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Abstract 
The numerical approach for finding the solution of fractional order systems 
of boundary value problems (BPVs) is derived in this paper. The implemen-
tation of the weighted residuals such as Galerkin, Least Square, and Colloca-
tion methods are included for solving fractional order differential equations, 
which is broadened to acquire the approximate solutions of fractional order 
systems with differentiable polynomials, namely Legendre polynomials, as ba-
sis functions. The algorithm of the residual formulations of matrix form can 
be coded efficiently. The interpretation of Caputo fractional derivatives is em-
ployed here. We have demonstrated these methods numerically through a few 
examples of linear and nonlinear BVPs. The results in absolute errors show 
that the present method efficiently finds the numerical solutions of fractional 
order systems of differential equations.  
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1. Introduction 

Since the systems of ordinary differential Equations (ODEs) are applied in com-
putational science, engineering, physics and biology, the approximate solution of 
the linear and nonlinear systems of boundary value problems (BVPs) is derived 
for better accuracy. For instance, solving BVPs with the finite difference method 
in linear cases is widely accepted by Cheng and Zhong [1] in which they have 
deduced the positive solutions for ODEs in second order. A new method has been 
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introduced by using series in reproducing kernel space for acquiring the solution 
for the second order differential equation by Geng and Cui [2]. Exploiting varia-
tional iteration method for solving a nonlinear system of second-order BVPs has 
been established in [3], and the Galerkin method has been developed in [4] for the 
numerical solution of systems of second-order BVPs.  

As and when the order of ODEs is fractional, then the generalization turns to 
fractional differential Equations (FDEs), firm effects to acquire variational changes 
more accurately than the regular ODEs, which are used to model and process of 
anomalous diffusion, viscoelastic materials, engineering control systems, signal 
processing, modeling biological systems, finance option pricing and hydrology 
groundwater flow. For this, researchers from several fields of science and engi-
neering are paying attention to the FDEs that deal with dynamic systems for more 
convergence. The fractional difference integrals played a vital role in the time do-
main analysis of fractional dynamical systems and were used to solve problems of 
control theory [5].  

The Galerkin method was recently implemented in [6] to find the numerical 
solutions to linear fractional order two-point BVPs with homogeneous and non-
homogeneous boundary conditions using differentiable polynomials. Chebyshev 
collocation method incorporated by Khader et al. [7] [8] for solving high-order 
FDEs. The analytic study of the existence and uniqueness solution of initial value 
problems for fractional order systems was extensively reported in [9]-[11]. The 
approximate solutions of linear and nonlinear systems of fractional differential 
equations with the initial value problems developed by different methods such as 
the homotopy analysis method [12], the fractional finite difference method with 
Chebyshev polynomial, shifted fractional order Jacobi orthogonal functions [13], 
Adomian decomposition method [14], differential transform method [15], Haar 
wavelet collocation methods in [16], and so on.  

Azizi [17] has established the Chebyshev finite difference method for a system 
of fractional BVPs. A coupled system of nonlinear FDEs has been derived by Xin-
wei in [18]. Bernstein polynomials have been used to find the approximate ana-
lytical solution for nonlinear systems of FDEs with boundary conditions by Ali-
pour and Baleanu in [19]. The existence and uniqueness of solution have been 
studied for the system of periodic fractional BVPs by Dhaigude et al. [20]. Very 
recently, an efficient matrix method for a couple of systems of fractional ODEs 
has been discussed in [21]. Adomian decomposition method for solving nonlinear 
system of fractional differential equations was established by Ziada in [22]. The 
oscillatory theory for two classes of fractional neutral differential equations was 
derived in [23]. Mu’lla [24] has discussed about the existence and uniqueness of 
the solution in an alternative way for FDEs elaborately using Appell and Lauricella 
hypergeometric functions.  

Thus, from the above literature review, we may observe that some methods pro-
vide poor accuracy, and some are costlier in computation. Thus, we are motivated 
to find an efficient numerical technique to find approximate solutions for the 
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FDES system. However, in this research work, we consider the linear systems of 
fractional order differential equations in two unknown functions, namely, ( )u x  
and ( )v x  in the following systems [4]: 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 1 0 1

2 1 0 2

a D u x a u x a v x f x

b D v x b v x b u x f x

α

β

+ + = 


+ + = 
 (1) 

where ( ) ( )1 2,f x f x  are given functions, and ,i ia b  are coefficients for 0,1,2i =  
and 0 , 2α β< ≤ . 

We also consider the nonlinear systems of fractional order differential equa-
tions in two unknown functions: ( )u x  and ( )v x  in a system of the form: 

 
( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( )( ) ( )

2 1 0 1 1

2 1 0 2 2

,

,

a D u x a u x a v x N u x v x f x

b D v x b v x b u x N u x v x f x

α

β

+ + + = 


+ + + = 
 (2) 

where, ( ) ( )1 2,f x f x  are given functions, 1 2,N N  are nonlinear functions, and 
,i ia b  are coefficients for 0,1,2i =  and 0 , 2α β< ≤ . 
The proposed research work in this study is appraised numerically by the 

weighted residual methods, such as Galerkin, Least Square and Collocation, for 
solving linear and nonlinear systems of fractional order initial and boundary value 
problems. However, the organization of this paper is as follows.  

Section 2 describes some essential ingredients, such as definitions of fractional 
order derivatives and integrals of fractional calculus, including modified Legendre 
polynomials. The mathematical formulations of the proposed methods for sys-
tems of FDEs are explained in Section 3. Section 4 is reserved for validating the 
proposed techniques. The obtained numerical solutions to the specific problems 
and the corresponding absolute errors using different approaches are presented 
in tabular and graphic form. Finally, the conclusion and references are included. 

2. Some Preliminaries and Notations 

Mittag-Leffler function: The Mittag-Leffler function is first introduced as a one-
parameter generalized function of the exponential form by the series [5]: 

( ) ( )0
, 0, ,

1

k

k

zE z z
kα α α

α

∞

=

= > ∈ ∈
Γ +∑   . 

The two-parameter generalization is defined as:  

( ) ( ),
0

, , 0, , ,
k

k

zE z z
kα β α β α β

α β

∞

=

= > ∈ ∈
Γ +∑    

Definition: The Caputo fractional derivative *Dα  of order α  of ( )u x  is de-
fined in the following form: 

( ) ( ) ( ) ( ) ( )1
* 0

1 dmx mD u x x y f y y
m

αα

α
− −= −

Γ − ∫ , 

where 0α > . 
Linearity: Caputo fractional order derivative operator is a linear operation: 
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( ) ( )( ) ( ) ( )* 1 2 1 * 2 *D a u x a v x a D u x a D v xα α α+ = + , 

where ia  is constant for 1,2i = . 
For Caputo fractional derivative we have, 
1) * 0D Cα = , 

2) ( )
( )

*

0, for
1

, for
1

m
m

m N
mD x

x m N
m

α
α

α
−

∈
 Γ +=  ∈Γ + −

. 

Exponential function: Let , 1 , ,n n nα α λ∈ − < < ∈ ∈   , then the Caputo 
fractional derivative of the exponential function has the form: 

( )1, 1e t n n
nD t E tα λ α

αλ λ−
− += . 

Other frequently used functions:  
Let , 1 , ,n n nα α λ∈ − < < ∈ ∈    then 

( ) ( )( ( ) ( )( )1, 1 1, 1
1sin 1
2

n nn
n nD t i i t E i t E i tα α

α αλ λ λ λ−
− + − += − − − − . 

( ) ( )( ( ) ( )( )1, 1 1, 1
1cos 1
2

n nn
n nD t i t E i t E i tα α

α αλ λ λ λ−
− + − += + − − . 

Modified Legendre Polynomials: The analogue of Rodrigues formula for the 
Legendre polynomials is given by [6]: 

( ) ( )21 d
! d

n n

n nL x x x
n x

= − .  

To satisfy the condition ( ) ( )0 1 0, 1n nL L n= = ≥ , we modify the Legendre pol-

ynomials: ( ) ( ) ( ) ( )21 d 1 1
! d

n n n
n nL x x x x

n x
 

= − − − − 
 

.  

We can write the first three ( 3n = ) modified Legendre polynomials over the 
interval [0, 1] which are used throughout this paper: 

( ) 2
1 2 2L x x x= − +  

( ) 2 3
2 6 12 6L x x x x= − +  

( ) 2 3 4
3 12 42 50 20L x x x x x= − + − +  

The special properties of the modified Legendre polynomials are: 

( )0 0nL =  and ( )1 0, 1.nL n= ≥  

The modified Legendre polynomials are smooth, continuous, differentiable and 
integrable. Thus, the set of basis functions satisfying the corresponding homoge-
neous boundary conditions are exploited in the matrix formulation of fractional 
order boundary value problems over the interval [ ]0,1 . 

3. Mathematical Formulations 

Galerkin formulation for the system of fractional order BVPs: 
Let us consider three-term linear fractional order systems: 
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( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

D u x p x u x q x v x f x

D v x r x v x s x u x g x

α

β

+ + = 


+ + = 
 (3) 

with the boundary conditions: 

 ( ) ( ) ( ) ( )0 1 0 1 0 and 0 1.u u v v x= = = = < <  (4) 

We assume two approximate solutions for the pair of functions ( )u x  and 
( )v x  of the system (3) are given by: 

 
( ) ( )

( ) ( )
1

1

, 1

, 1

n
j jj

j j
n
j

u x a L x n

v x b L x n

=

=

= ≥ 


= ≥ 

∑
∑





 (5) 

where ja  and jb  are parameter, ( )jL x  are polynomial functions which sat-
isfy boundary conditions (4). 

Now we apply Galerkin formulation described in system (3), and we obtain the 
system of residual equations: 

 
( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )

1 1

0 0

0 0

1 1

d d

d d

i i

i i

D u x p x u x q x v x L x x f x L x x

D v x r x v x s x u x L x x g x L x x

α

β

+ + = 

+ + = 

∫ ∫

∫ ∫
 (6) 

On using integration by parts we can obtain the following system: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )

1 1

1 1
0 0

0 0

d d

d d

i i i i

i i i i

D u x L x p x u x L x q x v x L x x f x L x x

D v x L x r x v x L x s x u x L x x g x L x x

α

β

+ + = 

+ + = 

∫ ∫

∫ ∫

  

  

 (7) 

Now putting the Equation (5) into (7) to get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1

0
1 1

1

1

0

d

d

n n n

j j i j j i j j i
j j j

i

a L x L x p x a L x L x q x b L x L x x

f x L x x

α

= = =

 
+ + 

 

=

∑ ∑ ∑∫

∫
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1

0
1 1

1

1

0

d

d

n n n

j j i j j i j j i
j j j

i

b L x L x r x b L x L x s x a L x L x x

g x L x x

β

= = =

 
+ + 

 

=

∑ ∑ ∑∫

∫
 

We can write the above equations as 

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )( )
( ) ( )

1

0
1

1

0

d

d

n

j i j j i j j i j
j

i

L x L x a p x L x L x a q x L x L x b x

f x L x x

α

=

 + +  

=

∑ ∫

∫
 

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )( )
( ) ( )

1

0
1

1

0

d

d

n

j i j j i j j i j
j

i

L x L x b r x L x L x b s x L x L x a x

g x L x x

β

=

 + +  

=

∑ ∫

∫
 

where 1,2,3, ,i n=  . 
Equivalently, the matrix formulation is given by 
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( )
( )

, ,1

, ,1

j i j j i j ij

j i j j i j ij

n

n

A a B b F

C b D a G

=

=

+ = 


+ = 

∑
∑

 (8) 

where, 

( ) ( )( ) ( ) ( ) ( )( )1
, 0

dj i j i j j i jA L x L x a p x L x L x a xα = +  ∫  

( ) ( )( ) ( ) ( ) ( )( )1
, 0

dj i j i j j i jC L x L x b r x L x L x b xβ = +  ∫  

( ) ( ) ( )( ) ( ) ( )
0

1
, 0

1
d , dj i j i j i iB q x L x L x b x F f x L x x = = ∫ ∫  

( ) ( ) ( )( ) ( ) ( )
0

1
, 0

1
d , dj i j i j i iD s x L x L x a x G g x L x x = = ∫ ∫  for , 1,2,3, ,i j n=  . 

Once we get the system of linear Equations (8), ja  and jb  can be obtained 
easily. 

Least Square formulation for the system of fractional order BVPs: 
In this case, weighting function is chosen to be 

( )1
j

j

R x
W

m
∂

=
∂

 and ( )2 , 1,2, ,j
j

R x
Z j n

n
∂

= =
∂


 

Now this choice of jW  and jZ  corresponds to minimize the mean square re-
sidual 

2
1 1

1 d
2

WR R x= ∫  = minimum and 2
2 2

1 d
2

ZR R x= ∫  = minimum 

The necessary condition for WR  to be minimum are given by  

 
( )

( )

1 1
10

2

1

2
20

1

d 0, 1,2, ,

d 0, 1,2, ,

j j

j j

WR RR x x j n
m m

ZR RR x x j n
n n

∂ ∂ = = = ∂ ∂ 
∂ ∂ = = =
∂ ∂ 

∫

∫





 (9) 

which is clearly the matrix form of a system of n linear equations with the coeffi-
cients jm  and jn . Solving the system (9), we find the values of some parameters 
and substitute into Equation (5); we are able to find the approximate solution of 
the desired FBVP (3). 

Collocation formulation for the system of fractional order BVPs: 
We assume that the boundary condition [ ],a b  such as boundary conditions 
( ) 0u a a= , ( ) 0u b b=  and ( ) 1v a a= , ( ) 1v b b= . In this case, we choose n pa-

rameters and the grid points as: 

1j
a jx
n
+

=
+

, 

where 1,2,3, ,j n=  . 
Since the residual functions of (3) are: 

 
( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

1

2

R x p x Du x q x D u x v x f x

R x r x Dv x s x D v x u x g x

α

β

= + + − 


= + + − 

  

  

 (10) 
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Setting ( ) 0jR x = , we obtain the system of unknown parameter ja  and jb . 
Using the values of parameters, we get the approximate solution of system of frac-
tional order boundary value problems. 

4. Numerical Simulations 

To demonstrate the effectiveness of the proposed methods in this literature, four 
examples are validated in this section. Compare the results of several fractional 
orders α  and β , we will establish that the present method is very effective and 
convenient for all orders of α  and β . 

The efficiency and reliability of the proposed method are validated by compu-
ting the maximum absolute error L∞  as:  

( ) ( )maxL u x u x∞ = −   and ( ) ( )maxL v x v x∞ = −  , 

where ( ) ( ),u x v x  and ( ) ( ),u x v x   are the exact and approximate solutions, re-
spectively. Throughout this section, we use the symbols as follows:  

( )Gu x  and ( )Gv x : approximate solutions of ( )u x  and ( )v x  using Ga-
lerkin formulation; 

( )Lu x  and ( )Lv x : approximate solutions of ( )u x  and ( )v x  using Least 
square formulation; 

( )Cu x  and ( )Cv x : approximate solutions of ( )u x  and ( )v x  using Collo-
cation formulation. 

Problem 1: Consider the linear system of fractional differential equations [21]: 

 
( ) ( )

( ) ( )

5
5 4

4
5 4

120
6

24
5

xD u x u v x x

xD v x u v x x

α
α

α
α

α

α

−

−


= + + − − Γ − 


= + + − − Γ − 

 (11) 

with the initial conditions ( ) ( )0 0 0u v= = , ( ) ( )0 0 0u v′ ′= = . 
For 2α = , the exact solution is ( ) 5u x x=  and ( ) 4v x x= . 
Using Galerkin formulation in (8) the approximate solutions of ( )Gu x  and 

( )Gv x  of (11) with three modified Legendre polynomials are given by, respectively: 

( ) 2 3 40.04453 0.56018 1.85860 2.34296 ,Gu x x x x x= − + − +  

( ) 2 3 40.00445 0.01557 0.02120 1.01008 .Gv x x x x x= − + − +  

Now we evaluate the absolute errors of ( )Gu x  and ( )Gv x  for different val-
ues of 0.6,0.7,0.8,0.9,1.5,2α =  for the systems of (11) which are displayed in 
Table 1 and Table 2, respectively. 
 
Table 1. Absolute errors of ( )Gu x  of problem 1 for 3n = . 

x 0.6α =  0.7α =  0.8α =  0.9α =  1.5α =  2α =  

0.1 2.97 × 10−3 3.50 × 10−3 4.78 × 10−3 8.79 × 10−3 4.85 × 10−4 1.92 × 10−3 

0.2 9.24 × 10−4 1.50 × 10−3 2.94 × 10−3 7.50 × 10−3 2.06 × 10−3 
 
 
 
 
 

7.96 × 10−4 
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Continued 

0.3 1.03 × 10−3 6.18 × 10−4 4.95 × 10−4 4.08 × 10−3 3.42 × 10−3 2.79 × 10−3 

0.4 1.21 × 10−3 9.79 × 10−4 2.34 × 10−4 2.24 × 10−3 2.60 × 10−3 2.31 × 10−3 

0.5 1.45 × 10−4 7.56 × 10−6 6.02 × 10−4 2.66 × 10−3 6.37 × 10−4 0 

0.6 5.93 × 10−4 7.71 × 10−4 1.56 × 10−3 4.15 × 10−3 6.27 × 10−4 2.31 × 10−3 

0.7 3.97 × 10−4 7.43 × 10−5 1.12 × 10−3 4.91 × 10−3 2.87 × 10−4 2.79 × 10−3 

0.8 3.14 × 10−3 2.67 × 10−3 1.13 × 10−3 3.65 × 10−3 3.27 × 10−3 7.96 × 10−4 

0.9 5.11 × 10−3 4.67 × 10−3 3.31 × 10−3 8.71 × 10−4 5.46 × 10−3 1.92 × 10−3 

L∞  5.11 × 10−3 4.67 × 10−3 4.78 × 10−3 8.79 × 10−3 5.46 × 10−3 2.79 × 10−3 

 
Table 2. Absolute errors of ( )Gv x  of problem 1 for 3n = . 

x 0.6α =  0.7α =  0.8α =  0.9α =  1.5α =  2α =  

0.1 3.23 × 10−3 4.20 × 10−3 5.71 × 10−3 9.69 × 10−3 3.09 × 10−4 1.94 × 10−5 

0.2 3.09 × 10−3 4.24 × 10−3 6.02 × 10−3 1.06 × 10−2 4.21 × 10−4 2.59 × 10−5 

0.3 1.72 × 10−3 2.68 × 10−3 4.15 × 10−3 7.88 × 10−3 4.25 × 10−4 2.27 × 10−5 

0.4 6.04 × 10−4 1.30 × 10−3 2.35 × 10−3 4.98 × 10−3 3.89 × 10−4 1.29 × 10−5 

0.5 5.68 × 10−4 1.13 × 10−3 1.96 × 10−3 4.05 × 10−3 3.54 × 10−4 0 

0.6 1.79 × 10−3 2.41 × 10−3 3.31 × 10−3 5.73 × 10−3 3.39 × 10−4 1.29 × 10−5 

0.7 3.80 × 10−3 4.63 × 10−3 5.82 × 10−3 9.20 × 10−3 3.39 × 10−4 2.27 × 10−5 

0.8 5.46 × 10−3 6.47 × 10−3 7.93 × 10−3 1.21 × 10−2 3.22 × 10−4 2.59 × 10−5 

0.9 5.01 × 10−3 5.87 × 10−3 7.14 × 10−3 1.08 × 10−2 2.35 × 10−4 1.94 × 10−5 

L∞  5.46 × 10−3 6.47 × 10−3 7.93 × 10−3 1.21 × 10−2 4.25 × 10−4 2.59 × 10−5 

 
From Table 1 and Table 2, we may observe that our proposed method is com-

paratively easier and the accuracy is reasonable. 
The graphical representation of absolute errors for considering the value of 

fractional order 0.6,0.8,0.9,1.5α =  can be shown in Figure 1 and Figure 2. 
From the above discussion, it is clear that our method is more straightforward 
than other methods in the existing literature. 

Problem 2: Consider the linear system of fractional differential equations [16]: 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2

21

D u x Dv x x Du x f x

D v x x D u x g x

α

α

+ + = 


+ − = 
 (12) 

with the boundary conditions ( )0 0u = , ( )1 1u = , ( ) ( )0 1 0v v= =  and  
0 1x≤ ≤ , when 1.5α =  the right-hand side function becomes  

( ) ( )
3 24 2 3 1

0.5
f x x x x= + + −

Γ
 and ( ) ( ) ( )

3
28 2 1

0.5
g x x x= + −

Γ
. The exact 

solutions are ( ) 2u x x=  and ( ) 3v x x x= − . 

https://doi.org/10.4236/jamp.2024.129190


U. Ruman, Md. S. Islam 
 

 

DOI: 10.4236/jamp.2024.129190 3171 Journal of Applied Mathematics and Physics 
 

 

Figure 1. Absolute errors of ( )u x  for problem 1. 

 

 

Figure 2. Absolute errors of ( )v x  for problem 1. 

 
For 1.5α = , three weighted residual meth od give the approximate solution
( )u x  and ( )v x  of the given system (12) are as follows: 
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( ) 14 2 13 3 13 45.561 10 0.999 4.897 10 2.638 10Gu x x x x x− − −= × + + × − × , 

( ) 15 2 13 3 14 43.382 10 1.00 1.214 10 6.483 10Lu x x x x x− − −= − × + − × + × , 

( ) 16 2 15 3 16 41.857 10 1.00 1.49 10 6.864 10Cu x x x x x− − −= − × + − × + ×  

and 

( ) 13 2 3 13 40.999 6.947 10 1.00 6.039 10Gv x x x x x− −= − − × + − × , 

( ) 14 2 3 14 40.999 3.780 10 0.999 5.839 10Lv x x x x x− −= − + × + + × , 

( ) 15 2 3 15 41.00 1.896 10 0.999 1.749 10Cv x x x x x− −= − + × + + × . 

Now we compute the approximate solutions of ( )u x  and ( )v x  in tabular 
form by three weighted residual methods: Galerkin, Least Square and Collocation, 
and are displayed in Table 3 and Table 4, respectively. From Table 3 and Table 4 
we may observe that the approximate solutions by the proposed three methods 
perform excellently, converge to the exact solutions, and coincide with the solu-
tions of [16]. The exact and approximate solutions of the problem 2 are shown in 
Figure 3, while absolute errors are displayed in Figure 4. 
 
Table 3. Absolute errors of ( )u x  for the problem 2. 

x Galerkin Least Square Collocation 

0.1 3.21 × 10−15 1.56 × 10−16 3.46 × 10−18 
0.2 3.36 × 10−15 8.67 × 10−16 6.93 × 10−18 
0.3 2.44 × 10−15 1.62 × 10−15 0 
0.4 1.80 × 10−15 2.13 × 10−15 0 
0.5 2.16 × 10−15 2.16 × 10−15 0 
0.6 3.60 × 10−15 1.72 × 10−15 0 

0.7 5.60 × 10−15 8.88 × 10−16 0 

0.8 6.99 × 10−15 1.11 × 10−16 0 

0.9 5.88 × 10−15 4.44 × 10−16 0 

L∞  6.99 × 10−15 2.16 × 10−15 6.93 × 10−18 
 
Table 4. Absolute errors of ( )v x  for the problem 2. 

x Galerkin Least Square Collocation 

0.1 7.95 × 10−15 9.43 × 10−16 1.38 × 10−17 

0.2 8.07 × 10−15 2.10 × 10−15 2.77 × 10−17 

0.3 5.21 × 10−15 2.99 × 10−15 1.11 × 10−16 

0.4 2.88 × 10−15 3.60 × 10−15 5.55 × 10−17 

0.5 2.55 × 10−15 3.55 × 10−15 5.55 × 10−17 

0.6 5.05 × 10−15 2.88 × 10−15 0 

0.7 9.21 × 10−15 1.94 × 10−15 0 

0.8 1.27 × 10−14 8.32 × 10−16 1.11 × 10−16 
0.9 

 
 
 
 

1.13 × 10−14 5.55 × 10−17 2.77 × 10−17 

L∞  1.27 × 10−14 3.60 × 10−15 1.11 × 10−16 
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Figure 3. Exact and approximate solutions of ( )u x  and ( )v x  for problem 2. 
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Figure 4. Absolute errors of ( )u x  and ( )v x  for problem 2. 
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We observe from the graphical representation of Figure 3 and Figure 4 for both 
( )u x  and ( )v x  that the more accurate results can be obtained by Collocation 

method for this particular problem.  
Problem 3: Consider the linear system of fractional differential equations [3] 

[4] [17]: 

 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 1 cosD u x x Du x x Dv x f x

D v x xu x g x

α

β

+ − + π = 


+ = 
 (13) 

with the boundary conditions ( )0 0u = , ( )1 0u = , ( ) ( )0 1 0v v= =  and  
 0 1x≤ ≤ , and where, 

( )

( ) ( ) ( )( )

3 1.5 5 3.5

0.5

7 5.5 9 7.5 11 9.5

0.564 4.513 10.316
6 120

17.506 25.856 35.222
5040 362880 39916800

2 1 cos cos 2 1

x xf x
x

x x x

x x x x

 π ∗ π ∗
= π∗ − +


π ∗ π ∗ π ∗
− + − 


+ − π π + π −

 

and 

( ) ( )0.8
0.19999

0.858932.14734 sing x x x x
x

= − + π . 

For 2α β= =  the system gives the exact solution ( ) ( )sinu x x= π  and
( ) 2v x x x= − . This problem was solved in [4] using the Galerkin method with 

Legendre and Bernstein polynomials. In this paper, we consider the values of
1.5α =  and 1.2β =  and obtain the approximate solution ( )u x  of the given 

system (13) by three weighted residual methods with the modified Legendre pol-
ynomials as: 

( ) 2 3 43.109 0.443 7.107 3.555Gu x x x x x= + − + , 

( ) 2 3 43.138 0.355 7.00 3.506Lu x x x x x= + − + , 

( ) 2 3 43.050 0.681 7.494 3.763Cu x x x x x= + − + . 

Similarly, the approximate solution ( )v x  are: 

( ) 2 3 41.00 1.00 0.002 0.001Gv x x x x x= − + − + , 

( ) 2 3 40.999 1.001 0.004 0.002Lv x x x x x= − + − + , 

( ) 2 3 41.023 1.069 0.087 0.041Cv x x x x x= − + − + . 

The absolute errors are obtained for 1.5α = , 1.2β = , and also for 2α β= = , 
which are displayed in Table 5 and Table 6, respectively for ( )u x  and ( )v x . 
The exact and approximate solutions, and absolute errors are depicted in Figure 
5 and Figure 6, respectively. By comparing the results of our proposed methods 
with the variational iteration method [16], it is evident that our method also gives 
the better results. In Table 5 and Table 6, we observe that Galerkin method gives 
the more accurate and better results than that of other residual methods and the 
reference results for this example. 
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Figure 5. Exact and approximate solutions of ( )u x  and ( )v x  of problem 3. 
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Figure 6. Absolute errors of ( )u x  and ( )v x  of problem 3. 
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Table 5. Absolute errors of ( )u x  for the problem 3. 

x 

1.5, 1.2α β= =  and 3n =  2α β= =  and 3n =  

Galerkin 
Least 

Square 
Collocation Galerkin 

Least 
Square 

Collocation 
Reference 

[3] 

0.1 4.28 × 10−4 1.75 × 10−3 4.28 × 10−3 2.53 × 10−4 1.13 × 10−3 7.26 × 10−3 3.00 × 10−4 

0.2 5.93 × 10−4 3.77 × 10−3 4.40 × 10−3 7.33 × 10−4 1.55 × 10−3 8.11 × 10−3 2.50 × 10−3 

0.3 5.03 × 10−4 3.95 × 10−3 4.47 × 10−3 5.43 × 10−4 6.87 × 10−5 7.68 × 10−3 7.80 × 10−3 

0.4 3.55 × 10−4 3.00 × 10−3 5.25 × 10−3 3.83 × 10−4 1.99 × 10−3 7.47 × 10−3 1.66 × 10−2 

0.5 8.62 × 10−4 2.26 × 10−3 6.16 × 10−3 8.75 × 10−4 2.91 × 10−3 7.45 × 10−3 2.77 × 10−2 

0.6 4.79 × 10−4 2.40 × 10−3 6.77 × 10−3 3.83 × 10−4 1.99 × 10−3 7.46 × 10−3 3.87 × 10−2 

0.7 2.86 × 10−4 2.90 × 10−3 7.14 × 10−3 5.43 × 10−4 6.95 × 10−5 7.68 × 10−3 4.59 × 10−2 

0.8 3.44 × 10−4 2.57 × 10−3 7.44 × 10−3 7.33 × 10−4 1.55 × 10−3 8.11 × 10−3 4.49 × 10−2 

0.9 6.14 × 10−4 8.53 × 10−4 6.56 × 10−3 2.53 × 10−4 1.14 × 10−3 7.25 × 10−3 3.09 × 10−2 

L∞  8.62 × 10−4 3.95 × 10−3 7.44 × 10−3 8.75 × 10−4 2.91 × 10−3 8.11 × 10−3 4.59 × 10−2 

 
Table 6. Absolute errors of ( )v x  for the problem 3. 

x 

1.5, 1.2α β= =  and 3n =  2α β= =  and 3n =  

Galerkin 
Least 

Square 
Collocation Galerkin 

Least 
Square 

Collocation 
Reference 

[4] 

0.1 4.56 × 10−5 5.98 × 10−5 1.74 × 10−3 3.44 × 10−7 1.19 × 10−5 1.31 × 10−4 2.53 × 10−4 

0.2 6.13 × 10−5 1.22 × 10−4 2.56 × 10−3 6.10 × 10−7 2.54 × 10−5 2.51 × 10−4 5.42 × 10−4 

0.3 5.99 × 10−5 1.70 × 10−4 2.83 × 10−3 1.71 × 10−6 3.65 × 10−5 3.54 × 10−4 5.42 × 10−4 

0.4 5.15 × 10−5 1.94 × 10−4 2.83 × 10−3 2.22 × 10−6 4.26 × 10−5 4.34 × 10−4 3.84 × 10−4 

0.5 4.25 × 10−5 1.89 × 10−4 2.73 × 10−3 1.77 × 10−6 4.27 × 10−5 4.84 × 10−4 8.76 × 10−4 

0.6 3.65 × 10−5 1.57 × 10−4 2.62 × 10−3 3.96 × 10−7 3.67 × 10−5 4.97 × 10−4 3.83 × 10−4 

0.7 3.38 × 10−5 1.05 × 10−4 2.46 × 10−3 1.48 × 10−6 2.60 × 10−5 4.65 × 10−4 5.45 × 10−4 

0.8 3.14 × 10−5 4.75 × 10−5 2.13 × 10−3 3.05 × 10−6 1.35 × 10−5 3.77 × 10−4 7.36 × 10−4 

0.9 2.32 × 10−5 3.78 × 10−6 1.42 × 10−3 3.09 × 10−6 3.02 × 10−6 2.26 × 10−4 2.50 × 10−4 

L∞  6.13 × 10−5 1.94 × 10−4 2.83 × 10−3 3.09 × 10−6 4.27 × 10−5 4.97 × 10−4 8.76 × 10−4 

 
Problem 4: Consider the nonlinear system of fractional differential equations 

[3] [4] 

 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )2

cosD u x xDu x x Dv x f x

D v x xDu x u x g x

α

β

+ + π = 


+ + = 
 (14) 
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subject to the boundary condition 

 ( ) ( ) ( ) ( )0 1 0, 0 1 0u u v v= = = =  (15) 

with 1.5α β= =  and 0 1x< < , where 

( )

( )

2.5 4.5 6.5 8.5
0.5

10.5 1.5 3.5 5.5

0.5

7.5 9.5
2

7.221 13.755 21.547 30.4192.256
6 120 5040 362880

40.254 0.564 4.513 10.316 17.506
39916800 6 120 5040
25.856 35.222 cos sin 1 2

362880 39916800

x x x xf x x

x x x x
x

x x x x x x x

= − + − +

− − + − +


− + + − + + −







( ) ( )cosx xπ

 

and 

( ) ( ) ( ) ( )2 20.5 2
0.5

0.564 2.256 sin cos 1 sing x x x x x x x x x
x

 = − + + − + − 
 

. 

For 2α β= =  the system gives the exact solution ( ) ( ) ( )1 sinu x x x= −  and 
( ) 2v x x x= − . This problem was solved in [4] using the Galerkin method with 

Legendre and Bernstein polynomials.  
We use modified Legendre polynomials as trial approximate solution to solve 

the systems (14). Consider the solution of the form: 

 
( ) ( )

( ) ( )
1

1

, 1

, 1

n
j jj

j j
n
j

u x a N x n

v x b N x n

=

=

= ≥ 


= ≥ 

∑
∑





 (16) 

where ja  and jb  are parameter, ( )jN x  are polynomial functions which sat-
isfy boundary conditions (15). 

Now using the Galerkin method, we get the equation of the form:  

( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( )( )
( ) ( )

1

1

1

0

0

cos d

d

j i j j i j j i j
n
j

i

N x N x a xN x N x a x N x N x b x

f x N x x

α
=

 + + π 

=

′ ′
 ∑ ∫

∫
 

or 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )
( ) ( )

2

1

1

0

1

0
d

d , , 1, 2,3, , .

j i j j i jj ij

i

n
jN x N x b xN x N x a N x N x a x

g x N x x i j n

β
=

 + + 

= =

′∫∑

∫ 

 

Equivalently, in matrix form: 

 
( )

( )( )
, ,1

, , ,1

j i j j i j ii

j i j j

n

n
i j i j ii

A a B b F

C b D E a G
=

=

+ = 


+ + = 

∑
∑

 (17) 

where,  

( ) ( )( ) ( ) ( )( )0

1
, dj i j i j j i jA N x N x a xN x N x a xα +  

′= ∫  

( ) ( ) ( )( ), 0

1
cos dj i j i jB x N x N x b x = π ′∫  
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( )

2.5 4.5 6.5 8.5
0.5

0

10.5 1.5 3.5 5.5 7.5

0.

1

5

9.5
2

7.221 13.755 21.547 30.4192.256
6 120 5040 362880

40.254 0.564 4.513 10.316 17.506 25.856
39916800 6 120 5040 362880
35.222 cos si
39916800

i
x x x xF x

x x x x x
x

x x x x x


= − + − +



− − + − + −


+ + − +



∫

( ) ( ) ( )n 1 2 cos dix x x N x x


+ − π 


 

( ) ( )( )1
, 0

dj i j i jC N x N x b xβ =   ∫  

( ) ( )( )0

1
, dj i j i jD xN x N x a x  ′= ∫  

( ) ( )( )1 2
, 0

dj i j jiE N x N x a x =  ∫  

( ) ( ) ( ) ( )2 20.5 2
0.50

1 0.564 2.256 sin cos 1 sin di iG x x x x x x x x N x x
x

  = − + + − + −    
∫  

for all , 1,2,3, ,i j n=  . 
Once we get the system of linear Equations (17), the parameter ja  and jb  

can be then obtained easily. In this problem, we consider 1.5α β= = , and obtain 
the approximate solutions ( )u x  as: 

( ) 2 3 41.00 1.00 0.150 0.156 ,Gu x x x x x= − + + −  

( ) 2 3 41.00 1.00 0.146 0.152 ,Lu x x x x x= − + + −  

( ) 2 3 40.999 1.00 0.158 0. .160Cu x x x x x= − + + −  

Similarly, for 1.5α β= =  the approximations of ( )v x  are as follows: 

( ) 2 3 41.00 1.00 0.0001 0.0001 ,Gv x x x x x= − + −  

( ) 2 3 40.999 1.00 0.0005 0.0003 ,Lv x x x x x= − + −  

( ) 2 3 41.00 1.00 0.001 0.0006 .Cv x x x x x= − + −  

Now the graphical previews of the approximate and exact solutions are dis-
played in Figure 7. The absolute errors are summarized in Table 7 and Table 8, 
and the corresponding graphical representations are depicted in Figure 8. The 
absolute errors are compared with the results obtained by Variational iteration 
method [3]. From the tables and figures, we may emphasise that our methods per-
form the better accuracy. 
 
Table 7. Absolute errors of ( )u x  for the problem 4. 

x 
1.5α β= =  and 3n =  2α β= =  and 3n =  

Galerkin 
Least 

Square 
Collocation Galerkin 

Least 
Square 

Collocation 
Reference 

[3] 

0.1 6.26 × 10−6 3.13 × 10−5 1.04 × 10−4 2.90 × 10−5 4.55 × 10−5 3.46 × 10−4 1.42 × 10−3 

0.2 4.59 × 10−5 9.75 × 10−5 1.97 × 10−4 7.53 × 10−6 1.14 × 10−4 4.36 × 10−4 7.68 × 10−4 

0.3 7.04 × 10−5 1.34 × 10−4 2.59 × 10−4 3.99 × 10−5 1.43 × 10−4 4.05 × 10−5 6.09 × 10−4 
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Continued 

0.4 6.34 × 10−5 1.16 × 10−4 2.91 × 10−4 3.74 × 10−5 1.07 × 10−4 3.49 × 10−5 1.76 × 10−3 

0.5 3.55 × 10−5 5.38 × 10−5 3.09 × 10−4 3.48 × 10−6 2.02 × 10−5 3.25 × 10−4 2.16 × 10−3 

0.6 1.38 × 10−5 1.91 × 10−5 3.35 × 10−4 3.56 × 10−5 7.84 × 10−5 3.48 × 10−5 1.64 × 10−3 

0.7 2.43 × 10−5 6.20 × 10−5 3.77 × 10−4 4.73 × 10−5 1.40 × 10−4 3.99 × 10−4 4.37 × 10−4 

0.8 7.06 × 10−5 4.92 × 10−5 4.09 × 10−4 1.49 × 10−5 1.32 × 10−4 4.22 × 10−5 8.87 × 10−4 

0.9 1.05 × 10−4 2.04 × 10−6 3.44 × 10−4 3.49 × 10−5 5.90 × 10−5 3.28 × 10−4 1.43 × 10−3 

L∞  1.05 × 10−4 1.34 × 10−4 4.09 × 10−4 4.73 × 10−5 1.43 × 10−4 3.99 × 10−4 2.16 × 10−3 

 
Table 8. Absolute errors of ( )v x  for the problem 4. 

x 
1.5α β= =  and 3n =  2α β= =  and 3n =  

Galerkin 
Least 

Square 
Collocation Galerkin 

Least 
Square 

Collocation 
Reference 

[3] 

0.1 1.26 × 10−6 2.27 × 10−6 1.33 × 10−5 2.49 × 10−7 5.83 × 10−6 1.39 × 10−4 8.61 × 10−4 

0.2 2.28 × 10−6 5.92 × 10−6 1.86 × 10−5 7.25 × 10−7 1.24 × 10−5 2.03 × 10−5 6.27 × 10−4 

0.3 3.49 × 10−6 8.94 × 10−6 2.05 × 10−5 1.79 × 10−6 1.77 × 10−5 2.07 × 10−5 3.61 × 10−4 

0.4 5.05 × 10−6 1.00 × 10−5 2.21 × 10−5 2.21 × 10−6 2.04 × 10−5 1.68 × 10−4 1.76 × 10−2 

0.5 6.90 × 10−6 8.74 × 10−6 2.48 × 10−5 1.64 × 10−6 1.98 × 10−5 1.05 × 10−4 3.25 × 10−3 

0.6 8.70 × 10−6 5.24 × 10−6 2.86 × 10−5 1.57 × 10−7 1.62 × 10−5 3.30 × 10−5 4.47 × 10−2 

0.7 9.87 × 10−6 5.19 × 10−7 3.20 × 10−5 1.80 × 10−6 1.04 × 10−5 3.05 × 10−5 5.10 × 10−2 

0.8 9.58 × 10−6 3.69 × 10−6 3.18 × 10−5 3.38 × 10−6 4.11 × 10−6 6.84 × 10−5 4.79 × 10−3 

0.9 6.73 × 10−6 4.94 × 10−6 2.32 × 10−5 3.32 × 10−6 4.13 × 10−7 6.39 × 10−5 3.20 × 10−3 

L∞  9.87 × 10−6 1.00 × 10−5 3.20 × 10−5 3.38 × 10−6 2.04 × 10−5 1.68 × 10−4 5.10 × 10−2 

 

   

Figure 7. Exact and approximate solutions of ( )u x  and ( )v x  of problem 4. 
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Figure 8. Absolute errors of ( )u x  and ( )v x  of problem 4. 

5. Conclusion 

We have derived three weighted residual methods in this paper, namely Galerkin, 
Least Square and Collocation—to solve the fractional order differential equations 
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system. The algorithm of the rigorous matrix formulations can be coded effi-
ciently. The approximate results converge monotonically to the exact solutions. 
In most cases, the three methods show their output’s closeness, and provide accu-
rate and satisfactory results. Upon using some examples and comparing the re-
sults of these methods, it is concluded that the results differ based on the order of 
the fractional differential equations. Finally, we may conclude that the approxi-
mate solutions of any coupled system with initial and boundary conditions can be 
generated by the present techniques with differentiable piecewise polynomials. 
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