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Abstract

This paper discusses the existence and multiplicity of positive solutions for a
class of singular boundary value problems of Hadamard fractional differential
systems involving the p-Laplacian operator. First, for the sake of overcoming
the singularity, sequences of approximate solutions to the boundary value
problem are obtained by applying the fixed point index theory on the cone.
Next, it is demonstrated that these sequences of approximate solutions are
uniformly bounded and equicontinuous. The main results are then established
through the Ascoli-Arzela theorem. Ultimately, an instance is worked out to
test and verify the validity of the main results.
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1. Introduction

During the last few decades, fractional calculus has garnered significant attention.
In particular, the study of fractional differential systems has become increasingly
popular and important due to its widespread applications in various fields of sci-
ence and engineering. So, numerous monographs have been published focusing
on the fractional differential systems [1]-[3]. Moreover, it is well acknowledged
that Leibenson [4] introduced the following differential equation with the p-La-

placian operator to investigate the turbulent flow in a porous medium
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(#(u'(1))) = F (tu(r)).

This has led to a surge of interest in boundary value problems associated with
the p-Laplacian, owing to their implications in both theoretical and practical as-
pects of mathematics and physics [5]. Recently, lots of scholars discussed the ex-
istence and multiplicity of solutions for boundary value problems of fractional
differential equation with p-Laplacian operator. For details, see [6] [7].

As we know, the Riemann-Liouville derivative stands out as one of the earliest
fractional derivatives which have attracted considerable attention [8] [9]. For in-
stance, [10] investigated the following Riemann-Liouville fractional differential

system with integral boundary conditions:
D2 (4, (Du(1))) = f (tu(t), Du (1)), te(01);
42 % — D4t % - % :
(510 - 2L )
L) — — $-2 %2
D*u(0)=0,u(0)=0, D 2u(0) = D*™u(1) = [ h(s)
where 2<9,8,<3, 5<8+9,<6, D denotes the Riemann-Liouville frac-
tional derivative of order «, and f eC([O,l]x}R+ xR,R*). By applying the
properties of Green’s function and Bai-Ge’s fixed point theorem, the existence of
multiple positive solutions was obtained.

Another type of fractional derivative, known as the Hadamard fractional deriv-
ative, was proposed by Jacques Hadamard [11] in 1982. It differs from Riemann-
Liouville derivative by incorporating a logarithmic function in the integral kernel.
Recently, a great number of works focused on fractional differential systems with

Hadamard fractional derivatives. For example, in [12], Alesem studied the follow-

ing fractional differential system with Hadamard fractional derivative:
"D/ (¢p & Dl‘?u(t))) = 2P (tu(t),v(t),w(t)), te(Le);
HDﬁz(¢p(HDli‘zv(t))):,up‘lg(t,u(t),v(t),w(t)),te(l,e);
HDl%(¢p(HDl‘?w(t))):vp’lh(t,u(t),v(t),w(t)),te(l,e),
subject to the following boundary conditions:
u”(1)=0,0< j<n-2, pu™ (&)= 4u™ (&);
(D20 =0= 07 (4, “D20(0)) )
vW(1)=0,0< j<m-2, su® (e)=A4u" (£);
4, ("D7u(1) =0= "D gy (*Dizu(e)))
W (1)=0,0< j<I -2, " (e) = 4w" (£):
4, ("D0(1) =0= "D (¢, (D2 w(e))).

where n-1<g <n, m-1<a,<m, l-1<g,<I, nmleN, nmlx3,
B e(1,2], =123, 1<p < -1, 1< <, -1, 1<K <oy -1,
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P,.0.1, €(1,2],and p,,0,,r,<B —1. A4,14>0 and £e(le) areconstants.
" D denotes the Hadamard fractional derivative of order « . Several existence
results of positive solutions for the above problem were studied by means of Guo-
Krasnosel’skii fixed point theorem on cones.

Furthermore, singular boundary value problems are a classic branch of research
and arise from various fields of thermodynamics, fluid mechanics, biomathemat-
ics, and chemistry. These singular boundary problems involve time singularities
and nonlinearities having singularities in space variables. In recent years, many
important results have been obtained based on theoretical developments and
practical applications [13]-[16]. For instance, Wang [17] discussed a class of sin-

gular fractional differential systems with nonlocal boundary value conditions:

DZu(t)+ f(t,u(t))=0, te(0,);
u(0)=u'(0) =-+-=u"?(0) =0;

D/u(1)=["a(t)Du(t)dv (t),

where n-1<a<n (n=3), 0<f<1, 0<y<a-1, ne(01],

a(-)e K [0,]]~C(0,1) is nonnegative, L’] a(t)ta_y_ldV (t) denotes the Rie-
mann-Stieltjes integral, and Vis a bounded variation function. f(t,u) may be
singular at t=0,1 and u=0. By applying the fixed point index theory, the ex-
istence and multiplicity of positive solutions were attained.

From all aforementioned analysis, we find the fact that there exist several unre-
solved issues presented in the field. For example, there exist few papers focusing
on singular boundary value problems of Hadamard fractional differential systems
involving p-Laplacian operator. Moreover, the existing literature predominantly
focuses on the existence and multiplicity of nontrivial positive solutions of frac-
tional differential systems, neglecting a broader spectrum of potential scenarios.
We have also observed a gap in that no papers concern singular boundary prob-
lems of Hadamard fractional differential systems when there are some connec-
tions between the nonlinear terms in the present paper.

Motivated by the above, we discuss in this paper the existence of multiple solu-
tions for singular boundary value problems (SBVP, for short) of Hadamard frac-

tional differential systems with p-Laplacian operator as follows:
"D (¢, ("Du(1))) = f (Lu() V(b)) te(Le);
"DZz (¢, ("D (1)) = 9 (tu(t). (1)) te (Le);
u(1)=0,0< j<n-2,8u(e)=4ou(¢), ¢, ("D u(1)) =0;

"D (g, ("Dpu(D) = "D (4, (“DEu(e)) = T (5)e, (“D2u(s)) F

vW(1)=0,0< j<m-2,6v(e)=40v(¢), 4, ( "D2v(1)) =0;

- a - a e a dS
"D (g, ("Dv()))= "D (4, ("Dv(e))) = m, ()4, ("D (5))
(1.1)
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where n-l<ag <n, m-l<a,<m, nmeN, nm=>3, /116(0,+oo) and

£e(Le) are constants. " D denotes the Hadamard fractional derivative of

1 1
order «. ¢ |t|p2 > p>1r ¢q:¢;l,and B—i_a:l'

m;,m, e C([1,e],[0,+x)), 5:=t%,and I =[1,e].
f.g eC[(l,e)x(O,—i-oo)xR,R] may be singularat t=1,6 and u=0.

This manuscript has the following novel characteristics. Firstly, SBVP (1.1) is
of a Hadamard fractional differential system equipping with the p-Laplacian op-
erator. Secondly, the existence and multiplicity of solutions to SBVP (1.1) are con-
sidered in this manuscript when fand g are singular at t=1,6, and u=0.
Thirdly, a relatively new cone is constructed to deal with the singularity of SBVP
(1.1). Finally, in the resulting solution (u,v), the component wis positive, but the
component vis permitted to exhibit varying signs, potentially even negative.

The rest of the present work is organized as follows. Section 2 gives some fun-
damental definitions and necessary lemmas. In Section 3, we investigate the exist-
ence of multiple solutions for SBVP (1.1) with the help of the properties of Green’s
function and the theory of fixed point index on the cone. Finally, in Section 4, a

specific example is presented to support the main results.

2. Preliminaries

We begin this section by introducing some basic definitions and lemmas from
fractional calculus theory.

Definition 2.1. ([18]) The left-sided Hadamard fractional integral of order
aeR" forafunction u:[a,+w) >R (a=0)isdefined as follows:

(”I“ ) a)J- (Int—Ins)” (ss)ds, te[l,+m),

where T'(-) isa gamma function.
Definition 2.2. ([18]) The left-sided Hamadard fractional derivative of order
aeR" forafunction u:[a,+w)— R (a=0) is defined as follows:

(”D“ )(t) ( Jnﬁj‘;(lnt—lns)”“@ds, te[l+x),

where n=[a]+1,and [a] denotes integer part of number «.
Lemma 2.1. ([18]) Let >0, ueC[l,e]nL[1,e]. Then the fractional differ-
ential equation "DZu(t)=0 has a unique solutions

u(t)=c,(Int) " +c,(Int)"* +---+c, (Int) ",

where ¢, is arbitrary constants, n=[a]+1, 1=1,2,---,n
Lemma 2.2. ([18]) Let >0, " I; be a Hadamard fractional derivative of
order «.Assume that ueC[l,e]nL[1e]. Then

H e HD;iu(t):u(t)Jrcl(Int)‘kl +cz(lnt)“72 +e+c, (Int)",

where ¢ isarbitrary constants, n=[a]+1, 1=1,2,--,n
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Lemma 2.3. ([18]) Let o >0, #>0 with a < }f, then the following equations
hold:

(“lj,(lnt)ﬂ1)::1:%%§%§%;5(|nt)ﬂ*“1,

_ r'(p) Bat
"D (Int)’ )= ——22L(Int ,
(02 (nt)" )= 5= (1)
in particular, (HD;)(lnt)afj:O, j=1,2,~~~,[a]+1.
Lemma 2.4. ([18]) Let >0 and uel’(1,e), then
"D 1% u(t)=u(t).

Lemma 2.5. (Ascoli-Arzela theorem [19]) H < C[J,E] is relative compact if
and only if His equicontinuous, and forany teJ, H(t) isarelatively compact
set in E.

Lemma 2.6. ([19]) Let X be a Banach space and P be a cone in X. Denote
P :{ue P:||u||<r} and 0P, :{ue P:||u||:r} (vr>0). Let A:P—>P bea
complete continuous mapping, then the following conclusions hold.

1)If gAu#u for uedP, and ue(0,1],then i(A0R,P)=1.

2)If uiEnaEr Ju[>0 and pAu#u for uedP, and w>1,then i(AdP,P)=1.

3. Main Results

In this section, the solutions for SBVP (1.1) are proved to exist and be multiple by
means of fixed point index theory. For this sake, we first demonstrate the proper-
ties of the Green’s function linked to SBVP (1.1).

Lemma 3.1. Assume that A, =1- 4 (In&)"* >0, keC [1,€]. Then the prob-

lem
"Dtu(t) +k(t)=0, te(le);
u(1)=0,0<j<n-2 (3.1)
su(e)=A4du(¢)

is equivalent to
u(t):J’:Gl(t,s)k(s)d—:, te(Le),

where

Ay (Int)™
A

1

G, (¢)s), (3.2)

6, (1) 1 [(Int)" 7 (1-Ins)"* —(Int—Ins)*™, 1<s<t<e;

1S =

(@) () (- Ins) l<t<s<e,

6, (t.5) 1 (Int)“l'z(l—lns)“rz—(Int—Ins)“l'z,1<sst<e,
S

N () (Int)al'z(l—lns)“l'z, 1<t<s<e

Proof. Through the utilization of Lemma 2.2, (3.1) can be written as the
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following
u(t)=—“Ililk(t)+cl(lnt)a“1+cz(lnt)““2+---+cn(lnt)““"
=_r(1al)ﬂ(lnt—ln s)”‘l’lk(s)%+cl(lnt)”’“1 +-4c, (Int)™™"
where ¢ €R,i=1,2,---,n. The boundary condition u )() 0 (0<j<n-2)
implies ¢, =C, =---=¢C, =0. Therefore,
1 t o-1 ds -1
t)=————|. (Int=Ins)™ "k(s)— Int)™ .
0(0) = =) (5 4, )

By the condition Su(e)=A45u(¢), we have

a= al)Al{ff(l—'nsfl E oAl me-me k(s E}
Hence, the unique solution of (3.1) is
1 o1 d Int)*™ -2 d
u(t)=—r(al)jl(lnt—lns) k(s)?s+(AlF2al)L(l—lns) k(s)?s
—%[ (Iné=Ins)™ k(s)E

=—%al)ﬂ(lnt—lns)allk(s)?+ F((;{l)_ Le(l_lns)arzk(s)%
+%L(In§)%2(1—'“5)“12k(5)d?s
_.[ G, (t,s)k(s )dss

The proof is finished. [

Let o, :% , A=1 and ¢ :% , the representation of the Green’s function

G,(t,s) is exhibited by Figure 1.

Lemma 3.2. Assume that

A, =1—ﬁf((ln )"+ (Ins)* 7 (, —1))ml( )% >0, heC[le]. Then
the problem

"ph (¢p (" Dﬁlu(t))) =h(t), te(le);

W (1)=0,0< j<n-2,8u(e)= 4ou(£), 4, "DEu (1) =0;

"0 (4, (o) = "B (4, ("Ou(e)) = [ m(s)a, (DU T
(3.3)

is equivalent to
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/

! “ i
\\\\“\\\&‘}&\3}&&

\\\“ il

G, (ts)

Figure 1. G(t,s) for a:%.

()= [[&t5) [ (s [, e,

T /S

where G(t,s) is defined by (3.2),

nt) "+ (Int) 2 (B, -1) e
Hl(t,S)=H11(t,S)+(I t) A(er(t’)gl) (B, 1)J1 Hll(t,s)ml(t)%, (3.4)
1 (Int)ﬂl_l—(lnt—lns)ﬂ“l, 1<s<t<e;
Hll(t,s)_r(ﬂl){(lnt)ﬂl_l, 1<t<s<e.

Proof, Applying the Hadamard fractional integral of order f, to both sides of
"D (g, "Du (1)) =h(1),
it follows from Zemma 2.2 that
g, ("Du(t)) = M120(t)+ d (Int)* ™ +d, (Int)* +dy (Int)*.
This together with ¢, ( "Drtu (1)) =0 means d,=0.Consequently,
g, ("D2u(t))= "12h(t) +d, (Int)* " +d, (Int)* . (3.5)

In light of Lemma 2.3, it follows from boundary conditions of (3.3) that
ds

= () S s [m ()9, ("D ()

) 3.6
NALERERNY Ty (30
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Jmi(s)a, ( HDfFU(S))E- (3.7)

S

- 1
i F(ﬂl _1)

Putting (3.6) and (3. 7) into (3.5), one attains
ds

¢p(HDfi1U(t)) S )_[(Int—lns) h(s)?
nt

(Y™ ) SE—E s " D%u(s g
(ﬁ) |:.[ )S Ilml( )¢P( Dl+ ())S:|
L (nt)*™

ay (s ds
(g kMO (PR
ds

=—LeH1l (t,s)h(s)—

S

ntY ™+ (Int)* 7 (B,-1) (e s
AR A e (5)g, (D20 (5))

r(s) 1 s
where
J:m ()9, ("D2u(s) S
—— [/ m ()] Hu(s:0)(r) S
AL G D o ), o) %

By simple calculations, the following result can be obtained
e @ ds 1 (e e dz |ds
L m, (s)4, ( H D/ (s))— :—L ml(s){—fl Hll(s,r)h(r)—}—.
s A, T ]S
As aresult,
("B (V)
ds

=—J'leH1l (t,s)h(s)—

S

(Int)ﬂl—1+(|nt)ﬁl-2(ﬁl_l) o[ e dr d
' L(4,)A, ! Hl Hn(s’f)"‘l(f)—}h(S)—

ds

——.[H tsh()s

Finally, combining with ZLemma 3.1, the unique solution of (3.3) is as follows:
e ds
=| G(t,s) H, (
.[1 1( (.[ T j s

The proof is completed. [J

Let g, == and m(t)= ; , the representation of the Green’s function H, (t,s)

is exhibited by Figure 2.
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25

1.54

0.5+

Figure 2. H,(t;s) for ﬂ:%.

Lemma 3.3. Let G,(t,s) be defined by (3.2), then

1) G(t,s) iscontinuouson [1,e]x[1e];

2) G(t,5)=0,for t,se[l,e];

3) G,(t,5)<G,(e,s),for t,se [1,8];

4) G(t,8)> (Int)‘“’1 G,(e,s), for t,se[le].

Proof. Firstly, it is obvious that (1) holds. Now, we prove that (2) is true. It is
easy to check that G, (t,5)>0 for 1<t<s<e.If 1<s<t<e,then

Gy (t,s) =ﬁ[(lnt)”‘11 (1-Ins)*™* —(Int—In s)“l’lJ
(Int)™™ - Ins\™™
:m (1—Ins) (1—mj

ZM[@— Ins)"” - (1-Ins)"" |

F(al)

[\
\Y o

Similarly, G, (¢&,s)
(3.2) means that G,(t,5)>0 for 1<s<t<e.

dGy, (t,5)
ot

0 for 1<s<¢<e. The previous analysis together with

In addition, it is evident to see that >0 through simple calculations
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for 1<t<s<e.Ilf 1<s<t<e,wehave

0Gy(ts) _ @ -1 [(Int)"“2 (1-Ins)*™* —(Int—1In s)“rz}

a tr(ey)
z %[(L In s)’”'2 —(1=In s)“l'z]
=0.
Besides, for s<¢&,
Ga(:) :%al)[('“f ) (2-Ins)**~(Ing~Ins)** |
e A
>0.

So,

acsl(t,s)_acan(t,s)Jrﬂi(al—l)(lnt)“l’2
ot ot tA,

Gy, (£,5)>0,

which implies that G, (-,s) is nondecreasing on [1,e]. That is to say, (3) holds.

Let 1<t<s<e,then

Gll(tls) = (Int)arl(l_ln s)afz =(In -1
Gll(evs) - (1_ |ns)a1—z = (| t) )

If 1<s<t<e,wehave
Gy(t,s) (Int)* ™ (1-Ins)** —(Int—Ins)™~
Gy (es) (1-Ins)*”* —(1-Ins)*"
(Int)**[(@=Ins) *~(1~Ins)** |

(1-In s)"’“2 -(1-In s)”l’1
> (Int)”l_l.

>

Hence, G, (t,s)> (Int)wl Gy (es) for t,se[l,e]. Immediately

G, (t,s)=Gy(t,s) +MG12 (&9)

1

)+ 11(Int)"{1’1

1

>(Int)* " G, (e,s G, (&:s)

=(Int)" " G, (e,s).

The proof is completed. []

Lemma 3.4. Let H,(t,5) be defined by (3.4), then
1) H,(t,;s) iscontinuouson [1,e]x[1,e];

2) H,(t,5)>0, for t,Se[l,e];

3) H,(t,;s)<H,(es),for t,se[le];

4) Hl(t,s)z(lnt)ﬁ"lHl(e,s),for t,se[l.e].
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Proof 1t is evident that (1), (2) and (3) hold. Next, we verify that (4) holds. Let
1<s<t<e,then
Hy, (t.s) (Int)** —(Int-Ins)*”
Hu(es) 1-(1-Ins)*™

1-1In s)/’“l
)+

—(1-Ins

> (In a1l=(
>(Int) (
=(Int)’f’1_1

Moreover, combining with (3.4), we immediately get

nt)*™" 4 (Int)A?
nt)* ™ +(Int)2 (B -1) e
2(|nt)ﬂl_1 Hll(e,s)+(| ) AEL(t;l) (4 1)_[1 Hll(t’s)ml(t)%

:(Int)/’“1 H, (e,s).

This implies that (4) holds. The proof is finished. [J

Furthermore, we consider the following SBVP:

HDﬂz( ("DEv(b)))= o (1), te(Le);

v (1)=0,0< j<m-2,6v(e)=40v(¢), 4, ( "Dv(1)) =0;
"2 (4,("Dv(n))) = DL (4, (“D2v(e)) = [ ma ()¢, (*DEv(s) -
(3.8)

By employing the same approach used in the proof of Lemma 3.1 and Lemma
3.2, the following lemmas can be acquired.

Lemma 3.5. Assume that peC(l,e), A;=1-4(In cf)arz >0, and

. =1_ﬁ [;((ns)y*™+(insy** (s, _1))m2(s)d_ss> 0. Then the problem

(3.8) is equivalent to

v t):.[ler(t s U H, ( drjdss e(Le),

T

where

G, (t,s):Gm(t,s)+%622(§,s), (3.9)

3
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H, (t,5) = H,, (t,5)+ (Int)™ ‘;Ell?(t;:)_ (5, -1) J‘le H,y (t,5)m, (t)%, (3.10)

and
1 (Int)ﬂz'1 —(Int—lns)ﬁz'l, 1<s<t<e;

H,, (t,s)=
(t.s) r(p,) (Int)ﬂz'l, 1<t<s<e.

The following conclusion can be established immediately.
Lemma 3.6. Assumethat A ,A,,A;,A, >0. Then there exist positive constants
N, and N, such that

G, (t,s)<N,G,(t,5), H, (t,5) < N,H,(t,5),t,s€[1,e].

Proof Let

Q)

~—

t,s H,(t,s)
N, = su dl . N, = sup —2 .
! 1<s,£e Gl(t,S) 2 1<s,tge Hl(t,S)

s#e

It is not difficult to confirm N;,N, <+w according to the continuity of
Gi(+-) and H;(,-) on (1,e)x(Le). In addition, (3.2), (3.4), (3.9) and (3.10)
imply that

G (15)=G,(1s)=G,(t,1)=G,(t,1)=G,(t,e) =G, (t,e) =0,
H,(Ls)=H,(Ls)=H,(t1)=H,(t1)=0, for t,se[Le].

Hence, it is easy to see that Lemma 3.6 holds. The proof is completed. [

Suppose that the following condition holds in the sequel.

(q) fe C[(l,e)x(O,—i-oo)x R,R*] , ge C[(l,e)x(0,+oo)><R,R] , and there
exists N, >0 such that

|g(t.u,v)|< Ny f (t,u,v), (tu)e(Le)x(0,+), V< Nu,
where N =N, (N,N,)"".
Let X =C(l) be a Banach space with the norm ||u||=max{|u (t)|} for

tel
ue X .Let Y =XxX,thenY is a Banach space with the norm

||(u,v)||Y=maX{N||u||,||V||} for (u,v)eY.Defineaset PcY by

P={(uv)eY :u(t)=(Int)** Jul. ()] < Nu(t). te 1}.

We can easily confirm that Pis a cone of ¥, As a matter of convenience, let
Q, ={(u,v)e P:||(u,v)||Y < r} ={(u,v)e P ||u||<ﬁ}

Then

oQ, :{(u,v) eP:|(uv)|, = r} :{(u,v)e P:M:ﬁ},
Q, ={(u,v)e P:|(uv), < r} ={(u,v)e P ||u||sﬁ}

Moreover, in order to overcome the singularity linked to SBVP (1.1), consider

the following approximate boundary value problem:
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"Df (¢, ("Du(1))) = £, (tu(t) V(b)) te (Le);

HDﬂz(¢p(HDa2v (1)) =9, (Lu(®).v (1)) te(Le);
u(1)=0,0<j<n-26u(e)= ﬂ15u(§),¢p(HDl"j1u(1))

"D (4,("Dpu())) =" OF (4, ("D2u(e))) = [ mu ()4, (*D2u(s) %

vW(1)=0,0< j<m-2 6v(e)=46v(£), 4, (" D2v(1))=0;

0;

“Df (g, ("Di2vID) )= *Df 4, (*Dpv(e)) = [Tme (514, (D))

S
(3.11)

where

f,(tuv)= f(t,u +%,vj, g, (tu,v)= g[t,u +%,vj, neN.

Similarly, one can see that (u,,v,) is a solution of SBVP (3.11) if and only if
(u,,v,) isa fixed point of the operator A, which is defined as follows:

A (0)(0)=( A, (5(0)¥(1). A (5(0).9(1). te 1 (uv) <Pinen,

where

A (0) (0= G090 ] (o) (ran () )5 |,
A 0= 16198, a5, () () 2 &

Therefore, we mainly discuss that A, has a nontrivial fixed point (u,,v,) in
the following work.
For convenience, define a functional ®:L'(1)—R" as follows:
©(yp) = max Gy ( U H,(s,7)o(r )E]E forpeL'(1).
T

In addition, for any R >1,>0, set

{0 )

Let us list some assumptions which will be used later.
(G)Forany R 21 >0, thereexists W, o €L'(1)nC(L,e) such that

f(tuv)<W¥, o (1), (tuv)e(le)xl

[n.R)

(G) There exist R>r >0 and (I)reLl(I) such that
1) f(tuyv)=®, (t),for (t,uv)e(l,e)xl

R
2) O(¥ra) <y ®(®r)>ﬁ'

[rr®)”

(G) There exists [a,b]=(1,e) such that
lim mi f(t,u,v)=+oo

<Nutefab] yPt
U—>+0
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In what follows, some lemmas will be shown, which are important in this paper.
Firstly, for any fixed ne N, the complete continuity of the operator
A, Qg \§_2rl — P is demonstrated by means of Ascoli-Arzela theorem.

Lemma 3.7 Assume that (G) and () holds. Then A, Qg \er —P isa
completely continuous operator for V R>r, >0.

Proof.Forany neN, (u,v)eQg \(_2rl , we have

(i) l<u(t)+%§%+%,
and
V(1) <Nu(t)<R,tel,
which means (u(t),v(t)) € I[rlle](t) for te1.Inview of (&), there exists
¥, q €Ll(1)NC(l,e) such that
ftu(t),v(t))<W¥, o (1), forte(Le).

Therefore,

[ (), <[An (wv)],
= .fleel (t’s)¢q (Le Hl(SvT) f (‘[,U(T),V(r))d—r)ﬁ

T )]s
ds

<[ G,(e.s5)4, (jle Hy(s,7)¥, g, (T)_)_

T S

< +o0,

which implies that A is well defined. For V(u,v)e Qg \ﬁrl , by (G)), one has

u(t)= Le Gy(t,5)4, (J'le H,(s.7)f, (r,u (T):V(T))d—fjﬁ

> ()16, (e.5)4, ( [ H(s.0)1, (r,u(r),v(r))d%j%
2(Int)“1’1||u||, vtel,neN,
and
v(t)= jler (t,5)¢, (J'le H,(s,7)g, (r,u(r),v(r))dfj%

< NlLeGl (t.5)¢, (szf H, (s,7)N,f, (r,u(r),v(r))d_fjﬁ

T )S
:Nu(t), Vtel,neN.

This implies that A, (QR1 \§_2rl ) cP.

Based on the aforementioned demonstration, it is clear that A (QR1 \Q_)_rl) is
bounded. Since G, (-,-) is continuouson [1,e]x[1,e], it follows that G,(-,-) is
uniformly continuous on [1,e]x[1,e]. Hence, for any &> 0, there exists & >0
such that, for any t,t, €[1,e], se[le],if |t —t,[<J, then

|Gl(t1’s)_Gl(t2'S)|< =

4 (jf Hy(5.0) ¥, o (T)df]ﬂ'
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Forany neN, (u,v)eQg \Q,,itfollows from G that

A1)~ A, 0 ()
< [[16.(1:9) Gult ol ] (55) 1 () (o) 222

SmGl(tus)_ t2'5|¢q(fH1 rlRl(T)dTTj%
N s, Rl(r)df}f“Ule(s””ﬁ O

<é&.

Furthermore, in the same way as above, for any & >0, there exists & >0
such that, for any (u,v)eQ \Q, and t;,t; e[l,e] with
‘AZn (u, V ) A, (u, V)( ) <& . That is to say, A, (QRl \S_lrl) is equicontinu-
ous on [1,e]. The above analysis together with Ascoli-Arzela theorem suggests
that A, is relatively compact from Q, \Q, to P.

At the end, according to the continuity of fand g, it is not hard to confirm that
A, iscontinuouson Qg \S_)r1 .Hence, A, isacompletely continuous operator.
The proof is finished. []

In the sequel, the following lemma is presented to prove that for any fixed
n e N, approximate boundary value problem (3.11) has at least two nontrivial so-
lutions by applying the fixed point index theory.

Lemma 3.8. Assume that (G) - () are satisfied. Then there exists R’ >R
such that for vneN, the operator A, has at least two nontrivial solutions in
Q. \Q, and Q. \Q, respectively, where Ris given by (G).

Proof. (1) In view of Lemma 2.6, we start by proving that " !/ne];g "A1 (u,v) " >0,
and (u,v)# uA, (u,v),for v(u,v)eoQ,, u=1l,and neN. Assummg the con-
trary, there exists 4 >1 and (u,v,)edQ, such that (u,v)=gA (u,v,).

Therefore,

U (t) = 24 A, (v ) (1) = Ay (U, )(1)
- LeGl(t*S)% (Le H, (s,7) f, (r,ul(r),vl(r))d%)%

> [°6,(t5)4, [ ["H,(s.0), (T)d—rj%,te ]

T

The definition of functional ©® together with () implies

r
ju]20(@,)>

which contradicts with (uj,v, )€ 0Q, . By incorporating Lemma 2.6, we can con-
clude that

i(A,Q,,P)=0,forvneN. (3.12)

(2) Next, we show
(Uy,V,) # 11, A, (Uy,V, ), for (uU,,v, ) € 0Qp, 1, €(0,1],and ne N.
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In fact, if there exists 1, €(0,1] and (u,,v,)€0Q; such that
(Uz,Vv,) = 11,A, (Uy,V, ), then
Uy () = 1A (U V) (1) < A, (U, ) (1)
ds

- JleGl (t’ S)¢q (J.le Hl(SlT) f, (T,U2 (‘L’),V2 (z-))dTTj S

<[*G(Ls)4, (jf Hy (5,7) W s (z’)dTT]d—:,te ]

(3.13)

Take the maximum for both sides of (3.13) in [1,e]. Then it is evident that

R
ool <O(¥ o)< &

In light of Lemma 2.6, this implies that
i(A,Qg,P)=1,forvneN. (3.14)

(3) In the following, we choose a constant M >0 as follows:

M > [(In a) ™ f: G, (es)4, U: Hl(S,T)dT—T)d—;jl_

From (C,), there exists a constant L >0 such that

f(t,u,v)=MuP? forte[a,b],u>L,|v|<Nu.

-1

Let R'> maX{R, } . Next, we claim that

(Ina)
(u,v)#= uA, (u,v), for v(u,v) € 0Qp, #21,and neN.
As a matter of fact, if it is not true, then there exists 4, >1 and (uy,v;)€0Qg
such that (uy,V,)= 1A, (Us,V, ). Since
Uy ()= (Int)™ Jug] = (In a)al’l% > L, for vt e[a,b],
Uy (t) = A, (U3 V) (1) 2 Ay, (U3, V) (1)

Z.LeGl (t,s)d, (J.le H,(s.7) 1, (T'us(r)’\ﬁ(r))gjE

T S

> ["(Int)" G, (e.5)g, (j: Hl(s,z')(M (ua(r)+ljled_T]d_S

n T |S

) v 1ig R ¢b b dz\ds
>M l(lna)( 1-1)q Wj'a Gl(E,S)¢q (J'a Hl(s,z')?)?,fort el.

According to the definition of M, we have
o>
N

which is in contradiction with (uj,V;) € 8Qp . This means that

i(A,Qq,P)=0,forvneN. (3.15)

In view of (3.12), (3.14) and (3.15), combining with the additivity of the fixed

point index, we can obtain
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i(A Qe \ Qs P)=i(A,Qq,P)-i(A, Q. P)=-1;
i(A,Q:\Q,,P)=i(A,Q.P)-i(A,Q,P)=1

That is to say, for Vne N, there exist (u,,v,)€ Qg \Q; and
(0,.V,) € \Q, such that (u,,v,)=A (u,v,) and (T,,V,)=A (T,.7,). The
proof is completed. []

The following theorem, as our main result in this paper, is proved in light of
Ascoli-Arzela theorem.

Theorem 3.1. Assume that () - (C;) hold. Then SBVP (1.1) has at least two
nontrivial solutions.

Proof. 1t is obvious that {(un,vn )}neN and {(Un WV, )}neN are bounded.

Firstly, we prove that {u,}  is equicontinuous on [1,e]. Since G,(--) is

uniformly continuous on [1,e]><[1,e] , for any &3>0, there exists >0 such
that, for any t,,t, e[1,e], se[le],if |t —t,|<J, then one has

&

G, (t,,5) Gy (t,.5)| < i

([ (5 Poe () Jo1
In the same way as in Lemma 3.6, immediately

Jun (6) = un ()

< [[16.05) -G s [ (s ) () () )2

< I1E|Gl (tu S) -G, (tz:S)|¢q (Le Hl(S,T)\PR’,R (T)d_fjE

T S

: Le ¢, Ule H, (SYT):;R',R (T)d:] +l¢q Ule S P (r)d_rjﬁ

<é&.

By following a similar process as above, we deduce that {v,} = isequicontin-
uouson [1,e]. This means that the set {(un WV, )}neN
on [1,e]. Similarly, the set {(Un v, )}neN is equicontinuous on [1,e].

is an equicontinuous family

In addition, according to the Ascoli-Arzela theorem, the sets {(un R'A )}neN and
{(Un,\Tn)}neN are relatively compact. As a result, there exist convergent subse-
quences. Without loss of generality, suppose that {(u,,V, )}neN and {(T,.Y, )}neN

themselves converge to (Uy,v,) and (0,,V,) respectively. That is,

(Uy,V,) = (Ug,Vp ), @S N —> +o0;

n

(T,.V,) = (Uy., ¥ ), a5 n —> +o0.

Hence, it follows from Lebesgue dominated convergence theorem that (uy,V, )
and (T,,V,) are nontrivial solutions to SBVP (1.1).

Finally, we demonstrate (Uy,V,)# (U,,V,) . We need to prove only that SBVP
(1.1) has no solutions on  6Q) . Assuming the opposite, there exists (u’,v') € 6Q;
such that
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U(1)= ]G, (L5)4, ( [H(s.0) (r,u'(f),vr(f))i_fjd_:
< LeGl (t,S)¢q (Le Hl(S'T)\PR,R (r)dfjﬁl tel,

s
which implies % =|u)<O(¥er)< % This leads to a contradiction. The proof
of this theorem is completed. []
4. An Example

In this section, an example is presented to illustrate the main results.
Example 4.1. Consider the following SBVP of Hadamard fractional differential
systems:

HD2 [%( ; u(t )J]: f(t,u(t),v(t)),te(l,e);
HD12 {qu( ; v(t )B:g(t,u(t),v(t)),te(l,e);
u“>(1)=o,osj31,5u(e) ( Jqﬁp(“D%u( )) 0;

(4.1)

where ueR", %<|v|<l.

Conclusion: SBVP (4.1) has at least two nontrivial solutions.
Proof. SBVP (4.1) can be regarded as the form of SBVP (1.1), where

5 3 1 5
o=0,=p= ,32=§,m=n=3,§:5,ml(t)=m2(t)=5, p:Z'

f(tu,v)= m—m[uiﬁ],
and

2

a(tuv) - vcost 1+sint
10,/Int(1-Int) u
Clearly, (C}) holds. Moreover, from Lemma 3.1 and Lemma 3.2, one can get the

following expressions:

Gl(t,s)zell(t,s)JrﬂG12 (E,sj, (4.2)

1
1—(In3j2
2
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3 1 3
4 |(Int)2(1-Ins)z —(Int-Ins)2, 1<s<t<e;

S
T (Int)2(1-Ins)z, 1<t<s<e,

(Int)z (1-Ins)z —(Int—Ins):
4 nt)z (1 2 —(Int—Ins)2, 1<s<t<e;

Gy, (t,s) ? ) )
T (Int)z(1-Ins)z, 1<t<s<e,
2 dS 14
A =1-—— Ins 2+ Ins

3 3 1
(Int)2 +§(Int)2 . dt

WJ o

H, (t,s)=Hy (t,s)+

and

H, ()= 3( . )3 ~(int-lns):, 1<s<t<e

(In ) : I<t<s<e

Itiseasytosee N, =N, =1 and N;=1.Inaddition, foreach R >r, >0,

) )
")

1

1
— = | R2+1/|, and this means that (&) holds.
101/Int(1—lnt)[Ri J

Take ¥, o (t)=

Moreover, choose

1 1
:_lq)r t)= ’
100 ( ) 20(r +1)\/Int(l—|nt)
and
1 1
R=100,¥;,,(t)=———————| R2 +1|.
e () 10,/Int(1—|nt)( J

By careful calculations, we can obtain
e e drz \ds

O(an)=max lGl(t,s)¢q[L (5,7 Wi ()25 |

e e dr\ds

<[*G (e5)4, ( ["Hy(e7) Wi (T)_Tj_

T )5S
<99.5722
<100,

and
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0(®,)=max |G, t,s)¢q(jjHl(s,f)q>r(f)d_fjﬁ

tefl, e] T S

>max (Int)2 f G, (&), ((Ins)iJ'leHl(e,r)cDr(r)d—TjE

te[le T S
>I (e)9) ¢q( Ins)z J'leHl(e,r)cDr(r)d%jd—ss
>0.0557
1
>—,
100

That is to say, (G) holds. Furthermore, since

v 21
0y/Int(1-Int) - +H
f(t,u,v i 1 -
lim minM= lim min = 4o,
M<Nutefab] y p-1 [v|<Nu te[a,b] u p-1
U—>+o U—>+o0

this implies that () holds. Hence, according to Theorem 3.1, SBVP (4.1) has at

least two nontrivial solutions. []

5. Conclusion

This study investigates a category of singular boundary value problems of Hada-
mard fractional differential systems involving p-Laplacian operator. Firstly, the
sequences of approximate solutions to SBVP (1.1) are obtained by the fixed point
index theory to overcome the singularity. Secondly, the existence and multiplicity
of positive solutions are established. Finally, an illustrative example is provided to
validate our main findings. Additionally, the introduction of Hadamard fractional
derivative and the p-Laplacian operator deepens our comprehension of singular
boundary value problems. This research also extends the current body of literature

and highlights the potential to be applied in various fields.
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