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Abstract 

This paper discusses the existence and multiplicity of positive solutions for a 
class of singular boundary value problems of Hadamard fractional differential 
systems involving the p-Laplacian operator. First, for the sake of overcoming 
the singularity, sequences of approximate solutions to the boundary value 
problem are obtained by applying the fixed point index theory on the cone. 
Next, it is demonstrated that these sequences of approximate solutions are 
uniformly bounded and equicontinuous. The main results are then established 
through the Ascoli-Arzelà theorem. Ultimately, an instance is worked out to 
test and verify the validity of the main results. 
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1. Introduction 

During the last few decades, fractional calculus has garnered significant attention. 
In particular, the study of fractional differential systems has become increasingly 
popular and important due to its widespread applications in various fields of sci-
ence and engineering. So, numerous monographs have been published focusing 
on the fractional differential systems [1]-[3]. Moreover, it is well acknowledged 
that Leibenson [4] introduced the following differential equation with the p-La-
placian operator to investigate the turbulent flow in a porous medium  
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( )( )( ) ( )( ), .u t f t u tφ ′ =′  

This has led to a surge of interest in boundary value problems associated with 
the p-Laplacian, owing to their implications in both theoretical and practical as-
pects of mathematics and physics [5]. Recently, lots of scholars discussed the ex-
istence and multiplicity of solutions for boundary value problems of fractional 
differential equation with p-Laplacian operator. For details, see [6] [7]. 

As we know, the Riemann-Liouville derivative stands out as one of the earliest 
fractional derivatives which have attracted considerable attention [8] [9]. For in-
stance, [10] investigated the following Riemann-Liouville fractional differential 
system with integral boundary conditions:  
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where 1 22 , 3ϑ ϑ< ≤ , 1 25 6ϑ ϑ< + ≤ , 
0

Dα
+  denotes the Riemann-Liouville frac-

tional derivative of order α , and [ ]( )0,1 ,f C + +∈ × ×   . By applying the 
properties of Green’s function and Bai-Ge’s fixed point theorem, the existence of 
multiple positive solutions was obtained. 

Another type of fractional derivative, known as the Hadamard fractional deriv-
ative, was proposed by Jacques Hadamard [11] in 1982. It differs from Riemann-
Liouville derivative by incorporating a logarithmic function in the integral kernel. 
Recently, a great number of works focused on fractional differential systems with 
Hadamard fractional derivatives. For example, in [12], Alesem studied the follow-
ing fractional differential system with Hadamard fractional derivative:  
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subject to the following boundary conditions:  
( ) ( ) ( ) ( )
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where 11n nα− < ≤ , 21m mα− < ≤ , 31l lα− < ≤ , , ,n m l∈ , , , 3n m l ≥ ,  
( ]1,2iβ ∈ , 1,2,3i = , 1 11 1p α≤ < − , 1 21 1q α≤ < − , 1 31 1r α≤ < − ,  
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( ]2 2 2, , 1,2p q r ∈ , and 2 2 2, , 1ip q r β< − . 1 1, 0λ µ >  and ( )1,eξ ∈  are constants. 

1
H Dα

+  denotes the Hadamard fractional derivative of order α . Several existence 
results of positive solutions for the above problem were studied by means of Guo-
Krasnosel’skii fixed point theorem on cones. 

Furthermore, singular boundary value problems are a classic branch of research 
and arise from various fields of thermodynamics, fluid mechanics, biomathemat-
ics, and chemistry. These singular boundary problems involve time singularities 
and nonlinearities having singularities in space variables. In recent years, many 
important results have been obtained based on theoretical developments and 
practical applications [13]-[16]. For instance, Wang [17] discussed a class of sin-
gular fractional differential systems with nonlocal boundary value conditions: 
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where 1n nα− < ≤  ( 3n ≥ ), 0 1β< ≤ , 0 1γ α≤ ≤ − , ( ]0,1η∈ ,  
( ) [ ] ( )1 0,1 0,1a L C⋅ ∈ ∩  is nonnegative, ( ) ( )1

1
da t t V t

η α γ− −∫  denotes the Rie-
mann-Stieltjes integral, and V is a bounded variation function. ( ),f t u  may be 
singular at 0,1t =  and 0u = . By applying the fixed point index theory, the ex-
istence and multiplicity of positive solutions were attained. 

From all aforementioned analysis, we find the fact that there exist several unre-
solved issues presented in the field. For example, there exist few papers focusing 
on singular boundary value problems of Hadamard fractional differential systems 
involving p-Laplacian operator. Moreover, the existing literature predominantly 
focuses on the existence and multiplicity of nontrivial positive solutions of frac-
tional differential systems, neglecting a broader spectrum of potential scenarios. 
We have also observed a gap in that no papers concern singular boundary prob-
lems of Hadamard fractional differential systems when there are some connec-
tions between the nonlinear terms in the present paper. 

Motivated by the above, we discuss in this paper the existence of multiple solu-
tions for singular boundary value problems (SBVP, for short) of Hadamard frac-
tional differential systems with p-Laplacian operator as follows:  
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(1.1) 
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where 11n nα− < ≤ , 21m mα− < ≤ , ,n m N∈ , , 3n m ≥ , ( )1 0,λ ∈ +∞  and 
( )1,eξ ∈  are constants. 

1
H Dα

+  denotes the Hadamard fractional derivative of  

order α . ( ) 2p
p t t tφ −= , 1p > , 1

q pφ φ−= , and 
1 1 1
p q
+ = .  

[ ] [ )( )1 2, 1, , 0,m m C e∈ +∞ , d:
d

t
t

δ = , and [ ]1,I e= .  

( ) ( ), 1, 0, ,f g C e∈ × +∞ ×     may be singular at 1,t e=  and 0u = . 

This manuscript has the following novel characteristics. Firstly, SBVP (1.1) is 
of a Hadamard fractional differential system equipping with the p-Laplacian op-
erator. Secondly, the existence and multiplicity of solutions to SBVP (1.1) are con-
sidered in this manuscript when f and g are singular at 1,t e= , and 0u = . 
Thirdly, a relatively new cone is constructed to deal with the singularity of SBVP 
(1.1). Finally, in the resulting solution ( ),u v , the component u is positive, but the 
component v is permitted to exhibit varying signs, potentially even negative. 

The rest of the present work is organized as follows. Section 2 gives some fun-
damental definitions and necessary lemmas. In Section 3, we investigate the exist-
ence of multiple solutions for SBVP (1.1) with the help of the properties of Green’s 
function and the theory of fixed point index on the cone. Finally, in Section 4, a 
specific example is presented to support the main results. 

2. Preliminaries 

We begin this section by introducing some basic definitions and lemmas from 
fractional calculus theory.  

Definition 2.1. ([18]) The left-sided Hadamard fractional integral of order 
α +∈  for a function [ ): ,u a +∞ →  ( 0a ≥ ) is defined as follows: 

( )( ) ( ) ( ) ( ) [ )11 ln ln d , 1, ,
tH

a a

u s
I u t t s s t

s
αα

α+

−= − ∈ +∞
Γ ∫  

where ( )Γ ⋅  is a gamma function.  
Definition 2.2. ([18]) The left-sided Hamadard fractional derivative of order 

α +∈  for a function :[ , ) ( 0)u a a+∞ →   is defined as follows:  
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d

t
n

n

a
H

a

u s
D u t t ss t

t
t

n s
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−

 ∫  

where [ ] 1n α= + , and [ ]α  denotes integer part of number α .  
Lemma 2.1. ([18]) Let 0α > , [ ] [ ]11, 1,u C e L e∈ ∩ . Then the fractional differ-

ential equation ( ) 0H
a

D u tα
+ =  has a unique solutions  

( ) ( ) ( ) ( )1 2
1 2ln ln ln ,n

nu t c t c t c tα α α− − −= + + +  

where ic  is arbitrary constants, [ ] 1n α= + , 1,2, ,i n=  .  
Lemma 2.2. ([18]) Let 0α > , H

a
Iα+  be a Hadamard fractional derivative of 

order α . Assume that [ ] [ ]11, 1,u C e L e∈ ∩ . Then  

( ) ( ) ( ) ( ) ( )1 2
1 2ln ln ln ,nH H

na a
I D u t u t c t c t c tα α αα α

+ +

− − −= + + + +  

where ic  is arbitrary constants, [ ] 1n α= + , 1,2, ,i n=  .  
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Lemma 2.3. ([18]) Let 0, 0α β> >  with α β< , then the following equations 
hold:  

( )( ) ( )
( ) ( )1 1ln ln ,H

a
I t tβ β αα β

β α+

− + −Γ
=
Γ +

 

( )( ) ( )
( ) ( )1 1ln ln ,H
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=
Γ −

 

in particular, ( )( )ln 0jH
a

D t αα
+

− = , [ ]1,2, , 1j α= + .  
Lemma 2.4. ([18]) Let 0α >  and ( )1,pu L e∈ , then  

( ) ( ).H H
a a

D I u t u tα α
+ + =  

Lemma 2.5. (Ascoli-Arzelà theorem [19]) [ ],H C J E⊂  is relative compact if 
and only if H is equicontinuous, and for any t J∈ , ( )H t  is a relatively compact 
set in E.  

Lemma 2.6. ([19]) Let X be a Banach space and P be a cone in X. Denote 
{ }:rP u P u r= ∈ <  and { }:rP u P u r∂ = ∈ =  ( 0r∀ > ). Let :A P P→  be a 

complete continuous mapping, then the following conclusions hold. 
1) If Au uµ ≠  for ru P∈∂  and ( ]0,1µ∈ , then ( ), , 1ri A P P∂ = . 
2) If inf 0

ru P
u

∈∂
>  and Au uµ ≠  for ru P∈∂  and 1µ ≥ , then ( ), , 1ri A P P∂ = . 

3. Main Results 

In this section, the solutions for SBVP (1.1) are proved to exist and be multiple by 
means of fixed point index theory. For this sake, we first demonstrate the proper-
ties of the Green’s function linked to SBVP (1.1).  

Lemma 3.1. Assume that ( ) 1 2
1 11 ln 0αλ ξ −∆ = − > , [ ]1,k C e∈ . Then the prob-

lem  
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Proof. Through the utilization of Lemma 2.2, (3.1) can be written as the 
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following  
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where , 1,2, ,ic i n∈ =  . The boundary condition ( ) ( )1 0ju =  ( 0 2j n≤ ≤ − ) 
implies 2 3 0nc c c= = = = . Therefore,  
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Hence, the unique solution of (3.1) is  
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The proof is finished.  

Let 1
5
2

α = , 1λ =  and 3
2

ξ = , the representation of the Green’s function 

( )1 ,G t s  is exhibited by Figure 1.  

Lemma 3.2. Assume that  
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(3.3) 

is equivalent to 
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Figure 1. ( )1 ,G t s  for 5
2

α = . 
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where ( )1 ,G t s  is defined by (3.2),  
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Proof. Applying the Hadamard fractional integral of order 1β  to both sides of  
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In light of Lemma 2.3, it follows from boundary conditions of (3.3) that  
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1 d .
1

e H
p

sc m s D u s
s

αφ
β +=

Γ − ∫  (3.7) 

Putting (3.6) and (3.7) into (3.5), one attains  

( )( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )( )

( )
( ) ( ) ( )( )

( ) ( )

( ) ( ) ( )
( ) ( ) ( )( )

11

1

1

1

1

1 1

1

1

1 1
1

1

1 11 1
1

2

1 11
1

111

1 2
1

1 11
1

1 dln ln

ln d d

ln d
1

d,

ln ln 1 d ,

tH
p

e e H
p

e H
p

e

e H
p

sD u t t s h s
s

t s sh s m s D u s
s s

t sm s D u s
s

sH t s h s
s

t t sm s D u s
s

βα

β
α

β
α

β β
α

φ
β

φ
β

φ
β

β
φ

β

+

+

+

+

−

−

−

− −

= −
Γ

 − − Γ  

+
Γ −

= −

+ −
+

Γ

∫

∫ ∫

∫

∫

∫

 

where  

( ) ( )( )

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )( )

1

1 1

1

1 11

1 111 1

1 2
1

1 11
1

d

d d,

ln ln 1 d d .

e H
p

e e

e H
p

sm s D u s
s

sm s H s h
s

sm D u
s

α

β β
α

φ

ττ τ
τ

τ τ β ττ φ τ
β τ

+

+

− −

= −

+ −
+

Γ

∫

∫ ∫

∫

 

By simple calculations, the following result can be obtained  

( ) ( )( ) ( ) ( ) ( )1
1 1 1111 1 1

2

d 1 d d, .
e e eH

p
s sm s D u s m s H s h
s s

α τφ τ τ
τ+

 = − ∆  ∫ ∫ ∫  

As a result,  

( )( )

( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1

1 1

1

111

1 2
1

11 11 1
1 2

11

d,

ln ln 1 d d,

d, .

H
p

e

e e

e

D u t

sH t s h s
s

t t sH s m h s
s

sH t s h s
s

α

β β

φ

β ττ τ
β τ

+

− −

= −

+ −  + − Γ ∆  

= −

∫

∫ ∫

∫

 

Finally, combining with Lemma 3.1, the unique solution of (3.3) is as follows:  

( ) ( ) ( ) ( )1 11 1

d d, , .
e e

q
su t G t s H s h
s

τφ τ τ
τ

 =  
 ∫ ∫  

The proof is completed.  

Let 1
5
2

β =  and ( )1
1
2

m t = , the representation of the Green’s function ( )1 ,H t s  

is exhibited by Figure 2. 

https://doi.org/10.4236/jamp.2024.129187


C. Wang, Y. S. Liu 
 

 

DOI: 10.4236/jamp.2024.129187 3122 Journal of Applied Mathematics and Physics 
 

 

Figure 2. ( )1 ,H t s  for 5
2

β = . 

 
Lemma 3.3. Let ( )1 ,G t s  be defined by (3.2), then 
1) ( )1 ,G t s  is continuous on [ ] [ ]1, 1,e e× ; 
2) ( )1 , 0G t s ≥ , for [ ], 1,t s e∈ ; 
3) ( ) ( )1 1, ,G t s G e s≤ , for [ ], 1,t s e∈ ; 
4) ( ) ( ) ( )1 1

1, ln ,G t s t G e sα −≥ , for [ ], 1,t s e∈ .  
Proof. Firstly, it is obvious that (1) holds. Now, we prove that (2) is true. It is 

easy to check that ( )1 , 0G t s ≥  for 1 t s e≤ ≤ ≤ . If 1 s t e≤ ≤ ≤ , then  

( ) ( ) ( ) ( ) ( )

( )
( ) ( )

( )
( ) ( ) ( )

1 1 1

1 1
1

1
1 1

1 2 1
11

1

1 1
2

1

1
2 1

1

1, ln 1 ln ln ln

ln ln1 ln 1
ln

ln
1 ln 1 ln

0.

G t s t s t s

t ss
t

t
s s

α α α

α α
α

α
α α

α

α

α

− − −

− −
−

−
− −

 = − − − Γ

  = − − −  Γ    

 ≥ − − − Γ

≥

 

Similarly, ( )12 , 0G sξ ≥  for 1 s eξ≤ ≤ ≤ . The previous analysis together with 
(3.2) means that ( )1 , 0G t s ≥  for 1 s t e≤ ≤ ≤ . 

In addition, it is evident to see that 
( )11 ,

0
G t s

t
∂

≥
∂

 through simple calculations 
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for 1 t s e≤ ≤ ≤ . If 1 s t e≤ ≤ ≤ , we have  

( )
( ) ( ) ( ) ( )

( )( )
( ) ( ) ( )

1 1 1

1
1 1

2 2 211 1

1

2
2 21

1

, 1 ln 1 ln ln ln

1 ln
1 ln 1 ln

0.

G t s
t s t s

t t

t
s s

t

α α α

α
α α

α
α

α
α

− − −

−
− −

∂ −  = − − − ∂ Γ

−  ≥ − − − Γ

=

 

Besides, for s ξ≤ ,  

( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( )

1 1 1

1
1 1

2 2 2
12

1

2
2 2

1

1, ln 1 ln ln ln

ln
1 ln 1 ln

0.

G s s s

s s

α α α

α
α α

ξ ξ ξ
α

ξ
α

− − −

−
− −

 = − − − Γ

 ≥ − − − Γ

≥

 

So,  

( ) ( ) ( )( ) ( )
1 2

1 11 1 1
12

1

, , 1 ln
, 0,

G t s G t s t
G s

t t t

αλ α
ξ

−∂ ∂ −
= + ≥

∂ ∂ ∆
 

which implies that ( )1 ,G s⋅  is nondecreasing on [ ]1,e . That is to say, (3) holds. 
Let 1 t s e≤ ≤ ≤ , then  

( )
( )

( ) ( )
( )

( )
1 1

1

1

1 2
111

2
11

, ln 1 ln
ln .

, 1 ln

G t s t s
t

G e s s

α α
α

α

− −
−

−

−
= =

−
 

If 1 s t e≤ ≤ ≤ , we have  

( )
( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

( )

1 1 1

1 1

1 1 1

1 1

1

1 2 1
11

2 1
11

1 2 1

2 1

1

, ln 1 ln ln ln
, 1 ln 1 ln

ln 1 ln 1 ln

1 ln 1 ln

ln .

G t s t s t s
G e s s s

t s s

s s

t

α α α

α α

α α α

α α

α

− − −

− −

− − −

− −

−

− − −
=

− − −

 − − − ≥
− − −

≥

 

Hence, ( ) ( ) ( )1 1
11 11, ln ,G t s t G e sα −≥  for [ ], 1,t s e∈ . Immediately  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1

1
1

1

1
1

1 11 12
1

1
1 1

11 12
1

1
1

ln
, , ,

ln
ln , ,

ln , .

t
G t s G t s G s

t
t G e s G s

t G e s

α

α
α

α

λ
ξ

λ
ξ

−

−
−

−

= +
∆

≥ +
∆

=

 

The proof is completed.  
Lemma 3.4. Let ( )1 ,H t s  be defined by (3.4), then 
1) ( )1 ,H t s  is continuous on [ ] [ ]1, 1,e e× ; 
2) ( )1 , 0H t s ≥ , for [ ], 1,t s e∈ ; 
3) ( ) ( )1 1, ,H t s H e s≤ , for [ ], 1,t s e∈ ; 
4) ( ) ( ) ( )1 1

1 1, ln ,H t s t H e sβ −≥ , for [ ], 1,t s e∈ .  
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Proof. It is evident that (1), (2) and (3) hold. Next, we verify that (4) holds. Let 
1 s t e≤ ≤ ≤ , then  

( )
( )

( ) ( )
( )

( ) ( )
( )

( )

1 1

1

1
1

1

1

1 1
11

1
11

1
1

1

1

, ln ln ln
, 1 1 ln

1 1 ln
ln

1 1 ln

ln .

H t s t t s
H e s s

s
t

s

t

β β

β

β
β

β

β

− −

−

−
−

−

−

− −
=

− −

− −
≥

− −

=

 

Moreover, combining with (3.4), we immediately get  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )

1 1

1 1
1

1

1 2
1

1 11 11 11
2 1

1 1
1 1

11 11 11
2 1

1
1

ln ln 1 d, , ,

ln ln 1 dln , ,

ln , .

e

e

t t tH t s H t s H t s m t
t

t t tt H e s H t s m t
t

t H e s

β β

β β
β

β

β
β

β
β

− −

− −
−

−

+ −
= +

∆ Γ

+ −
≥ +

∆ Γ

=

∫

∫  

This implies that (4) holds. The proof is finished.  
Furthermore, we consider the following SBVP:  

( )( )( ) ( ) ( )
( ) ( ) ( ) ( ) ( )( )

( )( )( ) ( )( )( ) ( ) ( )( )

2 2

2

2 2 2 2 2

1 1

1 1

2 1
21 1 1 1 11

, 1, ;

1 0, 0 2, , 1 0;

d1 .

H H
p

j H
p

eH H H H H
p p p

D D v t t t e

v j m v e v D v

sD D v D D v e m s D v s
s

β α

α

β α β α α

φ ρ

δ λ δ ξ φ

φ φ φ

+ +

+

+ + + + +
− −


= ∈

 = ≤ ≤ − = =

 = = ∫

 

(3.8) 

By employing the same approach used in the proof of Lemma 3.1 and Lemma 
3.2, the following lemmas can be acquired.  

Lemma 3.5. Assume that ( )1,C eρ ∈ , ( ) 2 2
3 11 ln 0αλ ξ −∆ = − > , and  

( ) ( ) ( ) ( )( ) ( )2 21 2
4 2 21

2

1 d1 ln ln 1 0
e ss s m s

s
β β β

β
− −∆ = − + − >

Γ ∫ . Then the problem 

(3.8) is equivalent to  

( ) ( ) ( ) ( ) ( )2 21 1

d d, , , 1, ,
e e

q
sv t G t s H s t e
s

τφ τ ρ τ
τ

 = ∈ 
 ∫ ∫  

where  

 ( ) ( ) ( ) ( )
2 1

1
2 21 22

3

ln
, , , ,

t
G t s G t s G s

αλ
ξ

−

= +
∆

 (3.9) 

( ) ( )
( ) ( ) ( )
( ) ( )

2 2 2

2 2

1 2 1

21 1 2
2

ln 1 ln ln ln , 1 ;1,
ln 1 ln , 1 ,

t s t s s t e
G t s

t s t s e

α α α

α αα

− − −

− −

 − − − ≤ ≤ ≤= Γ − ≤ ≤ ≤
 

( ) ( )
( ) ( ) ( )
( ) ( )

2 2 2

2 2

2 2 2

22 2 2
2

ln 1 ln ln ln , 1 ;1,
ln 1 ln , 1 ,

t s t s s t e
G t s

t s t s e

α α α

α αα

− − −

− −

 − − − ≤ ≤ ≤= Γ − ≤ ≤ ≤
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 21 2
2

2 21 21 21
4 2

ln ln 1 d, , , ,
et t tH t s H t s H t s m t

t

β β β
β

− −+ −
= +

∆ Γ ∫  (3.10) 

and  

( ) ( )
( ) ( )
( )

2 2

2

1 1

21 1
2

ln ln ln , 1 ;1,
ln , 1 .

t t s s t e
H t s

t t s e

β β

ββ

− −

−

 − − ≤ ≤ ≤= Γ ≤ ≤ ≤
 

The following conclusion can be established immediately.  
Lemma 3.6. Assume that 1 2 3 4, , , 0∆ ∆ ∆ ∆ > . Then there exist positive constants 

1N  and 2N  such that  

( ) ( ) ( ) ( ) [ ]2 1 1 2 2 1, , , , , , , 1, .G t s N G t s H t s N H t s t s e≤ ≤ ∈  

Proof. Let  

( )
( )

( )
( )

2 2
1 2

1< , 1< ,1 1

, ,
sup , sup .

, ,s t e s t e
s e

G t s H t s
N N

G t s H t s≤ ≤
≠

= =  

It is not difficult to confirm 1 2,N N < +∞  according to the continuity of 
( ),iG ⋅ ⋅  and ( ),iH ⋅ ⋅  on ( ) ( )1, 1,e e× . In addition, (3.2), (3.4), (3.9) and (3.10) 

imply that  

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 21, 1, ,1 ,1 , , 0,G s G s G t G t G t e G t e= = = = = =  

( ) ( ) ( ) ( ) [ ]1 2 1 21, 1, ,1 ,1 0, for , 1, .H s H s H t H t t s e= = = = ∈  

Hence, it is easy to see that Lemma 3.6 holds. The proof is completed.  
Suppose that the following condition holds in the sequel. 
(C1) ( ) ( )1, 0, ,f C e + ∈ × +∞ ×   , ( ) ( )1, 0, ,g C e∈ × +∞ ×    , and there 

exists 3 0N >  such that  

( ) ( ) ( ) ( ) ( )3, , , , , , 1, 0, , ,g t u v N f t u v t u e v Nu< ∈ × +∞ ≤  

where ( ) 1
1 2 3

qN N N N −= . 
Let ( )X C I=  be a Banach space with the norm ( ){ }max

t I
u u t

∈
=  for 

u X∈ . Let Y X X= × , then Y is a Banach space with the norm  
( ) { }, max ,

Y
u v N u v=  for ( ),u v Y∈ . Define a set P Y⊂  by  

( ) ( ) ( ) ( ) ( ){ }1 1, : ln , , .P u v Y u t t u v t Nu t t Iα −= ∈ ≥ ≤ ∈  

We can easily confirm that P is a cone of Y. As a matter of convenience, let  

( ) ( ){ } ( ), : , , : .r Y

ru v P u v r u v P u
N

 Ω = ∈ < = ∈ < 
 

 

Then  

( ) ( ){ } ( ), : , , : ,r Y

ru v P u v r u v P u
N

 ∂Ω = ∈ = = ∈ = 
 

 

( ) ( ){ } ( ), : , , : .r Y

ru v P u v r u v P u
N

 Ω = ∈ ≤ = ∈ ≤ 
 

 

Moreover, in order to overcome the singularity linked to SBVP (1.1), consider 
the following approximate boundary value problem:  
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( )( )( ) ( ) ( )( ) ( )

( )( )( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( )( )

( )( )( ) ( )( )( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

1 1

2 2

1

1 1 1 1 1

1

1 1

1 1

1 1

2 1
11 1 1 1 11

1 1

, , , 1, ;

, , , 1, ;

1 0, 0 2, , 1 0;

d1 ;

1 0, 0 2, , 1 0;

H H
p n

H H
p n

j H
p

eH H H H H
p p p

j H
p

H

D D u t f t u t v t t e

D D v t g t u t v t t e

u j n u e u D u

sD D u D D u e m s D u s
s

v j m v e v D v

D

β α

β α

α

β α β α α

α

φ

φ

δ λ δ ξ φ

φ φ φ

δ λ δ ξ φ

+ +

+ +

+

+ + + + +

+

− −

= ∈

= ∈

= ≤ ≤ − = =

= =

= ≤ ≤ − = =

∫

( )( )( ) ( )( )( ) ( ) ( )( )2 2 2 2 22 1
21 1 1 1 11

d1 ,
eH H H H

p p p
sD v D D v e m s D v s
s

β α β α αφ φ φ+ + + + +
− −















= =
 ∫

 

(3.11) 

where  

( ) ( )1 1, , , , , , , , , , .n nf t u v f t u v g t u v g t u v n
n n

   = + = + ∈   
   

  

Similarly, one can see that ( ),n nu v  is a solution of SBVP (3.11) if and only if 
( ),n nu v  is a fixed point of the operator nA , which is defined as follows:  

( )( ) ( ) ( )( ) ( ) ( )( )( ) ( )1 2, , , , , , , , ,n n nA u v t A u t v t A u t v t t I u v P n= ∈ ∈ ∈  

where  

( )( ) ( ) ( ) ( ) ( )( )1 1 11 1

d d, , , , , ,
e e

n q n
sA u v t G t s H s f u v
s

τφ τ τ τ τ
τ

 =  
 ∫ ∫  

( )( ) ( ) ( ) ( ) ( )( )2 2 21 1

d d, , , , , .
e e

n q n
sA u v t G t s H s g u v
s

τφ τ τ τ τ
τ

 =  
 ∫ ∫  

Therefore, we mainly discuss that nA  has a nontrivial fixed point ( ),n nu v  in 
the following work. 

For convenience, define a functional ( )1: L I +Θ →
 as follows:  

( ) ( ) ( ) ( ) ( )1
1 11 1

d dmax , , , for .
e e

qt I

sG t s H s L I
s

τϕ φ τ ϕ τ ϕ
τ∈

 Θ = ∈ 
 ∫ ∫  

In addition, for any 1 1 0R r≥ > , set  

[ ]( ) ( ) [ ]1

1 1

11 1
1 1, : ln , 1 , .r R t

r RI t R R
N N

α −  = + × −    
 

Let us list some assumptions which will be used later. 
(C2) For any 1 1 0R r≥ > , there exists ( ) ( )

1 1

1
, 1,r R L I C eΨ ∈ ∩  such that  

( ) ( ) ( ) ( ) [ ]( )1 1 1 1, ,, , , , , 1, .r R r R tf t u v t t u v e I≤ Ψ ∈ ×  

(C3) There exist 0R r> >  and ( )1
r L IΦ ∈  such that  

1) ( ) ( ), , rf t u v t≥ Φ , for ( ) ( ) [ ]( ),, , 1, r r tt u v e I∈ × , 

2) ( ),R R
R
N

Θ Ψ < , ( )r
r
N

Θ Φ > . 

(C4) There exists [ ] ( ), 1,a b e⊂  such that  

[ ]

( )
1,

, ,
lim min .pv Nu t a b

u

f t u v
u −< ∈

→+∞

= +∞  
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In what follows, some lemmas will be shown, which are important in this paper. 
Firstly, for any fixed n∈ , the complete continuity of the operator  

1 1
: \n R rA PΩ Ω →  is demonstrated by means of Ascoli-Arzelà theorem.  

Lemma 3.7 Assume that (C1) and (C2) holds. Then 
1 1

: \n R rA PΩ Ω →  is a 
completely continuous operator for 1 1 > 0R r∀  .  

Proof. For any n∈ , ( )
1 1

, \R ru v ∈Ω Ω , we have  

( ) ( )1 11 11 1ln ,r Rt u t
N n N n

α − < + ≤ +  

and  

( ) ( ) 1, ,v t Nu t R t I≤ ≤ ∈  

which means ( ) ( )( ) [ ]( )1 1,, r R tu t v t I∈  for t I∈ . In view of (C2), there exists  
( ) ( )

1 1

1
, 1,r R L I C eΨ ∈ ∩  such that  

( ) ( )( ) ( ) ( )
1 1,, , , for 1, .r Rf t u t v t t t e≤ Ψ ∈  

Therefore,  

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )
1 1

1

1 11 1

1 1 ,1 1

, ,

d d, , , ,

d d, ,

,

n nY Y

e e
q n

e e
q r R

A u v A u v

sG t s H s f u v
s

sG e s H s
s

τφ τ τ τ τ
τ

τφ τ τ
τ

≤

 ≤  
 
 ≤ Ψ 
 

< +∞

∫ ∫

∫ ∫
 

which implies that nA  is well defined. For ( )
1 1

, \R ru v∀ ∈Ω Ω , by (C1), one has  

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

( )

1

1

1 11 1

1
1 11 1

1

d d, , , ,

d dln , , , ,

ln , , ,

e e
q n

e e
q n

su t G t s H s f u v
s

st G e s H s f u v
s

t u t I n

α

α

τφ τ τ τ τ
τ

τφ τ τ τ τ
τ

−

−

 =  
 

 ≥  
 

≥ ∀ ∈ ∈

∫ ∫

∫ ∫



 

and  

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( )

2 21 1

1 1 2 1 31 1

d d, , , ,

d d, , , ,

, , .

e e
q n

e e
q n

sv t G t s H s g u v
s

sN G t s N H s N f u v
s

Nu t t I n

τφ τ τ τ τ
τ

τφ τ τ τ τ
τ

 =  
 
 ≤  
 

= ∀ ∈ ∈

∫ ∫

∫ ∫


 

This implies that ( )1 1
\n R rA PΩ Ω ⊂ . 

Based on the aforementioned demonstration, it is clear that ( )1 1
\n R rA Ω Ω  is 

bounded. Since ( )1 ,G ⋅ ⋅  is continuous on [ ] [ ]1, 1,e e× , it follows that ( )1 ,G ⋅ ⋅  is 
uniformly continuous on [ ] [ ]1, 1,e e× . Hence, for any 0ε > , there exists 0δ >  
such that, for any [ ]1 2, 1,t t e∈ , [ ]1,s e∈ , if 1 2t t δ− < , then  

( ) ( )
( ) ( )

1 1

1 1 1 2

1 ,1

, , ,
d, 1

e
q r R

G t s G t s
H s

ε
τφ τ τ
τ

− <
 Ψ + 
 ∫
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For any n∈ , ( )
1 1

, \R ru v ∈Ω Ω , it follows from C1 that  

( )( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( )
( ) ( )

1 1

1 1

1 1

1 1 1 2

1 1 1 2 11 1

1 1 1 2 1 ,1 1

1 ,1 1

1 ,1

, ,

d d, , , , ,

d d, , ,

d d,
d, 1

.

n n

e e
q n

e e
q r R

e e
q r Re

q r R

A u v t A u v t

sG t s G t s H s f u v
s

sG t s G t s H s
s

sH s
sH s

τφ τ τ τ τ
τ

τφ τ τ
τ

ε τφ τ τ
τ τφ τ τ
τ

ε

−

 ≤ −  
 
 ≤ − Ψ 
 

 ≤ Ψ    Ψ + 
 

<

∫ ∫

∫ ∫

∫ ∫
∫

 

Furthermore, in the same way as above, for any * 0ε > , there exists * 0δ >  
such that, for any ( )

1 1
, \R ru v ∈Ω Ω  and [ ]1 2, 1,t t e∗ ∗ ∈  with *

1 2t t δ∗ ∗− < , one has 
( )( ) ( )( ) *

2 1 2 2, ,n nA u v t A u v t ε∗ ∗− < . That is to say, ( )1 1
\n R rA Ω Ω  is equicontinu-

ous on [ ]1,e . The above analysis together with Ascoli-Arzelà theorem suggests 
that nA  is relatively compact from 

1 1
\R rΩ Ω  to P. 

At the end, according to the continuity of f and g, it is not hard to confirm that 

nA  is continuous on 
1 1

\R rΩ Ω . Hence, nA  is a completely continuous operator. 
The proof is finished.  

In the sequel, the following lemma is presented to prove that for any fixed 
n∈ , approximate boundary value problem (3.11) has at least two nontrivial so-
lutions by applying the fixed point index theory.  

Lemma 3.8. Assume that (C1) - (C4) are satisfied. Then there exists R R′ >  
such that for n∀ ∈ , the operator nA  has at least two nontrivial solutions in 

\R R′Ω Ω  and \R rΩ Ω  respectively, where R is given by (C3).  
Proof. (1) In view of Lemma 2.6, we start by proving that 

( )
( )

,
inf , 0

r
n Yu v

A u v
∈∂Ω

> , 
and ( ) ( ), ,nu v A u vµ≠ , for ( ), ru v∀ ∈∂Ω , 1µ ≥ , and n∈ . Assuming the con-
trary, there exists 1 1µ ≥  and ( )1 1, ru v ∈∂Ω  such that ( ) ( )1 1 1 1 1, ,nu v A u vµ= . 
Therefore,  

( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )

1 1 1 1 1 1 1 1

1 1 1 11 1

1 11 1

, ,

d d, , , ,

d, , , .

n n

e e
q n

e e
q r

u t A u v t A u v t

sG t s H s f u v
s

dsG t s H s t I
s

µ

τφ τ τ τ τ
τ

τφ τ τ
τ

= ≥

 =  
 
 ≥ Φ ∈ 
 

∫ ∫

∫ ∫

 

The definition of functional Θ  together with (C3) implies  

( )1 ,r
ru
N

≥ Θ Φ >  

which contradicts with ( )1 1, ru v ∈∂Ω . By incorporating Lemma 2.6, we can con-
clude that  

 ( ), , 0, for .n ri A P nΩ = ∀ ∈  (3.12) 

(2) Next, we show  

( ) ( ) ( ) ( ]2 2 2 2 2 2 2 2, , , for , , 0,1 , and .n Ru v A u v u v nµ µ≠ ∈∂Ω ∈ ∈  
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In fact, if there exists ( ]2 0,1µ ∈  and ( )2 2, Ru v ∈∂Ω  such that  
( ) ( )2 2 2 2 2, ,nu v A u vµ= , then  

 

( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )

2 2 1 2 2 1 2 2

1 1 2 21 1

1 1 ,1 1

, ,

d d, , , ,

d d, , , .

n n

e e
q n

e e
q R R

u t A u v t A u v t

sG t s H s f u v
s

sG t s H s t I
s

µ

τφ τ τ τ τ
τ

τφ τ τ
τ

= ≤

 =  
 
 ≤ Ψ ∈ 
 

∫ ∫

∫ ∫

 (3.13) 

Take the maximum for both sides of (3.13) in [ ]1,e . Then it is evident that  

( )2 , .R R
Ru
N

≤ Θ Ψ <  

In light of Lemma 2.6, this implies that  

 ( ), , 1, for .n Ri A P nΩ = ∀ ∈  (3.14) 

(3) In the following, we choose a constant 0M >  as follows:  

( )( ) ( ) ( )1

1
11

1 1
d dln , , .

b bqq
qa a

sM a G e s H s
s

α τφ τ
τ

−
−−   >   

  
∫ ∫  

From (C4), there exists a constant 0L >  such that  

( ) [ ]1, , , for , , , .pf t u v Mu t a b u L v Nu−≥ ∈ ≥ ≤  

Let 
( ) 1 1max ,
ln

LNR R
a α −

  ′ >  
  

. Next, we claim that  

( ) ( ) ( ), , , for , , 1, and .n Ru v A u v u v nµ µ′≠ ∀ ∈∂Ω ≥ ∈  

As a matter of fact, if it is not true, then there exists 3 1µ ≥  and ( )3 3, Ru v ′∈∂Ω  
such that ( ) ( )3 3 3 3 3, ,nu v A u vµ= . Since  

( ) ( ) ( ) [ ]1 11 1
3 3ln ln , for , ,Ru t t u a L t a b

N
α α− − ′

≥ ≥ > ∀ ∈  

( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

( )( ) ( ) ( )

1

1

3 3 1 3 3 1 3 3

1 1 3 31 1

1
1

1 1 3

11
1 1

, ,

d d, , , ,

1 d dln , ,

d dln , , , for .

n n

e e
q n

p
b b

qa a

b bqq
qa a

u t A u v t A u v t

sG t s H s f u v
s

st G e s H s M u
n s

R sM a G e s H s t I
N s

α

α

µ

τφ τ τ τ τ
τ

τφ τ τ
τ

τφ τ
τ

−
−

−−

= ≥

 =  
 

    ≥ +       
′  ≥ ∈ 

 

∫ ∫

∫ ∫

∫ ∫

 

According to the definition of M, we have  

3 ,Ru
N
′

>  

which is in contradiction with ( )3 3, Ru v ′∈∂Ω . This means that  

 ( ), , 0, for .n Ri A P n′Ω = ∀ ∈  (3.15) 

In view of (3.12), (3.14) and (3.15), combining with the additivity of the fixed 
point index, we can obtain  
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( ) ( ) ( )
( ) ( ) ( )

, \ , , , , , 1;

, \ , , , , , 1.
n R R n R n R

n R r n R n r

i A P i A P i A P

i A P i A P i A P
′ ′Ω Ω = Ω − Ω = −

Ω Ω = Ω − Ω =
 

That is to say, for n∀ ∈ , there exist ( ), \n n R Ru v ′∈Ω Ω  and  
( ), \n n R ru v ∈Ω Ω  such that ( ) ( ), ,n n n n nu v A u v=  and ( ) ( ), ,n n n n nu v A u v= . The 
proof is completed.  

The following theorem, as our main result in this paper, is proved in light of 
Ascoli-Arzelà theorem.  

Theorem 3.1. Assume that (C1) - (C4) hold. Then SBVP (1.1) has at least two 
nontrivial solutions.  

Proof. It is obvious that ( ){ },n n n N
u v

∈
 and ( ){ },n n n N

u v
∈

 are bounded. 
Firstly, we prove that { }n n N

u
∈

 is equicontinuous on [ ]1,e . Since ( )1 ,G ⋅ ⋅  is 
uniformly continuous on [ ] [ ]1, 1,e e× , for any 0ε > , there exists 0δ >  such 
that, for any [ ]1 2, 1,t t e∈ , [ ]1,s e∈ , if 1 2t t δ− < , then one has  

( ) ( )
( ) ( )

1 1 1 2

1 ,1

, , .
d, 1

e
q R R

G t s G t s
H s

ε
τφ τ τ
τ′

− <
 Ψ + 
 ∫

 

In the same way as in Lemma 3.6, immediately  

( ) ( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( )
( ) ( )

1 2

1 1 1 2 11 1

1 1 1 2 1 ,1 1

1 ,1 1

1 ,1

d d, , , , ,

d d, , ,

d d,
d, 1

.

n n

e e
q n

e e
q R R

e e
q R Re

q R R

u t u t

sG t s G t s H s f u v
s

sG t s G t s H s
s

sH s
sH s

τφ τ τ τ τ
τ

τφ τ τ
τ

ε τφ τ τ
τ τφ τ τ
τ

ε

′

′

′

−

 ≤ −  
 
 ≤ − Ψ 
 

 ≤ Ψ    Ψ + 
 

<

∫ ∫

∫ ∫

∫ ∫
∫

 

By following a similar process as above, we deduce that { }n n N
v

∈
 is equicontin-

uous on [ ]1,e . This means that the set ( ){ },n n n N
u v

∈
 is an equicontinuous family 

on [ ]1,e . Similarly, the set ( ){ },n n n N
u v

∈
 is equicontinuous on [ ]1,e . 

In addition, according to the Ascoli-Arzelà theorem, the sets ( ){ },n n n N
u v

∈
 and 

( ){ },n n n N
u v

∈
 are relatively compact. As a result, there exist convergent subse-

quences. Without loss of generality, suppose that ( ){ },n n n N
u v

∈
 and ( ){ },n n n N

u v
∈

 
themselves converge to ( )0 0,u v  and ( )0 0,u v  respectively. That is,  

( ) ( )
( ) ( )

0 0

0 0

, , , as ;

, , , as .
n n

n n

u v u v n

u v u v n

→ →+∞

→ →+∞
 

Hence, it follows from Lebesgue dominated convergence theorem that ( )0 0,u v  
and ( )0 0,u v  are nontrivial solutions to SBVP (1.1). 

Finally, we demonstrate ( ) ( )0 0 0 0, ,u v u v≠ . We need to prove only that SBVP 
(1.1) has no solutions on R∂Ω . Assuming the opposite, there exists ( ), Ru v′ ′ ∈∂Ω  
such that 

https://doi.org/10.4236/jamp.2024.129187


C. Wang, Y. S. Liu 
 

 

DOI: 10.4236/jamp.2024.129187 3131 Journal of Applied Mathematics and Physics 
 

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( )

1 11 1

1 1 ,1 1

d d, , , ,

d d, , , ,

e e
q

e e
q R R

su t G t s H s f u v
s

sG t s H s t I
s

τφ τ τ τ τ
τ

τφ τ τ
τ

 ′ ′ ′=  
 
 ≤ Ψ ∈ 
 

∫ ∫

∫ ∫
 

which implies ( ),R R
R Ru
N N

′= ≤ Θ Ψ < . This leads to a contradiction. The proof 

of this theorem is completed.  

4. An Example 

In this section, an example is presented to illustrate the main results.  
Example 4.1. Consider the following SBVP of Hadamard fractional differential 

systems:  

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( )

( )( )( ) ( )( )( ) ( )( )
( ) ( )

1

1 1 1

5 5
2 2

1 1

5 5
2 2

1 1

1

1 3
2 2

1 1 1 1 11

, , , 1, ;

, , , 1, ;

31 0, 0 1, , 1 0;
2

1 d1 ;
2

1 0, 0 1

H H
p

H H
p

j H
p

eH H H H H
p p p

j

D D u t f t u t v t t e

D D v t g t u t v t t e

u j u e u D u

sD D u D D u e D u s
s

v j

α

α α α

φ

φ

δ δ φ

φ φ φ

+ +

+ +

+

+ + + + +

  
= ∈      

  
= ∈      

 = ≤ ≤ = = 
 

= =

= ≤ ≤

∫

( ) ( )( )

( ) ( )( )( ) ( )( )

1

2 2 2

1

1 3
12 2

1 1 1 1 11

3, , 1 0;
2

1 d1 ,
2

H
p

eH H H H H
p p p

v e v D v

sD D v D D v e D v s
s

α

β α α

δ δ φ

φ φ φ

+

+ + + + +
−















  = =  

 
    = =       

∫

 (4.1) 

where u +∈ , 1 1
2

v< < .  

Conclusion: SBVP (4.1) has at least two nontrivial solutions.  
Proof. SBVP (4.1) can be regarded as the form of SBVP (1.1), where  

( ) ( )1 2 1 2 1 2
5 3 1 5, 3, , , ,
2 2 2 4

m n m t m t pα α β β ξ= = = = = = = = = =  

( )
( )

1
2 1, , ,

10 ln 1 ln
vf t u v u

ut t

 
= +  −  

 

and  

( )
( )

1
2cos sin, , .

10 ln 1 ln
v t tg t u v u

ut t

 
= +  −  

 

Clearly, (C1) holds. Moreover, from Lemma 3.1 and Lemma 3.2, one can get the 
following expressions:  

 ( ) ( ) ( )
3
2

1 11 121
2

ln 3, , , ,
231 ln

2

t
G t s G t s G s = +  

  −  
 

 (4.2) 
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( )
( ) ( ) ( )

( ) ( )

3 1 3
2 2 2

11 3 1
2 2

ln 1 ln ln ln , 1 ;4,
3 ln 1 ln , 1 ,

t s t s s t e
G t s

t s t s e

 − − − ≤ ≤ ≤= 
 − ≤ ≤ ≤

π
 

( )
( ) ( ) ( )

( ) ( )

1 1 1
2 2 2

12 1 1
2 2

ln 1 ln ln ln , 1 ;4,
3 ln 1 ln , 1 ,

t s t s s t e
G t s

t s t s e

 − − − ≤ ≤ ≤= 
 − ≤ ≤ ≤

π
 

( ) ( )
3 1
2 22 1

2 3 d 141 ln ln 1 0,
23 15

e ss s
s

 ∆ = − + = − > 
 π π∫  

( ) ( )
( ) ( )

( )

3 1
2 2

1 11 111

2

3ln ln d2, , , ,
52
2

e
t t tH t s H t s H t s

t

+
= +

 ∆ Γ 
 

∫  

and  

( )
( ) ( )

( )

3 3
2 2

11 3
2

ln ln ln , 1 ;4,
3 ln , 1 .

t t s s t e
H t s

t t s e

 − − ≤ ≤ ≤= 
≤ ≤ ≤π 



 

It is easy to see 1 2 1N N= =  and 3 1N = . In addition, for each 1 1 0R r> > ,  

( )
( )

( )

1
2

1
2

1

1, ,
10 ln 1 ln

1 1 .
10 ln 1 ln

vf t u v u
ut t

R
t t

 
= +  −  

 
≤ +  −  

 

Take ( )
( )1 1

1
2

, 1
1 1

10 ln 1 ln
r R t R

t t

 
Ψ = +  −  

, and this means that (C2) holds. 

Moreover, choose  

( )
( ) ( )

1 1, ,
100 20 1 ln 1 ln

rr t
r t t

= Φ =
+ −

 

and  

( )
( )

1
2

,
1100, 1 .

10 ln 1 ln
R RR t R

t t

 
= Ψ = +  −  

 

By careful calculations, we can obtain  

( )
[ ]

( ) ( ) ( )

( ) ( ) ( )

, 1 1 ,1 11,

1 1 ,1 1

d dmax , ,

d d, ,

99.5722
100,

e e
R R q R Rt e

e e
q R R

sG t s H s
s

sG e s H e
s

τφ τ τ
τ

τφ τ τ
τ

∈

 Θ Ψ = Ψ 
 

 ≤ Ψ 
 

≤
<

∫ ∫

∫ ∫  

and  
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( )
[ ]

( ) ( ) ( )

[ ]
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 11 11,

3 3
2 21 11 11,

3
21 11 1

d dmax , ,

d dmax ln , ln ,

d d, ln ,

0.0557
1 .

100

e e
r q rt e

e e
q rt e

e e
q r

sG t s H s
s

st G e s s H e
s

sG e s s H e
s

τφ τ τ
τ

τφ τ τ
τ

τφ τ τ
τ

∈

∈

 Θ Φ = Φ 
 

 ≥ Φ 
 

 ≥ Φ 
 

≥

>

∫ ∫

∫ ∫

∫ ∫  

That is to say, (C3) holds. Furthermore, since  

[ ]

( )
[ ]

( )

1
2

1 1, ,

1
10 ln 1 ln, ,

lim min lim min ,p pv Nu t a b v Nu t a b
u u

v u
ut tf t u v

u u− −< ∈ < ∈
→+∞ →+∞

 
+  −  

= = +∞  

this implies that (C4) holds. Hence, according to Theorem 3.1, SBVP (4.1) has at 
least two nontrivial solutions.  

5. Conclusion 

This study investigates a category of singular boundary value problems of Hada-
mard fractional differential systems involving p-Laplacian operator. Firstly, the 
sequences of approximate solutions to SBVP (1.1) are obtained by the fixed point 
index theory to overcome the singularity. Secondly, the existence and multiplicity 
of positive solutions are established. Finally, an illustrative example is provided to 
validate our main findings. Additionally, the introduction of Hadamard fractional 
derivative and the p-Laplacian operator deepens our comprehension of singular 
boundary value problems. This research also extends the current body of literature 
and highlights the potential to be applied in various fields.  

Acknowledgements 

The authors would like to thank the referee for his/her valuable suggestions and 
comments. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this paper. 

References 
[1] Diethelm, K. (2010) The Analysis of Fractional Differential Equations. Springer.  

https://doi.org/10.1007/978-3-642-14574-2  

[2] Miller, K.S. and Ross, B. (1993) An Introduction to the Fractional Calculus and Dif-
ferential Equations. Wiley. 

[3] Podlubny, I. (1999) Fractional Differential Equations. Academic Press. 

[4] Leibenson L.S. (1945) General Problem of the Movement of a Compressible Fluid in 
a Porous Medium, Izvestia Akademii nauk SSSR, 9, 7-10. 

https://doi.org/10.4236/jamp.2024.129187
https://doi.org/10.1007/978-3-642-14574-2


C. Wang, Y. S. Liu 
 

 

DOI: 10.4236/jamp.2024.129187 3134 Journal of Applied Mathematics and Physics 
 

[5] Zhou, B., Zhang, L., Addai, E. and Zhang, N. (2020) Multiple Positive Solutions for 
Nonlinear High-Order Riemann-Liouville Fractional Differential Equations Bound-
ary Value Problems with p-Laplacian Operator. Boundary Value Problems, 2020, Ar-
ticle No. 26. https://doi.org/10.1186/s13661-020-01336-1 

[6] Alqurishi, G.M. (2021) Existence of Solutions for Fractional Boundary Value Prob-
lem Involving p-Laplacian Operator. Open Access Library, 8, e7192.  
https://doi.org/10.4236/oalib.1107192 

[7] Hao, X., Wang, H., Liu, L. and Cui, Y. (2017) Positive Solutions for a System of Non-
linear Fractional Nonlocal Boundary Value Problems with Parameters and p-Lapla-
cian Operator. Boundary Value Problems, 2017, Article No. 182.  
https://doi.org/10.1186/s13661-017-0915-5 

[8] Li, X., Liu, X., Jia, M., Li, Y. and Zhang, S. (2016) Existence of Positive Solutions for 
Integral Boundary Value Problems of Fractional Differential Equations on Infinite 
Interval. Mathematical Methods in the Applied Sciences, 40, 1892-1904.  
https://doi.org/10.1002/mma.4106 

[9] Zhou, B. and Zhang, L. (2019) Existence of Positive Solutions of Boundary Value 
Problems for High-Order Nonlinear Conformable Differential Equations with p-La-
placian Operator. Advances in Difference Equations, 2019, Article No. 351.  
https://doi.org/10.1186/s13662-019-2258-2 

[10] Yoruk, D., Cerdik, T. and Agarwal, R. (2020) Existence Criteria of Positive Solutions 
for Fractional p-Laplacian Boundary Value Problems. Filomat, 34, 3789-3799.  
https://doi.org/10.2298/fil2011789y 

[11] Hadamard, J. (1892) Essai sur l’etude des fonctions donnees par leur developpment 
de Taylor. Journal De Mathematiques Pures Et Appliquees, 8, 13-15. 

[12] Alesemi, M. (2019) Solvability for a Class of Nonlinear Hadamard Fractional Differ-
ential Equations with Parameters. Boundary Value Problems, 2019, Article No. 101.  
https://doi.org/10.1186/s13661-019-1213-1 

[13] Asif, N.A. (2022) Positive Solution for a Hadamard Fractional Singular Boundary 
Value Problem of Order ( )2,3µ∈ . Journal of Applied Mathematics and Physics, 10, 

1631-1641. https://doi.org/10.4236/jamp.2022.105113 

[14] Liu, B. and Liu, Y. (2013) Positive Solutions of a Two-Point Boundary Value Problem 
for Singular Fractional Differential Equations in Banach Space. Journal of Function 
Spaces and Applications, 2013, Article 585639. https://doi.org/10.1155/2013/585639 

[15] Lin, L., Liu, Y. and Zhao, D. (2021) Multiple Solutions for Singular Semipositone 
Boundary Value Problems of Fourth-Order Differential Systems with Parameters. 
Boundary Value Problems, 2021, Article No. 79.  
https://doi.org/10.1186/s13661-021-01554-1 

[16] Liu, Y. (2003) Twin Solutions to Singular Semipositone Problems. Journal of Mathe-
matical Analysis and Applications, 286, 248-260.  
https://doi.org/10.1016/s0022-247x(03)00478-5 

[17] Wang, Y. (2019) Existence and Multiplicity of Positive Solutions for a Class of Singu-
lar Fractional Nonlocal Boundary Value Problems. Boundary Value Problems, 2019, 
Article No. 92. https://doi.org/10.1186/s13661-019-1205-1 

[18] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., et al. (2006) Theory and Applications of 
Fractional Differential Equations. Elsevier Science. 

[19] Guo, D.J. and Lakshmikantham, V. (1988) Nonlinear Problems in Abstract Cones, 
Academic Press. 

 

https://doi.org/10.4236/jamp.2024.129187
https://doi.org/10.1186/s13661-020-01336-1
https://doi.org/10.4236/oalib.1107192
https://doi.org/10.1186/s13661-017-0915-5
https://doi.org/10.1002/mma.4106
https://doi.org/10.1186/s13662-019-2258-2
https://doi.org/10.2298/fil2011789y
https://doi.org/10.1186/s13661-019-1213-1
https://doi.org/10.4236/jamp.2022.105113
https://doi.org/10.1155/2013/585639
https://doi.org/10.1186/s13661-021-01554-1
https://doi.org/10.1016/s0022-247x(03)00478-5
https://doi.org/10.1186/s13661-019-1205-1

	Multiple Solutions for a Class of Singular Boundary Value Problems of Hadamard Fractional Differential Systems with p-Laplacian Operator
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Main Results
	4. An Example
	5. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

