapping ( )v u G v→ =  and seek a fixed point of G  which will be a 
solution of (2.15). We note that (2.15) is similar to (2.2) as we take boundary data 

( )Q t  into consideration and switch v  and u  variables. We now can adopt ar-
guments in [39], thinking 2

0X L= , and write the following as the solution to (2.2) 

 ( ) ( ) ( ) ( )
0

,0 , , d
t

v t U t g U t s f t v s= + ∫  (2.16) 

where U   is continuous and bounded operator. Recall from (2.10) and (2.12) 
that ( )e xu v Q t −= +   is bounded under 1H   and L∞   norms, thus v   is also 
bounded under 1H  and L∞  norms on any given interval of time [ ]0,T . Take 

3
0Y H=  norm on both side of (2.16) one obtains the following inequality 

 ( ) ( )0 0 10 0
, , d d

t

Y Y
Y

t
v c U t s B t v s c c v s≤ + ≤ +∫ ∫  (2.17) 

Apply the Grownwall lemma on (2.17) one conclude that v  is bounded under 
Y  norm on any given interval of time [ ]0,T . Therefore, u  is a global classical 
solution to the inhomogeneous initial-boundary value problem for the modified 
transitional KdV Equation (1.10). Therefore we have proved the following global 
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existence theorem. 
Theorem 2.2. (Global Existence) For the initial-boundary value problem of mod-

ified transitional KdV (1.10), ( ) ( )4g x H +∈ R , ( ) [ )( )2 0,Q t C∈ ∞ , there exists a 
unique global classical solution [ ) ( )( ) [ ) ( )( )0 3 1 20, , 0, ,u C H C L+ +∈ ∞ ∩ ∞R R  
under the conditions either (i) ( ) 0f t ≤  , ( ) 0f t′ ≥   or (ii) ( )f t α≤ −   where 

0α > . 

3. Conclusion 

The inhomogeneous boundary value problems for the modified transitional KdV 
are relatively new, and this paper is our initial attempt to study the existence and 
uniqueness of the global solution. A lot more could be done. For example, the 
well-posedness of the problem (i.e. continuous dependency on initial and bound-
ary data), decay estimates, and numerical simulations. We plan to continue our 
study on mTKdV in the near future.  
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