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Abstract

In the paper, we study a compressible two-fluid model in R®, where y* >1.
The pressure of the two fluids is equal. Different from previous research, we
consider that viscosity coefficient both # and A are functions of density.
The global well-posedness of the three-dimensional compressible two-phase
flow model is an open problem due to its dissipative, nonlinear structure. In
the paper, setting m*=M* and Z =P-P, by exploiting the dissipation
structure, we obtain energy estimates for (Z,W, n) and its derivatives, then
we obtain the time decay rates for (Z,w,n). So we derive global well-posed-

ness and large time behavior to the three dimensional compressible two-fluid
model.

Keywords
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1. Introduction

Two-phase flow refers to a flow system consisting of two substances in different
phases (at least one of which is a fluid). The flow system may be in different com-
binations such as gas-liquid and liquid-solid. Two-phase flow is also widely pre-
sent in nature and other engineering fields, such as the drift of rain, snow, clouds
and fog [1] [2], blood circulation in living organisms [3] [4], sediment movement
[5] [6], high-speed aerated water flow in hydraulic engineering, and air pollution
caused by smoke and dust in environmental engineering. With the passage of time

and the development of science, the problem of two-phase flow has received
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increasing attention. Two-phase flow plays an important role in aerospace [7] [8],
biomedical engineering [9]-[13], chemical engineering [14]-[16] and other fields.
However, the analysis of two-phase flow problem is relatively complex. It involves
knowledge from multiple fields such as fluid mechanics, thermodynamics, and
heat transfer. People use different models to study two-phase flow problems. The
most common is the compressible two-fluid model in [17] established using the

Navier-Stokes equations:
8,(c" p)+div(c” pw)=0,

0, (a*pw)+div(a*,ow(>§w)+a*VP+ (p)= div(a*rl)

o, (o7n)+div(o7mn) =0, (1.1)
0, (o—‘nn) + div(o—‘nn ® n) +0 VP (n)= div(c,v‘r2 )
P=P"(p)=P (n)=a"(p) =a (n)

inwhich p, 1 arenolessthan0, 7* >1, o isthe volume fraction of liquid,

while o~ is that of gas, both ¢" and o~ are positive constants. W(Xt),
n(x,t) represent the velocities of each phase. Let a*=a~ =1.Moreover, 7,, 7,
are the viscous stress tensors:

= ,ul(VW+VtW)+Aldivwld,

(1.2)
7, = 1, (Vn+V'n)+ A divnld,

where 44, w4, and A4, A, are shear and bulk viscosity coefficients: g ,
M, >0, 244 +34,20, 24,+34,20,then 1+4 >0, u,+4,>0.

When 44, u,, 4 and A, are constants, there are many studies on the so-
lutions of (1.1). Bresch, Huang and Li obtained global weak solutions of a non-
conservative viscous compressible two-phase model in one space dimension in
[18]. For the multi-dimensional case, Yao, Zhang and Zhu obtained the existence
and asymptotic behavior of global weak solutions for a two-phase model of two-
dimensional viscous liquid gas flow by using the idea of studying single-phase Na-
vier-Stokes equations in [19]. Vasseur, Wen and Yu in [20] got the existence of
global weak solutions for the model like (1.1), where the pressure contingent upon
two variables. Cui, Wang, Yao and Zhu in [21] studied the time-decay rate of a
non conservative compressible model by analysing systems and estimating energy.
When P*=P~, Wuand Yao obtained the properties of the classical solutions to
the three dimensional space in [22].

With the intensive study of the single phase Navier-Stokes equations, research-
ers have obtained some important conclusions, one of which is particularly note-
worthy: The dynamic viscosity coefficient and volumetric viscosity coefficient
both depend on density, see [23]-[27] and the references therein. For the two-fluid
model, we make the following assumptions:

7, = pht (VW+VIW)+p/11diVW|d,

o (1.3)
T, =n" (Vn +V‘n)+77 2divnid,.

DOI: 10.4236/jamp.2025.131010

231 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.131010

H. X.Ji, W.J. Song

where £, A4, p,, A, 21.Thebiggestdifference between this article and previous
research is the viscosity term, in which both ¢ and A are functions of density.
When the velocities of the two fluids are the same, Zodji in [28] proved the
existence of a unique local-time solution when density and dynamic viscosity co-
efficients have an infimum. Li, Wang and Zhang in [29] researched a model anal-
ogous to (1.1), where the dynamic viscosity coefficient and volumetric viscosity
coefficient are functions of density. There are no finite-energy classical solutions
to this system for any small time. The assumption made by Bresch in [30] is that
the viscosity coefficients of two-phase motion are gp and u,n respectively,
and the volume viscosity coefficients are both 0, Bresch obtained the global weak

solutions, while 1< y* <6.Evje, Wang and Wen in [31] supposed:

P (p)-P (n)=p" —1" =1t(on), (1.4)
where f represents capillary pressure, f eC® ([0, oo)) . If fsatisfies
r’(11)
- f'(1)<0, 1.5
@y We (1)

then f decreases strictly monotonically in the vicinity of the equilibrium point.

represent the
ol

sound speed respectively. They achieved global existence and decay rates of the

Where r? :z%(p) = 7+m , r? ::C:ji(f]) = ;7'PT(’7)

solutions in [31].

There are currently few research results on viscous stress tensors (1.3). There-
fore, we study the properties of solutions when both x and A are functions of
density.

The research methods and techniques used in this article are derived from [22],
which obtains the global goodness and large time behavior of the classical solution
of a three-dimensional compressible two-phase flow model with common pres-
sure through energy estimation and continuity induction.

We observed (1.1)s and obtained the following relationship

dP =r’dp=r%dy, (1.6)
We introduce fractional density like in [30]
M*=c"p,M™ =07, (1.7)
Combined with " +0~ =1, it gives
dp=—(dM" - pdo™), dyp=—(dM " +ydo"). (1.8)
o o
From (1.6) and (1.7), we get
-2 +.2
d0+:+r++2dM+—+ri+szi. (1.9)
o pri+onr’ o pri+oinr
Putting (1.9) into (1.8), we derive
2
do= zpzﬂr‘ 5 2(77dM*+de‘),
M~ (p) rZ+M* () r’
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and
dn=—o anrf 5 (ndM*+de’),
M (p) 12 +M* () r?
Weget dP:
dP = £(7dM " + pdM ")
where

rer?
L=y
o pri+oinr

From o' +0 =1, we get

M++£=1, thus M_:n(p_wﬁ):Pl/f(Pl/’+—M+). (1.10)
pom P pyr
With (1.1)s, (1.7) and (1.10), we define o~
a*(P,M*):%,
X (1.11)
o (P.M")=1- F':I/f'
Rewrite (1.1) using (M*,P,u,v):
oM " +div(M*w)=0,
oM~ +div(Mn)=0,
8tP+£77div(M+W)+£pdiv(M"n)=0, (1.12)

8, (M *w)+div(M 'w®w)+5VP = div{a+ [p“l (Yw+V'w)+ phdivw Id}},

0, (M ‘n)+div(M n® n)+o-‘VP = div{o-‘ [77"2 (Vn +th)+n‘2divn Id}}.

This paper considers (1.12) in 3D space with initial data.

(M £ P,u,v)(x,o) = (M§, Po,uo,vo)(x) N (I\W*, 5,6,6) as [x| >R’ (1.13)
M* and P are constants for the background doping profile. Let M* =1, thus
P dependson M~(P,1)-1=0.

Moreover, setting

Z=P-P, m=M"-1,

We restate (1.12)-(1.13) based on the above equation:
o,m" +divw = —div(m*w),
om” +divn= —div(m‘n),

0,Z + fdivw+ g,divn =G,
OW+ BVZ — i AW—i,Vdivw=H, +R,,
on+2Z,VZ -s,An—3,Vdivn=H, +R,,

(1.14)

with initial data
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‘mae@:agﬁﬁga,@:g@ﬁﬁ4m,@—zﬁs,m:;%§,
(PN )T p(P) e e(P) n(P)" n(P)

B T T O I
and the nonlinear terms are given by

G, =—hl(m*,Z)divw—h2 (m*,Z)divn—Lﬁ(m+ +1,Z + F_>)77u -vm®

_ (1.16)
—£(m*+1,Z+P)pn-vm’,
7
le—w-Vw—{l—ﬁJVZ{p —Kl]AW
) P P (1.17)
M 1
—{u—KZJVdiVW,
P
and
R = pH (VWJFV‘W)VG+ .\ pldivwy o*
V( ”1)|\(/|VW+V‘W) V( IZI)divw (19
+ 22 AL :
p P
H
HZ:—n-Vn—(E—ﬁJVZ+['7 _%1)An
7 7 (1.19)
M 2
+[u—szVdivn,
n
72 (Vn+V'n)Ve k(i -
R, = ( — ) W d:\;rjva
V( ”2)(Vn th) V( *Z)divn (120
n + n
+ + :
n n
where h (i=1,2) are given by
h(m*,Z)=£(m"+1,Z+P)pM* -2,
(m*.2)=£( JaM* =5, (1)

h(m"Z)=L(m" +1,Z+P)pM -3,

Now, we will show the difficulties in the proof and how to fix them.

First of all, we rewrite (1.12) as (1.14) by taking m*=M* -1, Z=P-P.We
obtain the corresponding linear system (1.26) for (1.14). To study time-decay es-
timates of the linear system (1.26), we must study the properties of the semigroup
in detail. We use the Hodge decomposition technique [32] to decompose the lin-
ear system into three equations. We can getlinear L® estimates using the Fourier
transform.

Second, similar to [22], we multiply (1.14)s, (1.14)s, (1.14)s by %vkz . Viw,

1

and Vn (k=0,1,2), respectively, and then integrate them. The difference
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between this paper and [22] is that when estimating the term on the right, we need
to estimate the norms of p“, p™, n*2 and n™.Wenoticedthat p and 7
are related to P, making Z =P —P . Therefore, norm estimates related to p*,
p", n** and n™ canall be calculated using norm estimates related to Z . We
deduce the energy of (Z W, n) and its derivatives.

In the last, we need handle £nw-Vm' and Lpn-Vm™ in (1.16). because we
have chosen P as our research variable. Dealing with items like
J.R3 Lnw-VV®m*V3Zdx and sz Lpn-VV®m V3Zdx can be more difficult for us,
so we have rewritten it as (5.11). At the same time, applying related inequalities,
We deduced the time decay rates for (Z,n,w). We have proven Theorem 1.2.

Main results.

Theorem 1.1. If My -1eH*(R®), P,—P,wy,n,eH’(R*)AL(R?), then
there is a constant &, such that if

N, ::“(M§ 1), + (R =P wery)

. <6, (1.22)

H L
then the Cauchy problem (1.9)-(1.10) admits a unique global solution (M = P,w, n)
in time, satisfying
M*-1,P—P eC®([0,0);H*(R*)) N C([0,%0); H* (R?)),
w,neC®([0,0);H*(R?))nC*([0,00); H* (R?)).

After obtaining the global fitness of the model solutions, we further investigate
the properties of the solution and study the time decay rate of the solutions.

Theorem 1.2. If (M = P,w, n) satisfies the conditions in Theorem 1.1, for any
t>0, constant C, >0 exists and is independent of t, we can get estimates of

the solution (M P, w, n) :
3

[(P=P.w,n)(1)] , <CoNg (1+1) #, (1.23)
5
[VP ()], +[V (w.n)(1)],,2 < CoNo (1+1) . (1.24)
and
VPO, +|(M -1 M =1)(1)] , <CoN,. (1.25)
2. Preliminaries
In this paper, "”Hk is expressed as the norm in Sobolev space Hk<R3) .

LP (R3) is expressed as the norm in LP space, 1< p <co. The norm ||(g, h)"x
is short for ||g||X -|-||h||X . X<y means that x< Ky, where positive constant
K >0. We represent V=0, =(0,,0,,0;) like [33],let 0,9=V'g =V(VHg).
A" is a pseudo differential operator, defined as

A'g= QS’l(|§|r Q), for reRR,
2lA"g

sents the norm of homogenous Sobolev space H" (RS) . The radial function ¥

where § and Qﬁ(g) are the Fourier transform of (. ||g||H,

;2 repre-

satisfies
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()1 |el=%
¥(5)=0, [g]=¢

see Lemma 3.1 for the definition of ¢ .
We define

g' =&7[¥(e)§], ¢"=67[(1-¥(c))§];

where @' and g" respectively represent the high-frequency and low-fre-

quency parts of . If the Fourier transform of @ exists, then g=g'+g".

Moreover, for the convenience of the reader, here is a summary of the

Gagliardo-Nirenberg inequality.
Lemma 2.1. If 0<I,k<s, then

[v'a

L N|
where b belongs to {l,l} and satisfies
S
VLK DY (5 L),
3 a \3 6 3 r
Particularly,if P, q and r areall equal to 2, we get

s k

[v'al.. <[*dl;

Proof. The proof is shown on page 125 of [34].
Lemma 2.2. For S2>1, we have

Ve ()], <lells [vh

o [l

L2

and
V*h

h|

L

[v* (an)- £v*h, <[vall

where ryrlxrz:rg!rzle[l’w] and
1 1 1 1 1
—_———= - —,
r n n L n

L2 L3

Proof. The lemma has been proved in [35] and [36].

3. Spectral Analysis and Linear L2 Estimates
3.1. Reformulation

The linearized system for Cauchy problem (1.14)-(1.15) is
o,m" +divw=0,

o,m” +divn=0,

0,Z + pdivw+ g,divn =0,

oW+ BVZ — i,Aw -k, Vdivw = 0,
on+ B,VZ —3,An —,Vdivn =0,

(m*,Z,w,n)(x,0) = (my, Zy, wy, 1y ) ()

(3.1)
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It is straightforward to verify the presence of a zero eigenvalue in the linearized
problem (3.1), it adds to the difficulty and complexity of the issue. In order to
eliminate the zero eigenvalues, we study the Cauchy problem of (Z,w,n):

0,Z + pdivw+ g,divn =0,

oW+ B,VZ — kAW — K, Vdivw =0,
on+ B,VZ —,An—3,Vdivn =0,
(Z*W’ n)(x,O) = (Zoonr no)(x)'

According to semigroup theory, (3.2) can be expressed by y =(Z,w, n)t as

(3.2)

=1z
‘ (3.3)
X |t:0 =Xo
where the operator 7 is given by
0 - div —p,div
T=|-V xA+k,Vdiv 0
-8,V 0 A+ 32, Vdiv
By Fourier transform to the system (3.1), we have

Hw=K(s)x,

4 =Icle) (3.4)

X |t:0 = Zo»

where 7(5,t)=8(x(xt)), g=(g1,g2,g3)l and K(&) is defined by

0 -ipg" —ifys"
/C(g): -6 _K1|g|2 I3 — K6 ®g 0
-ifs 0 - |§|2 I35 =506 ®¢

We study the properties of hemigroup employing the actual methods in [37]-[39].
Let ¥"=A"'divw and ¥~ =A"'divn, they are “compressible part” of w
and n,and denote ®" =Acurlw and ® =A"curln
((curl Z)ij zaszi —0,2') by the “incompressible part” of W and n. Rewrite
(3.2) as follows:
0 Z+ [AY" + B,AY =0,
O - BAZ + kNPT =0,

O = BAZ + AW =0, (3-3)
(Z,‘I’*,‘I")LZO :(6'0,A‘ldivwo,A‘ldivno)(x),
and
0,®" + K, A*D* =0,
0@ +5,A°®D =0,
(3.6)

(D+
t

o= A'eurlw, (x),

cD’L:O =A"‘eurlng (x),
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where x=x,+kK,, x=x+7x,.

3.2. Spectral Analysis for IVP (3.5)
The IVP (3.3) for y'= (Z PP )t can be represented as
=1,
{Z'L_o = X0,
where 7, is the operator,

0 —AA -BA
T =| pA —KkA? 0
BA 0 —A?

The Fourier transform of (3.5) gives
{Z=E@Wﬁ
Zlo = Zoo
where 7'(5,t)=6(x'(xt)) and K (s) isgiven by
0 -Bls| Al
K(e)=| Akl =l o
Bl 0 el
We calculate
det(PI-1 (<))
=P+ (k4 52)[of PP+ ( B8+ B8y + wxlsT o P
+ (BB + BBer)ls]
s0 we obtain three different eigenvalues:

R=R(d). P=R(sl). P=P(s])

We have
3
ethals) _ Z eR“tQk (g) ,
k=1
where

Q-

j=k j

 kj=123.

So we get the solution of (3.8):
3

;z'<g,t)=e“1<§>;a;<g):(zemqk (g)j;za(g).

k=1

Using comparable methods in [37]-[39], we get

(3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

Lemma 3.1. If ¢ is a positive constant and ¢ <« 1, the following Taylor se-

ries expansion exists for |§| <<
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_ BBk + B,y

B g e VAR A O
- M _

i 2(B.S+ Bop) ' =B+ BBile] + O[T ). (3.13)
_ PPt PP

i BBs+ B |g| +O(|g| )

BBk + BB Pifs + BBk
2(BBs+BoBs) BB+ BB

Lemma 3.2. Let V:min{ }>0,forany |g|$77,

then

3| [ =

—~ 2 1~
, Ti‘ ,S e—v\g\ ! (‘Zo‘-i-

. ) (3.14)

Proof. Owing to (3.11) and B, (k=1,2,3) in (3.13), we can obtain Q,

(k=1,2,3):
E ﬂl | :Bz |
2 2JBB+ BB 2B+ BB,
i3 : B B.5
1 =~ O , (3.15
Q| g 2h A 205 gy Ol G
B : BB, B.5,
2\/ﬂ1ﬁ3 + BBy 2 (ﬂlﬂs + BBy ) 2 (ﬂlﬂs + BBy )
l _ ﬂl | _ 162 |
2 2JBB+ BB BB+ BB,
5, . b5 B.bs
2 = o0 , (3.16
© (g) 2\/ﬂlﬁ3 + BBy | Z(ﬂlﬂs +ﬂzﬂ4) 2(ﬂ1ﬂ3 +ﬂzﬂ4) " (|§|) ( :
B, : B.p, B.5,
2JBB+ BB 2BBHBL)  2BB+BB)
and
0 0 0
5,5, B.5
.(s)=|0 - 0] , 3.17
Q)= i ih apenn Ol G17)
BB B,
BB+ BBy BB+ BB

for any |g|£§. Therefore, (3.14) follows from (3.12)-(3.13) and (3.15)-(3.17)
immediately. 0
From (3.14), we can get Proposition 3.3.
Proposition 3.3 (Z2-theory). If k>0, v t>0, then

veeki 1 (0)], < (1+t i) (0 3.18
[ve"s 2" (0], S @+t |x (o). (3.18)

where 1< p<2.

Proof. Using Plancherel theorem, we have
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N}

7' (), =l 2" .
—2vgfPt | _j2k | ~f 2
Sle TR |2 (0)] dg

2

s<1+t>2'[”}||ﬂ?" (0)

L4

< o

P!
where l+1=1.

Proposition 3.3. is proved. O

The L® -convergence rates obtained above are optimum. In fact, there is a
lower bound on the rate of convergence, see Proposition 3.3.

Proposition 3.4. Provided that (Z v ‘I”) el if

5 (£)=¥:(£)=0, |6 ()=, (3.19)
for v |§| <¢, t islarge enough, then the global solution (Z,‘I—“,‘P’) of (3.7)
satisfies
3
min{"Z' s LZ}ZCo(lth) 4, (3.20)
BPsx + P By

Proof Let v, = > 0. Due to (3.19), it follows from (3.12)-(3.13)

2(BBs+ BoBy)
and (3.15)-(3.17) that

o cos( A+ BB llt+ O [ ) ) 2

Combining the double angle formula and Plancherel theorem, we get

8o o (BT o

3

Cz(m) _Ce (Let) 2 (141) 2

3
>ce(1+t) 2,

(3.21)

if t islarge enough. (3.20) is derived from (3.21) using the same method. There-
fore, we proved Proposition 3.4. O

3.3. Spectral Analysis for IVP (3.6)

Proposition 3.5 (Z?-theory). If k>0, v t>0, 1<p<2, then

Vke—KlAzt\P+,l (0) ‘I”(

<@+ t)%[k%]% |

L

(3.22)
k —;flAzt\P—,l (0)

<y e o)

L

L’
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3.4. L2 Decay Estimates for IVP (3.3)

By the definition of ¥*, ®*,and
W=-AT VT - ATdive”
N=—A"V¥ —Adivd"

By integrating Propositions 3.3, 3.4 and 3.5, we obtain semigroup e
Proposition 3.6. If the initial data y,eL” (R3) . Assume that k>0 and
1<p<2, V t>0, the global solution y=(Z,w, n)t of the IVP (3.2) satisfies

J[HE}E
[v¥e“ 2 (0)] . <C@+t) * P 42 (0), - (3.23)
If t islarge enough and the initial data also satisfy (3.19), then
w ()], |in" (t) -

min{[z' (1) I>ce, (1+t)7%. (3.24)

2’ 2’

4. The Energy Estimate of (Z, w, n) and Its Derivatives

Due to the fact that local classical solutions can be proven in [37] [38], which omit
details. Combining the results of local existence with prior estimates through clas-
sical argumentation, the global existence of the solution is obtained. So we sup-

pose a priori that
H(m*,z,w,m’,n)“ <8<, (4.1)
H
where ¢ is little sufficient, & ~&,. It is in conjunction with Sobolev inequality

particularly indicates that

”(m*,z,w, m‘,n)

LW <. (4.2)

The following are a series of lemmas for energy estimation. First, we perform
zero order energy estimation.

Lemma 4.1. Under the suppositions of Theorem 1.1 meanwhile (4.1) are valid,
then

B .
ALl I+ s+ )

(s Vs + o Jdive; ) < o ([vwlf + vz + vl )

(4.3)

Proof. Multiplying (1.14)s, (1.14),, (1.14)s by %Z , W, n, respectively, we
1

integrate and sum the resulting equation over R?, then using (1.14), and (1.14),,

we have

B .
oA Bl s Il s s -, e

+(sa[Vnlfs + 52, [divalf; ) (4.4)

= [ '83Gde+j (H,+R)dx+[ n(H +R)dx::il3.

i=1
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By employing integration by parts, (4.1), Lemma 2.1, and related Sobolev ine-
quality, then

1/<c|(m".2) m’

el [l + (. 2)
ozl [v(m.2) .
3 ”n"L6 3 +||Z"Lﬁ "Vn”LZ 3 (4.5)

<C(6VZ]e Ve + 81V [Vnle +6VZ] 2 [VW,2 + 8]V Z]2 ¥ )

oZlie Vol +[vZ].: [wl.s

3

+[vZ[ Il m m*

Wl
13 L

m

+[el. m* m

v(m,z)

o2l [V

<co(valiz + V2] +vnl. ).

For the term |,, in the same way, we obtain

o] < [ o fw

+|Z||divw|2 +|Z||Vm*

[VW|+|Z||VZ ||| +|VZ||[Vw]|w]+ |Z||Vw|2 +|VZ ||divw]|w|

m+

|VW| |w| + |VZ|

[Vw| |w|) dx
<C(Ivwl [wls [wle +12]is IVZ] Wls +1VZ]] 2 [V, ]

, (4.6)
2] vz +[2],e [V o [z .-
izl vwl - ). )
<co(|vwfi: vz} )
We also obtain
1| <cs(|vnlf + vz ). (4.7)

Substituting (4.5)-(4.7) into (4.4), when J is small enough, we can obtain
(4.3) immediately. Lemma 4.1 is proved. ]

Lemma 4.2. Under the suppositions of Theorem 1.1 meanwhile (4.1) are valid,
then

ii{&nvz I, + v +||Vn||i|1}+(;(1 [v2uf], + . [velivaf, )

2dt| B

dl (4.8)
+(%l||v2n o ||Vdivn||§1)s ca(||vz||i|1 +[Vwif . + v, ).
Proof. First, we consider k=1,
1d|p 2 2 2 2 -
6 V2 e s lvant)

+(%1 |20, + 52, [wdivn[, ) < c5(||vz||§z +|vwif s + V[, ).

Multiplying V (1.14);, V (1.14)s, V (1.14)s by %VZ , VW, Vn, respec-

1

tively, we integrate and sum then the resulting equation over R®, we have

L ALzl oo ol o s
1

o '+ [vdivudf,

+(%1||V2n ZLZ + 2, ||Vdivn||iz)
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- IRS%VGI -VZdx + IR3 (VH, +VR,)- Vwdx +LR3(VH2 +VR, )-Vndx
1

. (4.10)
= .2:1: J,.
Employing relevant inequalities, we obtain
[ <Co(IVZ [+ vl + [l ). (4.11)
We calculate
13, < ¢ (1wl 9wz [V2W],2 + 2], V2], 97
el [v2ol o[Vl + 9w [ (. 2)] v 2l
+vwl [v2], |(m*.2)].. 72w, (4.12)
<cof|vuf, +[vz[f + v )
<Co(Ivz [ + v )
Similarly, we obtain
3| <cs(Ivzf +[vals ). (4.13)

Substituting (4.11)-(4.13), into (4.10), then, we obtain (4.9)if J is small enough.
Next we consider k =2, we have

2

12 )

ii{&nvzz
2dt| B,

2 :
+[|V2w] ot ||V2d|vw

(sl

)= e (vl +lonf +vw; )

2
12 +

|V2n

2
L2

(4.14)

2 ,
+(xl||V3n 2t ||V2d|vn

Multiplying V2 (1.14);, V2 (1.14)s, V2(1.14), by %VZZ, Viw, V?n, re-

1

spectively, we integrate and sum up the resulting equation over R?®,

ii{&"vzz 22}+(1<1||V3W
24t | B, K

2

2
24:
2t 2 T ||V divn

2
LZ

2
L2+

2
12

:.[R3%VZGI-VZde+jR3(V2H1+V2Rl)~V2wdx (4.15)
1

|V2w

|V2n

2 .
+(%1 ||V3n , +5, ||V2d|vn
L

+IR3(V2H2+V2R2)-V2ndx
=J,+J;+J.
Similar to (4.11), we obtain

. <cs(|viz

vl + o) (4.16)

LZ
2
L2

DOI: 10.4236/jamp.2025.131010 243 Journal of Applied Mathematics and Physics

Similar to (4.12), we obtain

o V2] +

L2

35| < co[vuf. +

|vzz

2
+
LZ

|V2W

|V3W



https://doi.org/10.4236/jamp.2025.131010

H. X.Ji, W.J. Song

<Cs([vz[fs +[vwf: ) (4.17)
We also have
3| <c(Ivz]s +Ivnlfe ). (4.18)

Substituting (4.16)-(4.18) into (4.15), we obtain (4.14). From (4.9) and (4.14),
if 0 islittle sufficiently, we acquire (4.8). The proof is accomplished. O
Lemma 4.3. Under the suppositions of Theorem 1.1 and (4.1) is valid, then

o {,33 125> +welle + [ ||L2}+(K1||th"|_z + i, divw | )

+(sa [Vl + 2, Jdivn | ) (4.19)

<c([vw()f +IvnOlf, +vw O, +[vn 0. ).

LZ
d “
dt {H P

+H n*2 +n*2divn,

and

2
Tt H n*evn, -

+ “\/EnIt ; ) (4.20)

pﬂl + p

;}%(um 2

<Co (vl + [V +[vnlf +vn s )

Proof. Calculating the derivative of (1.14),34 in terms of t, then
0, Z + pdivw, + B divn, =(G,), ,
W+ BVZ, — kAW, — i, Vdivw, = (H,), +(R,), , (4.21)
dun+ B,VZ, - s,An —3,Vdivn, = (H,) +(R,),.

We multiply (4.21);, (4.21),, (4.21)s, by %Zt ,W,, N, respectively, integrate and
1

sum the equality over R®, we have

2dt-[1R3ﬂ3| S+ + [ dx+jR3K1|Vw| + 16, |divw | dx

+I %1|Vnt| +%2|d|vnt| dx (4.22)
ijs Zot[(H), + (R, Tw +[(H), +(R,), Tmex,

from (1.14),
2]z <1Gi] +[Bdivw] - +[Bdivn .

(4.23)
<C(Ivwlz +[vnl)

Similar to the previous process, we have

e 2]

sC(mt .

J.]R3 ﬂs ZdX<C||

m | [V + ||Vm+

o vl
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+ ||th+

12 ||W"L°° +"Zt”L2 ||VW||L°° +"Z"L°° "th "L2

oIl
12 "n"L"” +"Zt”L2 ||Vn||L°° +||Z||L°° ”Vnt”L2 )"Zt "l_2

< Co( [Vl +valfe +[vw ] +|val ).

+ ||m;

o[9[

- Vo + ||Vm’

+ "Vm{

and

Joo[(Ho), +(R), Jwebe < C [vwlfs -+ [ s + [l +[vn ). a25)
Similarly, we have

Jo[(H) +(Ry), Jnaes Co (vl + [V +[vnff +[vn s ). 426)

Substituting (4.24)-(4.26) into (4.22), we obtain (4.19). We restate the equation
(4.21)2, (4.21)3, and get the following form:

POW— AW, —( P+ pt )Vdith

=-pW,—VZ, {pW-VW+V(p"1)(VW+VtW)+V(p‘1)divw

+ +

t + X - +
+V(p"1)<VW+V w)Vo +V(p Hdivwy o ]
(o2 (e
t

(4.27)
noN—n*2An, — (77”2 +n’ )Vdivnt

=—pn, -VZ, {nn VN4V (5*2)(Vn+V'n)+V(n* )divn

+ — + —
(o2 (o2

V() (Vn+Vin)ve v(n@)divnvG]
t

Multiplying (4.27), by W, respectively, integrating over R®, then
1d
2dt
<C ol Il Iz + 192l oz + 19 Z s [V o
V2o 9wl + ol [Vl ol + e ol [ o
W [V [ e [l [+ 92z [V (2
o w2

o loule [Vl o]

IR3 p|WH|2 dx + e |th|2 +(p"1 +ph )|divw[|2 dx

28
Hz e vl Vo vo' :

o [z +12], [V

+[2]) v

Vo,

2 |2 + "Vf

Vo

tlale ol vull w .

<cof|vuf [Vl )+ 2w (0 o

We multiply (4.27), by n, respectively, and integrate the resulting equality

over R,
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1d _
.[Ra’?|”n| dx+ > gt e n* |vn [ +<f7“2 +7712)|d|vnt|2 dx

< (|valf +Ivn )+ ol (0 o

(4.29)

By using (4.28) and (4.29), we obtain (4.20). ]

5. The Time Decay Rates for (Z,w,n)

Theorem 5.1. If C >0, C is not less than 0. Under the conditions of Theo-
rem 1.1 and (4.1), then

[(z,w.n) (1) SCNO(1+t)’%, (5.1)

[vz Ol +[Fw(©), +[vn ()]

H?2

. (5.2)
+[(Z,. W n, Y, Vi [, <CNG (L4t) 4
and
(L o) (o () +ne () o <N, 63)
Proof. From (1.14), we see that
w . < (“(Vzw, vz)|, 7|, ) (5.4)
Il <c(|(v*n.v2)|, +6¥nl,. + 6 ]72] . (5.5)
From (1.14), (4.19) and (4.20), we have
[vz|. _c“v ((em )w )], +Cvw],, +CvA + VB -
sc(“ (v, Vow) 2 LZ).
Similarly, we also have
[vou], < (”(VWI,VZZ)” 2 2 Lz),
ool <c((vn ‘.. ) (57)

Assuming that the constant D >0 . From (5.4)-(5.7), summingup D X ((4.8)
+(4.19)) + (4.20), then there exists an energy functional, designated as W (W, Z, n) ,
which is equivalent to ||VZ ||2H1 +||VW||i|2 +||Vn||i2 +||(Zt,Wt, nt,VWt,Vnt) sz , then
for some positive constant C,, we can get

%w (0)+C, (W (1) o e+ ) <[ (2w ) (5.8)

In addition, Define the time-weighted energy functional:

Z(t)=sup {(1+r)gw(r)}, (5.9)

0<r<t

Denoting
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G=(G Hy+R.H, +R,),

by Duhamel principle, we have
2 =g Zl J‘ e(t=7)

So we can derive

[v(z' '), < (1+t)’3 [z w.n) ()] + [;|ve" " a(e)] . d7. 510)

Because of the non-dissipative nature of m*, we need to devise innovative ap-
proaches to address the final two terms of G, in (1.14)s. The core concept is to
treat —Lnyw-Vm* —Lpn-Vm~ as a whole, and then restate cleverly. If we notice
that nr?—pr’ #0, and use the subtle relation between the variables, it is some-
what unexpected that —Lnu-Vm* —Lpv-Vm™ can be rewritten as

—-Low-Vm" = Lpn-Vm~
vZ pvm' J

=—Lnu-Vm* —=Lpv- (
Lp p

=-n-VZ+Ln(n-w)-vm*
r’r’pn(n-w)

=-n-VZ+ (pﬁ )2 +(77I’72 —pr+2)|\/|+

-Vm*

2.2 _
=-n-VZ +';:7£+(;I‘2W).Vln((pr+)2+(nr2—prf)M+)

2,2 _
LA RUR s

2.2 _ r V¥ +(nr—por2\M*
:—n.VZ+div{r*r'p2n(n W)In[(/h) (777 p+) ﬂ

(5.11)

0’ - pr! o, ) + (77 - pr? )M
Pr.) +(iT* = T,

((m) (e —prZ)M*Jdiv{rfrzpnm—w)}

)+ (77 - pre )M 0’ - pr?

(P
2
’r’ pn(w-n) 2 apeo(n? 2
W (V(pr+) +M*V (r? - pr! ))
From Proposition 3.6, (5.9) and (5.10), we have

“V(Z',w‘,n' )(t)

12

5 5
S(AHt) A Ng+ [ (14t=7)

(m*, z)(f)“ﬁ [(Vw,vn)(z)],, d=

+J' (1+t- 1)5

(m.z,w,vm*, vz )(c)| (V2. vw v2w)(z)

dez'

(5.12)
dr

12

+J'l 1+t—r)7H(m’,Z,n,Vm’,VZ (7) ” ” VZ,Vn,Vzn)(r)

5
(l+t)4N +5I (1+t-17) 1+r 4 Z(t)dr

5 5

S(L+t) 4 Ny +8(1+t) 4T (1),
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SO we can obtain

5 5
%W (6)+Co(W (£)+ e[z +Ing[[2 ) <€ (1+1) 2 NG +Co2(1+1) 2 (1) (5.13)

By Gronwall inequality, we obtain
W(t)<cC (1+t)’g N¢ +C&? (1+t)’§ Z(t),
that is,
I(t)<CNg+Cs°Z(t),
when & is small enough, (5.2) holds.

Employing Parseval’s theorem, we have

“(ZI W )(t)“Lz S (1“)_% N +52.[;(1+t —T)_% (1+ r)_% dr

. (5.14)

3
S(L+t) “ Ny +82(1+t) 4.

Substituting (5.14) into (4.3), if C, >0, C, a constant, then

d 3
LBz, s + s+, | 22+l +[nffs | (2t) 2 NG,
dt | g, B

9
From the aforesaid inequality, we acquire (5.1). Multiplying (5.13) by (1+'[)8 ,

we get
91 t)PW ()4 C, (14 1)F (W 2 2
S LHOPW (0)Cy (L) (W (1) e [ +
9 S 1
sC((lH)B (1+t) 2 NG +(1+t)W (t)J
(5.15)
9 _5 1 _5
sC((lH)S (1+t) 2Ng +(1+t)8 (1+t) 2 NgJ
_u
<C(1+t) ® Ng.
(5.14) isintegrated from 0 to t, we obtain (5.3). The proof is completed. |
Lemma 5.2. Under the assumptions of Theorem 1.1 meanwhile (4.1) are valid,
then
[(mmY].., <oN,. (5.16)

Proof. The new semi-linearized system of (1.1) is as follows:
om* +(1+m*)divw+w-vm* =0,

p{?tw+£(77Vm+ +me’)—p"1AW—(p"1 +pht )Vdivw =E,

(5.17)
om- +(1+ m‘)divn +n-Vm~ =0,
non +,CZ(77Vm+ +me’)—77”2An —(77”2 +n’ )Vdivn =E,,
where
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t +
pﬂl (VW++V W)VU +V<pﬂl)(VW+Vtw)
o (5.18)

V(p’11 )divw,

E =-pwW-Vw+

Va p‘ldlvw
O'
7" (Vn+V'n)ve

E,=—nv-Vn+

+V(n*2)(Vn+V'n
o (77 )( (5.19)

— h A
LYo ntdivn dlvn+V(77‘2)divn.

o
Multiplying V' (5.17);, V'(5.17);by V'm*, V‘m~ separately,for 0</<2,

integrating over R®,then

f 3|V‘m+ dx =—[ V" (divw+m*divw+w-vm* ) v'm*dx
2 dt-® (5.20)
~[.s V' (divn+m-divn+n-vm™)v'm-dx.
Integrating by parts, we have
[Law-vV'm V'mdx = % s
Similarly, we have
[an-vV'mV'mdx= —%J'RS divn|V€m’|2 dx.
Then we deal with (5.20)
d -
dt’®
<C|vw],,. [Im* o
Therefore, we have
dy . dy -
L]+ Sl <C(wle +1vrie). (5.21)
By Theorem 5.1, we conclude that _f "VW ” dz <CN,,
I "Vn " dz <CN, . We integrate inequality from 0 to t, so m- , <CN,.

However, the uniform boundedness of the L' (0 t) -norm of ”V W” and ||V4n||
is uncertain. Therefore, we need another way. The classic L" -estimate of elliptic

systems can be applied to (4. 27) which yields

[vew (s + s +lov ] 1V2 ] + ol [V
+||VW||L3 [l + IIVWIILw *o [vw.s
+ot s 92] [V eds +o ] 1920, (7]
o'l Vo2 VW +]o7 ] . (5.22)
ol 120 [Vw

120 v

Al +(

o' |12 +
< "(Wn'Wt’VWt )”Lz +||VW||H1 :
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Similarly,

||V2nt

25 (e Vi) + V0]l
(5.23)
Multiplying V*(5.17), and V°(5.17); by V?w and V°n, integrating over
R?, then
1d
2dt
1d
+__
2 dt

Ve‘w|2 dx + jR3 P

P V4W|2 dx + IR3 (p”l +ph )

a4 2
\vJ d|vw| dx

V3n|2 dx+ [ 47"

w2’ V4I’1|2 dx + IR3 (nﬂz " )|V3divn|2 dx
- %jﬂ@ & |V3W|2 o+ 77 |V3n|2 dx_gjmz V3 Vi, Viwdx
- gIR3 V¥ pvin Vindx + g]ﬂ@ V32 ot v AW-Viwdx

2
+ZOJR3 V¥ ipt2 .VEAN-Vndx
Z=

[V (" )l 9 ()

v*n||v2n|dx (5.24)
- IR3§V“ (o + o™ ) V*Vdivwvwdx
_I]Révaz (72 +n" ) V*Vdivavindx— [ V(" +p™)
=LV 4n®)
= [ V[ £(nvm* + pvm) |Vndx+ [ VPEViwdx+ [ V°E, v ndx
=

For (1.14),, we have

V3W||V3divw| dx

V3n| |V3divn| dx — IR3 %A [L(an* + me)} V3wax

e %IR3 P |V3W|2 dx +7, |V3n|2 dx

Slale [l e[l -
S [whia VW2 + e [V
Sso([veull + v )
From (5.22), we have
I1,|= —22:0 [ V¥ pViw Viwdx
SV el + 92| 9wl + [V V2w )72, (5:26)
< & Jw w Vo ) +7c)
Similarly, we have
I, < §(||(nn,v[,Vnt )||i2 +[vn]... ) (5.27)
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L5 |vz|, vew| , +[v?z Véu

. , [Viw

L

VAw|
L

5 +

15 B

+[vz]..

v |7, 529

S 5("th "l_2 +||VW||H2 +

V4W"L2 )’
15| = ijw V¥t .V An-Vindx
z=0

:)

V4n||V3n|dx

(5.29)

<o(Ivnls +Ival,e +|v*n

=]V ] )

SIVZ| . [Viw L [Viw, vll, [Ven (5.30)

e V2]

2 12

2
2

Using the similar process to (5.28) and (5.29), we have

12

2 2 2
< 5(||V“W o[V, + Vi, +]Vin

2
I, = _'fkggv“ (p”l +ph )Vzvdlvwvswdx

o)

2
ly ==[.s>. V¥ (7" +7 ) V*Vdivnv°ndx
z=0

<)

(5.31)

< O(Ivw ]z + 7l 2 + 7w

(5.32)
<S(Ivn e +1vnl,. +

|V4n

lg+ 1, issimilarto I, we have

2

2 2
4 3 4 3
I9+I10§5(||VWL2+VWL2+VnL2+Vn

iz ) (5.33)

Iy = [ V° [ £(nvm" + pvm") |VPwx

m’ +w-vVm*
= [ LV m V| L ———— ldx
R 1+m*

m +n-vm
+|  LoVEmM V| 4— |dx
IRa » { 1+m” J

+ [ V(£7) VM +V (Cp) VPm |V wdx 534

2

= [ VI (L) VVim Viwdx
z=0
2

= [V (Lp) VVim Viwdx
z=0

3,42 3,..-|?

< _%%J‘Rslﬁw—mjdx_lijﬂ@mdx
+m 2 dt 1+m

+C§(||(Wn, Ny, W, Ny, VW, Vn, )||L2 +||(VW,Vn)||H2 )

Using the similar process to (5.34), we obtain
2

£77|V3m+
27720 14m 2dt Jis 1+m’* (5.35)
+C§(||(Wn,n“,wt,nt,th,Vnt) - +||(VW,Vn)||H2 )

< 1d de_li
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By applying integration by parts, we have
1| <C|V°E,

2 [Viw

- ||VW||L°O +||V3W

12

<C (||V2w Vaw|  [vm*

L Vv +||vzz

LZ

Vim*

L L

VZm* Viw

)

< c5(||VWl [f2 [Vl + v w

+||VZZ

e[Vl

-zl

L

Viw

. . (5.36)

+z] [Vl fvm

LZ

2
2"

e <CO([Vn s +[vnlf: +|vn

Similarly, for 1, , we have

ZLZ ) (5.37)

Substituting (5.25)-(5.37) into (5.24) yields,

2

£77|V3m+ £p|V3m’|2 £,0|V3’m’|2
1+m’ Jes 1+m Jis 1+m

V3w|2 + 77|V3n|2 +

d
a ]Rsp

coplvem|
B3 Z|+ mnj dX+IR3 P |V4w|2 dX+IR3 (pﬂl +,011)

+ LR3 n* V“n|2 dx + fRs (77"2 +n’ )
< C5(||(WII,W1,VW1 )|

+ V"*divw|2 dx (5.38)

3. 2
\Y d|vn| dx

+||[Vw +||(nn, nI,Vnt)"L2 +|Vn],- )

||_2

In virtue of (5.2) and (5.3), for any t>0, then

J:("(Wtt N W, nt,th,Vnt)(r)”L2 +|

we deduce that

(VW,Vn)(r)”H2 )dr <CN,.

||V3mi

L <CN,, (5.39)

The proof is completed. O
Proof of Theorem 1.1 and 1.2. We can immediately derive Theorem 1.1 and
Theorem 1.2 by Theorem 5.1 and Lemma 5.2.
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