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Abstract 
Multiple autoimmune diseases often exhibit a cyclic pattern of relapse and re-
mission, with significant periods of loss of self-tolerance being interrupted by 
recurrent autoimmune events. In this article, we explore a specific type of ter-

minally differentiated regulatory T cell RegHLA DR T+−  cells, and their appli-

cation in existing autoimmune disease models. We also conduct an in-depth 
study on a multiple sclerosis model. This model incorporates a Holling-II type 
functional response mechanism. The focus of the study is to analyze whether 
the equilibrium points of the system have local asymptotic stability and deter-
mine the conditions for the existence of Hopf bifurcation. Furthermore, the 
direction of Hopf bifurcations and the stability of its periodic solutions can be 
analyzed through normal form theory and center manifold theorem. 
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1. Introduction 

Currently, in the medical field, autoimmune diseases have gradually become a fo-
cus of research and societal attention due to their significant impact on the health 
of populations worldwide. The immune system of the body not only serves as a 
faithful guardian to maintain health, but also is able to identify, track, and effi-
ciently eliminate foreign pathogens in order to ensure balance and coordination 
within the internal environment. When facing autoimmune diseases, the immune 
system seems to have lost its proper recognition ability, mistakenly treating nor-
mal tissues and organs inside the body as foreign threats, thus initiating unneces-
sary immune responses that lead to a series of complex and diverse pathological 
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changes and clinical symptoms. 
Multiple sclerosis is a common autoimmune disease of the central nervous sys-

tem, and its complex pathogenesis mainly stems from abnormal autoimmunity 
reactions. Once activated in the patient’s body, self-reactive T cells mistakenly 
identify myelin antigens of the central nervous system as foreign invaders. Subse-
quently, these T cells are able to penetrate the blood-brain barrier, move into the 
central nervous system, and launch an immune response to attack. This process 
results in the destruction of myelin sheath and damage to nerve fibers. B cells play 
a key role in this process, able to generate autologous antibodies specifically tar-
geting myelin sheath components. Once these antibodies bind to myelin antigen, 
they can activate the complement system’s activity and exacerbate the damage 
of myelin sheath [1]. Multiple sclerosis involves a certain degree of genetic pre-
disposition, with specific gene mutations closely related to its onset. For exam-
ple, there is an association between specific alleles of the Human Leukocyte An-
tigen (HLA) gene, particularly HLA-DR15, and an increased likelihood of devel-
oping multiple sclerosis in individuals. The cell factor receptor genes such as IL-
7RA have been confirmed to be associated with the occurrence of multiple sclero-
sis [2]. 

Recently, a novel effector cell subset RegnT   subgroup has been successfully 
identified in the research field. This unique subset of cells has the ability to further 
develop and differentiate into the final stage suppressor factors. Compared to tra-
ditional RegnT  cells, it performs better in terms of inhibitory function but has a 
relatively shorter lifespan. This discovery not only enriches our understanding of 
the immune regulation mechanism, but also provides a new direction for devel-
oping more precise and efficient immunotherapy strategies in the future. Pheno-
typic analysis reveals that the cell surface receptor HLA-DR encoded by specific 
genes exhibits diversity within T regulatory cells, successfully identifying and sub-
classifying different subgroups of terminal differentiation states [3]-[5]. Specifi-
cally, HLA DR T+−  regulatory cells exhibit a faster ability to suppress the prolif-
eration of conventional T cells compared to HLA DR T−−  regulatory cells. Ac-
cording to our understanding, activation and expansion of HLA DR−−   medi-
ated effector nTreg cells drive the formation and development of this specific sub-
set of RegHLA DR T+−  cells. 

Alexander and Wahl’s recent model successfully captured the internal feed-
back loop of autoimmunity. In this model, professional antigen-presenting cells 
( pAPCs  ) display self-antigens, triggering auto reactive effector T cells against 
host tissues and leading to attacks on the host tissue. Host tissue damage leads to 
an increased release of self-antigens, which in turn activates professional antigen-
presenting cells ( pAPCs ). Tregs (regulatory T cells) play a crucial role in this 
process by suppressing autoreactive immune responses through multiple hypoth-
esized mechanisms [6] [7]. 

For recent experimental results in the field of RegHLA DR T+−  cells. We have 
decided to expand the model of W.J. ZHANG and LINDIM [8]. In the opening 
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section, we presented a basic model and expanded upon it. In the second section, 
we obtained and analyzed the existence and stability of equilibrium points for the 
new model. In the third section. By selecting appropriate bifurcation parameters, 
we successfully identified the critical points of the Hopf bifurcation, which means 
that our new model can accurately.  

2. Preliminaries 

In 2014, W.J. ZHANG et al. [9] introduced regulatory T cells as an explicit variable 
into the model established by H.K. Alexander et al. obtaining the model:  
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In this context, A, R, E and G respectively represent professional antigen-pre-
senting cells (APCs), active regulatory T cells, activated effector T cells and spe-
cific self-antigens. fvG  represents the rate of maturation of professional APCs; 

1RAσ  represents the rate at which active regulatory T cells inhibit professional 
APCs; activated auto reactive effector T are generated by resting T cells interacting 
with matured professional APCs at a rate of E Aλ ; active regulatory T cell activa-
tion occurs at a rate ( )1E Aπ β+ ; auto reactive effector T attack host tissues lead-
ing to release of self-antigens at a speed Eγ   triggering maturation of profes-
sional APCs  starting a new cycle in autoimmunity. The death/clearance rates 
for populations A, R, E, and G are represented as Aµ , Rµ , Eµ  and Gµ . Model 
(2.1) has an equilibrium point ( )0 0,0,0,0E = , and when  

( ) ( )1 0E A E Gfv b vγλ µ µ µ− + + >  , there is also has a stable equilibrium point  
( )1 1 1 1 1, , ,E A R E G= , in which  
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They provided the existence conditions and local stability of equilibrium points, 
but did not discuss the direction and stability of Hopf bifurcations. They only pro-
vide the conditions for the existence and local stability of equilibrium points, but 
do not discuss the direction and stability of Hopf bifurcations. Therefore, we in-
troduce Holling-type functional response functions, which are important factors 
influencing system dynamics behavior, with Holling-II type functional response 
function being the most widely used. By studying systems with Holling-II type 
functional responses, analyzing the stability of all equilibrium points in the system 
and discovering that there is a Hopf bifurcation near a positive equilibrium point. 
Based on this foundation, we have obtained a new model.  
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Among them, 
1

aR
bR+

 is the Holling-II type functional response function. All  

parameters in system (2.2) are positive numbers. For ease of calculation, we will 
perform a non-dimensionalization process on system (2.2), We order  
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And still using t  instead of τ , the system (2.2) is reduced to  
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The parameters in system (2.3) are still positive. In terms of model parameter 
settings, each parameter has clear biological significance and rationale. For exam-
ple, the parameter 1σ  is related to the ability of regulatory T cells to suppress 
professional APCs’ activity. Its magnitude reflects the inhibitory efficiency of reg-
ulatory T cells in the immune system, which may vary in different individuals or 
disease stages. Reasonable values are determined based on experimental research 
data on regulatory T cell function. Parameter Eλ  represents the rate at which 
resting T cells interact with mature professional APCs to generate activated effec-
tor T cells, and it is regulated by various cell factors and molecular signaling path-
ways. The value is determined based on experimental observations of relevant cell 
interactions. , ,A R Eµ µ µ  and Gµ  represent the death/clearance rates of differ-
ent cell populations, these rates are closely related to the lifespan, metabolic activ-
ity, and clearance mechanisms of the immune system in cells. Their reasonable 
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ranges are determined through studying the survival cycles and metabolic pro-
cesses of different cell types in vivo. 

3. The Existence and Stability of Equilibrium Points 
3.1. Existence of Equilibrium Point 

For model (2.3), 
(i) There always exists a trivial equilibrium point ( )0 0,0,0,0E = ; 
(ii) only when 
(H1) 1 1 2 3a b b b>  and 1 1 2 3 2 2 3 0a b b b a b b− − < . 
The system (2.3) has a unique positive equilibrium point. ( )* * * * *, ,E u v w x= , 

in which  
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3.2. Local Stability of Equilibrium Point 

The Jacobian matrix of system (2.3) at point ( ), , ,u v w x  is as follows  
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The stability of these equilibrium points is determined by calculating the eigen-
values of the Jacobian matrix at each equilibrium point using system (2.3). 

Theorem 3.1. If condition 2 3 1 1 0b b a b− > , is satisfied, then the trivial equilib-
rium point ( )0 0,0,0,0E =  is locally asymptotically stable; otherwise, 0E  is un-
stable.  

Proof. The Jacobian matrix of system (2.3) at the equilibrium point 0E  is  
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The characteristic equation of matrix (3.2) is  

 ( ) ( ) ( )4 3 2
1 1 2 2 3 41 .h h h h h hλ λ λ λ+ + + + + + +  (3.3) 

in which  
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In order to ensure that all roots of the characteristic Equation (3.3) have nega-
tive real parts, we first calculate the following three sets of determinants [10].  
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Because 1 2Δ ,Δ  is always greater than 0, to ensure that 3Δ  remains greater than 
0, it is sufficient to satisfy condition 2 3 1 1 0b b a b− > . Therefore, when the conditions 
are met and judged by Routh-Hurwitz criteria, we can know that the roots of char-
acteristic Equation (3.3) all have negative real parts, which means that the trivial 
equilibrium point 0E  of system (2.3) is locally asymptotically stable. Conversely, if 
not all roots of characteristic Equation (3.3) have negative real parts or if their real 
part is not zero, then the trivial equilibrium point 0E  will be unstable. 

Theorem 3.2. Assume (H1) holds. If satisfied 
(H2) 1 3, 0s s > , And ( ) 2

3 1 2 3 3 1 4 0s s s s s sφ = − − > . 
The system (2.3) has a locally asymptotically stable equilibrium point *E , con-

versely, it is unstable when condition (H2) is not satisfied.  
Proof The Jacobian matrix of system (2.3) at the equilibrium point *E  is  
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From this, it can be obtained  

 ( ) 2
1 1 2 1 2 3 3 1 2 3 3 1 4, , .s s s s s s s s s sφ φ φ= = − = − −  (3.6) 

Therefore, in the case where condition (H2) is confirmed, according to the 
Routh-Hurwitz criterion, we can determine that all roots of characteristic 
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Equation (3.5) have negative real parts, which means that the equilibrium point 
*E  of system (2.3) exhibits local asymptotic stability. On the contrary, if not all 

roots of characteristic Equation (3.5) have negative real parts and their real parts 
are non-zero, then equilibrium point *E  is unstable [11] [12]. 

Choose a few key parameters, such as 1 2,a a  and 3a , analyze their effects on the 
stability of equilibrium points and system dynamics when they change within a cer-
tain range. Taking 1a  as an example, as 1a  increases gradually, it is observed that 
the stability of the trivial equilibrium point 0E  may change. The originally stable 
trivial equilibrium point may become unstable, and the stability of the positive equi-
librium point *E  will also be affected by this change with its stable region poten-
tially shrinking or expanding. This is because the maturity rate of 1a  is related to 
professional APCs, and changes in 1a  will affect the dynamic balance of the en-
tire immune system. Similarly, the changes in 2a  (related to the inhibitory effect 
of regulatory T cells on APC) will also lead to alterations in the stability of equi-
librium points, affecting whether the system will exhibit a Hopf bifurcation and 
the parameter threshold for bifurcation [13]. Through this sensitivity analysis, we 
can gain a deeper understanding of the importance of various parameters in the 
model and how the system responds to changes in different biological processes. 

4. Existence of Hopf Bifurcations 

In this section, we select the parameter 5h   to study the existence of a Hopf 
branch of system (2.3) at the normal equilibrium point *E . 

Theorem 4.1. Assuming that condition (H1) holds, if there exists a *
5 0h >  , 

such that ( ) ( ) ( ) ( )( ) ( ) ( ) ( )* * * * * 2 * *
3 5 1 5 2 5 3 5 3 5 1 5 4 5 0h s h s h s h s h s h s hφ = − − =  and  
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Suppose that ( ) ( )5 5ih hλ α β= +  is a complex root of the characteristic Equa-
tion (2.5), substituting into Equation (3.5) we get  
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5 0hα = . Taking the derivative of the above equation with 
respect to 5h  and simplifying, we get  
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Separating the real part and the imaginary part, we can obtain  
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Eliminating ( )*
5hβ ′  from the above equation, we can obtain  
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And from (3.6), we get  
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Definition 4.2. Combining the expression of Theorem (4.1), we can obtain 
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d 0
d h hh
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≠  , Therefore ( )
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5 5

5

5

d
0

d
h h

h
h

α
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≠  . Cross-sectional conditions hold, the 

system (2.3) will generate a Hopf  bifurcation at the positive equilibrium point 
*E .  
The occurrence of Hopf bifurcation in this model has important biological sig-

nificance. From a biological perspective, Hopf bifurcation means that the system 
transitions from a stable equilibrium state to periodic oscillations under specific 
parameter conditions. This may correspond to the transition of multiple sclerosis 
from a relatively stable period to a relapse period, where the dynamic balance of 
the immune system is disrupted, leading to changes in cell interactions and regu-
latory mechanisms, resulting in periodic fluctuations in disease-related indicators 
such as levels of self-reactive T cells and self-antigens. This oscillatory behavior 
may be related to the imbalance of feedback regulation within the immune system, 
such as disruption of the balance between regulatory T cells and effector T cells, 
leading to a periodic variation in disease progression [14]. 

5. Direction and Stability of Hopf Bifurcation 

Hopf bifurcation theory focuses on the process in which stable equilibrium points 
transition from a stable state to a periodic oscillation state as system parameters 
change. Specifically to the normal number equilibrium point *E , first need to 
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clarify the system’s differential equation group and determine the conditions for 
this point to be an equilibrium point. To prove the existence of a Hopf bifurcation 
at *E  , it is typically necessary for the linearized equations of the system near 
equilibrium point *E  to have eigenvalues with imaginary parts, indicating local 
instability. Nonlinear terms need to have an effect at a certain parameter value, 
allowing the system to transition from stable equilibrium states to periodic behav-
ior. There exists a specific value of one or more system parameters, such that when 
these parameters cross this value, the behavior of the system transitions from sta-
ble equilibrium to periodic oscillations. The specific proof process may involve 
calculating the Jacobian matrix of the system at equilibrium point *E , analyzing 
its eigenvalues, and using tools such as center manifold theorem, Lyapunov expo-
nents to determine if a Hopf bifurcation point exists. Through detailed mathe-
matical derivation and analysis, it can be proven that under specific parameter 
conditions, the equilibrium point *E  of normal numbers indeed exhibits a Hopf 
bifurcation phenomenon, revealing the complex dynamic behavior of the system 
as parameters change. In this section, we use the normal form theorem and pro-
jection method to discuss the direction and stability of the Hopf bifurcation gen-
erated near a non-zero equilibrium point *E  of system (2.3) [15]. We first make 
a variable substitution for system (2.3).  

 * * * *, , ,u u u v v v w w w x x x= − = − = − = −      

After the transformation, we still use , , ,u v w x  instead of , , ,u v w x    , then sys-
tem (2.3) becomes  

 

( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

* *
2* *

1 *

* * * *
3

* *
1 2

* *
3

d ,
d 1

d ,
d
d ,
d
d .
d

a u u v vu a x x u u
t v v

v u u w w u u a v v
t
w b u u b w w
t
x w w b x x
t

 + +
 = + − − +

+ +

 = + + + + − +



= + − +

 = + − +

 (5.1) 

Therefore, the positive equilibrium point ( )* * * * *, , ,E u v w x=  of system (2.3) 
becomes the zero point (0, 0, 0, 0) of system (4.1), then system (4.1) becomes  

 ( ) ( ) ( )*
d 1 1, , , ,
d 2 6t

= + + + +
E

U J U F U B x y C x y z  (5.2) 

Among them  

 ( ) ( ) ( )T T
1 2 3 4, , , , , , , .u v w x F F F F= =U F U   

The components of ( )F U  are as follows:  

 
( ) ( ) ( ) ( )

* *
2 2 32 2 2 2

1 2 3 3 4* * * *
,

1 1 1 1

a a u a a uF uv v uv v
v v v v

= − + + − +
+ + + +

   

 2 ,F uw= +   
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 3 0,F =   

 4 0.F =   

When *
5 5h h= , the eigenvalues of system (2.3) at equilibrium point *E  are  

 

2 3
1 1 2

1 3
1,2 3,4 0 0

1

4
, i .

2

ss s s
s s

s
λ λ ω ω

 
− ± − −    = = ± =  

 
  

Let 1,2 0λ ≠ , the eigenvalues of *
EJ  and *T

EJ  are purely imaginary roots cor-
responding eigenvectors as q  and p  meet  

 * *T
0 0i , i .E Eω ω= = −J q q J p p   

( ) ( )

( ) ( )
( )

( )

( )
( )

2

2

2* 2
3 2 0 3 2 0 2

2 3 0 2 3 0*
2

1

2 0 * 2 *
2 3 1 3 0 2 3 1 0*

1 3 0

2* 2 3 0
1 3 2 0 3 2 0

*
2 3 0

1 i
i

i
i

, .
i1

i
1 i

1
i

v a b a b
b b b b

a u b
b

b b b b u b b b u
u

b a
b

a v a b a b

a u b

ω ω
ω ω

ω
ω ω

ω
ω

ω ω

ω

  + − + + +    − + +
   
   

−   + − + + +   = =
   +
   

+    + − + + +    
  − 

p q  

Let * * 1, , ,µ
µ

= = =q q p q p p . At this moment, satisfaction is achieved  

 * * * * * *
1 2 3 4 , , 1, , , 0.µ µ µ µ µ= + + + = = =p q p q p q   

Among them  

 ( )
2 2 2 2 2 2 2 4

1 2 3 3 2 3 3 0 3 2 0 3 3 0 2 0 2 3 0 0

2 2 2 2 2
2 2 3 3 2 3 3 3 2 3 3 0 2 3 2 0 3 0 0 2 1

2

2

2 i ,

b b a b b a a b a b b b b

b b b a b a b a b b a b b b b a b u

µ ω ω ω ω ω ω

ω ω ω ω ∗

= − + + + + + −

+ + − − − + − + +
  

 ( ) ( )

2 * 2 2 * 2
2 2 3 1 2 3 2 0 3 0 1 0

2 * * 2 *
2 2 3 1 2 1 2 3 0 0 1 3 0

2

2 i i ,

b b b b b u b b b u

b b b b b u b b b u b u a

µ ω ω ω

ω ω ω

= + − − −

+ + + + − +
  

 3 3 0i ,bµ ω= +   

 
( ) ( )

( ) ( )

2* 2
4 1 3 2 3 1 3 1 3 1 2 0

2 2 2 2
1 3 3 1 2 3 1 3 2 1 0 0 2 3 0

1

i .

v a a b b a b a a a b

a a b a b b a a b a a u b

µ ω

ω ω ω∗

= + − + − −
− + − + +

  

( )

( ) ( )
( )

2
2 3 0 2 3 0

1

* * 2 * 2
3 2 3 3 1 3 1 2 3 3 0 3 2 3 3 3 1 2 3 1 3 0 0*

2 2
1 3 0

3 0

i

i

i
1

b b b b
b

a b b a b b u b u b b a a b a b a b u b b b b

b a

b

ω ω

ω ω ω

ω

ω

 − − +
 
 
 + + + + − − + + − − + =
 +
 
 −
 
 

q  

*p  and *q  are respectively the conjugate matrices of *p  and *q ,  is the 
inner product symbol. According to the nonlinear term in system (5.2), consider 
a symmetric multilinear vector function with respect to ( )T

1 2 3 4, , ,x x x x=x  , 
( )T

1 2 3 4, , ,y y y y=y , ( )T
1 2 3 4, , ,z z z z=z .  
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 ( )
( )

( )
( )

*
2 2

1 2 2 1 2 22 3* *

1 3 3 1

2

1 1
, ,

0
0

a a ux y x y x y
v v

x y x y

 
− + + 

+ + 
 = + 
 
  
 

B x y  (5.3) 

 ( )
( )

( )
*

2
1 1 2 1 2 1 2 1 13*

2

1
, , .0

0
0

a u x y z x y z x y z
v

 
+ + 

+ 
 =
 
 
  
 

C x y z  (5.4) 

Definition 5.1. Decompose nR∈U  into any component: 

 * * .= + +U zq zq y  (5.5) 

The following relationship is given.  

 
*

* * * *

, ,

, ,

 =


= − −

z p U

y U p U q p U q
 (5.6) 

In the ( ),z y  coordinates, Equation (5.2) is  

 

( )
( ) ( )
( )

* * *
0

* * * * * *

* * * *

i , ,

,

,

ω = + + +

 = + + + − + +

 − + +





z z p F zq zq y

y Ay F zq zq y p F zq zq y q

p F zq zq y q

 (5.7) 

Using the properties of functions B  and C , Equation (5.7) can be written 
as  

 ( ) ( )

2 2 2
0 20 11 02 21

* * * *

2 2
20 11 02

1 1 1i ,
2 2 2

, , , , ,

1 1 ,
2 2

ω = + + + +
 + + +

 = + + + +










z z G z G zz G z G z z

p B q y z p B q y z

y Ay H z H zz H z

 (5.8) 

Among them  

 
( ) ( )
( ) ( )

* * * * * *
20 11

* * * * * * *
02 21

, , , , , ,

, , , , , , .

= =

= =

G p B q q G p B q q

G p B q q G p C q q q
 (5.9) 

 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

* * * * * * * * * *
20

* * * * * * * * * *
11

* * * * * * * * * *
02

, , , , , ,

, , , , , ,

, , , , ,

 = − −

 = − −

 = − −

H B q q p B q q q q B q q q

H B q q p B q q q q B q q q

H B q q p B q q q q B q q q

 (5.10) 

The calculation formula for the center manifold in Equation (5.8) is  

 ( ) ( )1 11
20 0 20 11 11 02 0 022i , , 2i .ω ω− −−= − = − = − −w I A H w A H w I A H  (5.11) 
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where I  is the n-order identity matrix, substituting the central manifold  
( ),=y w z z  into the first equation of formula (5.8), We obtain the following sim-

plified equation.  

 
( )(

( )( )

2 2 * * 1
0 20 11 02 21 11

1* * 2
0 20

1 1 1i 2 , ,
2 2 2

, , 2i

ω

ω

−

−

= + + + + −

+ − +

z z G z G zz G z G p B q A H

p B q I A H z z
 (5.12) 

or  

 2 2 2
0 20 11 02 21

1 1 1i ,
2 2 2

ω= + + + + +
z z g z g zz g z g z z  (5.13) 

Among them 20 20 11 11 02 02, ,= = =g G g G g G . And  

 ( ) ( )( )1* * 1 * *
21 21 11 0 202 , , , , 2i .ω −−= − + −g G p B q A H p B q I A H   

Using the following relationship  

 ( ) ( )
* * * *

1 11 * 1 * * *
0 0

0 0 0 0

, , 2i , 2i ,
i i 3ii

ω ω
ω ω ω ω

− −− −= = − − = − =
q q q qA q A q I A q I A q   

Simplify A to  

 

( ) ( )( )
( ) ( )( )
( ) ( )

( ) ( )

* * * * * * 1 * *
21

1* * * *
0

* * * * * *

0

2 2
* * * * * *

0 0

, , 2 , , ,

, , 2i ,

1 , , , ,
i
2 1, , , , .

i 3i

ω

ω

ω ω

−

−

= −

+ −

+

− −

g p C q q q p B q A B q q

p B q I A B q q

p B q q p B q q

p B q q p B q q

 (5.14) 

The formula for calculating the first Lyapunov coefficient is as follows:  

 
( ) ( ) ( )( ){

( ) ( )( ) }

* * * * * * 1 * *
1

0

1* * * *
0 4

10 Re , , , 2 , , ,
2

, 2i ,

l
ω

ω

−

−

= −

+ −

p C q q q p B q A B q q

p B q I A B q q
 (5.15) 

Among them *
E=A J .  

According to the expression of (5.5), we can calculate  

 ( )
( ) ( )

*
22 2

1 2 22 3* *

* *

1 3

2 2

1 1
, ,2

0
0

a a u

v v

 
− + 

+ + 
 =
 
 
  
 

q q q

B q q q q  (5.16) 

 ( )
( )

( )
( )

*
2 2

1 2 2 1 2 22 3* *

* *

1 3 3 1

2

1 1
, ,

0
0

a a u

v v

 
− + + 

+ + 
 = + 
 
  
 

q q q q q q

B q q q q q q  (5.17) 

https://doi.org/10.4236/jamp.2025.131015


M. H. He 
 

 

DOI: 10.4236/jamp.2025.131015 339 Journal of Applied Mathematics and Physics 
 

 ( )
( )

( )
*

22
1 2 1 2 13*

* * *

2 2
1

, , ,0
0
0

a u

v

 
+ 

+ 
 =
 
 
  
 

q q q q q

C q q q  (5.18) 

 
( )2

2 3 0 2 3 0
1

1

i
,

b b b b
b

ω ω− + +
=q   

 
( )

( )

* 2 *
2 3 1 3 0 2 3 1 0

2
1 3 0

i
,

i

b b b b u b b b u

b a

ω ω

ω

+ − + + +
=

+
q   

 3 3 0i ,b ω= +q   

 
( )2

2 3 0 2 3 0
1

1

i
,

b b b b
b

ω ω− − +
=q   

( ) ( )
( )

* * 2 * 2
3 2 3 3 1 3 1 2 3 3 0 3 2 3 3 3 1 2 3 1 3 0 0

2 2 2
1 3 0

,
a b b a b b u b u b b a a b a b a b u b b b b i

b a

ω ω ω

ω

+ + + + − − + + − − +
=

+
q  

 3 3 0i .b ω= −q   

 ( )

11 12 13 14 11 12 13 14

121 22 23 24 21 22 23 241
0 4

31 32 33 34 31 32 33 34

41 42 43 44 41 42 43 44

1 1, 2

A A A A B B B B
A A A A B B B B

i
A A A A B B B B
A A A A B B B B

ω
κ ψ

−− = − =A I A   

 *
1 3 2 3 2 3 1 2 3 2 3 1 3 1.u b b d a b b d b b d d a a bκ = + + +   

 

( ) (
) (

)

4 3
0 3 2 3 1 0 3 2 3 3 3 1 2 3

2 *
2 1 3 1 2 3 0 1 2 3 2 3 3 2 1 3 3 1

*
2 3 1 2 2 3 3 2 3 1 1 0 1 3 2 3 2 3 1

3 2 2 3 1 1 3

16 8i 8i 8i 8I 4 4 4 4

4 4 4 2i 2i 2i 2i

2i 2i 2i 2i
.

a b b d a b a b a d b b

b d b d d d u b d a b b a b d a b d

b b d b d d b d d a b u b b d a b b d
d d b b a b a

ψ ω ω

ω

ω

= − + + + − + + − +

− − − + − + +

+ + + + + +

+ +

  

 *
11 3 2 3 12 2 3 2 13 3 2 1 3 14 1 3 2, , , ,A a b b A b b d A u b d a a A a a b= = = + =   

 ( ) ( ) ( )* *
21 3 1 2 3 22 2 3 1 1 1 23 3 1 1 3, , ,A b u b b d A b b d a b A u b d a d= + = − + = − −   

 ( )*
24 1 1 2 3 31 3 1 3 32 1 3 2, , ,A a u b b d A a b b A b b d= + = =   

 ( )33 3 3 1 3 2 3 34 1 3 1 41 3 1 42 1 2, , , ,A a b d a d d A a a b A a b A b d= − + = = =   

 ( ) ( )*
43 3 1 2 3 44 1 2 3 2 1 2 2 3, ,A a d d d A u b d a b d b d d= − + = − + +   

 ( )( )( ) ( )( )11 0 3 0 2 0 3 12 2 0 2 0 32i 2i 2i , 2i 2i ,B a b b B d b bω ω ω ω ω= − + + + = − + +   

 ( )( )* *
13 2 0 1 0 3 2 1 3 14 1 0 3 0 22i 2i , 2i 2i ,B u d a u b d a a B a a bω ω ω ω= − + + + = − + +   

 2 * *
21 3 0 1 0 2 3 0 3 3 0 1 3 2 3 34 2i 2i 2i ,B d u b b d b d u b b b b dω ω ω ω= − − − − −   

 
3 2 2 2

22 0 2 0 3 0 1 0 2 3 0

2 1 0 3 1 0 2 3 1 1 1

8i 4 4 4 2i
2i 2i ,

B b b d b b
b d b b b b d a b
ω ω ω ω ω

ω ω
= + + − −

+ + + +
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 * 2 * * *
23 0 3 0 1 0 3 1 3 14 2i 2i ,B u u b u d u b d d aω ω ω= − + + −   

 ( )* *
24 1 3 0 1 2 32i ,B a u d u b b dω= − + +   

 ( )( ) ( )31 1 0 3 0 3 32 1 2 0 32i 2i , 2i ,B b a b B b d bω ω ω= − + + = − +   

 
3 2 2 2

33 0 3 0 3 0 1 0 3 3 0 3 1 0

3 1 0 2 3 0 3 3 1 3 2 3

8i 4 4 4 2i 2i
2i 2i ,

B a b d a b a d
b d d d a b d b d d
ω ω ω ω ω ω

ω ω
= + + − − +

+ + + +
  

 ( ) ( )34 1 1 0 3 41 1 0 32i , 2i ,B a b a B b aω ω= − + = − +   

 2
42 1 2 43 0 3 0 1 0 3 1 2 3, 4 2i 2i ,B b d B a d a d d dω ω ω= − = − + + −   

 
3 2 2 2

44 0 3 0 2 0 1 0 3 2 0 3 1 0
*

2 1 0 2 3 0 1 2 3 2 1 2 2 3

8i 4 4 4 2i 2i

2i ,2i

B a b d a b a d

b d d d u b d a b d b d d

ω ω ω ω ω ω

ω ω

= + + − − +

+ + + + +
  

 
( )

* *
*2 2

1 2 3* 2*
1, , 1.

1 1

a v a ud d d w
v v

= − − = − = +
+ +

  

Finally, from (5.15) we can obtain the expression for the first Lyapunov coeffi-
cient. Given that the expression of the first Lyapunov coefficient is complex and 
lengthy, to avoid redundancy, the specific form will not be detailed here. However, 
we will effectively verify the directionality and stability of the Hopf bifurcation 
through numerical simulation methods in the conclusion section [16].  

Theorem 5.2. Assuming that (H1)-(H2) holds, the system (2.3) will generate a 
Hopf bifurcation at *

5 5h h= . 
(i) If ( )1 0 0l < , then the branch periodic solutions of Hopf bifurcation are or-

bitally asymptotically stable and branching direction is subcritical. 
(ii) If ( )1 0 0l > , then the branch periodic solutions of Hopf bifurcation are un-

stable and the branching direction is supercritical.  
In the research of multiple sclerosis, there are many experiments and clinical 

data available to validate the effectiveness and relevance of the model. For example, 
it has been clinically observed that patients with multiple sclerosis show a signifi-
cant increase in the number of self-reactive T cells in their blood and cerebrospi-
nal fluid during disease relapse, along with elevated levels of myelin-specific anti-
bodies, which is accompanied by worsening neurological dysfunction. In the 
model, when a Hopf bifurcation occurs leading to periodic oscillations, there is a 
corresponding fluctuation in the number of self-reactive T cells and levels of self-
antigens, which matches with clinical observations of relapse period characteris-
tics. 

From experimental data, some studies have found that in animal models of 
multiple sclerosis, when the regulatory T cell function is impaired or decreased, 
the disease worsens and is more likely to relapse. In our model, changes in param-
eters affect the function of regulatory T cells (such as parameter 2a  being related 
to regulatory T cells). When these parameter changes result in stability alterations 
or Hopf bifurcations at equilibrium points, it reflects the impact of changes in 
regulatory T cell function on the entire immune system, consistent with experimental 
results. Through this comparison, it further proves that the model can simulate to 
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a certain extent the pathophysiological process of multiple sclerosis, providing 
valuable theoretical basis for the research and treatment of the disease. 

6. Numerical Simulation 

Select parameters 1 2.5a = , 2 1.5a = , 3 0.006a = , 1 2b = , 2 1b = , 3 3.9b = , The 
equilibrium point at this moment is  

 ( )* 0.001385633737,0.2315789497,0.002771267474,0.0007105814036 .E =   

1 1 2 3 1.1 0a b b b− = > , 1 1 2 3 2 2 3 4.75 0a b b b a b b− − = − < . 1 4.906h = , 2 3.9294h = ,  

3 4.9766h = − , 4 0.0066h = − , 1 6.188051281s = , 2 10.22363780s = ,  

3 0.06782538726s = , 4 0.005373784551s = . 1Δ 5.906 0= > ,  

2Δ 53.2290724 0= > , 3Δ 55.51127110 0= − < . 1 6.188051281 0φ = > ,  

2 63.19656959 0φ = > , 3 4.080558963 0φ = > . Therefore, the trivial equilibrium 
point of system (2.3) is unstable, while the positive equilibrium point is locally 
asymptotically stable (see Figure 1). Take parameter 2 0.289a = , 3 0.00001a =  
again, while keeping the rest of the parameter values unchanged, then the equilib-
rium point becomes  

 ( )* 0.0004055750922,40.59040744,0.0008111501844,0.0002079872268 .E =   

And 1 6.182061281s = , 2 10.18211425s = , 3 0.0001021538119s = ,  
7

4 2.646984371 10s −= × . 1 6.182061281 0φ = > , 2 62.94635211 0φ = > ,  
( ) 2

3 1 2 3 3 1 4 0s s s s s sφ = − − ≈ , ( )*
5 55.6904867 0hα′ = − < . Calculate obtained  

 
6

* *
9 9

1.301726 0.559858i 1.949991 0.009959i
9.385868 10 0.000021i 1.951573 0.009960i

, ,
3.770875 10 8.806580 10 i 3.9 0.004065i

0.834813 0.358013i 1

−

− −

− + +   
   × + +   = =
   × + × +
   

− +   

p q   

This can be obtained from (5.16)-(5.18).  

( ) ( )

6

* * * *

0.001271 0.000012i 0.000635 7.745295 10 i
15.209854 0.093535i 15.210016

, , ,
0 0
0 0

−− −  − − × 
  +   = =
  
       

B q q B q q  

 ( )

8 10

* * *

4.836052568 10 5.414904080 10 i
0

, , .
0
0

− − × + ×
 
 =
 
  
 

C q q q   

Further obtain  

 

( )
( )( )

( ) ( )( )

* * * * 8 8

* * 1 * *

1* * * *
0 4

, , , 6.325532836 10 2.637015886 10 i,

2 , , , 8.032371924 3.285379051i,

, , 2i , 113.9881448 174.6288817i,ω

− −

−

−

= − × + ×

= −

− = − −

p C q q q

p B q A B q q

p B q I A B q q

  

Further substituting the above results into (5.15) yields  
( )1 0 13032.68784 0l = − <  . by Theorem 4 it is known that a subcritical Hopf 
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bifurcation occurs at the normal form equilibrium point *E  and the periodic 
solutions on this branch are stable (see Figure 2). Select parameters again  

 1 2 3 1 2 31.5, 3, 0.0000225, 1, 0.6, 2.a a a b b b= = = = = =   

By using the same method as above, it can be calculated that  
( ) 6

1 0 8.740490825 10 0l = × > . According to Theorem 4, there is a subcritical Hopf 
branch generated at the equilibrium point *E  of the normal number (see Figure 
3), and the periodic solution of the branch is unstable. Additionally, take appro-
priate parameter values  
 

 
(a) 

 
(b) 

Figure 1. The graphical representation and trajectory of numerical solutions  
( ) ( ) ( ) ( ), , ,u t v t w t x t  when parameter 5 1.5h = . 
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(a) 

 
(b) 

Figure 2. The graphical representation and trajectory of numerical solutions ( ) ( ) ( ) ( ), , ,u t v t w t x t  

when parameter 5 0.289h = . 
 

 1 2 3 1 2 30.15, 0.3, 0.002, 0.1, 0.06, 0.2.a a a b b b= = = = = =   

The system generates limit cycles (see Figure 4).  
Where ( ) ( ) ( ), ,u t v t w t  and ( )x t  represent the variables of antigen-present-

ing cells (Apcs), active regulatory T cells, active effector T cells, and specific self-
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antigens changing over time. The trajectory diagram of ( ) ( ) ( ), ,u t v t w t   and 
( )x t  within the range in three-dimensional graphics. 

 

 
Figure 3. The graphical representation and trajectory of numerical solutions ( ) ( ) ( ) ( ), , ,u t v t w t x t  

when parameter 5 3h = . 

 

 
(a) 
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(b) 

Figure 4. The graph of numerical solutions ( ) ( ) ( ) ( ), , ,u t v t w t x t   when parameter 

5 0.3h = , and the system has limit cycles. 

7. Conclusions  

In this paper, we discuss a multiple sclerosis model with Holling-II type functional 
reactions. The system (2.3) always has a trivial equilibrium point ( )0   0,0,0,0E , 
and then we discuss the conditions for the existence of positive constant equilib-
rium points in the model, and study the stability of the system at trivial equilib-
rium points and positive equilibrium points. Proved that when 1 3, 0s s >  is sat-
isfied, and the system’s equilibrium point is locally asymptotically stable when also 
satisfying ( ) 2

3 1 2 3 3 1 4 0s s s s s sφ = − − > . Furthermore, by selecting the rate of inhi-
bition cells T  as a parameter for regulating active cell signaling in antigen-pre-
senting cells, when 5h  increases to a critical value *

5h , system (2.3) will generate 
a Hopf bifurcation at the steady state point *E . 

In the context of multiple sclerosis, the negative feedback mechanism between 
effector T  cells and regulatory T cells is considered a potential checkpoint for 
regulation. However, our research revealed that increasing the activity of T cells 
or self-reactive T cells can cause damage, and upregulating α  parameters sig-
nificantly increases the risk of recurrence. Increase the parameter Eλ , that is, en-
hancing the efficiency of T cell activation by antigen-presenting cells specialized 
in presenting antigens, also produces similar effects. This model emphasizes the 
importance of the positive feedback loop between enhanced professional antigen-
presenting cells and self-reactive effector T cells, offering a promising path to be 
a key strategy in preventing relapses of multiple sclerosis. With a deeper under-
standing of the mechanism of regulatory T cells, it may be possible in the future 
to achieve more precise predictions of relapses in multiple sclerosis. 
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